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Abstract. In this study, we obtain asymptotic expansions for eigenvalues and eigen-
functions of the one—dimensional Sturm—Liouville equation with one classical Dirich-
let type boundary condition and two-point nonlocal boundary condition. We analyze
the characteristic equation of the boundary value problem for eigenvalues and de-
rive asymptotic expansions of arbitrary order. We apply the obtained results to the
problem with two-point nonlocal boundary condition.
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1 Introduction

Consider the following one-dimensional Sturm-Liouville equation

—u"(t) + q(t)u(t) = Mu(t), te]0,1], (1.1)

2

where the real-valued function ¢ € C10,1]; A = s* is a complex spectral param-

eter and s = = +1y; z,y € R. We will use notation Q(t) = %fg q(7)dr and
qo = 2]01 lg(T)] d.
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Figure 1. Domain Cs.

Remark 1. In this article, s € C5 := R, UCF UC;, where R; := Ry URT URY,
Ry ={s=z+weC:z2=0y>0}L Rf:={s=2+weC:z2>0,y=0}
RO:={s=0},Cf i ={s=24+weC:x>0y>0}and C; = {s =
r+w€C: x>0, y<0}. Then a map A\ = s? is the bijection between C,
and Cy := C [36] (see Figure 1).

In this study, we shall investigate Sturm-Liouville Problem (SLP) that consists
of Equation (1.1) on [0,1] with one classical (local) Dirichlet type Boundary
Condition (BC)

u(0) =0, (1.2)

(Case 1) u'(1) = yu(§), ¢ e0,1], (1.31)
(Case 2) u' (1) = yu'(€), £elo,1), (1.32)
(Case 3) u(l) = yu(§), §€10,1), (1.33)

where v € R. In Case 1 and Case 3 for £ = 0 we have the same problem
as in the case v = 0. A more comprehensive list can be found in the survey
article [33]. In the (classical) case ¥ = 0 we have two local BCs.

We denote: aj = km in Cases 1, 2; a; = (k — 1/2)7 in Case 3 and
I, = (ak, ak+1)7 k e N.

Asymptotic formulas for eigenvalues and eigenfunctions for Sturm—Liouville
equation (1.1) with local BCs are investigated in the classical books [17,18,38].
These results were generalized for tasks with retarded argument [3,21,24,27]
and for some other local BCs [1,20] and Sturm-Liouville Problem (SLP) with
eigenparameter in BCs [7,9,11,12,13]. Asymptotical analysis of eigenvalues
and eigenfunctions of SLPs with periodic BCs was obtained in [2,6,10].

Nonlocal Boundary Value Problems (BVP) are widely used for mathemat-
ical modelling of various processes of physics, ecology, chemistry and industry,
when it is impossible to determine the boundary values of the unknown func-
tion. The bibliography on the subject of nonlocal BVPs is very extensive and
we refer to the list of the works in [8,14,33]. Characteristic curves and Green’s
functions for problems with NBCs and ¢ # 0 were investigated in [25, 26, 32].
Until this time, there were only few works about asymptotic properties of eigen-
values and eigenfunctions with potential function ¢(x) in Equation (1.1) and

Math. Model. Anal., 28(2):308-329, 2023.



310 A. Stikonas and E. Sen

NBCs. We will note papers [28, 34, 35] where the asymptotic properties are
studied for some NBCs.

In [28], under the condition ¢ € C[0, 1], for sufficiently large k and |y| < 1
it is derived that the asymptotic expansions

sp=ok+0(k™"), wup(t) = —sin(zpt)zy' + O(k™?) (1.4)

are valid for eigenvalues and eigenfunctions, respectively, for the SLP (1.1),
(1.2), (1.33), where x, k € N, are the positive roots of sinaz — vysin(éx) = 0.
Under the condition ¢ € C1[0, 1], it is obtained that the asymptotic expansions

s = ok + Qi (zp)z, + O(k?), (1.5)
up(t) = —sin(zpt)zy, ' + (Q(t) — tQ1(zk)) cos(zpt)ay > + O(k™2) (1.6)

are valid for eigenvalues and eigenfunctions, respectively, for the SLP (1.1)-
(1.2), (1.33), where

Q1(s) == (Q(l) cos s — YQ(§) cos(gs)) ( coss — € cos(fs)) -

We will generalize formulas (1.4)-(1.6) for ¢ € C"[0,1], where r € N, for BC
(1.33), and will derive analogous formulas for BCs (1.31),(1.32).

Spectral asymptotics of eigenvalues and eigenfunctions of SLP with Dirich-
let BC (1.2) and integral NBC

B
u(l) = 'y/ w(t)dt, veR, [a,B]C][0,1],

have been investigated recently [34]. For sufficiently large k it is derived that
the asymptotic expansions (1.4) are valid for all v € R | where xy, = 7k, k € N.
Under the condition ¢ € C*[0, 1], it is obtained that the asymptotic formulas
(1.4)—(1.5) are valid, where Q1 (z) = Q(1)+(—1)¥*+1y cos(Bz)+(—1)*7 cos(azx).
In [34] asymptotical expansions for equation (1.1) with conditions «(0) = 0,
u'(0) = —1 were derived for all » € N. We will use them to write the asymptotic
formulas for the functions describing the characteristic equations in the case of
BC (1.2)—(1.3).

