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1 Introduction

In this paper, we are interested in developing the rigorous stability and con-
vergence analysis of BDF-k (k = 3,4,5) for simulating the extended Fisher-
Kolmogorov (EFK) model [3,9,10].

0D = AP —yA?P — f(P) forx e Nand0<t<T,
&(-,t) is L- periodic, t e (0,7,
&(x,0) := Dy(x), x € (2, (1.1)

where the spatial domain 2 = (0, L)? C R2, the nonlinear function f(v) =
v® — v, the parameter v > 0 is a positive constant and @¢(x) is a given L-
periodic function regular enough. Mathematically, the governing system of the
EFK model could be derived via an L? gradient flow associated with the the

following free energy (Lyapunov) functional
_ Y 2 1 2
E9) = — |AD|" + = |[VP|” + F[P] | dx.
o \2 2
Then, the system has the energy dissipation law

dE  (6E ,
D - _ , <
T ( 8tqﬁ) 10:2]72> <0,

0P’
in which (f,g) := [,, fgda, and the associated L* norm | f||,. = \/(f, f) for
all f,g € L*(2).

The EFK model was proposed by adding a fourth order derivative term to
the classical Fisher-Kolmogorov (FK) model by Coullet, Elphick and Repauxin
in [4]. Then the generalization of the standard FK model was explored by
Dee and Saarloos in [6]. The EFK model has wide applications in science
and technology. The numerical methods, including finite element Galerkin
method [5, 8], collocation method [25] and pseudo-spectral method [16] for
solving the EFK model had attracted many researchers. The numerical re-
search in [11, 12,13, 14,15] are mainly focused on the Crank-Nicolson (CN)
type schemes with uniform time-step. However, it is well known that the BDF
method is a class of implicit methods for solving rigid differential equation nu-
merical integrals. They are linear multistep methods, which use the informa-
tion of the time point to approximate the derivative of the unknown function,
thus improving the approximation accuracy. These methods are particularly
suitable for the solution of rigid differential equation in which the numerical
stability is expressed as an absolutely stable region which it is called A-stable.
It is well known that only the first-order and second-order backward differential
formulas (BDF1 and BDF2) are A-stable, see [27], while orders greater than
2 can not be A-stable. Some remedial measures [1,2,24] have been proposed
to restore the the L? norm stability and convergence for k-order backward dif-
ferential formula (k = 3,4,5). It is worthwhile to noting that this standard
analysis technique of BDF-k methods may not be used to establish some dis-
crete energy stable property for the gradient flow systems, including the EFK
equation.
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In this paper, we will make use of the recent discrete orthogonal convolution
(DOC) technique to analyze the BDF-k time-stepping method for solving the
EFK equation. The readers are referred to [17, 19, 20, 23] for the adaptive
BDF2 methods for the convergence analysis of linear reaction-diffusion problem
and the phase field models. Consider the time-step sizes 7 := T'/N and the
uniform discrete time layers ¢t; = j7r. For any grid function {vk}ffzo, put
V0" i= o™ — 0" ! and 0,0" := V,v"/7. When the index k = 3,4 or 5, the
BDF-k formula Dyv™ with uniform time-steps reads

1 n
D™ = =30 w0k, n>k,
T
k=1

where the associated BDF-k kernels b;k) (vanish if j > k), see Table 1, are
generated by

k k—1
> %(1 O =3"0¢ 3<k<s. (1.2)
£=0

Table 1. The BDF-k kernels b;k) generated by (1.2).

BDF-k bl b b bi) b
_ 3 1

k=2 3 —1
_ 11 7 1

k=3 & 6 3
_ 25 23 13 1

k=4 12 —12 1 -1

k=5 137 _ 163 137 21 1

60 60 60 20 5

In order to analyze the L? norm stability and convergence of the BDF-k
methods, the corresponding DOC kernels technique will be introduced. For
the discrete BDF-k kernels bgk) generated by (1.2), the corresponding DOC-k

kernels 0§k) are defined by [22]

W Lo 1N 00,00
o8 .= ol 0, = o) >0 by j=n—1,n-2,... k+Lk (L3)
0 0 {=j+1

According to the above expressions, we can find the following discrete orthog-
onal convolution property

