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Abstract. In this paper, we introduce a Halpern iteration process for computing
the common solution of split generalized equilibrium problem and fixed points of
a countable family of Bregman W-mappings with multiple output sets in reflexive
Banach spaces. We prove a strong convergence result for approximating the solutions
of the aforementioned problems under some mild conditions. It is worth mentioning
that the iterative algorithm employ in this article is designed in such a way that it does
not require the prior knowledge of operator norm. We also provide some numerical
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examples to illustrate the performance of our proposed iterative method. The result
discuss in this paper extends and complements many related results in literature.

Keywords: Bregman weak relatively nonexpansive mapping, Bregman W-mapping,

Halpern method, iterative scheme, split generalized equilibrium problem.

AMS Subject Classification: 47H06; 47H09; 47J05; 47J25.

1 Introduction

Let Y be a reflexive Banach space with its dual Y* and D be a nonempty, closed
and convex subset of Y. The Generalized Equilibrium Problem (in brief, GEP)
is to find x* € D such that

G(z*,z) + b(z*,z) — b(z",2") >0, Yz € D, (1.1)

where G : D x D — R is a bifunction and b: D x D — R is a skew matrix. If
b =0, then GEP (1.1) reduces to the following Equilibrium Problem (in brief,
EP) which is to find z* € D such that

G(z*,x) >0, V2 eD.

The Equilibrium Problem is known to include many mathematical problems,
for example, variational inclusion problem, complementary problem, saddle
point problem, Nash equilibrium problem in non-cooperative games, minimax
inequality problem, minimization problem, variational inequality problem and
fixed point problem, see [6,11,14,17,19,22,33,34,37]. Let D and E be nonempty,
closed and convex subsets of two real Banach spaces Y7 and Y5 respectively.
Let A:Y; — Y5 be a bounded linear operator. The Split Feasibility Problem
(in brief, SFP) introduced by Censor and Elfving [15] is to find a point

x* € D such that Az™ € E. (1.2)

By combining SFP (1.2) and GEP (1.1), we have the Split Generalized Equi-
librium Problem (in brief, SGEP), which is to

find z* € D such that Gy (z*,x) + b1 (z*,2) — b1 (™, 2") >0, V2 € D, (1.3)
and such that
y* = Azx™ € E solves Ga(y*,y) + b2(y™,y) — ba(y*,y") >0, Vye E. (1.4)
We denote by
SGEP(G1,b1,G2,b2) :=={a* € D: 2" € GEP(G1,b1) and Az* € GEP(G2,b2)},

where G1,b1 : Dx D — R and G, by : E X E — R are bifunctions respectively.
If b and by equal to zero in (1.3) and (1.4), we have the Split Equilibrium
Problem (in brief, SEP) which is to

find #* € D such that Gy(z*,2) >0, V2 € D, (1.5)



Split generalized equilibrium Problem 655

that solves
y* = Az* € E solves Go(y*,y) >0, Vy € E. (1.6)

We denote by SEP(G1,G2) the solution set of (1.5)—(1.6). The Split Gen-

eralized Equilibrium Problem is very general in the sense that it includes as

particular cases, split varaitional inequality problem and split minimization

problem, to mention a few, (see [1,2,3,4,23,24,30,31] ).

To solve GEP (1.1), we need the following assumptions: Let G: D x D — R.
Assumption 1.3:

(i) G(z,z) =0, V x € D;

(ii) G is monotone, i.e. G(x y)+ Gy, z) <0, Va,y € D

(iii) For each z,y,z € D hm sup Gtz+ (1 —t)x,y) < G(z,y);

(

iv) For each z € D,y — G (x y) is convex and lower semicontinuous.

Assumption 1.4: Let b: D x D — R.

(i) b is skew-symmetric, i.e., b(x, x)—b(z,y)—b(y, x)—b(y,y) >0, ¥V 2,y € D;
(ii) b is convex in the second argument; (iii) b is continuous.

In 2018, Phuengrattana and Lerkchayaphum [32] introduced a shrinking
projection method for solving the common solution of split generalized equilib-
rium problem and fixed point problem of multivalued nonexpansive mappings
in real Hilbert spaces. They proved that the sequence {z,} converges strongly
to proj%zo, where A := Sol(GEP(1.1) N F(T) is nonempty.

Our proposed method is endowed with the following characteristics:

(1) We extend the results of [1,2,32] from real Hilbert spaces to a more gen-
eral space which is convex, continuous and strongly coercive Bregman function,
which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets.

(2) Our method does not require computing the projection of the current
iterate onto the intersection of sets C,, and @,, which was used in [5,18,32].

(3) In the result of [2,18,25,32] and other related results, we were able
to dispense with one of the resolvents of the EP. Using the notion of multiple
output sets, we were able to generalize some related results in literature without
one of the resolvents.

(4) Our method uses self-adaptive stepsizes and the implementation of our
method does not require prior knowledge of the norm of the bounded linear
operator A, see [32].

(5) Our result also generalizes the results of [2,18,25,32] to a type of SGEP
with multiple output sets.

