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1 Introduction

In the recent years, the study of nonlinear parabolic equations and variational
problems with growth conditions has attracted attention of many researchers,
that is due to their applications in elastic mechanics, non-Newtonian fluids,
gas flows in porous media, nonlinear elasticity, electrorheological fluids, etc.
For more details, see, for example, [19,20,28]. In this paper, we deal with the
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following nonlinear parabolic problem

%? — div (w|[Vul"?Vu) + [ufPu=f i Q=0 T[x 42,
w=0 on I :=]0;T[x092, (1.1)
u(.,0) =ugp in £,

where (2 is an open bounded subset of RY (N >2), T >0, p > 1, f € L}(Q),
ug € L1(£2), Vu is the gradient of u, and w is a weight function (i.e., a locally
integrable function on RY, such that 0 < w(z) < o0 a.e. z € RY), satisfied
suitable assumptions (see Section 2 for more details). Many papers have dealt
with the nonlinear elliptic or parabolic equations involving growth conditions
and L7 data, when 1 < ¢ < oo. For example, in [25], Xu and Zho studied
the existence and uniqueness of weak solution for the initial-boundary value
problem of a fourth-order nonlinear parabolic equation. In [4], Bhuvaneswari,
Lingeshwaran and Balachandran established the existence of weak solution for
the degenerate p-Laplacian parabolic by using semi-discretization process. In
the case where p(.) is a variable exponent and by variational methods, Ragusa,
Razani and Safari proved in [18] the existence of at least one positive radial
solution for the generalized p(.)-Laplacian problem. Also, in [13], Khaleghi
and Razani investigated the existence and multiplicity of weak solution for
an elliptic problem involving p(.)-Laplacian operator under Steklov boundary
condition, the approach was based on variational methods. Moreover, in [2] and
by applying Galerkin’s method, Antontsev and Shmarev obtained the existence
and uniqueness of weak solution with the assumption that the weight w is
bounded. Furthermore, in [21], Singer treats the existence question of weak
solutions for some systems of equations of the type (1.1) with two growth
conditions. Zhang and Zhou investigated in [27] the existence, uniqueness
and long-time behavior of weak solution for fourth-order degenerate parabolic
equation with variable exponents.

Recently, in [17] El Ouaarabi, Allalou and Melliani studied the existence
of weak solution for a Dirichlet boundary value problems involving the p(.)-
Laplacian operator depending on three real parameters. For more information,
see, for example, the works [7,12,16,22] and references therein.

The usual weak formulations of elliptic or parabolic problems in the case
where the initial data are in L' do not ensure existence and uniqueness of
solution (see, for example, [5] for more details). In [3], Bénilan et al. have
been proposed a new solution, called entropy solution. Later on, the notion of
entropy solution was then adopted by many authors to study some nonlinear
elliptic and parabolic problems. For example, in [6] and via the technique
variation method, Cavalheiro proved the existence of entropy solution for the
Dirichlet problem

— div (w|Vu[P~?Vu) = f — divG in £,
u=20 on 012,

where 2 is an open bounded subset of RN (N >2), 1 < p, f € L', G/w €
[LP (£2,w)]"N and w is a weight function, which satisfy some assumptions (see
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Section 2 for more details). When G = 0 and p(.) is a variable exponent, Zhang
treated the same problem in [26]. In addition, in [1], Abbassi, Allalou and Kas-
sidi investigated the existence of an entropy solution to the unilateral problem
for a class of nonlinear anisotropic elliptic equations. In [10], El Hachimi, Igbida
and Jamea explained the existence of entropy solution of a nonlinear parabolic
problem by using a time discretization of continuous problem. Besides that,
the existence and uniqueness of degenerate parabolic equations of type (1.1)
was proved by Weisheng et al. in [24].

The main purpose of this paper is to extend the result of [6] to the case of
parabolic equations. In this paper, we study the existence question of entropy
solution for Problem (1.1) with L' data, by employing the optimization method
combined with a difference scheme and a priori estimates.

This paper is organized as follows. In Section 2, we give some definitions
and fundamental properties of weighted Sobolev spaces. Moreover, we recall
some known Lemmas to be used in proof of main result. In Section 3, we first
employ the difference and variation methods to prove the existence and unique-
ness of weak solution for the approximate Problem of (1.1) under appropriate
assumptions. In Section 4, we construct an approximate solution sequence and
establish some a priori estimates, then, we draw a subsequence to obtain a limit
function, and prove this function as an entropy solution.

2 Preliminaries and notations

This section gives some notations and definitions and state some result which
we shall use in this work.