Z@flk)ebgkz =0p,; foranyk<j<n, (1.4)
=3

where d,,1, is the Kronecker delta symbol. Thus, this characteristic leads directly
to the following relationship, yields

293‘]21)(1‘) Vet = Zv¢ Zen B9, = 9.6" fork<n<N.
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This identity directly leads to the following relationship

n n k—1 n 7
(k) 1 (k) ® o 0, 1 (k) ®) o ¢
D On2y D) == 3 002, 3 00,96+ 2D 0,0, ) 6,0 ve0
j=k j=k =1 j=k f=k
1
22p®m 45 6" fork<n<N, (1.5)
-

which ¢§k’n) is defined as

n

k—1
o = 30 S A, o=k (L6)
=1 Jj=k

With the aid of the discrete convolution kernels, we focus on the effective-
ness of numerical method by considering a fully implicit BDF-k approach for
solving the EFK equation (1.1). Denote the space of L-periodic grid functions
Vi = {vh | vy, is L-periodic forxy, € Qh}. That is, to find the numerical solu-
tion ¢} € V}, such that

Dy + ALY + f(o) — Apgp =0 forxy, € 2, andk <n <N, (1.7)

subjected to the initial value ¢9 = @y(x},) and periodic boundary conditions.
Always, to avoid complex theoretical analysis, it is to assume that the initial
solutions gbfL for 1 < ¢ < k — 1 have been obtained by choose other higher-
order numerical algorithms, such as the Runge-Kutta method. The equivalent
convolutional form of the scheme (1.7) using DOC kernel technology will play
an important role in our analysis.

By applying the DOC-k kernels Gj(li)n to both sides of the discrete formula
(1.7) with the help of (1.5) and (1.6), one can obtain the following equivalent
schemes (replacing n by /)

J
0, = o) [+ > 08, (Angf, — v ARef, — F(91) forj >k (L8)

{=k

In this article, we emphasize that the convolution formula will be the core
and starting point of our energy technology, potentially producing a simpler
and more effective proof than previous work [1,2,24]. Our work is organized
as follows. The unique solvability of the fully implicit BDF-k scheme (1.7) is
established, see Theorem 1. Then, the energy dissipation law in Theorem 2
is verified and Theorem 3 can establish the boundedness of solution in the
maximum norm in Section 2. In Section 3, an optimal L? norm error estimate
of the BDF-k scheme (1.7) is established with the help of the DOC kernels.
It is worthy mentioning that, this is the first time to extend the stability and
convergence theory of the BDF-k scheme for solving the EFK equation. Several
numerical experiments are presented in Section 4 to show the accuracy and
effectiveness of our BDF-k method.
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2 Solvability and energy dissipation law

2.1 Spatial dispersion

For a completed presentation of the discrete numerical scheme, we describe the
general situation of spatial discretization briefly.

For the domain §2 = (0, L)?, let the grid length h, = hy, = h := L/M with
an integer M. Let put the full discrete spatial grid £2;, := {x), = (ih,jh)|0 <
i,7 < M} and define 2, := {@, = (ih,jh)|1 < i,j < M}. For the function
Vp = ’U(ibh), let Aajvij = (Ui+17j—’l)i’j)/h and (S%Uij = (UiJrl}j—QUij—‘rUi,l’j)/hQ.
Similarly, Ayv;; and 551@ can be defined. Then the discrete Laplacian and
gradient vector are Apv;; = (62 + 55)1@ and Vivi; = (Agvij, Ayvi)T re-
spectively. For any v, w € V},, we define the discrete inner products and norms
as follows:

ww) =1 Y vpwn, ol == V{v,0), Vil = (h2 3 |thh|2)

THEN, Ty €Ny

1
2

b

1
lanoll = (B2 3 JAwf?)", ol = max o,
h h

Xn€
xR €NRp

There exists a positive constant ¢, which dependents on the spatial domain
£2;,, one has the Sobolev inequality in [29]

Wl < co(llvll +[|Arv])  for v e Vy.

Under periodic boundary conditions, for any v,w € Vj, the discrete Green’s
formula is shown

(Afv,w) = (Apv, Ayw)  and  (—Apv,w) = (Vyv, Vyw) .

