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1 Introduction

In the recent years, the study of nonlinear parabolic equations and variational
problems with growth conditions has attracted attention of many researchers,
that is due to their applications in elastic mechanics, non-Newtonian fluids,
gas flows in porous media, nonlinear elasticity, electrorheological fluids, etc.
For more details, see, for example, [19, 20, 28]. In this paper, we deal with the
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following nonlinear parabolic problem
∂u

∂t
− div

(
ω|∇u|p−2∇u

)
+ |u|p−2u = f in Q :=]0;T [×Ω,

u = 0 on Γ :=]0;T [×∂Ω,
u (., 0) = u0 in Ω,

(1.1)

where Ω is an open bounded subset of RN , (N ≥ 2), T > 0, p > 1, f ∈ L1(Q),
u0 ∈ L1(Ω), ∇u is the gradient of u, and ω is a weight function (i.e., a locally
integrable function on RN , such that 0 < ω (x) < ∞ a.e. x ∈ RN ), satisfied
suitable assumptions (see Section 2 for more details). Many papers have dealt
with the nonlinear elliptic or parabolic equations involving growth conditions
and Lq data, when 1 < q ≤ ∞. For example, in [25], Xu and Zho studied
the existence and uniqueness of weak solution for the initial-boundary value
problem of a fourth-order nonlinear parabolic equation. In [4], Bhuvaneswari,
Lingeshwaran and Balachandran established the existence of weak solution for
the degenerate p-Laplacian parabolic by using semi-discretization process. In
the case where p(.) is a variable exponent and by variational methods, Ragusa,
Razani and Safari proved in [18] the existence of at least one positive radial
solution for the generalized p(.)-Laplacian problem. Also, in [13], Khaleghi
and Razani investigated the existence and multiplicity of weak solution for
an elliptic problem involving p(.)-Laplacian operator under Steklov boundary
condition, the approach was based on variational methods. Moreover, in [2] and
by applying Galerkin’s method, Antontsev and Shmarev obtained the existence
and uniqueness of weak solution with the assumption that the weight ω is
bounded. Furthermore, in [21], Singer treats the existence question of weak
solutions for some systems of equations of the type (1.1) with two growth
conditions. Zhang and Zhou investigated in [27] the existence, uniqueness
and long-time behavior of weak solution for fourth-order degenerate parabolic
equation with variable exponents.

Recently, in [17] El Ouaarabi, Allalou and Melliani studied the existence
of weak solution for a Dirichlet boundary value problems involving the p(.)-
Laplacian operator depending on three real parameters. For more information,
see, for example, the works [7, 12,16,22] and references therein.

The usual weak formulations of elliptic or parabolic problems in the case
where the initial data are in L1 do not ensure existence and uniqueness of
solution (see, for example, [5] for more details). In [3], Bénilan et al. have
been proposed a new solution, called entropy solution. Later on, the notion of
entropy solution was then adopted by many authors to study some nonlinear
elliptic and parabolic problems. For example, in [6] and via the technique
variation method, Cavalheiro proved the existence of entropy solution for the
Dirichlet problem{

− div
(
ω|∇u|p−2∇u

)
= f − divG in Ω,

u = 0 on ∂Ω,

where Ω is an open bounded subset of RN (N ≥ 2), 1 < p, f ∈ L1, G/ω ∈
[Lp′

(Ω,ω)]N and ω is a weight function, which satisfy some assumptions (see
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Section 2 for more details). When G = 0 and p(.) is a variable exponent, Zhang
treated the same problem in [26]. In addition, in [1], Abbassi, Allalou and Kas-
sidi investigated the existence of an entropy solution to the unilateral problem
for a class of nonlinear anisotropic elliptic equations. In [10], El Hachimi, Igbida
and Jamea explained the existence of entropy solution of a nonlinear parabolic
problem by using a time discretization of continuous problem. Besides that,
the existence and uniqueness of degenerate parabolic equations of type (1.1)
was proved by Weisheng et al. in [24].

The main purpose of this paper is to extend the result of [6] to the case of
parabolic equations. In this paper, we study the existence question of entropy
solution for Problem (1.1) with L1 data, by employing the optimization method
combined with a difference scheme and a priori estimates.

This paper is organized as follows. In Section 2, we give some definitions
and fundamental properties of weighted Sobolev spaces. Moreover, we recall
some known Lemmas to be used in proof of main result. In Section 3, we first
employ the difference and variation methods to prove the existence and unique-
ness of weak solution for the approximate Problem of (1.1) under appropriate
assumptions. In Section 4, we construct an approximate solution sequence and
establish some a priori estimates, then, we draw a subsequence to obtain a limit
function, and prove this function as an entropy solution.

2 Preliminaries and notations

This section gives some notations and definitions and state some result which
we shall use in this work.

Let Ω be a smooth bounded domain in RN . By weight we mean a locally
integrable function ω on RN such that 0 < ω < ∞ for a.e. x ∈ RN . We shall
denote by Lp (Ω,ω) the set of all measurable functions u on Ω with the finite
norm

|u|pLp(Ω,ω) =

(∫
Ω

ω (x) |u|pdx
) 1

p

, 1 ≤ p <∞.

The weighted Sobolev space W 1,p (Ω,ω) is defined as the collection of all func-
tions u ∈ Lp (Ω) having the derivatives ∇u ∈ Lp (Ω,ω) with the finite norm

|u|W 1,p(Ω,ω) := |u|Lp(Ω) + |∇u|Lp(Ω,ω)N .

The set C∞
0 (Ω) denotes the space of all functions with compact support in Ω

with continuous derivatives of arbitrary order.
The space W 1,p

0 (Ω,ω) denotes the closure C∞
0 (Ω) in W 1,p (Ω,ω). For a Ba-

nach space X and a < b, Lp(a; b;X) is the space of measurable functions
u : [a; b] 7→ X such that

|u|Lp(a,b;X) :=

(∫ b

a

|u(t)|pXdt

)1/p

<∞.

