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Abstract. The goal of the present paper is to study the viscoelastic wave equa-
tion with the time-varying delay under initial-boundary value conditions. By using
the multiplier method together with some properties of the convex functions, the ex-
plicit and general stability results of the total energy are proved under the general
assumption on the relaxation function g.
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1 Introduction

This paper investigates the following initial-boundary value problem with the
time-varying delay

[ue|Pugy — Au — Augy + fg g(t — s)Au(s)ds
+M1Ut(ff, t) + ,U/2ut(x?t - T(t)) = b‘ulp_2u7 (‘/Ea t) €2 x (07 OO),

ug(xz,t —7(0)) = folz,t — 7(0)), (z,t) € 2% (0,7(0)), (1.1)
U(.TC,O) = UO(x)a ut(xvo) = ul(x)v z € (2,
u(z,t) =0, (x,t) € 902 x [0,00),
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where 2 C RY(N > 1) is a bounded domain with a smooth boundary 942, the
unknown u := u(z,t) is a real valued function defined on 2 x (0,00), p, b, 1
are positive constants, po is a real number, 7(¢) represents the positive and
non-constant time delay, g is the kernel of the memory term, and the initial
data (ug,u1, fo) are given functions belonging to suitable spaces. In addition,
the following assumptions are imposed throughout this paper:

(H;) The relaxation function g : [0, 00) — (0, o) is a differentiable function
satisfying

1-— /0 g(s)ds =1>0, (1.2)

and there exists a C! function G : (0,00) — (0,00) which is either linear or
strictly increasing and strictly convex C? function on (0,7], » < g(0), with
G(0) = G’(0) = 0 such that

g'(t) < =C(t)G(g(t)) fort > 0. (1.3)

Here ((t) is a positive non-increasing differentiable function.
(H2) p and p satisfy

0<p<

N_2forN23andp>OforN:1,2,

2N — 1)

2<p<
P="N"3

for N >3 and p>2for N=1,2.

(Hj3) The function 7 € W2°°([0, T)) for any T > 0, and there exists positive
constants 79 and 7; such that

O0<to<7<T7fort>0and7'(t) <d<1fort>0.

(Ha) p1 and pp satisfy [ua] < 25Dy

It is well known that time delay effects which often appear in many practical
applications may induce some instabilities. Some results on the local existence
and blow-up of solutions to a class of equations with delay have been obtained,
the interested readers can refer to [5,10,11,12,22] and the reference therein.
Nicaise and Pignotti [19] considered the wave equation with a delay term in the
boundary condition as well as the wave equation with a delayed velocity term
and mixed Dirichlet-Neumann boundary condition in a bounded and smooth
domain, respectively. Introducing suitable energies and using some observabil-
ity inequalities, they proved an exponential stability of the solution in both
cases under suitable assumptions. Kirane and Said-Houari [13] studied the
following initial-boundary problem

uy — Au + fot g(t — s)Au(s)ds
+paug(x,t) + pous(z, t —7) =0, (x,t) € 2 x (0,00),
ug(x,t — 1) = folx,t — 1), (x,t) € £2x(0,7), (1.4)
u(z,0) = up(x), u(z,0) =ui(z), €2,
u(z,t) =0, (z,t) € 002 x [0, 0),



Asymptotic Stability for a Viscoelastic Equation 25

where pq, pe are positive constants, 7 > 0 represents the time delay. They
proved the existence of a unique weak solution for po < pp relying on the
Faedo-Galerkin approximations and some energy estimates. Provided that g :
RT — RT is a C! function satisfying ¢g(0) > 0 and (1.2), and there exists a
positive non-increasing differentiable function ¢(¢) such that

+oo
g'(t) < —C(t)g(t) for t > 0 and /0 ¢(t)dt = +oo, (1.5)

by establishing suitable Lyapunov functionals, they also obtained the corre-
sponding exponential stability for ps < p1 and for ps = p1, respectively. Sub-
sequently, Dai and Yang [6] proved an existence result of problem (1.4) without
restrictions of pq, po > 0 and po < py. Making full use of the viscoelastic-
ity term controls the delay term, they also proved an energy decay result for
problem (1.4) in the case p; = 0 provided that g : RT — RT is a C! function
satisfying ¢(0) > 0 and (1.2), and there exists a positive constant ¢ such that

g(t) < —Cg(t) for t > 0. (1.6)