2 Preliminaries

In the sequel, we denote strong and weak convergence by ”—” and ”—", re-
spectively.

The notion of W-mapping was first introduced in 1999 by Atsushiba and Taka-
hashi [8] and since then, it has been considered for a finite family of map-
pings, see ( [19,20,27]). The notion was extended to a Banach space by
Naraghirad and Timnak [29] as follows. Let D be a nonempty, closed and
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convex subset of a reflexive Banach space Y. Let {5, }nen be an infinite fam-
ily of Bregman weak relatively nonexpansive mappings of D into itself, and let
{,un’t :t,n € N, 1 <t < n} be asequence of real numbers such that 0 < pij <1
for every i,7 € N with ¢ > j. Then, for any n € N, we define a mapping W,, of
D into itself as follows:

Unpn+1t =z,
Un,nx = PTOJJ%(VQ*[Mnn V g(Snu Un,nJrlx) + (1 - Mn,n) V g(xﬂ)v
Upn—1z = proy’%(vg*[un,ml V 9(Sn-1Unnz) + (1 = pinn—1) V g(x)]),

Unpx = projh (Vg  (tne 7 9(StUni+12) + (1 — ping) v 9(2)]),

Un,2w = projp (Vg™ [tn2 V 9(S2Un37) + (1 = fin2) V g(2)]),
Wn,x - n,lx = vg*[ﬂn,l v g(SlUn,Zl') + (]- - Mn,l) V g(x)]v

for all z € D, where projY, is the Bregman projection from Y onto D. Such a
mapping W, is called the Bregman W-mapping generated by S, Sr—1,...,51
and Hnny Unn—1s--«, Hbn,1-

Let Y be a reflexive Banach space with Y* its dual and @ be a nonempty
closed and convex subset of Y. Let g : ¥ — (—o0,+00] be a proper, lower
semicontinuous and convex function, then the Fenchel conjugate of g denoted
as g* : Y* — (—o0, +00] is defined as

g*(z*) = sup{{z*,z) —g(x) :z €Y}, z* € Y™

Let the domain of g be denoted as dom(g) = {z € Y : g(z) < +0o0}, hence for
any x € intdom(g) and y € Y, we define the right-hand derivative of g at z in
the direction of y by

Let g : Y — (—o0, +00] be a function, then ¢ is said to be:
(i) Gateaux differentiable at x if lim;_,o+ w exists for any y. In this
case, g°(x,y) coincides with Vg(x) (the value of the gradient Vg of g at x);
(ii) Gateaux differentiable, if it is Gateaux differentiable for any x € intdomyg;
(iii) Fréchet differentiable at z, if its limit is attained uniformly in [jy|| = 1;
(iv) Uniformly Fréchet differentiable on a subset @ of Y, if the above limit is
attained uniformly for € @ and ||y|| = 1.
(v) Essentially smooth, if the subdifferential of g denoted as dg is both locally
bounded and single-valued on its domain, where dg(z) = {w € Y : g(x)—g(y) >
<w7y - .’L‘>, yE Y}7
(vi) Essentially strictly convex, if (0g) ' is locally bounded on its domain and
g is strictly convex on every convex subset of dom dg;
(vii) Legendre, if it is both essentially smooth and essentially strictly convex.
See [9,10] for more details on Legendre functions.

1
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Alternatively, a function g is said to be Legendre if it satisfies the following
conditions:
(i) The intdom(g) is nonempty, ¢ is Gateaux differentiable on intdom(g) and
domVg = intdom(g);
(ii) The intdomg* is nonempty, g
domVg* = intdom(g).
Let E be a Banach space and By := {2z € Y : ||z|| < s} for all s > 0. Then, a
function g : Y — R is said to be uniformly convex on bounded subsets of Y,
[see pp. 203 and 221] [39] if pst > 0 for all s, > 0, where p; : [0, +00) — [0, 0]
is defined by

* is Gateaux differentiable on intdomg* and

_ - ag(z) + (1 — a)g(y) — g(a(z) + (1 — @)y)
Ps (t) B m,yEBS,Hx—yﬂzt,aG(O,l) a(l — OL) ’

for all t > 0, with ps; denoting the gauge of uniform convexity of g. The
function g is also said to be uniformly smooth on bounded subsets of Y, [see
pp. 221] [39], if limg o %= for all s > 0, where o : [0, 4+00) — [0, 00] is defined
by

_ “ ag(®) + (1 —a)ty) + (1 — a)g(z — aty) — g(=)
US(t) a xEB,yESyl?aE(O,l) a(l - a) ’

for all ¢ > 0, and uniformly convex if the function dg : [0,4+0c0) — [0, +00)
defined by

1 1 r+y

dg(t) = sup {59(36) +590) —9(—;

): lly —all = t},

og(t) _ 0.

satisfies lim; o =5~

DEFINITION 1. [12] Let Y be a Banach space. A function g: Y — (—o0, 00] is
said to be proper if the interior of its domain dom(g) is nonempty. Let g : Y —
(—00, 0] be a convex and Géteaux differentiable function. Then the Bregman
distance corresponding to ¢ is the function Dy : dom(g) x intdom(g) — R
defined by

Dy(z,y) :=g(z) — g(y) — (x =y, V- (y)), Y2,y €Y, (2.1)

where V4 is the gradient function of Y dependent on g. It is clear that
Dy(z,y) >0forall z,y €Y.