In this work, the function ω satisfies the following hypothesis:

Math. Model. Anal., 28(3):393–414, 2023.
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(H) ω ∈ L1
loc (Ω), ω

−1
p−1 ∈ L1

loc (Ω) , ω−s ∈ L1 (Ω), where

s ∈
(

N
p ,∞

)
∩
[

1
p−1 ,∞

)
.

For more details on weighted Sobolev spaces, see, for example, [11, 14, 15, 23].
For k > 0, the cut function Tk (see Proposition 1 for more details) is defined
by Tk : R → R

Tk(s) :=

{
s if |s| ≤ k,

k s
|s| if |s| > k.

For a function u defined on Ω, the truncated function Tku is defined by, for
every x ∈ Ω the value of Tku at x is just Tk(u(x)).

For k > 0, the primitive of cut function Tk is a function denoted by Sk and
which is defined from R to R+ by

Sk(x) =

∫ x

0

Tk(s)ds.

And by [9], ∫ T

0

⟨vt, Tk(v)⟩ =
∫
Ω

Sk(v(T ))dx−
∫
Ω

Sk(v(0))dx,

where ⟨, ⟩ denotes the duality between W−1,p′
(Ω) and W 1,p

0 (Ω).
The following proposition gives the definition of the very weak gradient of

a measurable function u with Tk(u) ∈W 1,p
0 (Ω,ω).

Proposition 1. [3] For every measurable function u with Tk(u) ∈W 1,p
0 (Ω,ω),

there exists a unique measurable function v : Ω → RN, which we call the very
weak gradient of u and denote v = ∇u, such that

∇Tk(u) = v1{|u|<k} for a.e. Ω and for every k > 0,

where 1E denotes the characteristic function of a measurable set E. Moreover,
if u belongs to W 1,p

0 (Ω,ω), then v coincides with the weak gradient of u.

The notion of the very weak gradient allows us to give the definition of entropy
solution for Problem (1.1).

Proposition 2. [8] Assume that the hypothesis (H) holds, then for
s+ 1 ⩽ ps < N(s+ 1), the following continuous embedding hold true,

W 1,p
0 (Ω,ω) ↪→W 1,p1

0 (Ω) ↪→ Lq(Ω), (2.1)

where p1 = ps
1+s , 1 ≤ q = Np1

N−p1
= Nps

N(s+1)−ps , and for ps ⩾ N(s + 1) the

embedding (2.1) holds with arbitrary 1 ≤ q < ∞. Moreover, the compact em-
bedding

W 1,p
0 (Ω,ω) ↪→↪→ Lr(Ω)

holds provided 1 ≤ r < q.
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Proposition 3. [8] (Hardy-type inequality) There exists a weight function
ω on Ω and a parameter q, 1 < q <∞ such that the inequality(∫

Ω

ω|u(x)|qdx
) 1

q

⩽ C

(∫
Ω

ω|∇u|pdx
) 1

p

(2.2)

holds for every u ∈W 1,p
0 (Ω,ω) with a constant C > 0 independent of u, more-

over the embedding

W 1,p
0 (Ω,ω) ↪→ Lq(Ω,ω)

determined by the inequality (2.2) is compact.

Lemma 1. For ξ, η ∈ RN and 1 < p <∞, we have(
|ξ|p−2ξ − |η|p−2η

)
· (ξ − η) ≥ 0.

Lemma 2. For a ≥ 0, b ≥ 0 and 1 ≤ p <∞, we have

(a+ b)
p ≤ 2p−1 (ap + bp) .

3 Existence and uniqueness of weak solution for the
parabolic problem

The goal of this Section is to prove the existence and uniqueness of weak so-
lution for Problem (1.1) with L∞ data. Firstly, the next definition gives the
notion of weak solution for Problem (1.1).

Definition 1. A measurable function u is a weak solution of the parabolic
problem (1.1),

if u ∈ L∞ ((0, T );L2(Ω)
)
∩ Lp

(
(0, T );W 1,p

0 (Ω,ω)
)
∩ C((0, T );L2(Ω)), ∂u

∂t ∈

Lp′
(
(0, T ) ;W−1,p′

(Ω)
)
and∫

Q

∂u

∂t
φdxdt+

∫
Q

ω|∇u|p−2∇u∇φdxdt+
∫
Q

|u|p−2uφdxdt =

∫
Q

fφdxdt,

for all φ ∈ Lp((0, T ) ;W 1,p
0 (Ω,ω)) ∩ L∞ ((0, T ) ;L2(Ω)

)
∩ C1(Q̄).

Now we state our main result of this section.

Theorem 1. Let u0 ∈ L2 (Ω), f ∈ L∞ (Q) and let hypothesis (H) be satisfied.
Then the Problem (1.1) has a unique weak solution.

The proof of above theorem can be established by investigating the existence
and uniqueness of weak solution for the given semi-discrete elliptic problem

uk−uk−1

h
−div

(
ω|∇uk|p−2∇uk

)
+ |uk|p−2uk = [f ]h ((k − 1)h) in Ω,

uk|∂Ω = 0 for k = 1, . . . , n,
(3.1)
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where h > 0, n is a positive integer such that h = T
n , and

[f ]h (x, t) =
1

h

∫ t+h

t

f (x, τ) dτ.

Recall that a function u ∈ W 1,p
0 (Ω,ω) ∩ L2(Ω) is a weak solution of (3.1) if

and only if for all φ ∈W 1,p
0 (Ω,ω) ∩ L2(Ω). We have∫

Ω

uk − uk−1

h
φdx+

∫
Ω

ω|∇uk|p−2 (∇uk · ∇φ) dx+

∫
Ω

|uk|p−2ukφdx

=

∫
Ω

[f ]h (0)φdx.

Theorem 2. Let u0 ∈ L2 (Ω), f ∈ L∞ (Q) and let hypothesis (H) be satisfied,
then the Problem (3.1) has a unique weak solution.

