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Abstract. This paper deals with the convergence and stability of Galerkin finite
element method for a hyperbolic partial differential equations with piecewise contin-
uous arguments of advanced type. First of all, we obtain the expression of analytic
solution by the method of separation variable, then the sufficient conditions for sta-
bility are obtained. Semidiscrete and fully discrete schemes are derived by Galerkin
finite element method, and their convergence are both analyzed in L?-norm. More-
over, the stability of the two schemes are investigated. The semidiscrete scheme can
achieve unconditionally stability. The sufficient conditions of stability for fully dis-
crete scheme are derived under which the analytic solution is asymptotically stable.
Finally, some numerical experiments are presented to illustrate the theoretical results.
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1 Introduction

In this paper, we consider the following differential equation with piecewise
continuous arguments (EPCA)
et (2, 1) = a2 U (T, 1) + bligy () [t]) + ctge (2, [t + 1]) in 2 x J,
u(z,0) = v(x), u(z,0) = w(z) in 2, (1.1)
u(z,t) =0 on 912 x J,
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where a,b € R, 2 = [0,n] with smooth boundary 92, J denotes the time
interval [0,4+00) and [-] denotes the greatest integer function. In the past few
decades, EPCA has been applied successfully in economy [2], competition [12],
population growth [11] and so on. This class of equations is a hybrid of contin-
uous and discrete dynamical systems, combining the properties of differential
and difference equations. The continuity of solution at the points connecting
any two continuous intervals implies the recurrence of the value of the solution
at those points. Hence, the EPCA is essentially closer to difference equation
than differential equation. The studies of these kinds of equations were initially
mentioned in [20] and [5]. In the following years, qualitative properties such
as the stability and convergence [32,34], oscillation [4, 8], periodicity [4,6] of
solutions of EPCA have been discussed deeply. Although the numerical study
of EPCA starts late, it has gradually become more and more popular since
EPCA can hardly be solved by analytical methods or much complicated to
deal with. Many numerical methods have been applied to EPCA, such as the
f-methods [26], the Runge-Kutta methods [24,35], the Euler-Maclaurin meth-
ods [18], spectral collocation methods [33] and the linear multistep methods [16]
and so on.

However, the literatures mentioned above only focus on the EPCA in case
of ordinary differential equations. To the best of our knowledge, there are few
publications concerning partial differential equation with piecewise continuous
arguments (PEPCA) solved by numerical methods except for [14,15,22,23,25].
Liang et al. investigated PEPCA with the f-methods [14] and Galerkin finite
element method [15], numerical stability was analyzed, respectively. In [23],
the f-methods were also applied to another PEPCA of mixed type and the suf-
ficient conditions for numerical stability were established. In addition, Wang
and Wang [25] considered the analytical and numerical stability of PEPCA of
alternately retarded and advanced type in the 6-schemes and achieved the cor-
responding stability conditions. It’s worth noticing that published papers men-
tioned above concerning parabolic PEPCA. Different from them, in this paper,
we will investigate a hyperbolic PEPCA of advanced type with homogeneous
Dirichlet boundary conditions by Galerkin finite element method. The conver-
gence and stability of numerical schemes are both discussed. For more infor-
mation on PEPCA, the interested readers can refer to pubications [1,29,30,31]
and the references contained therein. As a numerical method for partial dif-
ferential equation, finite element method is regarded as an improvement of
Galerkin method with using finite-dimensional spaces consisting of globally
continuous piecewise polynomial functions, which make the application of fi-
nite element method more extensive and practical. Specially, Galerkin finite
element method for spatial direction and other technique for time direction
were proposed to discrete different equations and displayed excellent approx-
imation effects [3,13,17]. In addition, Galerkin finite element method is also
widely applied in many different fields, including physics [27], medicine [7,19]
and elasticity problems [10]. In our work, we will carry out the numerical ap-
proximation scheme for a hyperbolic PEPCA of advanced type by Galerkin
finite element method and study its convergence and stability.

The organization of this paper is as follows. In Section 2, some preliminar-
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ies are provided. In Section 3, we obtain the expression of analytic solution in
vector form and the analytical stability is analyzed. In Sections 4 and 5, the
convergence and stability analysis for semidiscrete and fully discrete scheme
are discussed and some numerical experiments are presented to verify the the-
oretical results in Section 6. Finally, we get some conclusions in Section 7.

2 Preliminaries

DEFINITION 1. [28] A function u(z,t) is called a solution of (1.1) if it satisfies
the conditions:

(i) u(x,t) is continuous in 2 x J;

(ii) 0%u/0x* and 9%u/Ot* (k = 1,2) exist and are continuous in 2 x J with
the possible exception of the points (x,n), where one-sided derivatives
exist (n =0,1,2,...);

(iii) u(z,t) satisfies uy(z,t) = a®uzy(2,t) + btige(z, [t]) + ctge(z, [t + 1]) in
2 x J with the possible exception of the points (z,n), and conditions
u(z,0) =v(x), u(z,0) = w(x) in 2 and u(x,t) =0 on 92 x J.

Lemma 1. [9] The sets of eigenvalues of the matriz S consist of all the eigen-
values of the following family of matrices

S S12 Si3 e Sin
So1 S22 Sa3 e San
S = . ) )
Stn—11 0 Stm—D(n-2) St—1)(n-1) Stn—1)n
Sh1 T Sn(n72) Sn(nfl) Snn

Lemma 2. [9] The polynomial % — e1x — €3 (e1,e2 € R) is Schur polynomial
if and only if le1] <1 — ey < 2.

3  Analytic solution and stability

DEFINITION 2. If any solution u(z,t) of (1.1) satisfies lim;_,o u(z,t) =0, z €
12, the zero solution of (1.1) is asymptotically stable.