Let £2 be a smooth bounded domain in RY. By weight we mean a locally
integrable function w on RY such that 0 < w < oo for a.e. x € RY. We shall
denote by LP (£2,w) the set of all measurable functions u on (2 with the finite

norm
1

0l = ( [w@ |u|pda:) <p<oo

The weighted Sobolev space WP (2, w) is defined as the collection of all func-
tions u € LP (§2) having the derivatives Vu € LP (£2,w) with the finite norm

|U|Wl,p(n,w) = |u|Lp(_Q) -+ |VU|LP(Q7(,J)N~

The set C§° (£2) denotes the space of all functions with compact support in 2
with continuous derivatives of arbitrary order.

The space W, (£2,w) denotes the closure C§° (£2) in W' (£2,w). For a Ba-
nach space X and a < b, L?(a;b; X) is the space of measurable functions
u : [a;b] — X such that

b 1/p
|U|LP(a,b;X) = (/ |u(t)§(dt> < 0.

In this work, the function w satisfies the following hypothesis:

Math. Model. Anal., 28(3):393-414, 2023.
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(H) we L}, (2), wr 1 e Li,.(2), w™* € L' (12), where
s e (;,oo) N [ﬁ,oo).

For more details on weighted Sobolev spaces, see, for example, [11, 14,15, 23].
For k > 0, the cut function T} (see Proposition 1 for more details) is defined

by T, :R—=R
s if |s| < k&,
Tk(s)::{ . ]

ki if[s| > k.

For a function u defined on {2, the truncated function Tyu is defined by, for
every x € {2 the value of Tyu at x is just Ty (u(x)).

For k£ > 0, the primitive of cut function T} is a function denoted by Sj and
which is defined from R to R™ by

Si(z) = /0 " Tu(s)ds.

And by [9],

/0 (ve, Ti (v /Sk dx—/QSk(v(O))dx

where (,) denotes the duality between W =17 (£2) and W, "*(£2).
The following proposition gives the definition of the very weak gradient of
a measurable function u with Ty (u) € WyP (2, w).

Proposition 1. [3] For every measurable function u with Tj,(u) € Wy *(£2,w),
there exists a unique measurable function v : £ — RN, which we call the very
weak gradient of u and denote v = Vu, such that

VTi(u) = vlfjy<py for a.e. 2 and for every k>0,

where 1 denotes the characteristic function of a measurable set E. Moreover,
if u belongs to Wol’p((l,w), then v coincides with the weak gradient of w.

The notion of the very weak gradient allows us to give the definition of entropy
solution for Problem (1.1).

Proposition 2. [8] Assume that the hypothesis (H) holds, then for
s+ 1< ps< N(s+ 1), the following continuous embedding hold true,

Wyt (02,w) < Wy P (02) — LI(R), (2.1)

Np1

N-p1 = N(s —5» and for ps > N(s+1) the

-
embedding (2.1) holds with arbitrary 1 < q < oo. Moreover, the compact em-
bedding

where p1 = £, 1 < q = {X

Wy P (02,w) < L"(£2)
holds provided 1 <r < q.
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Proposition 3. [8] (Hardy-type inequality) There exists a weight function
w on 2 and a parameter q,1 < q < 0o such that the inequality

</Qw|u(:1:)|qu); <C (/Qw|Vu|pdx>; (2.2)

holds for every u € Wol’p(Q,w) with a constant C' > 0 independent of u, more-
over the embedding

Wy P (92,w) — LI(2,w)
determined by the inequality (2.2) is compact.

Lemma 1. For £,n € RY and 1 < p < oo, we have

(Ie[P=2¢ = In[P~2n) - (¢ =) > 0.
Lemma 2. Fora>0, b>0 and 1 <p < oo, we have

(a+b)P < 2P~ 1 (aP 4+ 7).

3 Existence and uniqueness of weak solution for the
parabolic problem

The goal of this Section is to prove the existence and uniqueness of weak so-
lution for Problem (1.1) with L® data. Firstly, the next definition gives the
notion of weak solution for Problem (1.1).

DEFINITION 1. A measurable function u is a weak solution of the parabolic
problem (1.1),

if u e L% ((0,T); L2(£2)) N LP ((O,T);Wol’p (Q,w)) N C((0,T); L*(2)), 2 €
v ((o,T) LWL (Q)) and

0
/ —ugpdmdt +/ w|Vul|P~2VuVpdzdt +/ |ulP~?updrdt = / fodzdt,
Q Ot Q Q Q
for all p € LP((0,T) ; Wy P (2,w)) N L ((0,T) ; L*(2)) N CH(Q).
Now we state our main result of this section.

Theorem 1. Let ug € L*(£2), f € L*° (Q) and let hypothesis (H) be satisfied.
Then the Problem (1.1) has a unique weak solution.

The proof of above theorem can be established by investigating the existence
and uniqueness of weak solution for the given semi-discrete elliptic problem

Uk —Uk—1

o —div (w|VurP72Vug) + [ugk P~ ?ug = [f]n ((k — 1) h)in 2,

(3.1)
Uklgo =0 for k=1,...,n,

Math. Model. Anal., 28(3):393-414, 2023.
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where h > 0, n is a positive integer such that h = %, and

t+h
[fln (z,t) = %/t f(z,7)dr.