Liu [14] generalized the results obtained by Kirane and Said-Houari [13]. That
is, by the similar method in [13], they established a general energy decay re-
sult for problem (1.4) with 7(¢) instead of 7. In the absence of the source
term b|u|P~2u and the time delay is constant in problem (1.1), Wu [21] proved
an energy decay by the similar method in [13], and generalized the results to
the time-varying delay in [23]. There are many papers concerning with the
stability of viscoelastic equations with time delay, the interested readers may
refer to [2,7,18] and the reference therein. However, the relaxation function g
are mainly limited to satisfying among the three conditions, which are (1.5),
(1.6) and that g : RT — RT is a differentiable function satisfying g(0) > 0
and (1.2), and there exists a positive function G € C*(R*) and G is linear
or strictly increasing and strictly convex C? function on (0,7], r < 1, with
G(0) = G'(0) = 0, such that ¢'(t) < —G(g(t)) for t > 0. Until recently, Chel-
laoua and Boukhatem [3] generalized the previous conditions that the relax-
ation function g satisfied, specifically investigated the following second-order
abstract viscoelastic equation in Hilbert spaces

ure + Au — / g(s)Bu(t — s)ds + prug(t) + poue(t —7) =0,
0

where A : D(A) — H and B : D(B) — H are a self-adjoint linear positive
operator with domains D(A) C D(B) C H such that the embeddings are
dense and compact. They established an explicit and general decay results of
the energy solution by introducing a suitable Lyapunov functional and some
properties of the convex functions under the condition (Hj). Chellaoua and
Boukhatem also addressed the stability results for the following second-order
abstract viscoelastic equation in Hilbert spaces with time-varying delay in [4]

u + Au — /0 g(t — s)Bu(s)ds + prug(t) + proue(t — 7(t)) =0

Math. Model. Anal., 28(1):23-41, 2023.
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under the condition (Hp). It is worth pointing out that Mustafa [16] first
proposed the condition (Hy) to study the decay rates for the following equation

t
ugy — Au+ / g(t — s)Au(s)ds = 0.
0

After that, many authors popularized the method used by Mustafa in [16]. The
readers may see the references [1,8,9,15,17] to get more details.

Motivated by the above works, we are committed to considering the sta-
bility of problem (1.1) when the relaxation function g satisfies the condition
(Hy). To the best of our knowledge, there is no decay result for problem (1.1)
when the relaxation functions satisfy (Hy), although Wu [22] has investigated
problem (1.1) with the constant time delay 7 and proved the blow-up result
with nonpositive and positive initial energy. With minimal conditions on the
relaxation function g, the general and optimal energy decay rates of problem
(1.1) are established in Theorem 2. Our proof is based on the multiplier method
and the similar arguments in [4,16] but it is different from the previous presen-
tation since the presence of Auy and the external force source blu|P~2u. Note
that the external force generally promotes the blow-up of the solution.

The outline of this paper is as follows: In Section 2, we give some preliminary
lemmas. Section 3 is used to present the energy decay (see Theorem 2) and its
proof.

2 Preliminaries

Throughout this paper, we denote by |-[|,, and || V||, the norm on LP({2) with
1 < p < oo and H}(£2), respectively. Let A\; be the first eigenvalue of

—AYp =X ), z €1

with ¢ = 0, © € 9. The symbol ¢, is the optimal embedding constant of
HY(2) — LP(02).