The investigation of SLP with two-points NBC (1.3) we started in [35],
where Neumann BC «/(0) = 0 were used instead of Dirichlet BC (1.2). More
about non-trivial solutions of local and nonlocal Neumann boundary-value
problems one can find in [16] and in [15] for parameter-dependent higher or-
der problems. We investigated a characteristic equation of BVP and derive
asymptotic expansions of arbitrary order if ¢ € C”[0,1]. We will try to ob-
tain analogous formulas in the case of Dirichlet BC. Many of the formulations
and proofs are similar, but the specific functions and the first terms of the
asymptotic expansions differ. We will try to compare these two cases.

The article is organized as follows. The statement of the problem and a
literature review are given in Section 1. In Section 2, we present results about
solution of Initial Value Problem (IVP) and formulas for its asymptotics. In
Section 3, some results about the case ¢ = 0 are presented. In Section 4, we
analyze the characteristic equation of the BVP (1.1)—(1.3). In Section 5, we
investigate the distribution of eigenvalues and obtain asymptotic expansions for
eigenvalues and eigenfunctions. Also, we calculate normalized eigenfunctions.
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2 Solution of Initial Value Problem and its asymptotics

In this section, we present some statements about solution of Initial Value
Problem (IVP). These statements were proved in [34]. We will use them for
investigation asymptotic expansions for SLP (1.1)—(1.3). Additionally, we in-
troduce some notation related to our asymptotical analysis of this problem.

Let A = 52, s € C, and w;(t) be a solution of Equation (1.1) satisfying the
initial conditions

According to [18, Theorem 1.1 in Chapter I], this IVP determines a unique
solution of (1.1) on [0, 1]. The function ws(t) = w(t, s) is an analytic (holomor-
phic) function of s. We will use notation for derivatives w/(t) := dw(t, s)/0t,
(w) (2, 5) := Dw(t, 5)/0s!, (W) (t, 5) == D' w(t, 5)/(DtDs").

Under the condition that ¢ € C7[0,1], r € Ny := N U {0}, asymptotic
expansions may be obtained for ws(t) [34]. We define functions p{(t) = —1,

L ety ar-y W O CV )0 4

0
Pin(t) = —3 7z
2 0 j=2 21 !

fori=1,r.

Lemma 1. (See [34, Lemma 7].) Let s € C; and g € C"[0,1]. Then for|s| > qo
we have the asymptotic expansions

r+1
l T (r+2) ,(r+2
(we) D (t,s) = ij cos<$t+2(jl))s T4+ O(s™rH2elrH Dty

l . (r r
(W) WD(t, s) ij cos(st+ 5(] l))s I+ O(s~ (el 2lult) (2.2

for 1 € Ny, where pF(t) = (1 — i)pfjll(t) — tpffl(t), i=Tr+1, plit) =
—tpy (), pE() = (1= )p{ 5 (8) — 5~ (), i = Tr, k € N, pP () = p¥' (1) —
P (t), i=T1,7, pg(t) =1, and pY(t) is calculated by (2.1).

Now we will consider real . If s € Ry, i.e., s =y, y > 0, ¢ € C[0, 1], then

wyy(t) = —sinh(yt)y ' + O(y2e¥") = —y'e¥" /2 + O(y2e¥),
w), (t) = —cosh(yt) + O(y~'e¥") = —eyt/2 +O(y'e¥"). (2.3)

If se RS, ie., s=xz, 2 >0, qe C[0,1], then

wy(t) = —sin(zt)z™' + O(27?), wi(t) = —cos(zt) +O(z1).

Math. Model. Anal., 28(2):308-329, 2023.
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We define functions (ni,...,n,, are nonnegative integers)
n1 n
_ (@) Q) T
Royi1(t,x) = — E ‘ P —— p;(t) cos :L't+§(j—l) ,
ni+-+nm,m=l, j>0,
jH+ni+2ne+--+mn, =m+1
1 n
o _ 1H(@) - Qur () T
Ry, (t,z) = — E R p;(t) cos| zt + 5(]—1) ,

ni+-Ang, =1, j>0
Jj+ni+2nz+--+mny,=m

m=0,r.
Corollary 1. (See [34, Corollary 2].) Let x € Rf, § € R, q € C"[0,1], Q;(x),

j = 1,7 are bounded functions. If s = 2+6, 5 = >°_; Q;(x)z ™7 +O(x="D),
then we have the following asymptotic expansions

r+1 r
wa(t) =D Ri(t,w)a™ + Oz, wi(t) =Y Rj(t,z)a + Oz~ FY).
Jj=1 j=0

Now, we write explicit formulas in the cases ¢ € C[0,1] and ¢ € C*[0,1].

Lemma 2. (See [28, Lemma 2, Lemma 3], [34, Lemma 5].) Let s € C, and
g € C[0,1]. Then there exists qo > 0 such that for |s| > qo, we have the
asymptotic expansions

ws(t)= —sin(st)s™ + (’)(s_ze‘ylt), (ws)s(t, 8)= —tcos(st)s™' + (’)(S_Qe‘y‘t),
(ws)?(t,s) = t*sin(st)s ™! + 0(3*2e\y\t)’
wi(t) = —cos(st) + O(steltlt),  (Wl)L(t, ) = tsin(st) + O(sellt).

These formulas hold uniformly for 0 <t < 1.

Corollary 2. (See [34, Corollary 1].) Let x € RY, § € R, ¢ € C[0,1]. If
s=x+6,5=0(x""), then we have the following asymptotic expansions:

ws(t) = —sin(zt)z™! + O(z7?), wi(t) = —cos(zt) + O(z1).