Application of the method of separation of variables to look for the solution
of (1.1) with the form u(z,t) = T(t)X (x) gives

" 1" 1"

T )X (z) = *T)X () +bT ()X (z) + Tt + 1)) X (),

" (1) X
T +0T([{) + T ([t+ 1)) X(x) ’
that is
X" (z)+ P>X(z) =0, (3.1)

T (t) + a®P?T(t) = —bP?>T([t]) — cP>T([t + 1]). (3.2)
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(3.1) and the boundary conditions of (1.1) yield P = i, X; = sin(zi) (i =
1,2,...). So, (3.2) changes into

T, (t) 4+ a®®Ty(t) = —bi*Ti([t]) — T ([t +1)),i =1,2,....  (3.3)
For convenience, we take T7(t) = V;(), so, (3.3) gives
Wi (t) = AW;(t) + BW;([t]) + CWi([t +1]),i = 1,2,..., (3.4)

T; (0 1 _( 0 0 _( 0 0
Wi_(vi)’A_(a%‘? 0)’3_(bi2 O)’C_(Ci2 0)'

On the interval [n,n + 1), (3.4) becomes
W/ (t) = AW;(t) + BCy, + CCpy1,i=1,2,..., (3.5)
where Cp, = W;([t]), Cnt+1 = Wi([t + 1]). From (3.5) we have
W;(t)= (A"'BC,+ A" CCi14+Cy) e - A BC,— AT CCyia,i > 1,

that is
Wit) =M@t —n)Cp+ Nt —n)Cry1,i=1,2,...,

where
M(t—n):eA(t_")+(eA(t_")—I)A_lB, N(t—n):(eA(t_")—I)A_lC.
Let t = n + 1, we have Cy, 41 = M(1)C,, + N(1)Cp41, where
b _ b sing
M) = et 4 (A —pyatp=  EHaeost)—a 50
—(1+ Z)nsinn  cosn

N(1)=(er—1)A™'C = ( _?i(é;;isé”)) 8 >,77ai,i 1,2,...,

Cot1 = (I = N(1)) ' M(1)C,, (3.6)

, . a?Fc(l—cos(n)) n
_ (a®+b)nsin(n)+ensin(n) cos(n)

(1= N M(1) =
a2+c(1—cos(n)) COS(’I])

( _c sin? (1) —(a®+b) cos(n)+b sin(n) )

and we arrive at
Cus1 = ((T= N~ M(D))

Therefore, we obtain

n+1 n

Co,C, = ((1 —N(1) M(l)) Co.

n

Wilt) = M(t = n)Co + N(t = n)Coas = M(t —n) (I = N(1)) " M(1))" Co

n+1

() (-3 ) 1) G-t (0N W) ) G

1 [t+1]
+N(t—[t) ((I—N(l)) M(l)) Co. (3.7)
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Then the analytic solution u(z,t) is the first component of the following
vector in series form a(xz,t) = Y .o D;sin(xi)W;(t). Let ¢ = 0, we have

ZD sin(zi)Co = ZD sin(xi ( 11}'(((()))) ) (3.8)

=1

From (3.8) and the initial conditions of (1.1) we have

ZDZ- sin(24)T;(0) = v(x), Z D; sin(xi)T; (0) = w(x),
i=1

so, we get

DIT(0) = & /0 " (@) sin(zi)ds, DT (0) = z /0 " () sin (i) da

Thus, @(z,t) = > .o, sin(zi)W;(t)d;, where

d; = DiTl;(O er T) 1)dx
D;T; (0) (x) ( )dw
Theorem 1. The zero solution of Problem (1.1) is asymptotically stable if and

only if
c>0,b<c,a® +b+c>0. (3.9)

Proof. From (3.6), we know that the zero solution of Problem (1.1) is
asymptotically stable if and only if max |)\( I-N(1)-1 (1)| < 1. According to
Lemma 1, the eigenvalues of (I — N(1))~*M(1 ) are the roots of the following
characteristic equations

b+ c)(1— cos(n)) — 2a? cos(n) a® + b(1 — cos(n))
a? + ¢(1 = cos(n)) a? + ¢(1 — cos(n))

>\2+( =0,n=ai, i > 1.

From Lemma 2, we need to verify 1 — es < 2 and |e1| < 1 — ez under some
conditions. Here
(b+c)(1—cos(n)) — 2a® cos(n) 2a2 + (b+¢)(1 — cos(n))
s —€o— .
a? + ¢(1 — cos(n)) a? + ¢(1 — cos(n))

e1= —

If
(2a2 +(b+o)(l- cos(n)))/(a2 +e(l— cos(n))) <2,

we can derive
(b—c)(1 —cos(n))/(a® + c(1 — cos(n))) < 0.

(i) When a?+c(1—cos(n)) > 0, we obtain ¢ > 0,b—c < 0. From e; < 1—e5 we
get a®+b+c > 0, while 14cos(n) > 0 holds obviously from e; > —(1—e3).

(i) When a? + ¢(1 — cos(n)) < 0, we get the contradiction 1 + cos(n) < 0 in
the process of deducing e; > —(1 — e2). Hence, this case does not exist.

The proof is finished. O
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4 Semidiscrete scheme for Galerkin FE method

Denote H*({2) be the Sobolev space on {2 and || - ||s is the related norm. We
define H} = {¢ € H'(2) : ¢ = 0 on 902}, which is the completion of C§°({2)
under L2(£2)-norm || - ||.
Let r be integer with r > 2, consider a family of partitions zg < 1 < --- <
zn, (h € NT) of 2 into subintervals I,, = [z,,—1, T, ], set h = | dmax (T —Tp_1),
SNSNh

and S}, be the piecewise polynomial spline space
Sy = {up € C(2) :up|s, € PU"Y(I,),1 <n < N},

where PU"=1)(I,,) denotes the space of all (real) polynomials on I,, of degree no
more than r — 1.