It is well-known that Bregman distance D, does not satisfy all the properties
of a metric function because D, fail to satisfy the symmetric and triangular
inequality property. However, the Bregman distance satisfies the following so-
called three point identity: for any z € dom(g) and y, z € intdom(g),

In particular,

Dy(z,y) = —Dy(y,z) + (y — 2, VY (y) — Vi (2)), Va,y €Y.

Math. Model. Anal., 28(4):653-672, 2023.
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The relationship between D, and ||.|| is guaranteed when g is strongly convex
with strong convexity constant p > 0, i.e.,

Dy(a.y) = Slle —ylI%, ¥ @ € dom(g), y € intdom(g).

Let g : Y — R be a strictly convex and Gateaux differentiable function and
T : Q — intdom(g) be a mapping, a point = € @ is called a fixed point of T,
if for all x € Q, Tx = x. We denote by F(T') the set of all fixed points of T'.
Furthermore, a point p € @ is called an asymptotic fixed point of T" if () contains
a sequence {x, } which converges weakly to p such that lim,,_,« || Tp—2,| = 0.
We denote by F’(T) the set of asymptotic fixed points of T. A point p € @Q is
called a strong asymptotic fixed point of T if C' contains a sequence {z,, } which
converges strongly to p such that lim,, o [|T®, — 2| = 0. We denote the set
of strong asymptotic fixed points of T' by F(T). It follows from the definition
that F(T) c F(T) c F(T).

Let @ be a nonempty closed and convex subset of int(dom g), then we define
an operator T : Q — int(domg) to be:
(i) Bregman relatively nonexpansive, if F(T') # 0, and

Dy(p,Tx) < Dy(p,z), ¥ p€ F(T), x € Q and F(T) = F(T).
(ii) Bregman weak relatively nonexpansive, if F(T) # @, and
D,(p,Tx) < Dy(p,x), ¥ p e F(T), € Q and F(T) = F(T).
(iii) Bregman quasi-nonexpansive mapping if F(T') # () and
Dy(p,Tx) < Dy(p,x),V x € Q and p € F(T).
(iv) Bregman firmly nonexpansive (BFNE), if

(V3 (Tz) = V§(Ty), Tx — Ty) < (Vi(2) = Vi (y), Tz — Ty), Vz,y €Y.

Emmple 1. [16] Let Y = £5(R ) where l5(R) := {0 = (01,02,...,0n,...),0; €
R: Z loi]? < oo}, ||o|| = (Z l05))2 ¥ o € H and let f(z) = 3|]|? for all
=1

x Y Let {xn} C Y be a sequence defined by z¢o = (1,0,0,0,...), 21 =
(1, ,0,0,...), 20 =(1,0,1,0,...),..., 2, = (oml,amg,an,g,...), , where

1, if k=1,n+1,
Onk =
F 0, if otherwise, V n € N,

n € N. Define the mapping T': H — H by

Ty — nLHa; if x=ux,,
—x, if ©#x,.



Split generalized equilibrium Problem 659
We define a countable family S; : H — H by

Log, if x=2x,,
Sj(z) = {"fjl

e Az # oy,

for all j > 1 and n > 0. It is clear that F/(S;) = {0} for all j > 1.
It can be shown that 7" and S; are Bregman quasi-nonexpansive, precisely
Bregman weak relatively nonexpansive (see [16,28]).

DEFINITION 2. [21] Let @ be a nonempty, closed and convex subset of a reflex-
ive Banach space Y and g : Y — (—o00,400] be a strongly coercive Bregman
function. Let 8 and 7 be real numbers with § € (—oc0,1) and v € [0, 00),
respectively. Then a mapping T : Q — Y with F(T) # ) is called Bregman
(8, 7)-demigeneralized if for any z € Q and p € F(T),

(x—p, Vi (2)-V3(T2))>(1 — B)Dy(z,Tx) + yDy(Tz,x),V € Y,p € F(T).
DEFINITION 3. [9,13] A function g : Y — R is said to be strongly coercive if
lim_g(@)/llel] = oo.

llzl|—o0

DEFINITION 4. A mapping T : @ — Y is said to be demiclosed at p if {z,} is
a sequence in @ such that {z,} converges weakly to some z* € @ and {T'z,}
converges strongly to p, then Tx* = p.

Lemma 1. [38] Let Y be a Banach space, s > 0 be a constant, ps be the
gauge of uniform convexity of g and g :' Y — R be a strongly coercive Bregman
function. Then,

(i) For any z,y € Bs and o € (0,1), we have

Dy (2, V$.[aVE(y) + (1 — ) Vi(2)])
< aDy(z,y) + (1 — a)Dy(z, 2) — a(l — a)ps (VY- (y) — V- (2)]]);
(ii) For any xz,y € By:={z€Y :|z]| < s}, s >0,
ps(llz = yll) < Dy(,y).