Lemma 3. (See [34, Lemma 8].) Let s € Cs5 and ¢ € C'[0,1]. Then for
|s| > qo, we have the asymptotic expansions

ws(t) = —sin(st)s _1—|—Q( t)cos(st)s >+ O(s™? 3\y|t)

(ws)(t,s) = —tcos(st)s™ ' + (1 —tQ(t)) sin(st)s > + O(s *3e3|y\t),

(ws)i(t,s) = U(St)s_l + t(2 —tQ(¢t) ) cos(st)s_2 + (’)( —3e3ly|t)’
w(0) = —cos(st) Q) sin(st)s~! + O(s2e 1),

(W)Lt 5) = tsin(st) — tQ(#) cos(st)s™ + O(s~2e1).

Remark 2. (See [35, Lemma 10].) For solution w;(t) of equation (1.1) satisfying

the initial conditions
ws(0) =1, wi(0)=0 (2.4)
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in the case ¢ € C[0, 1] we have the asymptotic expansions

ws(t) = cos(st) + Q(t) sin(st)s ™! + 0(5‘263“"’5),
(ws)(t, s) = — tsin(st) + tQ(t) cos(st)s ' + O(s 23Vl
(ws)!(t, ) = — t* cos(st) — t2Q(¢t) sin(st)s~ + O (s~ 2V,

wl(t) = — ssin(st) + Q(t) cos(st) + O (s~ e,
(Wl)L(t, s) = — stcos(st) — (1 +tQ(t)) sin(st) + O (s e3l¥It).

As we can see, the asymptotic formulas for these two IVP are slightly different.

Corollary 3. (See [34, Corollary 3].) Let x € R, § € R, ¢ € C[0,1], Q1(x) is
bounded function. If s = x + 6, § = Qi(z)z~! + O(x~2), then we have the
following asymptotic expansions

ws(t) = —sin(zt)z ™! + (Q(t) — tQ1(z)) cos(axt)z™ > + O(z~?),
wi(t) = —cos(zt) — (Q(t) — tQ1(z)) sin(zt)z™" + O(27?).

Remark 3. (See [35, Corollary 3].) Let the conditions of Corollary 3 are satis-
fied. Then for IVP with (2.4) we have the following asymptotic expansions

ws(t) =cos(zt) + (Q(t) — tQ1(x)) sin(zt)z™" + O(27?),
L(t) = — zsin(azt) + (Q(t) — tQ1(z)) cos(xt) + O(z ™).

€

Example 1. 1f ¢ € C?[0, 1], then we can calculate the first functions pé- and ﬁé-:

pl=-1, pY =Q(t), p§=—-2(Q))*+ 2q(t) + 14(0),

pll =t, p21 =1- tQ(t)v p12 = _t27 (25)
o =1 p; =-Q(t), by =3(Q)*+ +q(t) — $q(0),

Po = —t, Py =tQ(t), p; =t

and expresions
pi()(Q1(2))?) sin(at) — pi (t)Q2(x) cos(at),
t

Ry = —(p3(t) + 51 (1)Q1(x) + 355 (1)(Q1(2))?) cos(xt) — By (t)Q2(x) sin(at).

So, we have explicit expressions for R and Rs in the case r = 2, too, and

&
@
—~

~
N

I

Ri(t,z)z™" + Ra(t,x)x % + Rs(t,x)a > + O(2™?), (2.7)

wi(t) = Ro(t,z) + Ri(t,2)z™ " + Ro(t,x)a™? + O(27?).

Math. Model. Anal., 28(2):308-329, 2023.
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3 Properties of a spectrum in the case g = 0

In this section, we present the results of articles [22,23] about eigenvalues of SLP
(1.1)=(1.3) in the case ¢(t) = 0. The spectrum of this problem has countably
many eigenvalues. Negative eigenvalues exist for v > 0 only. A unique negative
eigenvalue exists: in Cases 1, 3 for v > 1/£; in Case 2 for v > 1. Also, A =0 is
eigenvalue: in Cases 1, 3 for v = 1/¢; in Case 2 for v = 1.

Let us define a Constant Eigenvalue (CE) as the eigenvalue A that does not
depend on the parameter v € R for fixed £. Constant eigenvalues exist only
for rational numbers € = m/n € (0,1), m,n € N, ged(m,n) = 1, and those
eigenvalues A\, = m2¢Z, k € N, are given by: g, = n(k — 1/2) for m € Neyen,
n € Nogq in Case 1, ¢ = n(k — 1/2) for m,n € Nygq in Case 2, ¢x = nk in
Case 3. All CE are simple.

All nonconstant (that depend on the parameter v € R) eigenvalues \ = s2,
s € C,, are y-points of the Characteristic Function (CF) v : C; — R [36]

v(s) = Z(s)/Pe(s), where

Z(s) =coss, Pe(s)= : . (3.17)
Z(s) =coss, Pe(s)=cos(£s), (3.12)
Z(s) = Slzs, Pe(s) = Smfs). (3.15)

For fixed v € R the roots of this meromorphic function describe nonconstant
eigenvalues. All zeroes of the functions Z(s) and P(s) are real, simple and
belong to sets:

Z={n=7m(1-1/2), LeN}, Z¢={px =7k/¢, k €N}, (3.21)
Z={z=n(l-1/2), €N}, Z¢={pr=n(k-1/2)/¢, keN}, (3.2)
Z ={z =m7l, | € N}, Ze ={pr = nk/€, k € N} (3.23)

We denote the set of all CE as C¢ = Z N Ze. All poles of CF are of the first
order and belong to Pe = Z¢ \ Z= Z¢ \ Ce [5]. Nonconstant eigenvalues can
be complex [4, 5,30, 37].