Proof. The first step of proof is to establish the existence of a weak solution
for the following elliptic problem:

u− u0
h

− div
(
ω|∇u|p−2∇u

)
+ |u|p−2u = [f ]h (0) inΩ,

u = 0 on ∂Ω.
(3.2)

Consider the variational problem min {J (u) /u ∈ V }, where V :=W 1,p
0 (Ω,ω)∩

L2(Ω) and

J (u)=
1

2h

∫
Ω

(u−u0)2 dx+
1

p

∫
Ω

ω|∇u|pdx+1

p

∫
Ω

|u|pdx−
∫
Ω

|f |h (0)udx. (3.3)

We show that J (u) has a minimizer u ∈ V and this function is a weak solution
of Problem (3.2).
Hölder’s and Young’s inequalities imply that∣∣∣∣∫

Ω

[f ]h(0)udx

∣∣∣∣ ≤ ε|u|pLp(Ω) + C(ε) |[f ]h(0)|p
′

Lp′ (Ω)
, for all ε > 0. (3.4)

This implies that

J (u) ≥ (
1

p
− ε)∥u∥pLp(Ω) − C(ϵ) |[f ]h(0)|p

′

Lp′ (Ω)
.

Choosing ε very small, then

J(u) ≥ −C |[f ]h (0)|p
′

Lp′ (Ω)
.

It follows that

−C |[f ]h (0)|p
′

Lp′ (Ω)
≤ inf

u∈V
J (u) ≤ 1

2h
|u0|2L2(Ω) .
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Therefore, we can find a minimizing sequence {um} ⊂ V such that

J (um) ≤ J (u0) + 1, lim
m→∞

J(um) = inf
u∈V

J(u). (3.5)

Then, from (3.3), (3.4) and (3.5), we get

1

2h

∫
Ω

(um − u0)
2dx+

1

p

∫
Ω

|um|pdx+
1

p

∫
Ω

ω|∇um|pdx

≤ ε|u|pLp(Ω) + C(ε) |[f ]h(0)|p
′

Lp′ (Ω)
+

1

2h
|u0|2L2(Ω) + 1.

Choosing ε a small positive number, we obtain

1

2h

∫
Ω

(um−u0)2dx+
1

p

∫
Ω

ω|∇um|pdx ≤ C |[f ]h(0)|p
′

Lp′ (Ω)
+

1

2h
|u0|2L2(Ω) +1.

Since 1
2u

2
m − u20 ≤ (um − u0)

2, then

1

4h

∫
Ω

u2mdx− 1

2h

∫
Ω

u20dx+
1

p

∫
Ω

ω|∇um|pdx ≤ C |[f ]h(0)|p
′

Lp′ (Ω)

+
1

2h
|u0|2L2(Ω) + 1.

This implies that

1

4h
|um|2L2(Ω) +

1

p
|um|p

W 1,p
0 (Ω,ω)

≤ C |[f ]h (0)|p
′

Lp′ (Ω)
+

1

h
|u0|2L2(Ω) + 1.

Hence, the above inequality shows that um is bounded in V . Since the space
V is reflexive, then, there exists a subsequence, still denoted by um, and a
function u ∈ V such that um ⇀ u in V . Therefore, by using Propositions 2
and 3, we get

um ⇀ uweakly in Lp (Ω,ω) and Lp (Ω) , (3.6)

um → u a.e in Ω. (3.7)

Now, we show that
lim inf
m→∞

J (um) ≥ J (u) .

By (3.7) and Fatou’s Lemma, we have

lim inf
m→∞

1

2h

∫
Ω

(um − u0)
2
dx ≥ 1

2h

∫
Ω

(u− u0)
2
dx, (3.8)

and lim inf
m→∞

1

p

∫
Ω

|um|pdx ≥ 1

p

∫
Ω

|u|pdx. (3.9)

Since um ⇀ u in W 1,p
0 (Ω,ω), then

lim inf
m→∞

1

p

∫
Ω

ω|∇um|pdx ≥ 1

p

∫
Ω

ω|∇u|pdx. (3.10)

Math. Model. Anal., 28(3):393–414, 2023.
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By (3.6), we get

lim
m→∞

∫
Ω

[f ]h (0)umdx =

∫
Ω

[f ]h (0)udx. (3.11)

Combining (3.8), (3.9), (3.10) and (3.11), we obtain

lim inf
m→∞

J(um) ≥ J (u)

and thus, u is a minimizer of the functional J(u) in V.
Next, we show that u is a weak solution of the elliptic Problem (3.2). Since

u is a minimizer of the functional J(u) in V, then for any v ∈ V we have

0 ≤ J (u+ tv)− J (u)

t
=

∫
Ω

u− u0
h

vdx+

∫
Ω

|u+ tv|p − |u|p

ht
dx

+

∫
Ω

ω
|∇u+ t∇v|p − |∇u|p

pt
dx−

∫
Ω

[f ]h (0) vdx. (3.12)

Consider the following function G defined on [0, 1] by

G(µ) =
|u+ tµv|p − |u|p

ht
.

Note that G is continuous on [0,1] and differentiable on ]0,1[. By mean value
theorem, there exists γ ∈]0, 1[ such that

|u+ tv|p − |u|p

pt
= |u+ tγv|p−2(u+ tγv)v.

Since γ, t ∈ [0, 1], then by Young’s inequality and by Lemma 2, we get

|u+ tγv|p−2 (u+ tγv) v ≤ 1

p′
|u+ tγv|p + 1

p
|v|p ≤ 2p−1

p′
(|u|p + |v|p) + 1

p
|v|p.

On the other hand,

lim
t→0

|u+ tv|p − |u|p

pt
= |u|p−2uv.

Hence, by the dominated convergence theorem, we get

lim
t→0

∫
Ω

|u+ tv|p − |u|p

pt
dx =

∫
Ω

|u|p−2uvdx.