Lemma 2. [13] Let Y be a reflexive Banach space, g : Y — R be a strongly
coercive Bregman function and V' be a function defined by

V(z,z*) =g(x) — (z,2") + ¢"(z"), z €Y, 2" € Y™
The following assertions also hold:
Dg(x,Vf{;* () =V(z,z"), forallz €Y and 2™ € Y™,
Vix,z*) + (Vg,** (") —z,y") < V(x,z2" +y*) for allz € Yand z*,y* € Y™.

Also, following a similar approach as in Lemma 2 and for any x€Y,y*, z* € B,
and a€(0,1), we have

Vo(z, ay™ +(1-a)z") <aVy(z,y")+ (1-a)Vy(z,2") —a(l-a)p(lly" —z7).

Math. Model. Anal., 28(4):653-672, 2023.
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The resolvent of G : D x D — R with respect to b is the operator resg, , : ¥ — 2b
defined as follows:

resg,(u) ={uo € D : Guo, v) + (Vg(uo) — Vg(u), v — uo)
+ b(ug,v) — b(ug,up) > 0,Yv e D}, Vuey. (2.2)

. . g
We obtain some properties of the resolvent operator TesG p-

Lemma 3. [29] Let g : Y — (—o0,+00] be a Giteaux differentiable and co-
ercive function. Let G,b : D x D — R satisfy Assumptions 1.8 and 1.4,
respectivley, and let reng,b 1Y — 20 be defined by (2.2). Then, the following

hold: (i) dom(resy,,) =Y, (i) resy, is single-valued,
iii) res’ , is a Bregman firmly nonexpansive type mapping, that is,
G,b

VuveY,

vg(res? u) —syg(resh ,v),rest ,u —rest v

G G,b G,b G,b

<(vg(u) = vg(v),resg yu —resf ,v),

w) F(res’,,) = Sol(GEP(1.1)) is closed and conves,
G,b

(v) Dy(q,resE yu) + Dy(rest, yu,u) < Dy(q,u), ¥ q € F(resg,),
(vi) resl,, is Bregman quasi-nonezpansive.

Lemma 4. [21] Let Y1 and Ya be two Banach spaces. Let F : Y1 — Y3 be a
bounded linear operator and T : Yo — Yy be a Bregman (¢, o)-demigeneralized
for some ¢ € (—o0,1) and o € [0,00). Suppose that K = ran(A) N F(T) # 0
(where ran(A) denotes the range of (A). Then for any (x,q) € Y1 x K,
(x = q, F" (VY (T(Fx)))) = (1 = ¢) Dy, (F,T(Fx)) + 0Dy, (T (Fz), Fz)
2 (1 =¢)Dg,(Fz,T(Fx)).

So, given any real numbers & and &, the mapping Ly : Y1 — [0,00) and
Ly : Yy — [0.00) formulated for x € Y1 as

Dy, (Fz,TFx) .
* * 929 * g2 5NN 7 I1-T Fx 07
Li(z) = {Dgl(F (Vy; (Fz)),F*(Vy; (TFx)) £ ) 7

&1, otherwise,
and
D} (VL (1) A F* (V2 (Fo) -V (TFa) Vi (&) .
Lo(x) = by (P (Y (Fa)), F- (V2 (TF2) » (I =T)Fz #0,

&, otherwise,

are well-defined, where v is any nonnegative real number. Moreover, for any
(z,p) € E1 X K, we have

Dy, (q,y) <Dg, (¢, ) (2.3)
— (Y(1 = @) Li(x) — La(2))Dy; (F*(V{; (Fx)), F* (VY (T Fx)),

where

y= (V)7 V (2) = vF* (VE (Fa) = V(T Fa))].
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Remark 1. It is easy to see from [21] that res{, , is (0,1)-demigeneralized.
Therefore, we conclude from (2.3) that

Dy, (¢,9)<Dy, (¢, ) —(vL1(2)—L2(2)) Dg; (F* (VY (Fz)), F* (VS ((resg ,)x),
(2.4)

_ g
where T = TeSG p-

Lemma 5. [13] Let Y be a Banach space and g : Y — R a Gdteauzx differen-
tiable function which is uniformly convex on bounded subsets of Y. Let {xp tnen
and {Yn }nen be bounded sequences in'Y . Then,

lim Dy (Yn, Zn) = 0 <= lim |y, — x,|| = 0.
n—o00 n—0o0

Lemma 6. [29] Let Y be a Banach space and g : Y — R a Gateauz differen-
tiable function which is uniformly convex on bounded subsets of Y. Let D be a
nonempty, closed and convex subset of Y and S1,5s,...,S, be Bregman weak
relatively nonexpansive mappings of D into itself such that I' : NN F(S;) # 0.
Let {pn @ t,n € N;1 < t < n} be a sequence of real numbers such that
0 < pin1 £ 1and 0 < pp; < 1 for every i = 2,3,...,n. Let W, be the
Bregman W -maping generated by Sy, Sp—_1,...,51 and fin n, fbnn—1,- - hn1-
Then, the following assertions holds:

(i) FV.) = () F(S).
(i1) for everyt=1,2,...,n, x € D and z € F(W,,), Dg(z,Up x) < Dy(z,x)
and Dgy(z,S:Up i1120) < Dy(z, ),

(iii) for everyn € N, W, is a Bregman weak relatively nonexpansive mapping.