In the case ¢ = 0 the characteristic equation for SLP (1.1)-(1.3) is

—cos s + s 'sin(€s) =0, (3.31)
—cos s+ ycos(€s) =0, (3.32)
—s 'sins 4+ ys !sin(és) = 0. (3.33)

Lemma 4. Let A\, = (s1)?, k € N, be eigenvalues of the problem (1.1)—(1.2),
(1.31) in the case ¢ = 0. Then exists K € N such that for fized v € R all
etgenvalues N\, k > K, are positive, simple and s, = xy € I for allk > K.

Proof. 1If x is multiple positive eigenvalue, then two equalities

v sin(éx) = x cosx, &y cos(éx) =x sinz + cosx
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Figure 2. Real CF (Dirichlet BC) and positive eigenvalues.

are valid. From this system we get
9 =2?(1— (1 — &) cos®x) + x sin(2z) + cos® z.
If 2 >9¢72/4 > 1, then we estimate
V> > 2% + €% (2 sin(22) 4 cos® z) > 2 — (1 + ) > 2°/9 > (z/7)°.

So, all eigenvalues in the angle |y| < z/7 for x > 9¢72/4 are positive and
simple. CE points are the first-order poles of CF. Eigenvalues corresponding to
these points are positive and simple. Since CF has zeros at points 7(k — 1/2),
k € N, we have |z, — 7(k — 1/2)| < 7 in this domain. O

The graph of Real CF (see [36]) v: Ry — Rin Case 1 is presented in Figure 2(a).
In the angle |y| < /7 we have positive simple eigenvalues only.

Lemma 5. (See [28, Lemma 4].) Let |v| < 1,0 < <1, 8> 0. Ifsina —
7&P sin(€x) = 0, then there exists k > 0 such that | cos x| —|v|| cos(éx)| > & > 0.

Lemma 6. (See [28, Lemma 5].) Let |y <1, 0< & <1, 8 >0. If cosx —
7€P cos(€x) = 0, then there exists & > 0 such that |sinx|—|v||sin(éz)| > & > 0.

Remark 4. These two lemmas are valid for 3 = co (in this case £¢7 = 0).

In Figure 2(b) and Figure 2(c) we see that for |y| < 1 all eigenvalues are
positive and simple. Now we present some properties of equation

f(s) :==coss —ycos(£s) =0, (3.4)
f(s) :==sins — ysin(¢s) = 0, (3.43)

s € Cs, £€[0,1).

Remark 5. The equation sin s—vsin(£s) = 0, || < 1, in Case 3 was investigated
in [19,28, 31].

Lemma 7. If |y| < 1, all roots of Equation (3.4) are real and simple.

Math. Model. Anal., 28(2):308-329, 2023.
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Proof. The lemma is valid for £ = 0. Let £ # 0, y # 0. If s = x + 1y, then
cos(z + 1y) = coszcoshy —esinzsinhy. So, Equation (3.43) is equivalent to
the system

cosz coshy = 7y cos(éx) cosh(€y), sinzsinhy = ysin(£z) sinh(Ly).

From these two equations we derive

2 !
cosh sinh . .
1> 72 _ sy cos?x + Sy sin® z > sin? z + cos? z = 1.

cosh? (&y) sinh? (&y)

This contradiction shows that s = x, y = 0. If x is not a simple root, then

f(z) =cosz —vycos(éx) =0, —f'(z)=sinz — Eysin(éx) =0,
and
1 =sin’z 4 cos’ z = 72(0052(51‘) + &2 sinQ(fa?)) <4<l
This contradiction shows real roots are simple. The proof for Equation (3.43)

is analogous. 0O

Lemma 8. If |y| < 1, then Equation (3.4) has infinitely many (countable)
positive roots xx, k € N, and x € Ij.

Proof. The lemma is valid for £ = 0 or v = 0. For definiteness, we take
0 < 7 < 1. Lemma 7 states that all roots are real. Then Equation (3.42) is
equivalent to

x = (—1)¥ arcsin (vycos(éx)) +m(k—1/2), keN. (3.5)

Since

_ 9é]sin(éx)|
/1 — 2 cos?(&x) sp <<l

‘ ((—1)’C arcsin (y cos(fx)))l

we have unique solution xj of Equation (3.5) for every k& € N by the Banach
Fixed-Point theorem, and

|wx — m(k — 1/2)| = | arcsin (v cos(éz))| < arcsiny < arcsin1 = 7/2,
i.e. xi € (ak, ags1). The proof for Equation (3.43) is analogous. O

Additionaly we prove a few simple estimates for function f (see (3.4)).

Lemma 9. The following inequality

|f(s)| = sinh [y| — || cosh(£y) (3.6)

is valid.
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Proof. We estimate

|cos s — ycos(€s)| || coss| — [y eos(€s)l| > |coss| — |yl | cos(€s)],
|sins — ysin(¢s)| > || sins| — [ysin(&s)|| > [sins| — [y] [ sin(és)].

Then, using properties
sinh |y| <|sins| < coshy, sinh|y| <|coss| < coshy
we get (3.6). O
We note that for |y| < 1 we have

i (sinhy —|y|cosh(§y))e™ = 5(1 = |y] - [€]) = 5(1 = ]y]) > 0.

Corollary 4. If |y| < 1, then there exists B > 0 such that
()] = £(1 = [yDe! for |y| > B.

Lemma 10. The following inequalities

)
)

(|cosz| — ||| cos(€éx)|) coshy, (3.72)
(Isinz| — || |sin(&z)|) coshy (3.73)

|cos s — ycos(€s)| >
|sins — ysin(€s)| >
are valid.