2.2 Unique solvability

The following proof shows that the solvability of the implicit BDF-k scheme
(1.7) is equivalent to the minimization of a convex functional S according to
[28], and also shows that the implicit scheme is uniquely solvable.

Theorem 1. If the time-step size satisfy the restriction T < bgk), the implicit
BDF-k scheme (1.7) is uniquely solvable.

Proof. For any time-level index n > k, consider the following discrete energy
convex functional S on the space Vy,,

S8 = 5 (06208 — ") + 20", 8~ ") + L ns | + 5[V

+ 1<(1 - ﬁ2)27 1>a

4
where Q"1 := Y77 b v, 4. Under the time-step condition 7 < b\, S is
strictly convex function for any A € R and any vy, € V},, due to
d2s 1 2 2 2 2
DS ail| = 0l Aol + [Vuvl? + 33007 > 0

Math. Model. Anal., 29(1):125-140, 2024.
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The above result shows that the functional S has a unique minimizing value,
denoted by ¢}, if and only if it solves the equation

LIl | = LR B 9B, An)+ (b, Vi)
FUFB),0) = 0§28~ ") + QT F 236 — A+ 6~ B).

Therefore, for any ¥, € Vy, the following equation is obtained, only when we
take the unique minimum value ¢} € Vy,

be Vet + ARG — A" + (67)° — ¢" =0,

which is precisely our BDF-k implicit formula (1.7) we constructed. O

2.3 Energy dissipation property

In what follows, we prove that the numerical scheme (1.7) maintains the mod-
ified energy dissipation property at the discrete levels.

Lemma 1. [22, Lemma 2.4]With the aid of the Grenander-Szegd theorem, see

this article [7, pp. 64-65], for 3 < k < 5, the discrete BDF-k kernels bgk)
defined in (1.2) are positive definite in the sense that

n 14 n
2 Zwé Z b?i)jwj > myk ng forn >k,
=k j=k £=k

which the constants are mys = 95/48, myy = 1.628 and my; = 0.4776.

Lemma 2. [18, Lemma 2.3] For any real sequence {vi |k = 0,1,2,...,N},
the difference operators are defined when m > 1 as

1
Sy, = 8 (01v,) = 67 v, — 80,1,

also define the operator 61v, = §iv, = v, — vy_1. Then for k = 3,4 and 5,
the BDF-k kernels b;-k) can meet the following form:

n
vn 002 05 = Gilon] = Gilvon—] + T2502 + Rafva] forn >k,
j=1
where the functionals Gx, Ry, and the positive constants oy are shown by
e for k = 3, the constant o3 : % ~ 1.979,

37 1 7 1
%vi - gvfl_l + ﬂ(élvn)2 711,21 +

G
1
Rs[vn] := 6(5%% + %vn_l)z;

1
7(£Un - Un—1)2a

Gs [Un] = 6
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e for k =4, the constant o4 := % ~ 1.601,

3433 , 15, 1, A7 , 3 ,
nl == - 01vn)° — — (01U —
Galvn] = Grgg¥n ~ ggUn—1 T gln—2 Tt 195 (010n)” = 75 (010n1)
13627 , 7 1
2. \2 02 65 2, 1.3 2
+ 176 010n)" = 3000 24(56 nUn—1) F5 (30100 F0n )",

1
R4[7]n] = g(éfvn =+ 551’0”,1) + 6(6%1)71 ggvn 1)2;

e for k =5, the constant oy := 1694260603010 ~ 0.3367,
4227769 , 551 17 1, 1607 ,
n] ‘= - _ _ — (6 n
Galvn] = 390000 ~ Te00 "1 T 20V~ 10”" 3T 1800 010
39 2 7 1
80(51% 1)2—1—5(611}",2)2 80(6%1)”) — (51vn 1) +g((5i’vn)2
1198850903 5 437 04, ,
= 1678080000 T 9gp {699z Un ~ Un-1)
9 1
+ 40( 36100 + Vp—2)® + *(251% + 2052 — Un_3)?,
5tv,+26%v,,_
R5[’l}n]::( 1 1 1) (51vn+10(51vn 1) ((51Un+18708071)n 1)2.