Note, if we consider again a function M defined on [0, 1] by

M(µ) = ω
|∇u+ tµ∇v|p − |∇u|p

pt
,

in the same manner in G, we can show that

lim
t→0

∫
Ω

ω
|∇u+ t∇v|p − |∇u|p

pt
dx =

∫
Ω

ω|∇u|p−2 (∇u · ∇v) dx.
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Then, by letting t→ 0 in (3.12), we get

0 ≤
∫
Ω

1

h
(u− u0) vdx+

∫
Ω

|u|p−2uvdx+

∫
Ω

ω|∇u|p−2 (∇u · ∇v) dx

−
∫
Ω

[f ]h (0) vdx.

This allows us to deduce that∫
Ω

1

h
(u− u0) vdx+

∫
Ω

|u|p−2uvdx+

∫
Ω

ω|∇u|p−2 (∇u · ∇v) dx

=

∫
Ω

[f ]h (0) vdx.

Now, let’s prove that the Problem (3.2) has a unique weak solution. For that,
let u1 and u2 two weak solutions for Problem (3.2), then∫

Ω

1

h
(u1 − u2) vdx+

∫
Ω

(
|u1|p−2u1 − |u2|p−2u2

)
vdx

+

∫
Ω

ω
(
|∇u1|p−2∇u1 − |∇u2|p−2∇u2

)
· ∇vdx = 0.

Let v = u1 − u2 in (3.2), then the above inequality becomes∫
Ω

1

h
(u1 − u2)

2
dx+

∫
Ω

(
|u1|p−2u1 − |u2|p−2u2

)
(u1 − u2) dx

+

∫
Ω

ω
(
|∇u1|p−2∇u1 − |∇u2|p−2∇u2

)
· (∇u1 −∇u2) dx = 0. (3.13)

Lemma 1 allows us to deduce that(
|∇u1|p−2(∇u1 − |∇u2|p−2∇u2

)
· (∇u1 −∇u2) dx ≥ 0.

We recall that
(
|u1|p−2u1 − |u2|p−2u2

)
(u1 − u2) dx ≥ 0.

Then the equality (3.13) implies that∫
Ω

(u1 − u2)
2
dx = 0.

Consequently, u1 = u2 a.e. in Ω, which completes the proof of the existence
and uniqueness of the weak solution to Problem (3.2). Let k = 1, from the
Equation (3.2), there exists a weak solution u1 ∈ V . By induction and in the
same above manner, the Problem (3.1) has a unique weak solution uk ∈ V,
where k = 2, . . . , n. ⊓⊔

Proof. [Proof of Theorem 1] Let n be a positive integer and h = T
n and let

the function

uh(x, t) =



u0(x), t = 0,
u1(x), 0 < t ≤ h,
· · · , · · ·
uj(x), (j − 1)h < t ≤ jh,
· · · , · · ·
un(x), (n− 1)h < t ≤ nh = T.

(3.14)

Math. Model. Anal., 28(3):393–414, 2023.
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Let uk be a test function in weak formulation of Problem (3.1), then∫
Ω

u2k
h
dx+

∫
Ω

ω|∇uk|pdx+
∫
Ω

|uk|pdx=
∫
Ω

[f ]h (k − 1)ukdx+

∫
Ω

uk−1uk
h

dx.

Applying Young’s inequality, then

1

h

∫
Ω

u2kdx+

∫
Ω

ω|∇uk|pdx+

∫
Ω

|uk|pdx

≤
∫
Ω

|uk|pdx+
1

p′

∫
Ω

|[f ]h (k − 1) |p
′
dx+

1

h

∫
Ω

uk−1ukdx.

Therefore,∫
Ω

u2k
h
dx+

∫
Ω

ω|∇uk|pdx ≤ 1

p′

∫
Ω

|[f ]h (k − 1) |p
′
dx+

1

h

∫
Ω

uk−1ukdx.

Since uk−1uk ≤ u2
k−1+u2

k

2 , then

1

2

∫
Ω

u2k
h
dx+

∫
Ω

ω|∇uk|pdx ≤ 1

p′
|[f ]h (k − 1)|p

′

Lp′ (Ω)
+

1

2

∫
Ω

u2k−1

h
dx. (3.15)

Note, that for each t ∈ ]0, T ] there exists j ∈ {0, . . . , n} such that
t ∈ ](j − 1)h, jh]. Therefore, by adding the inequality (3.15) from k = 1 to
k = j, we get

1

2

∫
Ω

u2jdx+ h

j∑
k=1

∫
Ω

ω|∇uk|pdx ≤ h

p′

j∑
i=1

|[f ]h (k − 1)|p
′

Lp′ (Ω)
+

1

2

∫
Ω

u20dx.

Then, (3.14) implies that

1

2
|uh(t)|2L2(Ω) +

∫ t

0

∫
Ω

ω|∇uh(t)|pdxdt ≤
1

2
|u0|2L2(Ω) +

1

p′

∫ t

0

|f(t)|p
′

Lp′ (Ω)
dt.

This implies that

uh ⇀ u, weakly ∗ in L∞ (0, T ;L2(Ω)
)
,

uh ⇀ u, weakly in Lp (0, T ;Lp (Ω,ω)) ,

|∇uh|p−2 ∇uh ⇀ ξ, weakly in Lp′
(
0, T ;Lp′

(
Ω,ω1−p′

))
.