Recall that a function u € Wy* (£2,w) N L(£2) is a weak solution of (3.1) if
and only if for all ¢ € WyP (£2,w) N L*(2). We have

/ %@dx—i—/ w| Vg [P~2 (Vuk-ch)dx—i—/ lug [P~ 2ugpd
o Q 7

- /Q (£ (0) pd.

Theorem 2. Let ug € L*(02), f € L* (Q) and let hypothesis (H) be satisfied,
then the Problem (3.1) has a unique weak solution.

Proof. The first step of proof is to establish the existence of a weak solution
for the following elliptic problem:

U — Ug

— div (w|VuP~2Vu) + [ufP"?u = [f], (0) ing,
u=20 on 0f2.

(3.2)

Consider the variational problem min {J (u) /u € V}, where V := W (£2,w)N
L?(2) and

1 1 1
T)=gr /(u—uo)zdx+5/w|vu|pdx+§/ |u|pdm—/9\f|h(0)udm. (3.3)

We show that J (u) has a minimizer u € V' and this function is a weak solution
of Problem (3.2).
Holder’s and Young’s inequalities imply that

/ (11 (0)uda

<efull, )+ CE IO, ), foralle>0. (3.4)

This implies that

’

T @) 2 G = Dl — OO

Choosing ¢ very small, then

/

J(u) > =C|[f]r (0) I;p’(g) :

It follows that

/ . 1 5
=C[f]n (0) ;Zp'(g) < uuel‘f/‘](u) < o |u0|L2(Q) :



Entropy Solution for a Nonlinear Parabolic Problem 399
Therefore, we can find a minimizing sequence {u,,} C V such that

J (um) < J(uo)+1, lm J(upy) = inf J(u). (3.5)

m—00 ueV
Then, from (3.3), (3.4) and (3.5), we get

1

1 1
— (umfuo)Zdz+f/ \um|pd9:+f/ |V, |Pdz
2h Jo PJa PJa

’ 1 9
< 5|u|€p(9) + C(E) Hf]h(oﬂip’(g) + ﬁ |U'0|L2(Q) + 1.

Choosing ¢ a small positive number, we obtain

1 1 / 1 2
o Q(Um—uo)zdﬂlﬂ‘; /Q</J|V7~tm|pdm < Clfn O} g +op lwolz2g) +1.
Since $u2, — ud < (wm — ug)?, then
! dr — — [ wdde 2 [ wVunPde < C (11RO
o[ ) ot L [ i Pds < IO

This implies that

1 4 1 2
il ¥ o) < Ol O g + 3 luoliag) + 1

Hence, the above inequality shows that w,, is bounded in V. Since the space
V' is reflexive, then, there exists a subsequence, still denoted by u,,, and a
function u € V such that u,, — w in V. Therefore, by using Propositions 2
and 3, we get

U, — wweakly in LP (2, w) and L (£2), (3.6)
Uy, — U a.e in §2. (3.7
Now, we show that
lminf J (um) > J (u).
m—o0

y (3.7) and Fatou’s Lemma, we have

el 1 2
lgri)lgof —h/ (U — ug)” daz > o /., (u —up)” dz, (3.8)
and liminf — / |t |Pdz > — / |u|Pdx. (3.9)
m—ro0 p

Since uy, — u in W, "*(£2,w), then

m—0oQ p

1 1
liminf - | w|Vu,[Pde > f/ w|VulPdx. (3.10)
[0 bJp

Math. Model. Anal., 28(3):393-414, 2023.
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By (3.6), we get

lim [f]n (0) updz = / [f]n (0) udzx. (3.11)

Combining (3.8), (3.9), (3.10) and (3.11), we obtain

lim inf J(upm,) > J (u)
m—» 00
and thus, v is a minimizer of the functional J(u) in V.
Next, we show that u is a weak solution of the elliptic Problem (3.2). Since
u is a minimizer of the functional J(u) in V; then for any v € V' we have

0§J<u+tv) J(u):/ YU g 4 Ju+tolP — uf?
t o h 2 hi
P _ p
+/ | Vu+ Vo — [Vl dm,/[f]h(o)vdx. (3.12)
o pt “

Consider the following function G defined on [0, 1] by

_ Juttpo]? — Jul?