Proof. 1f s = x 41y, then Recoss = cosx coshy and Resins = sinx coshy.
We estimate

| cos s — v cos(€s)| > |Re coss — yRe cos(€s)| = | cosz coshy
— 7y cos(§x) cosh(§y)| > |cos x| coshy — |y| [ cos(§x)| cosh(Ey)
> |cosx| coshy — |y|| cos(£x)| coshy,

because cosh(£y) < coshy for & € [0,1]. The proof of (3.73) is the similar. O

4 Characteristic equation for problem with two-point
boundary condition

Substituting ws(t) into (1.3) we get the characteristic equation

h(s) == wi(1) —qws(§) =0, (4.1y)
h(s) == wi(1) —qwi(§) =0, (4.12)
h(s) = ws(1) — yws(€) = 0. (4.13)

The set of eigenvalues of the BVP (1.1),(1.2), (1.3) coincides with the set
{A: A =52 h(s) =0}.

Math. Model. Anal., 28(2):308-329, 2023.
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We will use notation p: p =0 in Cases 1, 2; p =1 in Case 3 and introduce
functions:

ho(s) == —pg cos(s — 21), 1€ Ny, (4.2)

hh(s) = yp} (&) cos (€5 + 5 — 1)) — b (1) cos (s + 5(j — 1)), (4.31)
hli(s) == ypj(€) cos (s + 5 (i — 1)) — b (1) cos (s + F(j — 1)), (4.32)
hé(s) = ’ypé(g) coS (fs + 5 — l)) —p;(1) cos (s + 50— l)), (4.33)

where j =1,7in Case 1, j = 0,7 in Case 2, j = 1,7 + 1 in Case 3, [ € Ny.
In this article, we will need some expressions of these functions for I = 0,1, 2.
Using the formulas (2.5)—(2.6) for pé and _ﬁé we get

h$(s) = — cos s, h{(s) = — Q(1)sin s + ~sin(¢s), (4.41)
ho(s) = — cos s +ycos(€s),  hI(s) = — Q(1)sins 4+ yQ(€)sin(€s),  (4.49)
h{(s) = —sins + ysin(€s),  h3(s) = Q(1)cos s — yQ(&) cos(£s), (4.43)

oo

ha(s) = = 7Q(€) cos(és) + 1 (2(Q(1))* +¢(1) — q(0)) cosss, (4.51)
hy(s) = — 17(2(Q(€))* + ¢(€) — q(0)) cos(&s)
+1(2(Q(1))* + ¢(1) — ¢(0)) cos s, (4.52)
hs(s) =37(2(Q(€))* — a(€) — 4(0)) sin(€s)
—3(2(Q())* — (1) — ¢(0)) sins (4.53)
hi(s) = sins, h2(s) = cos s, (4.61)
hi(s) = sins — yEsin(€s), h(s) =cos s — &2 cos(€s), (4.62)
hi(s) = — cos s + 7€ cos(€s), hi(s) =sins — y&2sin(€s), (4.63)
hi(s) = — Q(1) cos s + Y€ cos(£s), (4.71)
hi(s) = = Q(1) cos s + ¥EQ(E) cos(Es), (4.72)
hy(s) = (1 - Q1) sins — (1 — £Q(9)) sin(&s). (4.75)

Lemma 11. Let s € C; and ¢ € C"[0,1]. Then for |s| > qo we have the
asymptotic expansions

rT+p
Zhl )59 4+ O(s~ TR ] e N, (4.8)
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Proof. Function h is an analytic function of parameter s € C4 and

hO(s) = (W) D (1, 5) — 7(ws) D(E, 5),
h(l ( ) (w ) ( ) ( )(l (55 )?
hO(s) = (we) (1, 5) — (ws) D (€, 5),
l € Ny. Substituting (2.2) into (4.9) we get

*VZ;DJ cos(€s + 5(j —1))s™
*ij cos(s+ 5(j—1))s™ T+ 0(s (7’+1)e(r+2)|y|),

’VZpJ )cos(€s + 5(j —1)s™
7=0

- ij cos(s+ 5(j—1))s™ J 4 O(s™ (T+1)e(T+2)|y|)

r+1

- WZPJ cos({s+ 5(J —1))s™

r+1
- ij cos(s + Z(j —1))s ™7 + O(s~ rH2elr2luly,

We look for terms at s~/ and get expressions (4.2)—(4.3). O

319

(4.10)

(4.105)

(4.103)

In the case 7 = 0 the last term is O(s~'el¥l) (Cases 1, 2) or O(s~2elvl)

(Case 3) (see Lemma 2) and we have

h(s) = hl(s)s™" +O(s7'7Pelvl), 1€ Ny,

where
ho(s) = — (—1)" cos(s — 1),
hi(s) = — (—1) cos(s — Z1) +v(—1)'¢ cos(és — Z1),
Bi(s) = = (=1)'sin(s — 51) +7(=1)'¢ sin(¢s — 50).

If ¢ € C'[0, 1], then we have
h(l)(s) — hlp( )s~ p+h1+p( 5)s 717P+0(572*pe3|y|)’ [ € N,

where

hi(s) = = (=1)'Q(1)sin(s — 51) + (1) §l sin(§s — 31),
hi(s) == (=1)'Q(1) SIH(S — 50 +7(=1)'€'Q(¢) sin(¢s — 50),
hé(s) =— (—1)l | — )) cos(s — Z1)

+a(-1)te ( £Q(€)) cos(és — 51).

Math. Model. Anal., 28(2):308-329, 2023.