In the first step of defining the spatial semi-discrete approximate solution of
Problem (1.1), we write it in weak form: Find u: J — H{, and apply Green’s
formula to the second, third and fourth term, we have

(ug(2,1), @) + a®(Vu(z, t), Vo) + b(Vu(z, [t]), V)
+o(Vu(z, [t +1]),Ve) =0, Vo€ H}, t>0,
u(0) =v, u(0)=w, (4.1)

where

(f,g)/gfgdw,(vf,Vg)/Qgigid%

Then, we give the approximate problem to find u"(t) = u"(-,t) : J — Sp,
belonging to Sy, for each ¢

(ufy(z, 1), X) + a*(Vu" (2,1), V) + b(Vu" (x, [1]), VX)
+ ¢(Vul(z, [t +1]),Vx) =0, Vx €S, t>0,

u(0) =" ul =wh, (4.2)

where v" and w" are some approximations of v and w in S},, respectively.

4.1 Convergence analysis

We introduce the Ritz projection Ry, : H}(£2) — Sj, as the orthogonal projec-
tion with respect to the inner product (Ve, V), so that

(VRup, Vx) = (Vi,VX), VX € S, forp € Hy. (4.3)
Lemma 3. [21] For ¢ € H* N H}, if

Jnf {llo =xll+alIVEe =20} < Chllells, forl < s <

holds, then
|Rne — @l + ||V (Rre — ©)|| < Ch|l¢|ls, foro e HSNHL1<s<r,

where Ry, is defined in (4.3), C' denotes a positive constant.
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Theorem 2. Let u and u" be the solutions of (4.1) and (4.2), respectively, for
t€[n,n+1)(n€Z), if " —v| < CR"||v|» and ||w" —w|| < Ch"||lw||,., then

t t t %
o - {loll ol | Buoldst [ [ @lzas) as)
where C(t) is a function with respect to t.

Proof. Let

WM () = ult) = (u"() = Rpu(t) + (Ruu(t) — u(t)) 2 6(t) + p(t).  (4.4)

For t € [n,n + 1), according to Lemma 3 we get
¢
u(0) + / usds
0

t
gchr(||v||r+/0 sl eds ). (4.5)

oIl = [[Rpu(t) — u(®t)|| < CR"[|u(t)]|, = CR"

r

In addition, from (Rp,(u))i = Rpug (see [21]) and (4.3) we have

(012(1), x) + a*(VO(), V) + b(VO([t]), Vx) + ¢(VO([t + 1]), V)
= (ugy (1), x) — (Raw)u(t), x) + a*(Vu (1), Vx) — a*(VRyu(t),
+b(Vu([t]), Vx) = b(VRyu" ([t]), VX) + c(Va" ([t + 1]), V)
— ¢(VRyu" ([t +1]), VX) = —((Rau)u(t), x) — a*(VRpu(t), Vx
— b(VRpu([t]), VX) — c«(VRpu([t +1]), Vx)
= —(Rnuu(t), x) — a*(Vu(t), Vx) — b(Vu([t], Vx) — e(Vu([t + 1]), V)
= (up(t) — Rpug(t), x) = —(pu(t), x)- (4.6)

Take x = a20;(t) + b0, ([t]) + cO([t + 1]), from (4.6) we derive

Vx)

)

(0:(1), a®0 (1) +b0; ([t])+cby ([t + 1)) +7—Ha2ve +bV9([])+c9([t+1])H2
—(pee(t), a®0s () +00: ([t]) + cby ([t + 1)),

then,
a2

, d
?%Het( i +bd (0:(t),0:(n)) J’_C%(at(t)aet(n_F 1))

< low () 1a%60(t) + b8y () + By (n + 1)
Integrating (4.7) from n to t, we get

(4.7)

C18OI? — S 180m) |2 + b(Be(2), 8, (m) — bl ()
+¢(0:(t),0:(n+ 1)) — c(0:(n), 0:(n + 1))

S/ 1pss(s)lllla*0s(s) + b0s(n) + cBs(n + 1)l ds.
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By using Schwarz inequality and Cauchy inequality we have

|b|61

b(0:(2),0:(n)) < [bl[|0: (B) 1|6+ (n)]] < l6:E)1* + 5 |b| [0 (n |2,

|C\52

c(0:(t), 0:(n + 1)) < [c[[|0:(®)[][|0:(n + 1) < 162 (¢ )||2 + %H@t(n + 1|7,

dMM@m+mstmmmm+w<“@

a264

2 1d 2
16: )11+ o N6 (n + DI,

a2
s )P + 3 10,517
s ()] + Ww<m%

‘C|56

lpss(s)lllla®0s ()| <

ble
|mwmwmw<'“

195 (5)] +l||a (412 >0i=1.2... .6

1pes() [ cBa(n-t1) <
B2 o 017 — o enl? — bl

|C\53

2 2
@ 2_ 2 2
110012 = S 01 () -

|C|€2 ]
— 5 [16:(t )||272—€2||9t(n+1)|\2

a’e a® ! bles [*
s;/MMWHT/mw%#ﬁ/mmws
n €4 Jn 2 n

10| /t 2 |cles /t 2 || /t 2
4+ — 99 d — ss d 95 1 d ’
25 /. 105 (n)[|"ds + 2 J [pss(s)]|"ds + 7256 : [0s(n+ 1)|"ds

further,

G e L C-S3 -85 ) JLCRR
+<2+;{H+ oLt m) ) I6u0) P

a’eq + |bles + |cles a [
v [ost@iPas+ 2 [jo,(oias
2 n 2¢e4 n

C
W(ngémm+mﬁ

C|E
||3Jr

So, we can take €1,¢e5 suitably to make a® — |ble; — |c|e2 > 0 hold, and let
a = (a® — |bley — |c|e2)/2, then

6 t 2 < |C| ‘C| |C| t— 9 1 2
Ol < (g + 5+ ) outa+ 1)
a® bl bl leles b
— = t— 0 2
* (2& T2 T a T 20 T 2as ”)> 192 ()l
N a’eq + |bles + |cles / 1paa(s)]
24 pus

s)||%ds.
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Gronwall inequality implies that