Next, we prove that u is a weak solution for the Problem (1.1). Let φ ∈ C1(Q̄)
with φ(., T ) = 0 and φ(x, t)Γ = 0. By taking φ(x, kh) as test function for every
k ∈ {1, . . . , n}, we get∫

Ω

uk − uk−1

h
φdx+

∫
Ω

ω|∇uk|p−2 (∇u · ∇φ) dx+

∫
Ω

|uk|p−2ukφdx

=

∫
Ω

[f ]h ((k − 1)h)φ (x, kh) dx.
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Then, by summing the above equalities, we have

n−1∑
k=0

∫
Ω

uk (φ (x, kh)− φ (x, (k + 1)h)) dx−
∫
Ω

u0φ(x, 0)dx

+ h

n∑
k=1

∫
Ω

|uk|p−2ukφ (x, kh) dx+h

n∑
k=1

∫
Ω

ω |∇uk|p−2
(∇uk · ∇φ (x, kh)) dx

= h

n∑
k=1

∫
Ω

[f ]h((k − 1)h)φ (x, kh) dx. (3.16)

On the other hand,

n−1∑
k=0

∫
Ω

uk(x)[φ(x, kh)− φ (x, (k + 1)h)]dx

= −
n−1∑
k=0

∫ (k+1)h

kh

∫
Ω

uh(x, t)
∂φ(x, t)

∂t
dxdt

= −
∫
Q

uh(x, t)
∂φ(x, t)

∂t
dxdt→ −

∫
Q

u(x, t)
∂φ(x, t)

∂t
dxdt as h→ 0,

h

n∑
k=1

∫
Ω

ω |∇uh|p−2
(∇uh(x, kh) · ∇φ(x, kh)) dx=

∫
Q

ω|∇uh|p−2 (∇uh (x, t)
· ∇φ (x, t)

)
dx dt+

n∑
k=1

∫ kh

(k−1)h

∫
Ω

ω |∇uh|p−2 ∇uh (x, t) ·
(
∇φ (x, kh)

−∇φ (x, t)
)
dxdt→

∫
Q

ωξ · ∇φ(x, τ)dxdτ, as h→ 0.

And also

h

n∑
k=1

∫
Ω

[f ]h (x, (k − 1)h)φ (x, kh) dx

=

n∑
k=1

∫ kh

(k−1)h

∫
Ω

f (x, )φ (x, kh) dxdt→
∫
Q

fφdxdt as h→ 0,

h

n∑
k=1

∫
Ω

|uk|p−2ukφ (x, kh) dx = −
n∑

k=1

∫ kh

(k−1)h

∫
Ω

|uh|p−2uh
(
φ (x, t)

− φ (x, kh)
)
dxdt+

∫
Q

|uh|p−2uhφ (x, t) dxdt→
∫
Q

|u|p−2uφ dxdt as h→ 0.

Then, for h→ 0 in (3.16),

−
∫
Q

u
∂φ

∂t
dxdt−

∫
Ω

u0 (x)φ (x, 0) dx+

∫
Q

|u|p−2uφdxdt+

∫
Q

ωξ · ∇φdxdt

=

∫
Q

fφdxdt. (3.17)
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For φ ∈ C∞
c (Q), the above inequality becomes

−
∫
Q

u
∂φ

∂t
dxdt+

∫
Q

u|p−2uφdxdt+

∫
Q

ωξ · ∇φdxdt =
∫
Q

fφdxdt. (3.18)

This implies that ∂u
∂t ∈ Lp′

(
(0, T );W−1,p′

(Ω)
)
.

Now, we prove that ξ = |∇u|p−2∇u. Let Au := |∇u|p−2∇u and v ∈
Lp
(
0;T ;W 1,p

0 (Ω;ω)
)
∩L∞ (0, T ;L2(Ω)

)
, by summing the above inequalities

(3.15) for k = 1, . . . , n, we get

1

2

∫
Ω

u2h(T )dx+

∫
Q

ωAuh · ∇uhdxdt+
∫
Q

|uh|pdxdt≤
∫
Q

fuhdxdt+
1

2

∫
Ω

u20dx.

The application of Lemma 1 implies that∫
Q

ω (Auh −Av) · (∇uh −∇v) dxdt ≥ 0.

Then, it follows from (3.17) that

1

2

∫
Ω

u2h(T )dx+

∫
Q

ω (Auh) · ∇vdxdt+
∫
Q

ω (Av) (∇uh−∇v) dxdt+
∫
Q

|uh|pdxdt

≤ 1

2

∫
Ω

u20dx+

∫
Q

fuhdxdt.

This implies for h→ 0 that

1

2

∫
Ω

u2(T )dx+

∫
Q

ω (Au) · ∇vdxdt+
∫
Q

ω(Av)(∇u−∇v)dxdt+
∫
Q

|u|pdxdt

≤ 1

2

∫
Ω

u20dx+

∫
Q

fudxdt. (3.19)

Let φ = u in inequality (3.18), then

−1

2

∫
Ω

u2(T )dx+

∫ T

0

∫
Ω

|u|pdxdt+
∫
Q

ωξ · ∇φdxdt =
∫
Q

fudxdt. (3.20)

Combining (3.19) with (3.20) to get∫
Q

ω(ξ −Av) · (∇v −∇u)dxdt ≤ 0.

For v = u− λΨ for any λ > 0, Ψ ∈ Lp
(
0;T ;W 1,p

0 (Ω;ω)
)
∩ L∞ (0, T ;L2(Ω)

)
in above inequality, it follows that∫

Q

ω (ξ −A (u− λΨ)) · ∇Ψdxdτ ≥ 0.
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Passing to limits as λ → 0+ and using Lebesgue’s dominated convergence
theorem to get∫

Q

ω(ξ −Au) · ψdx dτ ≥ 0, for all ψ ∈
(
Lp
(
0;T ;W 1,p

0 (Ω;ω)
))N

.

Hence, ξ = Au, a.e. in Q. Therefore, for all φ ∈ Lp
(
(0, T );W 1,p

0 (Ω;ω)
)
∩

L∞ ((0, T );L2(Ω)
)
∩ C1(Q̄)

−
∫
Q

u
∂φ

∂t
dx dt+

∫
Q

|u|p−2uφdxd t+

∫
Q

ω |∇u|p−2 ∇u · ∇φdx dt =

∫
Q

fφdx dt.