Lemma 7. [36] Let g : Y — R be a Gateauz differentiable and totally con-
vez function. If g € Y and the sequence {Dg(zn,x0)} is bounded, then the
sequence {x,} is also bounded.

DEFINITION 5. Let @ be a nonempty closed and convex subset of a reflexive
Banach space Y and g : Y — (—o00,+00] be a strongly coercive Bregman
function. A Bregman projection of x € int(dom(g)) onto Q C int(domg) is the
unique vector projg(z) € Q satisfying

Dy(projy(x), x) = int{Dy(y,x) : y € Q}.

Lemma 8. [35] Let Q be a nonempty closed and convex subset of a reflexive
Banach space Y and x € Y. Let g : Y — R be a strongly coercive Bregman
function. Then,

(i) z = projd(z) if and only if (V§ (z) — V3, (2),y —2) <0, Vy € Q.
(i1) Dy(y, projy(x)) + Dy(projd(z),z) < Dy(y,x), ¥y € Q.
Lemma 9. [7,26] Let {a,} be a sequence of non-negative real numbers, {v,}

be a sequence of real numbers in (0,1) with conditions Y.~ | v = 0o and {d,}
be a sequence of real numbers. Assume that

Ap+41 S (1 - f}/n)an + ’Yndny n Z 1
If limsupy,_, o dn, <0 for every subsequence {an, } of {an} satisfying the con-

dition: imsupy,_, oo (n,, — Gny41) < 0, then lim, o a, = 0.

Math. Model. Anal., 28(4):653-672, 2023.
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3 Main result

Throughout this section, we assume that
Assumption

(1) LetYj;, j =0,1,2,...,m be reflexive Banach spaces with ¥; = Y and
D; CY;,5 =0,1,2,...,m be nonempty, closed and convex sets with D; C
int(domg;), where g; : Y; — (—00, +00] is a coercive Bregman functions which
are bounded, uniformly Frechet differentiable and totally convex on bounded
subsets of Y;,5 =0,1,2,..

(2) Suppose Vgﬁ_,j =0, 1,2, ,m be the gradients of Y; dependent on g,
and K; : Y — }/J'j,j = 1,2,...m be bounded linear operators. Let G;,b; :
D;xD; - R,j7=0,1,2,...,m satisfy Assumptions 1.3 and 1.4, respectively,
with Gog = G and by = b.

(3) Let {S,} be family of Bregman weak relatively nonexpansive mappings of
D into itself and let {,unJ€ :k,n €N, 1 <k <n} beasequence of real numbers
such that 0 < p;; < 1 for all ¢ € N and every ¢t = 2,3,...,n. Let W, be the
Bregman W-mapping generated by S,,, .S, — 1, ey S and T un ey fn,1-

(4) Assume that 2 :=z* € GEP(G, b)) ﬂ F(Sy): Kjz* e ﬂ GEP(Gj,b;)
=1

is nonempty. Let v > 0 be a real number and {an}neN, {6,.m} be two sequences

in (0,1) with Z;n o 0; m = 1 satisfying the following control conditions:

(i) hm an =0, Zan—oo

(i) ﬂn [0,1) and 0 < hm mf Brn < limsup 5, < 1.

n—oo

Algorithm 1. Define a sequence {x,, }52 ; generated arbitrarily by chosen 21 € E
and any fixed u € F, such that

=(V§)! [g:o 9j,m(V§7,(xn)—’yK;(V%(IY'—(TesG e zn))],

(v%)_l [angf(“n) +(1 - 5n)v§/(Wnun>]a
Tpi1 = (VL) V() + (1 — an)VE (20)].

Let the sequences {{1., }nen and {&2 , tnen satisfy the following condition:
there exists a positive real number p such that

(3.1)

0 < p<liminfé&s,/&n <7,
n— 00

where
ng (K; xn,(resg b VK mn)
gl,n: Dy(K; (v (K x,)), Ky (v ((res )K xn))’

if (1 (resG b NEjan#0,
&, otherwise,

and
D (VY (n) =K (VY (Kjon)— 9§<resc ;) K520)).V (20))
& Dy (K5 (VE, <Km)) K (VE ((resg , )Kjzn) ’
2,n= _
vl (TESGJ-J;J-))K Tn # 0,

&, otherwise.

if
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Then, the sequence {z,,} generated iteratively by Algorithm 1 converges strong-
ly to z = projfu, where projf, is the Bregman projection of Y onto 2.

We proceed with the following two steps.
Step 1: Boundedness of the iterative method.