2&82 2@83 20,66

2 b b b _a? —n
+<a+||+|+|wg+ L (t”)) e 19, (n)

2a 245 a 2a 2aes

C C C —n
||0t<t>||2s< dl | dd (tn))em 6,0+ 1))

) t

a’eq +[bles + |clee o2 i

L e \2|d5 leles 22 n)/ l|pss ()| 2ds.
n

Let t = n + 1 and denote

z | lc| || 5 a’ey + |bles + |cles o’
b= Saes d= 2acy
<2aag F e, T2ae )¢ 2 o

~_<a2 ol JBl leles |b|>
c=\|\gztoz+ =+ + 62“47

2a  2ae; a 2a 2aes

then we obtain

5 N n+1
(1= b)[[0e(n + 1)[* < &0 (n)|* + d/ pss(s)||*ds.

n

Similarly, we take @, e, €3, ¢ suitably to make 1 — b > 0 hold. Therefore,

d' n+1

2
g SSS —
=) less(s) -

b
¢ d [ d (™
X _16:(n — D)|]? + ~/ <s(3)%ds | + ~/ ss(8)||?ds
(1_b|| =D+ [ loa@lPds )+ 75 [ (o)

n+1

& \?2 éd " d
= ( ) 16:(n—=1)[|* + - 2/ [[pss ()12 = [pss(s)[*ds
1-b (1—=0)" /n-1 1-b/n

&\ I )
(+5) 1o 3 [ loutolPas
- J

1

c
e O

IN

here

16:(0)] = lw" — Rpwl| < lw" — w|| + |[Rpw — w]| < [w" — w|| + Ch" ||w],,
o ()] = | Rpu — weel] < CR™ ||uge|r,

S0,
~ n+1 n+1 an—j+1
¢ d
o < (§5) -l en S [ e,
Jj=1 -

16:(B)]1* < C(#)[[w" — w|* + COR"[|wl]? + C(t)hzr/o luss(s)|7ds,
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where C(t) is a function with ¢ € [n,n+1). Therefore, if |w" —w| < Ch"|w|,
then,

ol < ot —ull+ o, + o [ ontoias)

(el + ( / t ||uss<s>||%ds> ).

o1 = 1600)+ [ 0.l < 0] + [ 105l
O] = 16" = Raoll < 10" = ol + |0 ol < lo" = ol + CH ol (45)

Due to

we can get

161 < COR" (loll, + [wll,) + C(E)R / ( / ||uss<s>||%ds>2ds.

Hence,

[u = ull < [l6@)] + o)

< o (ol + ol + [ uatollas + [ ([ i) )

When h — 0, we have u” — . This completes the proof. 0O

4.2 Stability analysis

Considering the basis {®;}"" of Sy, for any u” € Sy, we have

Np,
Haont) = D 502 (2)

where f3;(t) is undetermined coefficient, such that

Np, Np,
DB 0@, @)+ Y (a8, +08, (1) o8y (14+1])) (V5. V1) =0,
ﬂk(o):ak, 61;(0):7167 k:1727"'7Nha (49)

where a, and v, are the components of the given initial approximation v” and

wh, respectively. (4.9) can be expressed as the following matrix form

A8 (1) + a® AxB(t) + bAB([t]) + cAsB([t +1]) = 0, > 0,
B0)=a, B(0)=r, (4.10)

Math. Model. Anal., 28(3):434-458, 2023.
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where A; = (a;i) is the mass matrix with elements a;; = (?;,Px), A2 = (bjx)
is the stiffness matrix with b, = (V®;, VPy), B(t) is the vector of unknown 3;,
and @ = (ag),y = (7&). The dimension of all these items equals N, = dim(S}).

Since A; and Ay are Gram matrices, positive definite and invertible ( [21]),
so the equation in (4.10) can be written as

B"(t) + a® AT  AuB(t) + bAT Ao B([t]) + cAT Ao B([t + 1)) = 0.
DEFINITION 3. If any solution u”(x,t) of (4.2) satisfies

lim uh(x,t) =0,z € {2,

t—o0

then the zero solution of (4.2) is asymptotically stable.
Here, we introduce pu(t) = A (t), together with (4.2), we have
Z'(t) = BiZ(t) + BaZ([t]) + BsZ([t + 1)),

where

_( B() _ o 1
Z(t)_(,u(t) )7 Bl_< —a2A1_1A2 O >a
(0] 0] (0] 0]
B2 = ( —bA;' Ay O ) Ba = < —cAj' Ay O )

From (3.4) we obtain
Z(t) =M (t —n)Zp + Ni(t —=n)Zpq1, t € [n,n+ 1), (4.11)
where
My(t = n) = P00 4 (B 1) BBy,
Ni(t—n) = (eBl(t_") - I) Br'Bs, Zy=2(n), Zni1=Z(n+1),
and let t =n + 1, (4.11) can be written as
Zni1 = (I = Ni(1)™" My(1)Z,. (4.12)

Theorem 3. Under the condition (3.9), the zero solution of (4.2) is asymp-
totically stable.