On the other hand, the fact that u ∈ Lp
(
0, T ;W 1,p

0 (Ω)
)
∩L∞ ((0, T );L2(Ω)

)
and ∂u

∂t ∈ Lp′
(
(0, T );W−1,p′

(Ω)
)
implies that u belongs to C

(
(0, T );L2(Ω)

)
,

hence the existence of weak solution of the Problem (1.1). To show that this
weak solution is unique, let u and v two weak solution for Problem (1.1), then

for all φ ∈ Lp
(
(0, T ) ;W 1,p

0 (Ω,ω)
)
∩ L∞ ((0, T );L2(Ω)

)
,

−
∫
Q

(u− v)
∂φ

∂t
dxdt+

∫
Q

(
|u|p−2u− |v|p−2v

)
φdxdt

+

∫
Q

ω
(
|∇u|p−2∇u− |∇v|p−2∇v

)
· ∇φdxdt = 0.

Let u− v as a test function in the weak formulation of Problem (1.1), then

1

2

∫
Ω

(u(t)− v(t))
2
dx+

∫
Q

(
|u|p−2u− |v|p−2v

)
(u− v) dxdt

+

∫
Q

ω
(
|∇u|p−2 ∇u− |∇v|p−2 ∇v

)
· (∇u−∇v) dx dt = 0.

This implies that

1

2

∫
Ω

(u(t)− v(t))
2
dx = 0.

Therefore, u = v a.e. in Q, this completes the proof of uniqueness. ⊓⊔

4 Entropy solution of continuous problem

The aim of this section is the proof of the main result of this article, it is the
existence of an entropy solution of the Problem (1.1).

Definition 2. Let f ∈ L1(Q) and u0 ∈ L1(Ω). A measurable function u
defined on Q is an entropy solution of Problem (1.1) if and only if
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u ∈ C
(
(0, T );L1(Ω)

)
, Tk(u) ∈ Lp((0, T );W 1,p

0 (Ω,ω) and for all k > 0,∫
Ω

Sk(u− ϕ)(T )dx−
∫
Ω

Sk(u− ϕ)(0)dx+

∫ T

0

〈
∂ϕ

∂s
, Tk(u− ϕ)

〉
ds

+

∫
Q

|u|p−2uTk(u− ϕ)dxds+

∫
Q

|∇u|p−2∇u∇Tk(u− ϕ)dxds

≤
∫
Q

fTk(u− ϕ)dxds,

for all ϕ ∈ Lp((0, T );W 1,p
0 (Ω) ∩ L∞(Q) ∩ C

(
(0, T );L1(Ω)

)
and

∂ϕ
∂t ∈ Lp′

((0, T );W−1,p′
(Ω).

Next, we give the main result of this paper.

Theorem 3. Let f ∈ L1(Q), u0 ∈ L1 (Ω) and let the hypothesis (H) holds, the
Problem (1.1) has an entropy solution.

Proof. Let the approximation problem
∂un
∂t

− div
(
ω|∇un|p−2∇un

)
+ |un|p−2un = f in Q :=]0;T [×Ω,

un = 0 on Γ :=]0;T [×∂Ω,
un (., 0) = u0n in Ω,

(4.1)

where fn ∈ L∞(Q) such that ∥fn∥L1(Q) ≤ ∥f∥L1(Q), fn → f strongly in L1(Q)
and u0n ∈ L2(Ω) such that ∥u0n∥L1(Ω) ≤ ∥u0∥L1(Ω), u0n → u0 strongly in
L1(Ω). By Theorem 1, the Problem (4.1) has a weak solution un. To prove
that (1.1) has an entropy solution, it suffices to show the following lemmas. ⊓⊔

Lemma 3. Let un be a solution of approximate Problem (4.1) and let k > 0,
we have

|Tk (un) |Lp(0,T,W 1,p
0 (Ω,ω)) ≤ Ck1/p for all n ∈ N,

where C is a constant independent of n.

Proof. Taking Tk(un) as a test function in (4.1) for get∫
Ω

Sk(un)(T )dx+

∫
Q

|un|p−2unTk(un)dxds+

∫
Q

ω|∇un|p−2∇un∇Tk(un)dxds

=

∫
Ω

Sk (u0) dx+

∫
Q

fTk(un)dxds.

This implies that∫
Ω

Sk(un)(T )dx+

∫
Q

|un|p−2unTk(un)dxds+

∫
Q

|∇un|p−2∇un∇Tk(un)dxds

≤
∫
Ω

Sk (u0) dx+ k || f ||L1(Q) .
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Note that, |un|p−2unTk(un) ≥ 0, Sk ≥ 0 and Sk(r) ≤ k|r|, therefore,∫
Q

ω|∇T (un)|p ≤ k
(
(∥u0n∥L1(Q) + ∥f∥L1(Q)

)
for all k ≥ 1.

Thus,
|Tk (un) |Lp(0,T,W 1,p

0 (Ω,ω)) ≤ Ck1/p for all n ∈ N.

⊓⊔

Lemma 4. Let un be a solution of approximate Problem (4.1), then there exists
subsequence, still denoted un, such that

(i) un → u a.e. in Q; (ii) ∇un → u in Q;
(iii) un → u in C

(
(0, T );L1(Ω)

)
.

Proof. (i) Let k > 0 be large enough. We have by Markov’s inequality, Propo-
sition 3 and Lemma 3,

meas {|un| > k} ≤
∥Tk (un) ∥pLp(Q,ω)

kp
≤
C1|Tk (un) |pLp(0,T );W 1,p

0 (Ω,ω))

kp
≤ C2

kp−1
.

It yields

meas {|un| > k} → 0, as k → +∞. (4.2)

Let δ > 0, k > 0 and let the following sets

E1 := {|un| > k} , E2 := {|um| > k} , E3 := {|Tk (un)− Tk (um)| > δ} .