G(p) o

Note that G is continuous on [0,1] and differentiable on ]0,1[. By mean value
theorem, there exists v €]0, 1] such that

tolP — |ulP
w = |u +tfyv|p*2(u + tyv)v.
pt
Since 7, t € [0,1], then by Young’s inequality and by Lemma 2, we get

p—1

1 1 2 1
Ju+ tyv]P 72 (u + tyv) v < [ iyl el < ==l 4 o) £ ol

p/

On the other hand,

e 14
m ————--

= |u|P"2uv.
t—0 pt

Hence, by the dominated convergence theorem, we get

tolP — lulP
lim de:/ |u|P~2uvda.
=0 Jgo pt o

Note, if we consider again a function M defined on [0, 1] by

iy |Vu + tuVolP — |[VulP

M () i

in the same manner in G, we can show that

p_ p
lim/ w|Vu—|—th\ [Vl dm:/ w|Vu|P~2 (Vu - Vo) dz.
7 2

t—0 pt
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Then, by letting ¢ — 0 in (3.12), we get

0< [ 4 u-uedst [ urunde+ [ olFuP? (Vur Vo)do
.Qh 2 2

- [ 1 © v

This allows us to deduce that

1
/ — (u —up) vdz 4+ / lu[P~2uvde + / w|VulP~? (Vu - Vo) dz
oh 7 17}

— [ 171 0) vz

Now, let’s prove that the Problem (3.2) has a unique weak solution. For that,
let u; and uy two weak solutions for Problem (3.2), then

1
/ 7 (u1 — ug) vdx —|—/ (\u1|p72u1 — |u2\p72uQ) vdx
Q Q
+/ w (|Vui[P"2Vuy — [Vue[P~2Vuy) - Vodz = 0.
Q
Let v = uj — ug in (3.2), then the above inequality becomes

1
/ E (u1 — u2)2 dz —l—/ (|u1|1’—2u1 — |u2|17—2u2) (ul — u2) dx
2 2
+/ w (|V’LL1‘p_2VU1 — |VU2|p_2VUQ) . (Vul — VUQ) dx = 0. (313)
2

Lemma 1 allows us to deduce that
(|Vu1|p*2(Vu1 - \VuQ|p’2VuQ) - (Vup — Vug)dx > 0.

We recall that (|ug [P~ 2uy — |ug|P~%ug) (u1 — ug)da > 0.
Then the equality (3.13) implies that

/ (ug — ug)2 dz = 0.
0

Consequently, u; = us a.e. in {2, which completes the proof of the existence
and uniqueness of the weak solution to Problem (3.2). Let & = 1, from the
Equation (3.2), there exists a weak solution u; € V. By induction and in the
same above manner, the Problem (3.1) has a unique weak solution u; € V,
where k=2,...,n. O

Proof. [Proof of Theorem 1] Let n be a positive integer and h = % and let
the function

uo(x), t=0,
up(xz), 0<t<h,

up(z,t) = uj(x), (j C )<t < jh, (3.14)
un(x), (n— Dh<t<nh=T.

Math. Model. Anal., 28(3):393-414, 2023.
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Let uy be a test function in weak formulation of Problem (3.1), then

2
/ ﬂdx—k/ w|wk\pdz+/|uk|pdx:/ [f1n (k—l)ukdx—F/ Gk—1B .

Applying Young’s inequality, then

1
f/ uidx—&—/ w|Vuk|pda:+/ |ug[Pdx
hJa 7 2

1 / 1
|ug|Pdx + - / I[fln (k= 1) P dz + — / Ug—1upde.
Q D Jao hJe

Therefore,

/ kdx+/w|Vuk|pdx§l// I[f]n (k—1) |p/dx+l/uk,1ukdx.
[0 P Je hJo

2 2
. Uy _1t+uy,
Since  ugp_1up < —=5—", then

L[y VurPdz < & ([l (5~ 1) Ll Mg, (3.5
B} Qﬁ x + le ug| x_lj\[f]h( - )|Lp’(())+§ QT z. (3.15)
Note, that for each ¢ € ]0,T] there exists j € {0,...,n} such that

t € ](j — 1)h,jh]. Therefore, by adding the inequality (3.15) from k& = 1 to
k=j, we get

1
/ 2dx+h2/ w|Vug|Pdz < —Z| Lp (Q)—i— /ugdx.
2

Then, (3.14) implies that

300+ [ [ clVu Pzt < Gl + 5 [ 1708, g
This implies that

up — U, weakly  in  L> (0,7 ;L?*(12)),
up — u, weakly in LP (0,7 ;LP(£2,w)),
VunP 2 Vuy, — €,  weakly in LY (0, T.LY (Q,wl—P’)) .