Proof. From (4.12), we know that the zero solution of (4.2) is asymptotically
stable if and only if max |A;_x, (1))-1ar,(1)| < 1. Since A is a positive definite
matrix, there exists an invertible matrix G, such that A, = GTG. Moreover,

GAT'A,G™! = GAT'GTGG™ = GAT'GT, (4.13)
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which implies that AflAg is positive definite. Therefore, we can find a positive
definite matrix K such that A;'A; = K2. We compute that

(I —Ny(1))"' My(1)

csin?(aK)—(a? cos(a .
< ( 2+_b)( K>(€lf<((>l+j(%?f{g)f;bl (aK) (fe)” (e > '
a a?+4c(1—cos(aK)) COS(GK)

From Lemma 1, we can conclude that the eigenvalues of (I — Ny(1))™" M (1)
are the roots of the following characteristic equation

2, (b+)(1—cos(V)) — 2a° cos(}) a? + b(1 — cos(N)) _
e a? +c(1— cos(j\)) At a? +c(1 — cos(j\)) =0, (4.14)

where X is the eigenvalue of aX. Under the condition (3.9), it is obvious that
coefficients of (4.14) satisfy the requirements of Lemma 2. Therefore, we can
get max [A;_n, (1))-1ar,(1y| < 1. The proof is complete. O

5 Fully discrete scheme for Galerkin FE method

Let p = 1/m,m > 1 be the time step size, {t,} be the uniform partition of
[0, +00) with ¢, =np,n=0,1,2,..., U™ be the approximation in S, of u(t) at
t, and denote 9, U™ = (U™ —2U™ + U™~ 1) /p?, then Galerkin finite element
method to (1.1) reads

(04 U™, ) +a*(VU™, Vx)+b(VU™P, VX )+c(VUTHP ¥V x)=0,Yx€S), (5.1)

where U™P and U"+1P denote a given approximation to u(z, [t,]) and

u(x, [tnt1]), respectively (n =1,2,3,...).
Letn=km+10,k=0,1,2,...,1=1,2,...,m, then U™P and U™t can be

written as UF™ and U*+1D™ according to Definition 1. Therefore, (5.1) turns

into

(U™ X)+a® (VUF™ L V) +b(VUR™, Vx)+c(VUETI™ Tx)=0, VxES),
that is

(UF™HHL ) =2(UFH ) = @®p? (VUM V) — (UFTT ) 52)
—bp* (VU™ V) — (VU D™, V). ‘
Similar to the semidiscrete case, (5.2) can be written as

Alﬁkm+l+1 — (2A1 _ a2p2A2)6km+l _ Alﬁkm%»lfl _ prAQBkm —Cp2A2ﬁ(k+1)m,

(5.3)
where Aj, Ay are defined in (4.10).
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5.1 Convergence analysis

Theorem 4. Let U™ and u be the solutions of (5.1) and (4.1), respectively. If
[o" —v|| < CR"||v]|,., then

n tiyo n tn
n r p
o<t <Cn (ol 5 3 [ sl 3 el + [ )
=0 " " =0
n 1 tit2
+C ( 7/ U dt),
p(g )

where C' is independent of h and p.
Proof. In analogy with (4.4), take n = km + [ then we have

UF — u(trme) = (UF T = Ryu(timsa)) + (Rau(temtt) — w(tkme))
4 9km+l +pkm+l’

and p*™*+ = p(tgm,) is bounded as claimed in (4.5). Then, a calculation

similar to (4.6) yields

(0™ X))+ (a2 VO bV OFm 4 VD™ Ty = — (¢Fm Ly x € S,
(5.4)
where

" = RypOputiom 1) — wet (thmt)

= (R — DOyultrm1) + (Ouetu(timst) — e (temr)) = @™ 4 g5

Let y = a?(gFmHitl _ghmtly L pgkm 4 cg(k+1)m by the Schwarz inequality and
Cauchy inequality:

(a2(9km+l+1 o ekarl)7 gkm+l _ 0km+l—1) < a*ry ||6km+l+1 . 9km+l”2

2

a?
+ 7”6km+l _ 9km+l71H2’
2’/”1

(e — gt gy < DRl gl 2 g,

b b
(Hkm—‘rl _ 9km+l—1,b9km) < | ‘;3 ||9km+l 9km+l—1||2 2| | HgkaQ
(ekm-ﬁ-l-i-l _ gkm-i-l7 Ca(k—i—l)m) < |c|27,.4 ||9km+l+1 _ 9km+lH2 + 2|L|||0(k-i-l)m”27
T4
4
2

(GZV(kaJrlJrl _ 0km+l),a2vekm+l) < ||v(0km+l+1 0km+l)||2

a km+1)2
+ 0 m ,
*2745 [V l
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(a2v9km+l’ bvekm) |b"/‘5 ||V0km+l||2 |b| vakm||2

|C|7"7

(a2v9km+l,cve(k+1)m) S ||v9km+l||2 7|,C| ||V9(k+1)m||2,
7

(a2v(9km+l+1 _ ekm-i-l)7 bv@km) <

2
i CL2 ‘b| ||V9km||2, (bvekm’ cvg(k+1)m)
8

a?[blrs k
) m4l+1 akm-‘rl 2
s o )

|b|\0|7“9

Iverm|?

2
+ |Z||C| Hve(k-l—l)mn?7 (a2v(9km+l+1 _ gkm-&-l)’cve(k-ﬁ—l)m) < a |02|7’1()
T9

m m a’|c| m
« Hv(gk +I+1 791@ +l)||2+ T||v9(k+1) ”2,

2 2
a2||qkm+l”H9km+l+1 - gka” < ¢ ||0km+l+1 . ekarl”Z + qum+l||2
- 2 2r11 ’
., b 12 b
el g < 712 gz L gz
C|T'13 Cc .
el otk < A g L gtz g im0 s,

we have

GQHkaJrlJrl . HkaHz < a227’1 ||0km+l+1 _ 0’””“”2 T L2||0km+l _ 0km+l71||2
|b|7‘2 Hekm-i-l-i-l _ gkm—&-l”? + ﬂHekmlP |b| ||9km||2 |C| He(k—&-l)muQ

|b|T3 Hgkarl 0km+l71 ”2 |C|7'4 ||9km+l 0km+171 H2 + a4p2 ||V0km+l”2

a*prs m m a’[b|p*re m |blp m
+ TIIV(G’“ L gt |2 4 TIIW’“ 2+ [ve*™ |2
2 2 2 2 2 2
+ a |C|2p r7Hv9km+lH2 + a |C|p ||V0(k+1)m||2 + a |b|2p T8
b
% ||v(0km+l+1 _ 9km+l)||2 | |p ||V9km||2 b2p2||V9km||2

b 2 2
" |b\|c\p2r9Hve’m||2+%Hve<k“>mn2+%||v<9km+l+l—ekm+l>||2

a26p2 m m
+ S ggerim 2 — 2y ggterim

2,2 2,2 2
a’pr a blp“r
prnn Hokm+l+1 - 0km+lH2 p qum+1H2 | |p 12 ||0km||2

2 27“11 2
|b\p2 km41)2 |C|P2T13 k |C|p2
el AP T3 p(k+)ymy2 o AP kmet 2
g g S o P g EE g2,
that is