Motivated by Nicaise and Pignotti [19,20], let us introduce the new variable
z2(z, k,t) = w(x, t—7(t)K) for x € 2, k € (0,1), then problem (1.1) is equivalent
to

|ug|Pugy — Au — Augy + fg g(t — s)Au(s)ds
+prug(x,t) + pgz(z, 1,t) = blu[P~2u, (z,t) € 2 x (0,00),
T(t)ze(z, K, t) + (1 — 67/ (8)) 26z, K,t) =0, (z,t) € 2 % (0,00), € (0,1),
z(x,0,t) = ue(x, t), x,t) € 2 x (0,00),
z2(z, k,0) = fo(z, —7(0)K), x € (2,
u(z,t — 7(0)) = fo(z, t — 7(0)), (x,t) € 2% (0,7(0)),
u(z,0) = uo(x), u(z,0) = ui(x), x € {2,
u(z,t) =0, (z,t) € 902 x [0, 00).

(2.1)
For the completeness of results, in what follows, we state the existence of the
solution without proof. In fact, the proof is easy by following Nicaise and
Pignotti [19,20].
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Theorem 1. Let (Hy) — (Hy) hold. Assume that ug, u1 € HL(2) and fo €
L?(£2 x (0,1)), then there exists a unique solution (u,z) of problem (2.1) sat-
isfying u,u; € C([0,T); H(£2)), z € C([0,T); L?(£2 x (0,1))), for T > 0.

Remark 1. For |us| = 2(1 dd)uh the above existence theorem still hold. How-
2(1—d
ever, the stability of the energy only is given under |us| < ( d) -

Define the energy functional of problem (2.1) as follows

t
2
B = 5 luallzf3 + 5 (1= [ a(s)ds) [Vl + 590 Va®
0 (2.2)
v I\Vutllﬁ #570 [ [ 2ot
< &< 2m = |pal, (gou)(t) = fo gt =) luls) — u(t) 3 ds.
Lemma 1. The total energy E(t) is a non-increasing function and
1 1
E'(t) < —w([fuelly + [[(z, L 0)lI3) + 5 (9" 0 V) () = 59(2) | Vull; (2.3)
< —w(|luells + [|2(z, 1,0)3) <O for all t >0,
where w = min { — ‘”2| + 1 —7,—@—4— g(lgd)} > 0.

Proof. This proof is similar to [4, Lemma 2.5]. For convenience, let us give
our proof. Multiplying (2.1); by u¢, and then integrating over {2, we get

dr 1 pr2 1 ! 2 2 by p
gt Lo Il 45 (1 / o(s)ds ) IVully + Vel + (g0 V) (6) — - Jul} |
1 1
= 5(g 0 Vu)() + 590 V(I3 + o Juelly + paz(e, L )ue = 0. (24)

Here we have used

/ () [ vuts)Vustydads =~ [ o(t—s) (jt IVu(s) - Vu<t>|§) s

w5 [ o) (§I9u13) ds = =3 Ggo Tu)0

1d

(o o V) + 55 | ) IV ds = 590) [Vu(o).

+ 2 dt

1
2
Multiplying (2.1), by &z(z, k,t), integrating over {2, and then integrating over
(0,1) with respect to k, one obtains

€ (1 = w7'(1))¢ /13 2,
LK, 1) H2dn+ 5 N |z(x, K, t)||5 ds = 0.

As a consequence, we have

()¢

/ & ot w3 dR) =S [l (=) o, L] . (25)

Math. Model. Anal., 28(1):23-41, 2023.
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Combining (2.4) with (2.5), and using Cauchy’s inequality and (Hg), it follows
that
1 1 i ¢
2(t)= Lo o vu)(t) ~ sot) Va2 + (M2t S) el

5 2
N (Mﬁ_w) 2z, 1,0)]3.

a

Lemma 2. If u is a solution for problem (2.1) and E(0) < E; = 2203,

—_P_
l ||Vu0||§ < 0}, here oy = b7ﬁ31 "= By = cPl~3, then there exists a positive
constant o9 satisfying 0 < o9 < o1 such that

L|Vull3 + (g o Vu)(t) < o2 for all t > 0. (2.6)

Proof. Taking the combination of equations (2.2) and (1.2) with the embed-
ding H}(§2) < LP(£2), one has