10

Thus the quadratic form bgk) associated with the BDF-k kernels can be re-
strained by

QngZb, U; >0Lkzn:vg forn > k.
f=k

We now prove the energy stability of BDF-k scheme (1.7). Let E[¢"] be
the discrete version of energy (Lyapunov) functional,

1 1
Blg") = 2| Ang"|” + 5[ Va0”|* + 51l — 1.
Define the following modified discrete energy & [¢"] and

&lo"] = E[¢"] + %<gk [v-6"],1).

Due to the employment of BDF-k formula Dy, the above modified energy for-
mula &[¢"] inserts a perturbed term which the term is O(7) in the primal
energy E[¢"]. Always, we assume that the modified discrete energy &y[¢°],
E[BY], ..., Ex[p¥] satisfy the energy dissipation law. Next we will prove the
following theorem.

Theorem 2. If the time-step size T fulfills
7 < min {bék),aLk} forn >k, (2.1)

where or3 ~ 1.979 > b, opy ~ 1.601 < b5 and 015 ~ 0.3367 < b, Then
the BDF-k implicit scheme (1.7) preserves the following energy dissipation law

Eo"] < El¢™ Y] forn > k.

Math. Model. Anal., 29(1):125-140, 2024.
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Proof. Taking the inner product of (1.7) by v,¢", for n >k, one has

(Dy¢™, V-0™) + v (And", V- Apd™) + (Vi¢", V- V0™
+ <(¢n)3 - ¢n7 v‘r(bn> =0, (22)

which the discrete Green’s formula has been used with periodic boundary con-
ditions. Applying Lemma 2, one can obtains that

1 1
(D", 9,87 2 L (G [w,07].1) - (G0 [0,6) 1) + L 0,7
With the aid of the discrete Green’s formula and 2a(a—b)=a?—b?+(a—b)?, one

has

Y (And", 9, An0") = 3| Ang™ |* = Fl1Ane™ | + 5 - Ao
1 1 1
(Vad", % V06") = 5 [Vao" || = 5[ Vne" P+ 519 Vuen| "

Noting the following relationship

4(a® —a)(a—b) =(a® = 1)> = (0 = 1) = 2(1 — a?)(a — b)® + (a® — b*)?
>(a* = 1) = (b = 1)® — 2(a — b)?,

then one can obtain
1 1 1
(") - 6w} > 62 ~ 1 = Sty - 1) = Loen
Inserting the above results into (2.2) yields
1
5 (On/T=1) 190" ||* + &l0"] < El¢"7Y] for n > k.

The time step restriction (2.1) implies the claimed discrete energy stable im-
mediately. 0O

Theorem 3. Assume the time-step size T satisfies the conditon (2.1), the nu-
merical solution of the BDF-k scheme (1.7) is bounded (stable) in the L>° norm

qu)"“oo <cpi=coViylea + (247) 2] forn > k.
Similarly, the continuous energy dissipation law gives
[2(tn)lloe < NPt )]l < i

Note that, the fixed constant ¢y may dependent on the domain {2, but ¢q is
independent of the spatial length, the time steps 7 and the current time ¢,,.

Proof. The result follows from the proof of [26, Lemma 3.3] in the same way.
O
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3 L2 norm convergence analysis

3.1 Some properties of the DOC kernels

The discrete convolution form (1.4) plays an important role in our convergence
analysis, we give some properties of the DOC kernels and discrete convolution
inequalities firstly, ef. [21, Lemma2.1] and [22, Lemma 2.5].

) in (1.2) are positive (semi-)definite if and

only if the associated DOC-k kernels 9§k) in (1.3) are positive (semi-)definite.

Lemma 3. The discrete kernels b§-k

Lemma 4. For 3 <k <5, the associated DOC-k kernels Gj(-k) defined in (1.3)
are positive definite and satisfy the following decaying estimates

) _ Px (kI .
0] < 2(Z) forj=o,
where the constants ps = 10/3, py = 6 and ps = 96/5.

3.2 L2 norm error estimate

Now we are to establish the L? norm error estimate of the BDF-k scheme (1.7).
Let the local consistency error at the time ¢ = t;,

&) = Dy®(t;) — 0:D(t;).

Consider a convolutional consistency error =% defined by

14

I
= k) oj K
=5:=> 006, =300 IDud(t;) — 0 0(t))] for £ >k (3.1)
j=k j=k

Then, we arrive at the following estimate on the convolutional consistency by
Lemma 4.