(12 _ a21"1 _ ‘b|r2 _ ‘C|T4 _ a2p2r11 HokarlJrl _ 0km+lH2
2 2 2 2
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a’  |blrs bl 1Bl [blpPri
< [ == 9km+l _ 0km+l71 2 B BB gkm 2
- (27’1 + 2 > ” ” * 279 + 213 + 2 ” H
+ ﬂ+ lclp®ri3 ||9(k+1)m||2+ a'p? i a®|b|p*re 4 a?[e|p®ry
2ry 2 2ry 2 2
4,2 2 b 2 2 2
% ||V0km+l||2+ (a 1727’5 a”| |2P g a |C\§ 7”10) Hv(ekarlJrliekarl)”Z
2 2 2 2 2
+ a |C|p + \b||c|p + a |C|p —c2p2 HV@(kJrl)mH2
27‘7 T9 2’/“1()
2 b 2 2 b 2
+ a | ‘p + a | |p _ b2p2 + |b|\c|p27’9 Hvolcm”2
27“6 27"8
a’p® | blp* | lep? | ok
m+l 2. 55
(5L + D L 1 ey 55)

From (5.5), it’s necessary to estimate ||V (9km++1 — ghm+ly)|2 || gghm+l||2,
[VOEFD™ |12 and ||[VOF™ 2. Let x = 0™+ x = b0*™ and y = c§F+D™ then
we have

a®|[ VO < gt 0F | (bl VOr | [[ Ve |

+ el [ VOEED™ |V EH| 4 (|9 6* ™ |[]|05 ], (5.6)
B[V 12 < [bl|[gE 167 | + a® (bl VO [V 6F ™|

+ bl [[VOEED™ |08 | + [b][| 00" |67, (5.7)
[ VOEFIM2 < e[l gFmH[|0K T | 4 a2 e | VoE | [ oM

+ [Bllel [ VOF™ [V OFFI™ | 4 [ef||0p6* ™[l 9¢+D™). (5.8)

Similar to (5.5), a calculation on (5.6), (5.7) and (5.8) with Poincaré inequality
[+ | < Co||VOF™ |, Oy = Ca(92),
[0+ < Gl VORI, Gy = Cal2), 07| < Ca| VO™,

which implies that the value range of ||[VO*™+!||2 || V6*™||? and ||VO*+1Dm|2
relate to items

||qkm+l||, ||9km+l+1 _ ekm—l-l”7 ||0km+l _ ekm—l-l—lH.

Moreover, subtracting a?(VO*++1 ¥Vy) on both sides of (5.4) and taking
x = FmHiFL _ gkmtl and y = gFm i+l L gkt regpectively, we can derive

a2||v(9km+l+1 _ 9km+l)”2 < |‘att9km+l||”0km+l+1 _ ekarl”

4 a2 VOHE (0 g [T (6 — g
+ ‘C|||V9(k+1)m” ”v(akarlJrl_ekm+l)+||qkm+l” ||9km+l+1_9km+l||’

a2||v0km+l+1”2 _ a2||v9km+l”2 < qum+l””0km+l+1 + 0km+l||

+ ||8tt9km+l|| ‘|9km+l+1+9km+l||+a2HV9km+l+1 H|‘v(9km+l+1+9km+l)”
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+|b| ”vakm ” ”v(9km+l+1+0km+l) ||+|C| ||V0(k+1)m ” ||v(9km+l+1+9km+l) ” .
(5.9)
Similar to the above process we can also obtain the value range of item
|V (gFm+I+L — gkm+1)||12 relate to items

||qk:m+lH’ ||0km+l+1 _ 9km+l||’ ||9km+l _ 0km+l71”.

Based on the discussion about | V(gFm+i+1 — ghm+ly|2 1| gghm+l||2,
[VOEFD™ |2 and ||[VOF™ |2, (5.5) turns into
||9km+l+1 _ 9km+l||2 < Sl||9km+l _ 0km+l71”2 + 52|‘qkm+l”2 + 52|‘qkm+l”2
< 51(81||0km+l71 _ 0km+l72”2 + S2||qkm+l71||2) —_ S%||9km+lfl _ 0km+lf2||2
+ 8182qum+171”2 + 82||qkm+l||2 < Sl1||9km+1 o 0km||2
l 1
Y s Tsallg PP < SHIOETPE 057 D s sallg ),
— o
where s1, 89 are positive numbers and determined by inequalities (5.5)—(5.9).
Hence, we have

l
i .
||6km+l+1|| < ||9km+l|| +811||9km+1|| +Sl1H9km|| + Zsl JS2||qkm+JH2|
j=1

l
< ORI 4 1|05 |+ s [0FT ] 4 1> st sallg |
j=1
!
= (L 1)) [|0F™ 1|+ L ]0F™ || + 1)~ 47 sa|g"m |2
j=1
l
< (1) 0F™ |+ (1T )sh 110%™ + 1 (1 +Zs12 TsolgFm |2

l
FIS0 4 1Y s sl
j=1
2 ! .
— ((1+zs§) FU2+1sb)s )||9’"”||+l 24 1s)) Z T sl 2.