B() 2 F(y/1IVul + (g0 ) (1)), (27)
where F(z) = %w2 - %x” for £ > 0. We know that F' is strictly increasing

in (0,01), strictly decreasing in (o1,00), and F' has a maximum at o7 with
the maximum value E;. Since E(0) < Ej, there exists a oo < o7 such that
F(o2) = E(0). Set ag := 1/l ||Vu0H§, recall (2.7), then F(og) < E(0) = F(o2),
which implies o9 < o5 due to the given condition 02 < 7. To complete the
proof of (2.6), we suppose by contradiction that for some t° > 0,

o) = LIVu(to)ll3 + (9 0 Va)(to) > o2,

The continuity of \/l | Vull3 + (g o Vu)(t) illustrates that we may choose t°
such that o1 > o(t°) > o9, then we have E(0) = F(02) < F(o(t?)) < E(t°).
This is a contradiction because of Lemma 1. O

Lemma 3. Under all the conditions of Lemma 2, there exists a positive con-
stant D such that for allt > 0,

lull; < DE(t) < DE(0), (2.8)

1 +2 1 ‘ 2 1 1 2
g3+ 5 (1= [ oeas) 1913 + 3o V) + 5 IV

¢7(t) /Q /01 2*(x, K, t)drdz < DE(t) < DE(0). (2.9)

M
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Proof. Using the embedding H{(£2) < LP(£2), (2.2) and (2.6), we have

b bBY =
Slhully < =2 (UIVul3 + (g0 Va)n)) T B IVul + (g0 Vu)()
2087 = b
< 1 2 e P
< = (Uval + o vuy®) T (B0 + Jull;)
_ 208}

— b
o3 (B + Il ).
which yields (2.8) with D = % > 0. One has (2.9) by combining (2.8)
- 192
with (2.2). O

Lemma 4 [Lemma 4.1 in [1]]. For u € H}(£2), we have for all t > 0,

t g(t — 8)(Vu(s) — Vu(t))ds 2da: < Cy(hg o Vu)(t) (2.10)
2 Mo

where, for any 0 < a < 1,

= 00792(8) s an ag(t) — ¢
ca_/o s and h(t) = agl) ~ (). (210)

Let us follow from the proof of Lemma 4.1 in [1], we have in fact

/Q (/Ot gt —s)(u(s) — u(t))ds)de < Co(ha o u)(t). (2.12)

Lemma 5 [Lemma 2.2 in [4]]. There exist positive constants v and t such
that

g () < —vyg(t) fortel0,t]. (2.13)

Lemma 6. Let u be a solution of problem (2.1), then the functional

L(t) = /|ut|putudx+/ VuVudz, (2.14)

p+1

satisfies, for € > 0 and for allt > 0,

p+2 [ H1
1) < — Il = [1= (14 52+ 52) e 19l (2.15)
1 |2 2 p 2 M 2
+ =Calha o Vu)(t) + L2 12, 1, )13 + bl + [ Veall + 52 3.

Proof. Multiplying (2.1), by u, integrating on x over {2, and then using inte-
gration by parts, we give

t t
/\ut|puttud$+/VuttVudx: — (1—/g(s)ds) |\VuH§+/Vu(t)/g(t—s)
17 2 0 Q 0

><V(u(s)—u(t))ds—/Qmut(x,t)udx—/fzugz(x71,t)udx+b\|u||g. (2.16)

Math. Model. Anal., 28(1):23-41, 2023.
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Differentiating (2.14) on ¢, and using (2.16), one has

I(t) = ||ut||Pi§ _|_/ [ue|Pusuda +/ VuyuVudzr + ||Vut||§
fo) 2

p+1

= — — t s)das u 2 u t — S uls) —u S .
(1 /Og< yis) [Vl + [ Vutt) [ gt =99 (u(s) —ut)as (217

Il = [ e tyude = | (o1, uda + bl + [V

Applying Cauchy’s inequality with € > 0 and Ay Hu||§ < ||Vu||§, it follows that

H1 2 2 H1€
_Aﬂlut(xvt)UdISEHUtHQ‘FUlEHu”2< K tH2+ IV ull3,

13
~ [ paste sty < e oo, 1,3+ 12 ||Vu||§ S )
It follows from Cauchy’s inequality with ¢ > 0 and (2.10) that
t
1
/ Vu(t)/ gt = 9)(Vuls) = Vu(t))ds < & [ ul + -Calho Vu)(t). (2.19)
(9] 0