Lemma 5. For any k > 3, the convolutional consistency error Zkin (3.1)
satisfies ||€7|| < Cyt®, such that

n

Sl < 2 forn >k
{=k

Proof. By using the Taylor’s expansion formula, one has

k-1

) 1 2]
& = > 00 -bi) [ (-t e
T ) tj—1
1 ti
— Ebk‘l/ (t —t;_y) @+ (t)dt,

tj—x

Math. Model. Anal., 29(1):125-140, 2024.
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so we have

t;
H§J||§g7k2|bl*bl | / o0+ bt [ @0 oar

] k

(k+1)
< m D(t)| <
- OM tkSta%(T |at ( )| - C‘M ’

and Lemma 4 yields the following estimate
ZT||~<DH < C¢Tk+1zz 05Y)] < pkt" k“O % for n >k,
=k 1=k j=k

where Cy is independent of the time step 7 and time t,,, then the proof is
completed. O

Lemma 6. [22, Lemma 2.6] There exist some positive constants crx > 1 such
that the starting values qb%k’] ) satisfy

k-1
7] < B (55 [ fors <5 and 2
(=1

such that

k—1
Z“b(“ —87071kp11;Z’V¢€ for3<k <5 andn >k,
=1

where the constants py are defined in Lemma 4.

Theorem 4. Suppose P € C’fﬁ;ﬁ)(ﬁ x (0,T7)) is a solution of the EFK problem
(1.1) and the time-step condition (2.1) holds. Assume further that if the time
step T 1s small enough such that T < %, the solution ¢™ of the BDF-k
scheme (1.7) is convergent in the L* norm,

k-1

n n 7 7prcC

I = ol < 7 pkk P (mt”—k+1> [Cl,kz HeeH + Colp—i1 (75 + h?)
=0

fork<n <N.
Here, c3 := 1+ ¢ + coc1 + ¢4 is dependent on the domain 2 and the initial

values ¥° and ¢°, but independent of the time t,, the time-step size T and the
spatial length h.

Proof. Let e} := @} — ¢}, for x), € 2y, The local truncation error equation is
obtained, such as

Dye)+yAel —Anel, + f(D),) — f(d],)=€+nl, zh€n, k<j<N, (3.2)
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where fi is defined as the truncation error in time and ni is denoted the error
in space, respectively. Under the regularity setting of solution and Lemma 4,
we conclude

b
ZTHTf | < C’¢7h222 0 | < pk POSL0uh? fork<n< N, (33)
{=k j=k
where 7} 1= Y0 009 i for £ > k.

Multiplying both sides of (3.2) by the DOC kernels refj)j, and summing up
the superscript from j =k to ¢ we apply the identity (1.8) to obtain

vre +TZ€ ’yA2 Ap) fl: ke)—i— Zﬁ(k) f(@fl)]

+ TTh + 754, (3.4)
where e%k’") represents the starting error effects on the numerical solution at
the time ¢,

k—1 n
e%k’n) = Z v,et Z 9,(:{ ]bék)g for n > k. (3.5)

Making the inner product of the above equality (3.4) with 2, and summing
up the superscript from k to n, one can apply the discrete Green’s formula to
derive that

e e 2 3 e+ 7

<2729 — f(& +2TZ st et (3.6)

for k <n < N, where J" is defined by

n, 4 n, 4
J" ::277291§1:)j<Ah6j, Ahez> + QTZF)E,I:)](Vhej, Vhez>.
Z’j l’j

The positive definiteness of DOC kernels in Lemma 3 shows that the term
J™ > 0. By virtue of the maximum norm estimates in Theorem 3, we have