Denote
Hy= (14 (m— 17" + (m = 1)(2+ (m — )77,
Hy = (m—1) (2+ (m—1)s7"""),

then,

m—1
0% < Hy (|08 4+ Hy Y sy sollg" | < HE 00D
Jj=1
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m—1 m—1
+ H H, Z S’ln_l_jSQHQ(kil)erjH + Ho Z ST_l—js2||qkm+j”
Jj=1 j=1
m—1 , m—1 4
< Hf+1||9(0)||—|—HfH2 Z ST_1_382HQJ||+ R Z ST_l_]52||qkm+J||,
J=1 j=1

Here, 0(®) = §(0) is bounded as desired in (4.8). We write
¢i = (Rn — DOpu(t;) = (Rn — Ip~* (u(tis1) — 2u(ts) + u(ti—1))

1 ti tit1
- L / (t— ti 1) (R — Dugedt — / (t = ti0)* (R — Dt
D ti—1 t;

+ 6p*(Rn — Du(t) )

and obtain

; 1
lai <57 (o [ IRA=Dusela +5* [

ti—1 t;

t; titv1

| (R =Dugeel|dt+6p* || (Rn—T)u(ts) ll)

1 ti tit1
<5l OWlunloatvp [ OW usalat + oCn uceo) )
ti—1 t;

tit1
P
ChT(é/ [[esee |-t + H“(ti)nr)'

i—

Further,
) 1
43 = Ouu(ti) — uu(t;) = E(U(tﬂrl) = 2u(t;) + u(ti—1) — p*us(t:))

1 t; tit1 3
=— (/ (t —tim1) uppedt — / (t—tiv1) Uttttdt);

6p2 ti—1 ti
so that,

) 1 t; 3 tit1 3
HQ%H :WH/ (t—ti—1) utmdt—/ (t —tit1) UttttdtH
D ti1 t;

1 3 t; 3 tit1 P tit1
Sﬁ(? / |weeeel|dt + p / ||uttttHdt) < */ l|weeee ||dt.
6p t; t; 6 ti1

i—1

Thus, we have

1U™ = u(tn)ll < ™[ + 116"

n tita n tn
<o <|v||r A B3 [ Hulodt+ Y el + [ |us||ds>
i=0 v ti i=0 0
n 1 tit2
+Cp (Z 6/ ||utm||dt> .
i=0 =Vt

So, U™ — u(t,) as h — 0 and p — 0. The proof is complete. O
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5.2 Stability analysis

DEFINITION 4. If any solution U™ of (5.1) satisfies

lim U" =0,z € £,

n—oo
then the zero solution of (5.1) is asymptotically stable.
From (5.3) we obtain

Bkm+l+l _ (21 _ a2p2A1_1A2)ﬁkm+l _ Bkm+l—1 _ prAl—lAQBkm
o Cp2A;1A25(k+1)m.

For convenience, we introduce a*m++1 = gkm+tl 5o
ka+l+1 — Rlzkm-i-l + Rzzkm + Rgz(k—‘rl)m7

where zFkm+l — (Bkm+l,ﬁkm+l)T and

(2 —a?pP AT Ay T [ —p*AT' Ay O
Rl - ( hi 9] ; R2 - 19) 0 ’

241
R3=( Cpé1 Ay g)

Therefore, we derive that

ZFmAHL — R kmAl L Ry 2k 4 Ry (BHUM
= R{ZH g (Ry + D Re2™ + (R + 1) RyzFH0™
= (R (R 1) (R —1) 7' Ry) 2¥™ (R 1) (Ry — I) ™' Ry 1™,
that is,
ZkHm — ppokm (5.10)

where
I+ (R =D+ (R —I1)"'Ry)

I — (R =I)(R1 —I)~'Rs
From Lemma 1 we know that the eigenvalues of matrix I + (Ry — I) "' Ry are
& =1, & =1+b/a?, and the eigenvalues of matrix (R; — I)~'R3 are n; = 0,
ne = ¢/a?. So, we have the following result.

M =

Theorem 5. Under the condition
p? < min2/(a2)\A;1A2), (5.11)
the eigenvalue of Ry satisfies |Ag,| < 1.

Proof. From (4.13), we know that /\A;lA2 > 0. By Lemma 1, we obtain the
eigenvalue of R; consist of the roots of the following equation

N (2 a2p2)\A;1A2))\ +1=0. (5.12)
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It’s obvious to notice that neither A = 0 nor A = 1 is the root of (5.12). Thus,
we need to verify eigenvalue of R satisfying 0 < |A| < 1 under some conditions.
Firstly, we denote the function

f) = A2 — (2 - a2p2)\A1—1A2)/\ + 1.

(i) When m is even, we can obtain p? < min4/(a2)\A;1A2) from (5.11) as
well as 0 < (2— a2p2)\A;1A2)/2 < 1 holds, which means the root of (5.12)
exists in the interval (0,1) under f(0) =1 >0, f(1) = a2p2)\A;1A2 > 0.
In addition, inequality p? < min4/(a2/\A;1A2) guarantees —1 < (2 —
a2p2)\A;1A2)/2 < 0 and f(—1) > 0 so that the root of (5.12) also exists
in the interval (—1,0). Therefore, we get 0 < |A\| < 1.

(ii) When m is odd, by (5.11), 0 < (2 — a2p2)\A1—1A2)/2 < 1 holds so that the
root of (5.12) is in the interval (0,1). Hence, we obtain 0 < A < 1.

The proof is finished. O

Theorem 6. Under the conditions (3.9) and (5.11), if
—a?<b<a®0<c<ad’ad*+c—b>0 (5.13)

hold, then the zero solution of (5.1) is asymptotically stable.