(4.11)
(4.12;)
(4.12,)
(4.123)

(4.13)

(4.141)
(4.145)

(4.143)
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Remark 6. Asymptotic expansions (4.8), (4.11) and (4.13) are valid for SLP
with Neumann BC with p = —1 in Cases 1, 2; p = 0 in Case 3. Expressions
for the functions h(s) were found in [35].

Analytic functions H := h(s)s?, M := h(s)s'*? have the same nonzero
roots as function h and
HO(s) = Hi(s)+0(s7tell), MO (s) = ML (s)-s+0(el¥),  (4.15)
where M' (s) = Hé(s) = hl(s), l € No.
Function HY(s) = HY(s) + HY(s) (see (4.4)), where
HY(s) = — cos s, H9(s) = —coss, HY(s) =0, (4.16)
H{(s) = —coss+~ycos(€s), HJ(s) = —coss, HY(s)=r~ycos(fs), (4.165)
H{(s) = —sins 4+ ysin(€s), HJ(s) = —sins, HY(s) = ysin(€s). (4.163)

Lemma 12. Assume that |y| < 1 in Cases 2, 3. Function HJ has only simple
nonnegative roots xi: k € N in Cases 1, 2; k € Ny in Case 3. The root zo = 0.
Positive roots xy, € Iy, k € N. More precisely, x, = w(k — 1/2) in Case 1.

Proof. In Case 1 the proof is obvious. In Cases 2, 3 the proof follows from
Lemma 7 and Lemma 8. O

If se R, ,ie, s=uy,y>0,q¢€ C[0,1], then (see (2.3))
H(y) == —h(wy) =e"/2+ O(y~'e¥), (4.1712)
H(y) == —h(wy) =y 'e¥/2 + O(y2eY). (4.173)

Let to consider positive eigenvalues, ¢ € C"[0, 1]. In this case, (4.10) is valid
with s =2 > 0 (y = 0) and functions Mjl-, j=-1,r—1,1 € Ny, are bounded
and from (4.11) we have M (z) = O(z), I € Ny or

O (z) = O(x~"), 1€ N. (4.18)
We investigate equation M (x 4 0) =0, 6 € R, with additional condition
|hy(x)] > 32> 0. (4.19)

We note that this condition is equivalent to |[M,(x)| > s > 0. For real
s =z >0 from (4.17) we have

M(z) = M° (z) -z + O(1). (4.20)

Lemma 13. If z is such that M%,(z) =0 and § = o(1), then § = O(z™').

Proof. Tf x + 0 is the root of function M, then from (4.20) we have equality
(x+0)M° (z+6)+O(1)=00r M2 (z+6) = O((x+6)"') =O(xz"). Since

1 1
M°, (z+06) = M° (z) + M, (z)6 + 62 / / M? | (z + €76)Ededr
0 0
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we get
(ML (z) +0(6)5 =0O(z1).
If M1, (x)| > 3 > 0 and 6 = o(1), then from this formula we have § = O(z 7).

Lemma is proved. 0O

Let’s denote the function

—1

Q1(2) = —hi, (@) (hy()) (4.21)
If functions @1, ..., Qr_1 are defined, then we can find functions
i 101 (@)@ (@)
z(z) = > R @) (@) e (4.22)
ni4...4ng,_1=i, 5>0,
jtnyit2ngt. .+ (k—1)ng =l
I =1,k — 1 and function
_q et (z)zni_l(w)
Qr(z) = > @) (hp(e) T e (4.23)

ny+...4+n,_1=Ll, >0,
jtni+2ng+. A+ (k—Dng_ 1=k

If ¢ € C™[0,1], then in such way we can find all @;(x), j = 1,7, and they are
bounded functions.

Lemma 14. If ¢ € C"[0,1], h)(x) = 0 and § = o(1), then we have asymptotic
expansion

5:23@( a7 4+ Oz~ HY). (4.24)

Proof. Formula (4.24) is valid for » = 0. So, § = O(x_l). If » = 1, then
substituting (4.13) and (4.18) expressions into equality

0=nh(z+06)=h(x)+h(x)d+h (x+66)6/2, 6c]0,1],

we have hi(z)z=r6 = —hY, (x)a™ 177 + O(z7277), ie, § = Qi(z)z™!
(9(1”2), where @ is defined by (4.21).

Finally, suppose that § = 25;11 Q;(z)xz= +O(z7F), k =2,r. Substituting
(4.8) in the case y = 0 and (4.18) expressions into equality

5t R (2 + 606)
(1+1 k+1
0=h(z+9)="h(z —1—55 h z+1) + ] 0T, 0 € 0,1],

we derive recursive formulas (4.22) and (4.23). The full proof of general formula
(4.24) one can find in [34,35]. O

Remark 7. We can use the functions @;(z), j = 1,7 in Corollary 1.

Math. Model. Anal., 28(2):308-329, 2023.



322 A. Stikonas and E. Sen

Corollary 5. If ¢ € C1[0, 1], then

Q(1)sinz — ysin(&x)

Qi(z) = g , (4.251)
_ Q) sinz —1Q(&) sin({x)
Qu(z) = = —— SEsm(En) (4.255)
_ Q1) cosz —yQ(§) cos(§x)
Qi) = cosx — € cos(£x) ' (4:255)
Remark 8. Expression for )y in Case 3 was proved in [28].
Remark 9. For SLP with the Neumann BC [35] we have the following
Qu(r) = D57~ yeostEr) (4.26))
_ Q) cosz —Q() cos(&x)
Qu(z) = =~ ——— SEcos(€r) (4.265)
_ Q)sinz —yQ(¢)sin(§x)
Qule) = sinz — € sin(€x) (4.265)
Corollary 6. If ¢ € C?[0, 1], then
Qa(z) = h2+p(x) (h,l)(x)) h1+p ( ) (z) (4.27)

—1
21(2) = = (@) (hh(@) ' = 3h2(@) (hh () Ql(x)
where functions Y, ,, h3, ,, b}, b2, hi, , are calculated in (4.4)-(4.7).