Proof. Let x* € £2, then, from (2.4) and Algorithm 1, we obtain that

Dy(z*,un)=Dy (:E Zajm VY Tn) 'yKJ’!‘(]Y»_(res%"jvbj)KjSEn))})
7=0
< Dy(a* @) = Y Om (1€ — E2.0) D (K (V4 (),
7=0
K (v (res? , K xn))) < Dy(a*,zn). (3.2)

From Algorithm 1, Lemma 2 and (3.2), we obtain that
Dy(e*, 20) =Dy (2%, (74) " (B T4 () + (1= B) 74 (W)
:Vg ('1:*5 Bn Vi’z (un) + (1 - Bn) ng (Wnun))
=g(x") — (2", Bn VY (un) + (1 = B1) V5 (Wnun))
+ 9" (Bn V)g/ (un) + (1= Bn) V!)J/ (Whun))
<Bng(x™) + (1 = Bn)g(z™) + Bng™ (V3 (un))
+ (1= B)g" (V)9 (VY (Whun))
=BnVy(z™, V- (un)) + (1 = Bn) Vg (@™, V5 (Wnuy))
:Ban(w*aun) + (1 - ﬂn)Dg(x*a Wnun)
S,Ban(x*,un) + (1 - /Bn)Dg(x*aun)
=Dgy(x",uy) < Dg(z", ). (3.3)
We conclude from (3.1) and (3.2)—(3.3) that
Dy(a* 1) = Dy (o, (74) " fn 7 () + (1~ ) 7 (21)])

< anDg(x™,u) + (1 — an)Dg(2", 2n) < anDg(x™,u) + (1 — an)Dg(z", up)
< anDg(x*,u) + (1 — an)Dy(2*, z,) < max{Dy(z",u), Dg(x™, 2,)}

<max{Dy(z*,u), Dy(z*,z1)}, Vn > 1.

Thus, we obtain that the sequence {Dgy(z*, z,) }nen is bounded.
Using Lemma 7, then we conclude that {x,} is bounded. Consequently,
{un} and {z,} are bounded.

Step 2: Convergence analysis of the sequences {z,}, {u,} and {z,}. From
(3.1), (3.2) and Lemma 1, we obtain

Dy(a*.20) = Dy (", (V)™ [Ba V4 (un) + (1= ) V4 (W]

Math. Model. Anal., 28(4):653-672, 2023.
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Sﬁan(x*a un) + (1 - 5n)D9(x*a Wnun)
= Bu(1— ﬂn)pS(H ng (Un) — V%(Wnun)u)

< Dy, 0) = 3 Oy (v61.0 — 2 D (K (T4, (),
=0

K (VY (resg, 4, K; ffn)))*ﬂn(lfﬁn)/?i(ll VY (Un)= 7§ (Woun)ll). (3.4)

By applying (3.1) and Lemma 2, we get

Dy wni1) = Dy (", (74) " o 7 () + (1 = @) 9 (20)])

= Vo2, an VY +(1 — an) VY (20)) < V(@™ an VY (y)

+ (1 — o) VY (20) — (V5 (u) — V5 (27)))

(V¥ (an VY () + (1 =) T4 (20)) = 2", —an(V§ (w) = V3 (2"))
=Vy(@", an VY (@) +(1—an) VY (20))+on(Tns1—2", VY (0)— Vy ("))
= Dy(2", (V5 )lan V4 () + (1= o) V¥ (20)))

+ an(Tnsr — 27, V3 (v) — vi-(27))
< anDg(x*,2%) + (1 — an)Dy(x, 2n) + an(Tpi1 — 2%, Vi (u) — Vi (27))
= (1 = an)Dy(z", 21) + an(ns1 — 27, ng(u) - V%(ﬂc*»
< (1 —an)Dg(z",z,) — (1 —ary)

X 3 05m (61,0~ Eo,0) Dy (K (942 (Kj0a)), K (4 (res |, Kjwn))
=0
— (1 —an)Ba(l - /Bn)p:(” V?z (un) — vgf(Wnun)H)
< (1= an) Dy (5", ) + s — 2, 7 (W) — V4 (). (35)
In view of Lemma 9, we need to show that (z,,+1 — z*, V§ (v) — vy (2*)) <0
for every subsequence {Dgy(x*, xy, )} of {D,(z*, z,)} satisfying the condition

limsup{Dy(z", 25, ) — Dy(2", Tn, +1)} < 0. (3.6)

k—o0
Applying (3.4) and (3.6), we get that
timsup (1= @, ) (1= B, )03 (I 74 () = 74 (Wt )
k—o0

§ hmsup (ank‘Dgl (x*au) + (1 - ank)Dg(x*7xnk) - Dg(x*a xnk+1))

k— o0

— lim sup (Dg(x*, @ny) — Dy, xnk+1)) <0. (3.7)

k—o0

Following the same process as in (3.7), we obtain from (3.5) and (3.6) that

k— o0

timsup (1= @n,) > Ojon (Yrm, = €2 ) Dy (K5 (V% (Kjn,)),
7=0
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K3 (7 Jj(resG b, K; xnk))))