Then,

meas {|un − um| > δ} ≤ meas (E1) + meas (E2) + meas (E3) . (4.3)

Let ε > 0, by (4.2), we can choose k = k(ε) such that

meas (E1) ≤ ε/3 and meas (E2) ≤ ε/3. (4.4)

Since Tk (un) is bounded in Lp
(
(0, T );W 1,p

0 (Ω,ω)
)
, then there exists some ηk

in Lp
(
(0, T );W 1,p

0 (Ω,ω)
)
such that Tk (un)⇀ ηk in Lp

(
(0, T );W 1,p

0 (Ω,ω)
)

as n→ ∞ and by the embedding compact, it follows that

Tk (un) → ηk in Lp(Q,ω) and a.e. in Ω. (4.5)

Consequently, (Tk (un))n is a Cauchy sequence in measure in Ω. Thus, for all
n,m ≥ n0(δ, ε),

meas (E3) ≤ ε/3. (4.6)

Finally, from (4.3), (4.4) and (4.6), we obtain, for all n,m ≥ n0(δ, ε),

meas {|un − um| > δ} ≤ ε.
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This implies that (un) is a Cauchy sequence in measure, then un → u in
measure, up to a subsequence and we can assume that un → u a.e. in Q.

(ii) Let δ > 0 and let the following sets

E11 := {|un| > h} ∪ {|um| > h} , E22 := {|un − um| > 1} ,
E33 := {|∇Tk(un)| > h} ∪ {|∇Tk(um)| > h} ,
E44 := {|∇Tk(un)| ≤ h, |∇Tk(um)| ≤ h, |un − um| ≤ 1, |∇un −∇um| > δ} .

It is obvious that

{|∇un −∇um| > δ} ⊂ E11 ∪ E22 ∪ E33 ∪ E44. (4.7)

Let ε > 0, we have by (i) and for h sufficiently large that

meas (E11) ≤ ε/4, for all n,m ≥ 0. (4.8)

On the other hand, by (i), (un) is a Cauchy sequence in measure, then there
exists N1(ε) ∈ N such that

meas (E22) ≤ ε/4, for all n,m ≥ N1(ε). (4.9)

Since un → u a.e. in Q and by (4.5),

Tk (un) → Tk(u) in Lp((0, T );W 1,p
0 (Ω,ω)), (4.10)

Tk (un) → Tk(u) in Lp(Q,ω) and a.e. in Q.

Therefore, by using (4.10) and for h sufficiently large, we obtain

measE33 ≤ ε/4 for all n,m ≥ 0.

Now, let the following function D and the following set K

D : (ξ, η) 7→ ω(|ξ|p−2ξ − |η|p−2η).(ξ − η),

K :=
{
(ξ, η) ∈ RN × RN , |ξ| ≤ k, |η| ≤ k, |ξ − η| > s

}
.

Note, that D is continuous and K is compact, so by using the following in-
equality

ω(|ξ|p−2ξ − |η|p−2η).(ξ − η) > 0. (4.11)

The function D attains its minimum on set K, denoted it by β. It is easily to
see that β > 0 and∫

E44

βdx ≤
∫
E44

ω
[
|∇un|p−2∇un − |∇um|p−2∇um

]
· ∇Tl(un − um)dxds

≤
∫
Q

ω
[
|∇un|p−2∇un − |∇um|p−2∇um

]
· ∇Tl(un − um)dxds.

Let Tl (un − um) as a test function in (4.1), with t ≤ T , therefore,∫
Q

[
|un|p−2un − |um|p−2um

]
Tl(un − um)dxds+

∫
Ω

S1 (un − um) (t)dx

+

∫
Q

ω
[
|∇un|p−2∇un − |∇um|p−2∇um

]
· ∇Tl(un − um)dxds

=

∫
Q

(fn − fm)T1 (un − um) dxds+

∫
Ω

S1 (un − um) (0)dx.



Entropy Solution for a Nonlinear Parabolic Problem 409

Using the fact that
[
|un|p−2un − |um|p−2um

]
Tl(un − um) ≥ 0, Sl(x) ≥ 0 and

Sl(x) ≤ l|x| for all x ∈ Ω, to get∫
Q

ω(|∇un|p−2∇un − |∇um|p−2∇um) · ∇Tl(un − um)dxds

≤
∫
Q

(fn − fm)T1 (un − um) dxds+

∫
Ω

S1 (un − um) (0)dx

≤ 2l
(
∥f∥L1(Q) + ∥u0∥L1(Ω)

)
. (4.12)

The minimum β > 0 of the function D on K is strictly positive, then, the above
inequality (4.12) implies that

βmeas (E44) ≤ 2l(∥f∥L1(Ω) + ∥u0∥L1(Ω)).

Hence,

meas (E44) ≤ ε/4, (4.13)

for every m,n ∈ N, provided that l is sufficiently small. Thus, the inequalities
(4.7), (4.8), (4.9) and (4.13) tell us that (∇un) is actually a Cauchy sequence in
measure. As a consequence, there exists a subsequent, still denoted by (∇un),
such that ∇un → ∇u a.e. in Q.
(iii) The sequence (un) is a Cauchy sequence in C

(
(0, T );L1(Ω)

)
, then there

exists subsequence still denoted (un) such that un converges to u and u ∈
C
(
(0, T );L1(Ω)

)
.

Let Tl (un − um) as a test function in (4.1), with t ≤ T , then,∫
Ω

S1 (un − um) (t)dx+

∫
Q

[
|un|p−2un − |um|p−2um

]
Tl(un − um)dxds

+

∫ t

0

∫
Ω

ω
[
|∇un|p−2∇un − |∇um|p−2∇um

]
· ∇Tl(un − um)dxds

≤ T

∫
Ω

|fn − fm| dx+

∫
Ω

S1 (u0n − u0m) dx := bn,m.