Next, we prove that u is a weak solution for the Problem (1.1). Let ¢ € C*(Q)
with ¢(.,T) = 0 and ¢(x,t)r = 0. By taking ¢(z, kh) as test function for every
ke {l,...,n}, we get

/%(pdz—k/MVqu*Q (Vu~Vg0)da:—|—/ |ug [P~ 2uppda
2 9] 2

- /Q [ ((k — 1)) o (2, k) da.
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Then, by summing the above equalities, we have

;/ch (@(x,kh)*<P(x,(k+1)h))d;z:f/ uop(z, 0)dx

9]

+ hZ/ lu [P~ 2upe (z, kh) dx—!—hZ/ w|VugeP™? (Vuy, - Vo (z, kh)) da
k=11 k=11

- hZ/ [FIn((k — 1) h) (2, kh) da. (3.16)
k=179

On the other hand,
Z/ up(z)[o(x, kh) — o (z, (k + 1) h)|dz
(k+1)h )

/ / 02, 1) 4y

kh 2
= —/ uh(x,t)Mdmdt — —/ u(x,t)wdmdt as h — 0,

o ot 0 ot
hz / w |[Vup|P ™2 (Vup (2, kh) - Vip(, kh)) dz= / WV upP? (Vuy, (z,t)
Q

Ve (z,t))dx dtJrZ/ / |Vun|P ™%V up, (2, ) - (Vo (z,kh)

— Vo (z,t) )dzdt — / w& - V(z,7)dzdr,as h — 0.
Q

And also

hfj / [fln (. (k = 1) ) (2, kh) da
—Z/ o /f xkh)dxdt%/fcpdxdt as h — 0,
hZ/ kP~ urep (z, kh) d / 1)h/ un|P~*un (¢ (z,1)

— ¢ (x,kh) )dzdt + / \uh|p_2uh<p (z,t) dzdt — / |ulP~%up dodt  as h — 0.
Q Q

Then, for h — 0 in (3.16),
/ ua—wdxdt — / ug (z) ¢ (x,0) dx +/ |ulP~?updedt —|—/ wé - Vdadt
? Q Q

= / fodzdt. (3.17)
Q

Math. Model. Anal., 28(3):393-414, 2023.



404 L. Hmidouch, A. Jamea and M. Laghdir

For ¢ € C(Q), the above inequality becomes
dp -2
— [ u—dadt + [ ulP"fupdzdt + [ w&-Vedzdt = | fedzdt. (3.18)
Q Ot Q Q Q

This implies that 22 € L¥ ((O,T); WL (rz)).

Now, we prove that & = |Vu[P72Vu. Let Au := |Vu[P72Vu and v €
L ( 0;T; Wg’p(Q;w)) NL*>® (0, T ;L2(Q)) , by summing the above inequalities
(3.15) for k=1,...,n, we get

1 1
7/ (T)dx+ /wAuh~Vuhdxdt+/|uh|pdxdt§/fuhdxdt—kf/ uddz.
2o Q Q Q 2Ja

The application of Lemma 1 implies that
/ w (Aup, — Av) - (Vup, — Vo) dadt > 0.
Q

Then, it follows from (3.17) that

1/’u%(T)alx+ /w (Aup,) - Vodzdt+ /w (Av) (Vup—Vo) dacdt+/ |up|Pdxdt
2Ja Q Q Q

1
< f/ u%dm—i—/ fupdzxdt.
2 o) Q

This implies for A — 0 that
1
f/ UQ(T)d{E—l-/ w (Au) - Vvdxdt+/ w(Av)(Vu — Vv)dxdt—l-/ |u|Pdxdt
2Ja Q Q Q
1
<= / uddz + / fudzdt. (3.19)

Let ¢ = u in inequality (3.18), then

1 T
—7/ u2(T)d:c+/ /\u|pdxdt+/ wg-wdxdtz/ fudzdt.  (3.20)
2 /o o Jao Q Q

Combining (3.19) with (3.20) to get

/ w(§ — Av) - (Vv — Vu)dzdt < 0.
Q

For v =u — AV for any A > 0,¥ € L? (O;T WP (Q;w)) NL> (0,7 ;L*(£2))
in above inequality, it follows that

/ w(€—A(u—\P)) - V&dzdr > 0.
Q
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Passing to limits as A — 07 and using Lebesgue’s dominated convergence
theorem to get

/Qw(f—Au)~¢dx dr >0, forallye (LP(O;T;WOLP(Q;w)DN.

Hence, £ = Au, a.e. in . Therefore, for all ¢ € LP ((O,T);Wol’p (Q;w)) N
L>((0,7); L*(2)) N CH(Q)

—/ua—w dz dt+/ |u\p72ucpdxdt+/w |Vul" > Vu - Voda dt = / feda dt.
Q Ot Q Q Q

On the other hand, the fact that u € L? (O,T; WP (Q)) NL>® ((0,T); L*(£2))
and % er” ((0, T); w12 (Q)) implies that u belongs to C ((0,7); L*(12)) ,

hence the existence of weak solution of the Problem (1.1). To show that this
weak solution is unique, let u and v two weak solution for Problem (1.1), then

for all ¢ € LP ((o,T) A (Q,w)) N L= ((0,T); L2(£2)),
dp -2 -2
— [ (w—v)=dadt+ [ (Jul""u— |[v[P~?v) pdzdt
Q ot Q

+/ w (|VuP~*Vu — |Vo[P72Vv) - Vpdadt = 0.
Q

Let u — v as a test function in the weak formulation of Problem (1.1), then

%/g (u(t) — v(t))? da —|—/Q (Ju[P~%u — [v[P~2v) (u — v) dzdt

—I—/ w <|Vu|p_2 Vu — |[VoP~? Vv) - (Vu — Vo) dz dt = 0.
Q

This implies that

%/ﬂ (u(t) — v(t))? dz = 0.