This explicit formula (4.27) for function Q2(z) allows to calculate the term
at x,;2 in the asymptotic expansion of real eigenvalues when ¢ € C2[0,1]. In
Case 3 such asymptotic expansion was announced in [28, see Remark 7] and
only formula (4.263) was derived. Formula (2.7) allows to find asymptotic
expansion for corresponding eigenfunctions.

The formula (4.23) allows find the asymptotic expansion (4.24) for all
r € Ny, because all Q; can be calculated using hé (z), and for hé (z) we have
explicit formulas (4.2)—(4.3), where functions pé. (t) and ﬁé(t) can be calculated
by recursive formulas (2.1) and recursive formulas in Lemma 1. Unfortunately,
if > 1, then the formulas are very complicated (see, for example, (4.27),
(4.5), (2.5)—(2.6) in the case r = 2), and all results for ¢ > 2 are useful only in
a theoretical sense, proving that such asymptotic expansions exist.

5 Spectral asymptotics for eigenvalues and eigenfunctions
for problem with two-point boundary condition

In this section, we investigate eigenvalues for SLP (1.1)—(1.3).

Lemma 15. Real eigenvalues of the SLP (1.1)~(1.3) are bounded from below.
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Proof.  From (4.17) we have lim,_, ; oo H(y) = +00. Then there exists a yo > 0

such that H(y) > 0 for y > yo. Therefore, h(1y) # 0 for y > yo. Accordingly,
*yg < )\ for negative A. O

Corollary 7. The number of negative eigenvalues of problem (1.1)—(1.3) is finite
(maybe zero).

3
Y D,k C-’

(a) Dsk (b) D
Figure 3. Domain Dg; and D).

In this section, we assume that |y| < 1 in Cases 2, 3. Let us denote domain
Dy ={s€C: |z| <ag, |ly| <ar}, Dsy =CsN Dy, k€N (k>1in Cases 1, 2),
and a contour I'sy = C; N IDy, (see Figure 3(a)).

Remark 10. The corresponding contour I'\; in the plane C) = C will be the
boundary of the domain Dy (see Figure 3(b)). The contour I’y belongs to
two parabolas (see also Figure 1).

Lemma 16. The function H: RT — R has at least one positive root in the
interval I, for large k.

Proof. For positive z we have formula (see (4.15))
H(x) = Hy(x) + HY(x) + O(z™").

In Case 2 we have H)(z) = —cosz, H(z) = ycos(éx) and ap = 7k, k € N.
So, in this case HY(ag) = —1, HY(az_1) = 1. Whereas |HO(z) + O(z71)| =
|y cos(§x)+O(z71)| < 1 for large x, therefore H(ag—1) > 0, H(ag) < 0. Then
from Intermediate Value Theorem at least one root of the function H(z) lies in
each interval I, = (ay, ax+1), K < k € N for large K. In Cases 1, 3 the proof
is similar. O

Corollary 8. The SLP (1.1)—(1.3) have infinitely many (countable) positive
eigenvalues.

Lemma 17. There exists ¢ > 0 such that all eigenvalues of problem (1.1)-
(1.3) in the domain {s € Cy: |s| > q1} are positive and, more precisely, there
exists only one positive root of function H(s) in each interval Iy, for sufficiently
large k.

Math. Model. Anal., 28(2):308-329, 2023.
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Proof. 'We consider formula (4.15) for [ = 0:

H(s) = Hf(s) +O(s telVl), (5.1)
where

HY(s) = — cos s, (5.21)

HY(s) = — cos s + 7 cos(&s), (5.22)

HY(s) = — sin s + ysin(¢s). (5.23)

We claim that |HJ(s)| > Ael¥! for s € Iy for sufficiently large k.

First of all in Case 1 the proof of this inequality is the same as in Case 2 with
~v = 0. On the vertical part of contour I's;, we have s = ax + w, y € [—ag, axl,
k € N. In Case 3 cosar = 0 and from Lemma 6 (with 8 = 00) it follows that
|sinag| — || |sin(ag)| > K > 0. Then using the inequality (3.73) in Lemma 10
we estimate

|HG(s)| = | —sins +ysin(¢s)| > (|sinay| — || |sin(€ax)|) coshy > relvl /2.
In Case 2 we use Lemma 5 (with x > 0) and the inequality (3.75) in Lemma 10:
|HG(s)| = | — cos s +ycos(&s)| > (| cosax| — ||| cos(€ax)|) coshy > relvl /2.

On the remaining part of contour y = +ag, 0 < = < ag, from Corol-
lary 4 it follows that there exists B > 0 and [H{(s)| > (1 — |y|)el! for
ly| > B. Finally, |H(s)| > AelYl for s € I'y, for sufficiently large k, where
A= min{#/2, 5/2, (1 - [7]) /4}.

Let’s consider formula (5.1). We estimate

|0 (s~ telvl) ]| < cq]s|telVl < Aelvl < |HY(s)|

on the contours I's; for sufficiently large k. Therefore, by Rouché theorem for
domain Dy with contour Iy it follows that the number of zeros of H(s) =
HY(s) + O(stel!) and HY(s) are the same inside Iy, for sufficiently large k.