<tim sup (an, Dy (2", ) + (1 = @, ) Dy(a*, 2, ) = Doy (2, 2n,.,))

k—o0

=lim sup (Dg1 (x* xp,) — Dg(x*,xnkﬂ)) <0. (3.8)

k— o0

Therefore, we conclude from (3.7) and (3.8) that

lim p2 (117 (uny) = 74 (W, )I[) = 0

then
tim (1| 7% () — 73 W, ) =0, (39
kli)rr;o D*( (vy (Kjxn,)), K (VY (resG b K; xnk))) =0,j=0,1,2,...,m.
(3.10)
So, from Lemma 5 and the properties of p3, D} and K, we obtain
klggo HKjian - (resgjj,bj Kjwnk)H = klggo ng (Kjxnkv (Teségj,bj Kjxnk)) =0,
j=0,1,2,...m, (3.11)
lerr;O lttn, — Whtin, || = 0. (3.12)
On applying Lemma 5, we get
lim D, (up,, Wy, tn,) = 0. (3.13)
k— o0
We observe from (3.1), (3.10), (3.13) and applying Lemma 5 that
lim Dgy(up,, Tn,) = hm [|tn, — Tn,ll =0,
k—o0
lim Dgy(zp,,Un,) = hm l|2n, — Un,|| =0, (3.14)
k—o0
lim Dy(zp,41,2n,) = hm l|Zn,+1 — 2n, ]| = 0.
k—o0
Using (3.14), we obtain
khﬁrgo Hznk — Ty || = OthHOIO ||mnk+1 - xnk” = 0. (315)

Since W7y, is uniformly norm-to-norm continuous on any bounded subset of Y,
then we obtain from (3.14), (3.15) and Lemma 5 that

klggo 175 (Un,) = V3 (@0, )l = klggo Doltuny: an,) = 0,
1199 (o) = 4 ()| = s, Do) =0,
(173 () = TGl = Jim Dy is2n,) =0,
kli_)n;o I V% (2n) = V- (@0, )l = klggo Dolzme: n,) =0,
|9 i) = Tl = Jim Dy(neess o) =0,

Math. Model. Anal., 28(4):653-672, 2023.
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From (2.1) and (3.1), we obtain that

Dy(z”, Un,tun):Dg(x*apTOjg'(V!{/** [1in,t ng (StUn tun)+(1—pin,e)
X 74 (w)) Dy (@, VY- [n T4 (SeUn,gun)+(1= e 73 (wn))])
= Dy(Un.ttin, V- it V4 (SeUn esrtin) + (1= pin) 75 (un)))
=g(z") — (2, V%(StUn,tJrlun) + (1= pnt) Vg/ (un))
+ 9" (pnt VY (StUngr1un) + (1 — pine) V3 (un))
= Dy (Un,tun, V‘qy** [tnt 75 (StUn,ts1tn)+(1=pine) 75 (un)])
< tngg (@) + (1= pin,1)9(2") + tin 9" (V5 (SeUn zun))
F(A=pn,1)g" (VY (un)) =t (L= pin ) 3, (I 73 (SeUn,2un)
= V4 a)ll) = Dy (Un et V5 [tne T4 (SeUn,ps10)
+ (1 = pn,e) V% (un)]) = pin,tVy(z™, Vg/(stUnQun))Jr(l*.un,l)
X Vo2, 7% (1) = Dy(Unitins V- [t 7% (StUn i3 1)
+ (I=ptnt) VY (n)])=fin,e(1=pin,e)
x p5, (I V5 (StUn2un)— V¥ (un)ll)
— Dy(Un sty 79[ttt V§ (SeUnps1ttn) + (1= pne) V4 ()
< pn Dy (2", Uy t+1un) (1- Hn, 1)D (x*,un)
= tn (L= pn ) pg, (I V5 (StUn 2tn) = 75 (un)|])
— Dy(Un,tun, Vy*[,un,t VY (StUn,tr1un) + (1 = pin,t) V5 (un)])
< pn e Dy (2", Up g p1tn) 4 (1 = pin,e) Dy (2%, up)
= pnt (1 — Nn,t)p;(H VY (St n,2un) - VY(un)H)
= Dy(Un.tttn, - i V3 (SeUnertun) + (1= pins) V% (un)])-
Also,

Dy(z*, Wyuy,) = Dg(2*, Un,1tn) < pin,1Dg(z", Uy oun) + (1 — fin,1)
X Dg(x*,un) - Nn,l(l - Nn,l)pzz(H ng (SlUn,Zun) - ng(un)”)
< i1 [pn 2Dy (27, Up 3) + (1 — pin,2) Dy (2™, up)
- Nn,2(1 - Nn,2)p:2(|| ng (SQUn,3un) - V%(un)l\) - Dg(Un,2un7

Vi in2 V4 (SaUngun) + (1= pn.2) V4 ()] + (1= pn.1)

X Dg(x*ﬂbn) 1 (1 — fim, 1)p52(” VY (S1U, n,2Un) — ng(un)H)
<...< Dg(x U ) — Nn,l(l Nn-,l)pSQ(H VY (S1 n,2“n)* V)g/ (un)ll)
= b 1bn2(L = pn2) 5, (Il V5 (S2Un sun) — V5 (un)l])

— pn,1Dg(Up 2un, V%J/** [1in 2 ng (S2Un 3un) + (1 — pin,2) V% (un)])
- T Hnafn2 Mn,nleg(Un,num V% [Mn,n V‘% (SnUn,nJrlun)
+ (1= pn,n) VY unl), (3.16)

for all n € N. Since 7§ is uniformly norm-to-norm continuous on bounded
subsets of Y, by following the same approach as in (3.7) and applying (3.9),
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(3.13), we obtain
klig.lo :unk,lH ng (SlUnk,Qunk) - V%(Unk)ﬂ

= kli—{go H VEXJ/ (anunk) - vg/(unk)H =0.
This implies that

klim I ng (SlU'ﬂk,ZU’nk) - V%unkH =0.