Moreover, by using Lemma 1 and (4.11), we obtain∫
Ω

S1 (un − um) (t)dx ≤ bn,m. (4.14)

Since∫
|un−um|<1

|un − um|2 (t) +
∫
|un−um|>1

|un − um| (t)
2

≤
∫
Ω

S1 (un − um) (t),

then, (4.14) implies that∫
|un−um|<1

|un − um|2 (t) +
∫
|un−um|>1

|un − um| (t)
2

≤ bn,m,
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which yields∫
Ω

|un − um| (t) =
∫
|un−um|<1

|un − um| (t) +
∫
|un−um|>1

|un − um| (t)

≤

(∫
|un−um|<1

|un−um|2 (t)

) 1
2

meas(Ω)
1
2+2bn,m ≤ (2 meas (Ω))

1
2 b

1
2
n,m+2bn,m.

Since (fn) and (un) converge in L1(Q), then bn,m → 0 for m and n → ∞.
Thus, (un) is a Cauchy sequence in C

(
(0, T );L1(Ω)

)
. Moreover, there exists

a subsequence, still denoted (un), such that un → u in C
(
(0, T );L1(Ω)

)
and

u ∈ C
(
(0, T );L1(Ω)

)
. Now, we can show that u is an entropy solution.

Let φ ∈ Lp((0, T );W 1,p
0 (Ω)∩L∞(Q)∩C

(
(0, T );L1(Ω)

)
, choosing Tk(un−φ)

as a test function in (4.1), then∫
Ω

Sk(un − φ)(T )dx+

∫
Ω

Sk (u0n − φ(0)) dx+

∫ T

0

〈
∂φ

∂s
, Tk(un − φ)

〉
ds

+

∫
Q

|un|p−2unTk(un − φ)dxds+

∫
Q

|∇un|p−2∇un∇Tk(un − φ)dxds

=

∫
Q

fnTk(un − φ)dxds. (4.15)

The results of Lemma 4 allow us to conclude that the function Sk is k −
Lipschitz, thus,∫

Ω

Sk(un − φ)(T )dx+

∫
Ω

Sk(u0n − φ)(0)dx

→
∫
Ω

Sk(u− φ)(T )dx+

∫
Ω

Sk (u0 − φ(0)) dx. (4.16)

Therefore, the fact that ∂φ
∂s ∈ Lp′

(
(0, T );W−1,p′

(Ω)
)
, implies for n→ ∞ that

∫ T

0

<
∂φ

∂t
, Tk(un − φ) > ds→

∫ T

0

<
∂φ

∂s
, Tk(u− φ) > ds. (4.17)

Let M=∥φ∥∞, Gn,k= {|Tk+M (un)−φ| ≤ k}, Gk= {|Tk+M (u)− φ| ≤ k} then,∫
Q

ω|∇un|p−2∇un · ∇Tk(un − φ)dxds =

∫
Q

ω|∇un|p−2∇un · ∇Tk(Tk+M (un)

− φ)dxds =

∫
Q

ω|∇un|p−2∇un · ∇Tk+M (un)1Gn,k
dxds

−
∫
Q

ω|∇un|p−2∇un · ∇φ1Gn,k
dxds.

The sequel (Tk+M (un)) is bounded in Lp
(
0, T ;W 1,p

0 (Ω,ω)
)
and ∇un → ∇u

a.e. in Q, then ∇Tk+M (un) → ∇Tk+M (u) a.e. inQ and Lebesgue’s theorem



Entropy Solution for a Nonlinear Parabolic Problem 411

implies that∫
Q

ω |∇un|p−2 ∇un · ∇Tk+M (un) 1Gn,k
dxds

→
∫
Q

ω|∇u|p−2∇u · ∇Tk+M1Gk
dxds,∫

Q

ω |∇un|p−2 ∇un · ∇φ1Gn,k
dxds→

∫
Q

ω|∇u|p−2∇u · ∇φ1Gk
dxds.

Thus, implies that∫
Q

ω|∇un|p−2∇un · ∇Tk(un − φ)dxds→
∫
Q

ω|∇u|p−2∇u · ∇Tk(u− φ)dxds.

(4.18)

On the other hand, we have∫
Q

|un|p−2unTk (un − φ) dxds =

∫
Q

(
|un|p−2

un − |φ|p−2φ
)

× Tk (un − φ) dxds+

∫
Q

|φ|p−2φTk (un − φ) dxds.

Note that (|un|p−2un − |φ|p−2φ)Tk (un − φ) ≥ 0 and converges to (|u|p−2u −
|φ|p−2φ)Tk (u− φ) a.e. in Q, then, so the use of Fatou’s lemma implies that

lim inf
n→∞

∫
Q

(
|un|p−2

un − |φ|p−2φ
)
Tk (un − φ) dxds

≥
∫
Q

(|u|p−2u− |φ|p−2φ)Tk (u− φ) dxds.

Since Tk(un − φ) converges weakly ∗ to Tk(u− φ) in L∞(Q) and
|φ|p−2φ ∈ L1(Q), then∫

Q

|φ|p−2φTk(un − φ)dxds→
∫
Q

|φ|p−2φTk(u− φ)dxds.

Hence,

lim inf
n→∞

∫
Q

|un|p−2unTk (un − φ) dxds ≥
∫
Q

|u|p−2uTk (u− φ) dxds. (4.19)

For the last term, as we know that Tk(un−φ) converges weakly ∗ to Tk(u−φ)
in L∞(Q) and fn → f in L1(Q), then∫

Q

fnTk(un − φ)dxds→
∫
Q

fTk(u− φ)dxds. (4.20)

Finally, by passing to limit, as n→ ∞, in (4.15) and by using the results (4.16),
(4.17), (4.18), (4.19) and (4.20), we deduce that u is an entropy solution of the
Problem (1.1). ⊓⊔

Math. Model. Anal., 28(3):393–414, 2023.
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5 Conclusion and perspectives

In this work, we study the question of existence of entropy solution for the
parabolic Problem (1.1) in weighted Sobolov space with Dirichlet type bound-
ary condition, by using optimization method combined with a difference scheme
and a priori estimates. Other questions are still being processed, it is the ques-
tion of uniqueness entropy solution of this problem and the question of existence
and uniqueness solution of this problem in the case where the data are in L1

and the exponent is variable.
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