There is exactly one root of the function HJ(s) in the domain between
contours Iy and I's ;11 and it belongs to Ij, (see Lemma 12). The function H
has root in I}, for sufficiently large k (see Lemma 16). So, the single root of H
in this domain is positive. O

Corollary 9. The function h has one positive root in I for large k.

So, there exist ¢; > 0 such that roots of functions H(s) and H{(s) are
positive for |s| > ¢1. If a root s € I, then we enumerate these roots as sy
for function H(s) and zy, for function H{(s). We note, that x;, = (k — 1/2),
k € Nin Case 1. We have s ~ xp ~ wk (as k¥ — o00). Then H(sg) =
HY(sk) + O(k™') = 0 and limg_,00 H(sx) = 0. The function H{ is analytic
and has one root in I. Additionally, |H}(zx)| > £ > 0 (see Lemma 6 in
Cases 2, Lemma 5 in Case 3 and equality |H}(xx)| = |sinxy| = 1 in Case 1).
Therefore, s — xr as k — oo or

sp =z +o(l) (as k — o00). (5.3)
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Now we will investigate the distribution of these positive eigenvalues of
problem (1.1)—(1.3), and we leave out the note about sufficiently large k. Now
we consider only real positive s > 0.

Let us denote 0y = sx — x,. We have that 6, = o(1).

Theorem 1. Let g€ C[0,1]. For eigenvalues \y = s3 and eigenfunctions uy of
problem (1.1)—(1.3), we have the asymptotic expansions

sk =+ O(k™), uy(t) = —sin(zgt)z;, ' + O(k™) (5.4)
for sufficiently large k.

Proof. We have ¢, = o(1) and hg(:ck) = HY(xy) = M2, (x1) = 0, |h) ()| =
|H§ (z1)| > 22 > 0 (see (4.19)). So, all conditions of Lemma 13 are satisfied,
and it follows J = (9(1‘;1) = O(k‘l). Then we apply Corollary 2 and get

w, = wy, (1) = —sin(zyt)z;, ' + O (2 ?) = —sin(zpt)z, ' + O(k2).
O
Remark 11. Normalized eigenfunctions are
o (t) = V2sin(wyt) + O (k7).

Theorem 2. Let g € C"[0,1]. For eigenvalues A\, = s and eigenfunctions uy
of problem (1.1)—(1.3), we have the asymptotic expansions

Sp =Tk + Z Qj(a:k):c,;j + O(k*(”l)), (5.5)
j=1
r+1 }
ug(t) = ZRj(t,a:k)x,:] + (’)(k_(rﬁ)) (5.6)
j=1

for sufficiently large k.

Proof. We have 0, = O(kfl) (see Theorem 1). So, all conditions of Lemma 14
are valid, and it follows

Ok =Y Qjlap)ay’ + Ok~ D),
j=1
Then we apply Corollary 1 and get

r+1
up = we, (t) = Y Ryt xx)z? + O (k).

Jj=1

0O
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Corollary 10. If ¢ € C*[0, 1], then we have the asymptotic expansions

Sp = Ty + Ql(xk)wgl + (9(1(2),
up(t) = Ry (t,zp)x, ' + Ro(t,xp)x > + O(k™?)

for sufficiently large k, where Q1 (x) is defined by (4.25), Ry (t,x) = —sin(xt),
Ro(t,z) = (Q(t) — tQ1(x)) cos(at).

Remark 12. Normalized eigenfunctions are
vp(t) = V2sin(zit) + \/i(i sin(2xy,) sin(zxt) — Ra(t, xk))xlzl +0(k™?). (5.7)
Corollary 11. If ¢ € C?[0, 1], then we have the asymptotic expansions

sk = + Qu(z)zy ' + Qalap)ay !t + O(k7?), (5.8)
ug(t) = Ra(t, zp)x, ' + Ro(t, wn)z” + Ra(t, ap)z, > + O(K™1)

for sufficiently large k, where Q1 (), Q2(x) are defined by (4.25),(4.27), R (¢, x),
Ry (t,z) and R3(t, x) are calculated in Example 1.

Remark 13. In [28] the asymptotic expansion (in Case 3) was published without
proof. Now we calculate explicit formulas for this case.

Remark 14. For SLP with the Neumann BC the asymptotic expansion (5.5) in
Theorem 2 remains correct, but formulas for functions Q;, j = 1,r, differ from
the Dirichlet case (see Remark 9). Formulas (4.21)-(4.23) for Qg (z) are the
same, but parameter p = —1 (Cases 1,2) and p = 0 (Case 3) and functions hé.
differ from the Dirichlet case. Instead the asymptotic expansion (5.6) we have

ur(t) =Y Rt p)z,” + Ok~ ),
=0

where Ry(t,z) = cos(zt), Ry(t,z) = (Q(t) — tQ1(x)) cos(wt) (for more results
with the Neumann BC see [35]).

6 Conclusions

In this paper, we investigated the asymptotic properties of the spectrum and
eigenfunctions for a SLP with Dirichlet and nonlocal two-point boundary con-
ditions. We obtained asymptotic expansions for eigenvalues and normalized
eigenfunctions. Previous works in the literature of the Sturm-Liouville the-
ory are especially for the cases ¢ € C[0,1] or ¢ € C'[0,1]. Contrary to the
these previous works, the authors investigate the asymptotics of characteristic
functions, eigenvalues and eigenfunctions for ¢ € C"[0, 1], where r is arbitrary
positive integer. This paper continues a series of similar studies for problems
with the integral boundary condition [34], or the Neumann condition instead of
the Dirichlet condition [35]. The results obtained in this work can be extended
to differential equations with retarded argument [29].
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