Therefore, u = v a.e. in @, this completes the proof of uniqueness. 0O

4 Entropy solution of continuous problem

The aim of this section is the proof of the main result of this article, it is the
existence of an entropy solution of the Problem (1.1).

DEFINITION 2. Let f € L'(Q) and uy € L'(£2). A measurable function u
defined on @ is an entropy solution of Problem (1.1) if and only if
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ue C((0,T); LM(2)) , Ti(u) € LP((0,T); Wy P (£2,w) and for all k > 0,

T
[ situ=oxmas - [ siu- ooz + [ (G 100-0))as
+/ \u|p*2uTk(u—¢)d:pds+/ |Vu|P"2VuV Ty (u — ¢)dxds
Q Q
< | fTu(u— ¢)dzds,
_/Qf w(u— ¢)dxds
for all ¢ € LP((0,T); Wy* (£22) N L®(Q) N C ((0,T); L'(£2)) and
92 € LV ((0,T); W17 (92).

Next, we give the main result of this paper.

Theorem 3. Let f € LY(Q), ug € L* (£2) and let the hypothesis (H) holds, the
Problem (1.1) has an entropy solution.

Proof. Let the approximation problem

(‘38% — div (w|Vun|p—2Vun) + un|P2u, = f  in Q:=]0;T[x2,
Up = 0 on I’ Z]O,T[X&Q, (41)
Un ('7 0) = Uon in Q’

where f, € L>°(Q) such that || fn | z1(q) < [IfllL1(Q)s fa — f strongly in LY(Q)
and uo, € L?*(£2) such that [luonllr1(2) < [luollzi(2), uon — uo strongly in
L'(2). By Theorem 1, the Problem (4.1) has a weak solution u,. To prove
that (1.1) has an entropy solution, it suffices to show the following lemmas. O
Lemma 3. Let u,, be a solution of approximate Problem (4.1) and let k > 0,

we have
|Tk (un) |L,,(0)T)W01,p(97w)) < Ckl/p fOT‘ alln € N,

where C' is a constant independent of n.

Proof. Taking T (uy,) as a test function in (4.1) for get
/Sk(un)(T)da:—F /|un\p72unTk(un)dmds + /w|Vun|p72VunVTk(un)da:ds
Q Q Q
= / Sk (uo) dx —|—/ FTi(up)dzds.
2 Q
This implies that
/ Sk (un)(T)dx —|—/ | [P~ % Ty () dzds +/ |Vt |P 2V, VT (u,)dzds
2 Q Q

s/ Se(uo)dz + k|| £ Il g
0
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Note that, [u,|P~2u, Ty (u,) > 0, Si, > 0 and Sy (r) < k|r|, therefore,
/ w|VT (up)|P <k ((||u0nHL1(Q) + ||f\|L1(Q)) for all k£ > 1.
Q

Thus,
Tk (tn) L (0,27 (09 < CH/P For all m € N,

O

Lemma 4. Let u,, be a solution of approximate Problem (4.1), then there exists
subsequence, still denoted u,,, such that

(i) up, = u ae. in Q; (i) Vu, = u in Q;

(iti) wn, — w in C ((0,T); L*(£2)).

Proof. (i) Let k > 0 be large enough. We have by Markov’s inequality, Propo-
sition 3 and Lemma 3,

P
1T (un) 170 (0 w) C1| T (un) lLP(O,T);Wol"’(Q,w)) Cs
meas {|u,| > k} < % < P < =t
It yields
meas {|u,| >k} — 0, as k — +oo. (4.2)

Let 6 > 0, k > 0 and let the following sets
By = {|un| >k}, By := {um| > k}, B3 := {| Tk (un) — Tx (um)| > 6}
Then,
meas {|u, — Up,| > 0} < meas (E7) + meas (E2) + meas (E3) . (4.3)
Let € > 0, by (4.2), we can choose k = k(e) such that
meas (E1) <e/3 and meas(E2) <e/3. (4.4)

Since T}, (uy,) is bounded in LP (((), T); W&’”Q,w)), then there exists some 7
in L? ((O,T); ngp(rz,w)) such that T, (un) — 75 in LP ((O,T); ngp(rz,w))
as n — oo and by the embedding compact, it follows that