(7)) = F( @)1 = 1(61)* + &L2), + (2})* — 1lle}| < esle, -
Then, it follows from (3.6) that

eI <l 1" + 23 llet e’ + 2es7 > 6 [l
=k {=k

203 [lef 17 + = (3.7)
{=k

Math. Model. Anal., 29(1):125-140, 2024.
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Choose some integer ng (k—1<ng<n) such that He”o H:maxk,lggn Hej || Let
n = ng in the above inequality (3.7), one gets

e[| < [le*= 1H+2Z||61”H+2CJTZZH9“‘) ZH+2TZHT‘ =l

1=k j=k
< [le*~ 1H+22H6§”)II+26 TZZW JIH62H+2TZHT£ Z|. (
o=k j=k

Applying Lemma 6 to the starting term e%k’z) in (3.5), one has

k—1
QZH (kE)H = 47071ka ZHVTGZH fork <n < N.
=1

For the right term in (3.8), one can derive the following estimates in a similar
fashion

n J noJ
2esr 30510 < Grear S5l < 5
j=k L=k

j=k =k

7P e
k)cgz:zk [E3

Thus, we can use Lemma 4 to get the following estimate

n n TeLpk N 7pc m o, =m
el < llell < 5255 22 1l + g ZHJHHTZHT I
=0

Under the time-step constraint 7 < one has

7pc7

k—1
7p c
er] < T o llefl 2= Z el +4TZHT'” ="
£=0
Obviously, applying the discrete Grénwall inequality, one can obtain

7 7
e < exp (T2t ) | A ZH ‘ZH+4TZHT’” =]

for k < n < N. The proof is completed from Lemma 5 and the error estimate
(3.3). O

4 Numerical example

In this section, we will verify our conclusions with numerical examples. We
employ the sixth-order implicit Runge-Kutta method to initiate the numeri-
cal schemes. In all our computations, a fixed-point iteration scheme will be
employed to solve the nonlinear scheme at each time level with a tolerance
10719,



4.1 Accuracy test
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Ezxample 1. We set v = 0.02 and consider the following exterior-forced EF K

model

0D + YA D — AD + (D) = g(x,1)

for x € (0,7)? such that it has exact solution @ = cos(t) sin(2z) sin(2y).

The computational domain (0,7)? is discretized by using 2562 spatial meshes
and solve the problem until 7' = 1. The numerical results are listed in Tables 2—
4, where the discrete L? norm error e(N) := ||@(T) — ¢V || is recorded in each
run and the experimental order of convergence is computed by

Order ~ J08(e(V)/e(2N))
log(7(N)/7(2N))
Table 2. Accuracy of BDF3 scheme.
N T e(N) Order
15 6.67e-02 7.25e-04 —
30 3.33e-02 8.68e-05 3.06
60 1.67e-02 1.06e-05 3.03
120 8.33e-03 1.31e-06 3.02
240 4.17e-03 1.63e-07 3.01
Table 3. Accuracy of BDF4 scheme.
N T e(N) Order
15 6.67e-02 3.95e-05 —
30 3.33e-02 2.60e-06 3.92
60 1.67e-02 1.67e-07 3.96
120 8.33e-03 1.05e-08 3.98
240 4.17e-03 6.63e-10 3.99
Table 4. Accuracy of BDF5 scheme.
N T e(N) Order
15 6.67e-02 2.27e-06 —
30 3.33e-02 6.66e-08 5.09
60 1.67e-02 2.00e-09 5.06
120 8.33e-03 6.27e-11 5.00
240 4.17e-03 1.88e-12 5.06

From these data it can be observes that the BDF-k scheme admits k-th
order accuracy.

Math. Model. Anal., 29(1):125-140, 2024.
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4.2 Numerical application

Ezample 2. We consider the EFK model (1.1) with the following initial data
& (x,0) = 0.1 (sin(3x) sin(2y) + sin(5x) sin(5y)) .

We take the model parameter v = 104 and use 1282 uniform mesh to discrete
the spatial domain (0, 27)?.
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Figure 1. Solution snapshots of the BDF3 scheme for the EFK equation at
t=0,0.1,0.9,1,1.1, 15, respectively(the BDF-4 and BDF-5 schemes generate similar
profiles).

| BDF5
1250 — —=BDF4
BDF3

Time
Figure 2. Evolutions of original energy of the BDF-K scheme for the EFK equation.

We here begin with the examination using a constant time step 7 = 1073
until time 7' = 15 (i.e., N = 15000). The evolution of phase variable is pre-
sented in Figure 1. One can find that the initial solution evolve on a fast time
scale while later ones evolve on a very slow time scale. The evolution of the
original energy F[¢™"] over time is shown in Figure 2, and it can be seen that
during the coarsening process, the free energy decays monotonically.
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