—00

From (3.13) and (3.16), we deduce that

klggo || V)q/ (StU’ﬂk,t+1unk) - ng“m” =0,VteN.

Since V%J/** is uniformly norm-to-norm continuous on bounded subsets of Y*,
we deduce that

|‘StUnk,t+1unk - UnkH = O, VteN. (317)

lim
k—o0
On the other hand, we obtain

lim Dg(Unk»tunk? Vglj/* [.unk,t ng (StUnkﬂH-lv unk)+(]‘ - :u'nk,t) ng (unkt )]) =0,

k—o0

V ¢t € N with ¢t > 2. This together with Lemma 5 implies that
kILrI;o [Un ttiny, V3« (B 41U, ) + (1= pne) V5 un, ]Il = 0, (3.18)
Vt € N with k > 2. In view of (3.17), we get
i ([ 7 (St erting) + (1= ) G4 (| = 0, ¥ £ €N,
Therefore,
klgjgo ” V%f* [v%(‘s’tUnk,H-l’unk)"i'(l_:un,t) V%If (unk)]_unk ”:07 vVieN
From (3.13) and (3.17), we get
lim ||Uy,, ttn, — Un,|| =0, VteN.
k—o0
This together with (3.18) implies that
lim ||StUnk1t+1unk — nk’t+1unk” = 0, VteN.
k—o0
Since {z,, } is bounded, there exists a subsequence {a:nkj} of {zy, } such that
{zn,} converges weakly to z € 2. Also, from (3.14) and (3.15), there exist
{unkj} of {up, } and {an]} of {zp, } which converge weakly to z respectively.
Thus, for each j = 0,1,2,...m, K; is a bounded linear operator, then it follows

that K;x,, — K;jz €Y; as k — oo.

Math. Model. Anal., 28(4):653-672, 2023.
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From (3.11), Kz € F(resG b,) = Sol(GEP),j = 0,1,2,...m. More so,
since Up, t+1Un, — 2 and Sk is regman weak relatively nonexpansive, we
obtain from Lemma 6 and (3.13) that z € F(S) for every k € N. Hence, we
conclude that z € 2.

Next our aim is to show that (z,,+1 — 2z, V§ (v) — V7§ (2)) < 0.

limsup(za, ., — 2" 4 () = V(@) = lim (@0, 41— 2", 74 (0) = 4 "))

k—o0
< (2 -2, vy (u) — vy (7).

Hence, we obtain that

limsup (@, 1 — 2, V% () — V() < (2 — 2%, V4 () - V4 (")) < 0. (3.19)

k—o0

On substituting (3.19) and Lemma 9 into (3.5), we conclude that {z,} con-
verges strongly to z. O

4 Numerical example

Ezample 2. Let Y,Y; = {(R) for j = 0,1 with Yj = Y be the linear spaces
whose elements are all 2-summable sequences {z;}$2; of scalars in R, that is
L(R) :={x = (z1,22,...,24,...),2s € R}, with inner product (.,.) : €5 X s —

R defined by (z,y) := >, 2y and the norm .|| : o — /¢ defined by
2] == /322 |2, where @ = {24821,y = {y:}£2;. _
Let K; : {5 — {5 be given bny—(%,éZ,--- Lt ) for all z =

{2:}52, € €5. Define the set D := {x € ly : ||z|]| < 1} and Dy := {y € {5 :
lly]] < 1}. We define the mapping G =Gy : D x D - R, Gy : Dy x D; - R
by G(z,y) =2(y—z) ¥V x,y € D and G1(z,y) = (z — 1)(yf:r) Vax,y € D, let
bp=b:D xD — R and by : D; x D; — R be defined by b(z,y) = b1(z,y) =
xzy V¥V z,y € D. We observe that G, G1,b and by satisfy Assumptions 1.3 and 1.4,
respectively with Sol(GEP(G,b)) = {0} # 0 and Sol(GEP(G1,b1)) = {3} #
(. For x € D, let Sj be as defined in Example 1.

For this experiment, let a,, = ﬁ,ﬁn = 7713’917”1 = 2%(1 — ) Vi 2

— g _ 2z g _ 4a:”+3
1, n>17y=025res;,(zn) = 5> and resg, ; () = 55

the following cases for initial values of 7 :
Case 1: z; = (0.09,0.45,0,...,0);

Case 2: z; = (0.5,0.5,0,...,0);

Case 3: z; = (—0.96,0.85,...,0);

Case 4: z; = (1,1,0,...0,1).

We consider

The results of this experiment are reported in Figure 1 below.
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