Tk (un) = mx  in LP(Q,w) and a.e. in 2. (4.5)

Consequently, (T (uy,)), is a Cauchy sequence in measure in (2. Thus, for all

n,m > ng(d,e),

n

meas (E3) < ¢/3. (4.6)
Finally, from (4.3), (4.4) and (4.6), we obtain, for all n,m > ng(d, ),

meas {|up — up| >0} <e.
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This implies that (u,) is a Cauchy sequence in measure, then u, — w in
measure, up to a subsequence and we can assume that w,, — v a.e. in Q.
(i4) Let 6 > 0 and let the following sets

Eq1 = {|un] > h} U {Jum| > h}, Eae = {Jun — um| > 1},
Es3 := {|VTi(uy)| > h} U{|VTk(um)| > h},
Eyy = {|VTi(un)| < hy [VTe(um)| < hy Jun — um| <1, |Vu, — V| > 6}

It is obvious that
{IVup, — V| > 6} C E11 U E9 U E33 U Eyy. (4.7)
Let e > 0, we have by (i) and for h sufficiently large that
meas (E11) < g/4, for all n,m > 0. (4.8)

On the other hand, by (i), (u,) is a Cauchy sequence in measure, then there
exists Nq(g) € N such that

meas (E22) < /4, for all n,m > Ny(g). (4.9)
Since u, — u a.e. in @ and by (4.5),
Ty, (un) — T(u) in LP((0,T); Wy P(2,w)), (4.10)
Tk (un) = Tip(u) in LP(Q,w) and a.e. in Q.
Therefore, by using (4.10) and for h sufficiently large, we obtain
meas F33 < /4 for all n,m > 0.
Now, let the following function D and the following set K
D (&n) = (P72 = nlP"*n).(€ —n),
K:={(&n) e RN xR, [¢] <k, |n| < k,[€ —n] > s}

Note, that D is continuous and K is compact, so by using the following in-
equality

w(lE[P72E — I[P n).(€ = n) > 0. (4.11)
The function D attains its minimum on set K, denoted it by 5. It is easily to
see that § > 0 and

Bdx < / w [|Vun\p*2Vun — |Vum|p*2Vum] VT (up — wp)dzds
Eaq Ey4q
< / w UVUHV’QVU” — |Vum|p*2Vum] VT (uy — Uy, )dzds.
Q
Let T; (u,, — u.,) as a test function in (4.1), with ¢ < T, therefore,
/ [un P2 un — [P~ 2 | T (un — i, )dads + / St (U, — ) (t)dx
Q Q

—|—/ w [|Vun P2V, = [V [P Vuy,] - VT (uy — w)dzds
Q

= / (fn - fm) Tl (un - um) dxds + / 51 (un — um) (O)dm
Q 2



Entropy Solution for a Nonlinear Parabolic Problem 409

Using the fact that [|un|p’2un — |um|p*2um] Ti(up — um) >0, Si(z) > 0 and
Si(z) <l|z| for all z € £2, to get

/ W(|Vun P2V, — [V P72V, - VT (un — Uy, )dzds
Q

< /Q (fn = fm) Tt (un — wp) drds + /Q S1 (ty — ) (0)dz
<20 (Ifllzr @) + luoll i) - (4.12)

The minimum S > 0 of the function D on K is strictly positive, then, the above
inequality (4.12) implies that

Bmeas (Eqg) < 20| fllLr(2) + luollLr(2))-

Hence,

meas (Eyq) < e/4, (4.13)
for every m,n € N, provided that [ is sufficiently small. Thus, the inequalities
(4.7), (4.8), (4.9) and (4.13) tell us that (Vu,,) is actually a Cauchy sequence in
measure. As a consequence, there exists a subsequent, still denoted by (Vuy,),
such that Vu,, = Vu a.e. in Q.
(i4i) The sequence (u,) is a Cauchy sequence in C ((0,7); L'(£2)), then there
exists subsequence still denoted (u,) such that u, converges to u and u €

C((0,T); L' (12)).
Let T; (uy, — uy,) as a test function in (4.1), with ¢ < T, then,

/ Sl — Um ( )d.]? +/ [|Un|p72un - |um|p72um] ﬂ(u7L - unL)dde
Q
+/ / w UVun|p_2Vun - |Vum|p_2Vum] VT (U, — U )dxds
0 Jo
ST/ |fn_fm|dx+/ Si (UOn_UOm)d‘x = bn,m-
Q 10
Moreover, by using Lemma 1 and (4.11), we obtain

/ Sy (1 — ) () < by - (4.14)
(%}

Since

Up — U
/| | 1|un—um|2(t)+/| | 1' ’”' /51 n— ) (2),
Up —Um | < Up —Um | >

then, (4.14) implies that

Uy — U t
/ = (1) + lon el ()
‘un_um‘<1 |un_uml>1 2
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which yields

[lin=ul®=[  jcul®+ [ w0
0 [up —um|<1 |tn, —tm |>1
%
g(/ |un—um2(t)> meas(12)
[Up —tm | <1

Since (f,) and (u,) converge in L'(Q), then b,,, — 0 for m and n — oo.
Thus, (u,) is a Cauchy sequence in C ((0,T); L*(£2)). Moreover, there exists
a subsequence, still denoted (u,), such that u,, — u in C ((0,7); L*(£2)) and
ue C((0,T); L*(£2)). Now, we can show that u is an entropy solution.