Proof. From (5.10) we know that the zero solution of (5.1) is asymptotically
stable if and only if the eigenvalue of matrix M satisfies

Awm] <1, (5.14)

that is,
‘ L+ (AR, — D&
1- ()‘T}% — ),

<1l,i=1,2 (5.15)
From (5.15) we have

1+ (\g, —1&)* < (1= (\g, — Dm)*i=1,2,
s0,

(1= A%)(& +mi) (2= (1= AE,)(& — i) > 0. (5.16)
Under the condition (3.9), if (5.13) holds, we get

§i+mi >0, —m <2,i=12

When m is even, in view of (5.11), we can get Ag, # 0 and —1 < Ag, < 1.
Then together with (3.9) and (5.13), we know that (5.16) is satisfied. So, (5.14)
holds. Hence, the zero solution of (5.1) is asymptotically stable. When m is
odd, a similar analysis can be obtained. This completes the proof. O
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6 Numerical experiments

In this section, some experiments are provided for verifying the theoretical
results. Consider the following problem

uge(x, 1) = 1ddug, (x,t) — 2upy(x, [t]) + uge (z, [t + 1]), [0, 7] X [0, +00),
u(zx,0) = sin(x), ut(z,0) =0, x € [0, 7], (6.1)
uw(0,¢) = u(m,t) =0, t € [0,400).

It is not difficult to verify that the coefficients a, b and c satisfy the conditions
(3.9) and (5.13). The analytic solution of (6.1) is the first component of

w(z,t) = sin(z) W1 (t)d, (6.2)
where d; = (1,0)T, Wy(t) is defined in (3.7). When ¢ is an integer, (6.2) gives
(e, t) = sin(z) (I — N(1))"'M(1))" di,

where

. B csin2((;)+7((<i2+b) (co)s)(a)er sin(a)
(I - N(l)) M(l) = (a®?4b)asin(a)+casin(a) cos(a)
- a?+c(1—cos(a)) COS(a)

Moreover, we consider piecewise linear functions as the bases of Sj,

B;_1(z) = {(xl —x)/(x; —xi—1), T € [®wi—1,24),

0, elsewhere,

&, (z) = {(:B —xi ) /(x —xi1), @ € [Tii1,T4),

0, elsewhere,

wherei =1,2,---, Ny, That is, we obtain the convergence order of semidiscrete
case O(h?) and fully discrete case O(h? + p).

In semidiscrete scheme and fully discrete scheme, the order of convergence
is defined as
_ log(AE, (hi)/AE; (hit1))

log(hi/hit1) 7

where AE, (h;) is the error calculated in L° norm and L? norm by the following
formulas when taking step-size h; and * represents 2-norm or oco-norm:

order

oo _ o — . _ .
L% = [lu=Ulloe = jma fu(wst) = Ui, ),

N-1

L= |u—Ulp: = (/Q(u - U)%zx)l/2 ~ (h 3 (ulast) - U(xi,t))2>

=1

1/2

We take step-size h = 7/N}, and obtain numerical results in 2-norm and infinite
norm at ¢ = 7, which are shown in Table 1.
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Table 1. Semidiscrete error estimations of Problem (6.1) at ¢t = 7.

h AFE> rate AFE~ rate
/8 3.5988e-1 - 2.8714e-1 -
w/16 1.1944e-2 1.5912 9.5298e-2 1.5912
w/24 5.6868e-2 1.8301 4.5374e-2 1.8301
/32 3.3821e-2 1.8064 2.6985e-2 1.8203
w/64 1.1058e-2 1.6128 8.8823e-3 1.6128

Figure 1. The semidiscrete numerical solution of Problem (6.1) with a) Nj = 20, b)
Ny, = 40.

From this table, we can see that the semidiscrete scheme is convergent
with second order. Thus, these numerical results validate the theoretical error
estimates in Theorem 2.

From Figure 1 we see that the numerical solution of (6.1) is asymptotically
stable under the condition (3.9), which is consistent with Theorem 3.

Furthermore, in order to obtain the second-order for fully discrete case, we
take p = 1/N? and good convergence is shown in Table 2 at ¢ = 2 in different
norms when h and p decreasing simultaneously. So, Theorem 4 is verified.

Table 2. Fully discrete error estimations of Problem (6.1) at ¢ = 2.

h p AFE> rate AFE rate
1/8 1/64 3.1037e-1 - 2.4764e-1 -
1/16 1/256 7.3422e-2 2.0797 5.8582e-2 2.0797
1/32 1/1024 1.8017e-2 2.0269 1.4375e-2 2.0269
1/64 1/4096 4.4820e-3 2.0071 3.5761e-3 2.0071

1/128 1/16384 1.1183e-3 2.0028 8.9224e-4 2.0029

Figures 2-3 are presented to illustrate the stability of numerical solution
under fully discrete case by different time steps. These figures are in accordance
with Theorem 6. Some detailed analysis are as follows.
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Let m = 100 and m = 110, then we have

2
p* = le—4 < min ——— = 1.0349¢e—4
a )\A1—1A2
2
p? = 8.2645e—5 < min ————— = 1.0349e—4,
a2)\A;1A2

respectively, so the condition (5.11) is satisfied and the numerical solution of
Problem (6.1) is asymptotically stable according to Theorem 6, see Figure 2.

1500 1500

Figure 2. The fully discrete numerical solution of Problem (6.1) with a)
Nj, = 10,m = 100, b)Nj, = 10,m = 110 .

However, when m = 17 and m = 20, the condition (5.11) is not satisfied. As
we observe from Figure 3 the numerical solution of Problem (6.1) is unstable,
which is also in accordance with Theorem 6.

Figure 3. The fully discrete numerical solution of Problem (6.1) with a)
Np, = 12,m = 17, b) N, = 12, m = 20.

7 Conclusions

This paper deals with the numerical approximation of semidiscrete scheme and
fully discrete scheme of hyperbolic PEPCA of advanced type by Galerkin finite

Math. Model. Anal., 28(3):434-458, 2023.
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element method (for spatial derivatives) and finite difference scheme (for time
derivative). Rigorous theoretical analysis for convergence and stability of the
two numerical schemes are presented. The results show that the semidiscrete
scheme can achieve unconditionally stability and some sufficient conditions are
put to guarantee the asymptotical stability of numerical solution for fully dis-
crete scheme. In the future study, we will focus on high dimension problem
and nonlinear problem.
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