Let ¢ € LP((0,T); Wy (2)NL®(Q)NC ((0,T); L*(£2)), choosing Ty (un—)
as a test function in (4.1), then

T
/Sk Uy, — dx—i—/ Sk ( uon—go(O))dx—l—/ <g<p,Tk(un—cp)>ds
0 5

+/ |t [P~ 20 Ty (u, — 0)dxds +/ |Vt |P~2Vu, VT (upn, — )dxds
Q

[V

1
+2bp 1 < (2 meas (£2)) 252 m+2bp m-

/ InTy(un — @)dads. (4.15)

The results of Lemma 4 allow us to conclude that the function Sy is k —
Lipschitz, thus,

/ Sk(u d:L‘ + / Sk U()n — (p)(O)dl‘
— / Sk(u — @) (T)dx —|—/ Sk (up — ¢(0)) da. (4.16)
Therefore, the fact that g—f e L ((0 T),W—1¢ (Q)), implies for n — oo that
T T
0 0
/ < —@,Tk(un—ap)>ds—>/ < —@,Tk(u—tp)>ds. (4.17)
0 ot 0 Os

Let M=([¢llocs Gnp={[Thrns (un) —p| <k}, Gr={|Tksas (u) — | < k} then,
/ W|Vun|P 2V, - VTi(u, — @)drds = / WVt P72V, - VT (T ar ()
Q Q
—)dzds = / WVt P2V, - VTiyn(un)la,  drds
Q

—/ w|Vun|p72Vun -Volg, dxds.
Q

The sequel (Tgyar(uy)) is bounded in LP (O,T; Wol’p(Q,w)> and Vu, — Vu
a.e. in Q, then VTiin (un) = VIgrm(u) ae. in@ and Lebesgue’s theorem



Entropy Solution for a Nonlinear Parabolic Problem 411

implies that
/Qw |Vun|p_2 Vg - Ve (un) 1, dxds
—)/Qw|Vu|p2Vu -VTiymle, dzds,
/Qw YV, P72 Vu, - Velg, , deds — /Qw|Vu|p_2Vu -Vplg, drds.
Thus, implies that

/ WVt P2V, - VT (un — p)dzds — / w|VuP=2Vu - VT (u — ¢)dzds.
Q Q
(4.18)

On the other hand, we have
[ lunl? 2T (an = o) dds = [ (junl? ™ = el %)
Q Q
X Tk (uy, — @) dads + / lo[P 20Ty, (un — ) dxds.
Q

Note that (Jun[P~2u, — |@[P~2¢) Tk (un — ) > 0 and converges to (JulP~2u —
|o|P~20) Tk (u — ¢) a.e. in Q, then, so the use of Fatou’s lemma implies that

n—oo

liminf/ (\un|p_2 Uy — \<p|p_2g0) Ty (wn — @) dxds
Q
> / (ufP~2u — P ~20) T (u — ) drds.

Q

Since T (un, — @) converges weakly * to Ti(u — ) in L™ (Q) and
|elP "¢ € LY(Q), then

/Q P 20Tk (un, — )dads — /Q P 2Ty (u — @)dads.

Hence,

n—oo

lim inf/ |t [P 20 T, (, — @) dxds > / |u[P~2uTy, (u — @) dads.  (4.19)
Q Q

For the last term, as we know that T (u,, — ¢) converges weakly * to T (u — ¢)
in L°°(Q) and f, — f in L}(Q), then

/ Tk (un — @)dzds — / fTi(u — p)dzds. (4.20)
Finally, by passing to limit, as n — oo, in (4.15) and by using the results (4.16),
(4.17), (4.18), (4.19) and (4.20), we deduce that w is an entropy solution of the
Problem (1.1). O
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5 Conclusion and perspectives

In this work, we study the question of existence of entropy solution for the
parabolic Problem (1.1) in weighted Sobolov space with Dirichlet type bound-
ary condition, by using optimization method combined with a difference scheme
and a priori estimates. Other questions are still being processed, it is the ques-
tion of uniqueness entropy solution of this problem and the question of existence
and uniqueness solution of this problem in the case where the data are in L?
and the exponent is variable.
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