Inserting (2.18)—(2.19) into (2.17), we obtain (2.15). O

Lemma 7. Under all the conditions of Lemma 2, let u be a solution of problem
(2.1), then the functional

L(t) = /Q (Aut -

satisfies, for § > 0 and for all t > 0,

1|ut|put)/0 gt — 8)(u(t) — u(s))dsdz,  (2.20)

t
I3(t) < By | Vull} + Ba(ha o Vu)(t) + [ Bs - / g(s)ds| Vel
0

t
6 (e L)) — / g(s)ds - —— lluell22, (2.21)

1
p+1
here By, By and Bs are positive constants depending on 6 shown in (2.25).

Proof. Differentiating (2.20) on ¢, and using (2.1); and integration by parts
yield

= /QVu(t)/O g(t — s)V(u(t) —u(s))ds

- / / g(t — S)Vu(s)ds/ g(t — s)V(u(t) — u(s))dsdx
2Jo 0

-l-/gulut(m,t)/o g(t — s)(u(t) — u(s))dsdz



Asymptotic Stability for a Viscoelastic Equation 31
v [ st / gl — )(u(t) — u(s))dsdz — b / a2
X/Otg(ts)( (t)—u(s))dsda— /Vut/ gi(t — )V (ut) — u(s))dsde
- [ el / gu(t — $)(u(t) — u(s))dsdz

p+1

_ Atg(s)ds Va2 — /Otg(S)dS

=Shi+Jo+---+ Js+ Jo.

o (2.22)

It is direct from Cauchy’s inequality with § > 0 and (2.10) that
1
T < 8[| Vullz + (5Ca(ha o Vu)(t),

Jy < 25/9 (/O gt — 8)|Vu(s) — Vu(t)|ds)2dx+26(l — 12| Vu(t)|?

+ 4715 ; (/Otg(t — 9)|Vu(s) — Vu(t)|ds)2dx

< (20+ 415>C“(h“ o Vu)(t) +26(1 — )* || Vull3 (2.23)

Cauchy’s inequality with 6 > 0 and (2.12) yield

/i J pi
Tz <6 [luel3 + 430 (ha o u)(t) < *IIVutIIS 45/1\ Ca(ha o Vu)(t),

Ja <6 |22, 1,0)]3 + 4§§ Ca(he 0 Vu)(1).

It follows from Cauchy’s inequality with § > 0, (2.12), the embedding HJ (£2) <
L2~ () and (2.9) that

2(p—1) 2
J5 < bé ||u||2(17 1 46 g(t —s)(u(t) — u(s))ds) dx

< bo[|ul5E=}) + ?ca(ha o u)(t)

2D b
< 2(:0 1) 2, .
o2 (== £0))" vl + i, Calha o Vu)(1)

Recalling the definition of ¢’(¢) in (2.11), and using Cauchy’s inequality with
0 >0, (2.10) and Hélder’s inequality, one obtains

— /Q Vuy /ot ag(t — s)V(u(t) — u(s))dsdzx

+ /9 Vs /0 Bt — )V (ult) — u(s))dsdz
<5||vut||g+zv;/9(/Otg(t—s)wu(t)—u(s))d8>2dx

Math. Model. Anal., 28(1):23-41, 2023.
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1 ! 2
+68 ||V |3 _,_7/ (/ha(t—s)V(u(t) — u(s))ds) dx < 26 | V|5
46 Jo \Jo
2

JrZC(SC' (ho o Vu)(t)+ 415/ h (s)ds/oha(t—s) ||V(u(t)fu(s))||§ds

<26 || Vue|3 + (%ca + W) (ha o Vu)(t).

Similarly, we get

1 oo !
Jr=— /Q i1 | ut/o ag(t — s)(u(t) — u(s))dsdz

! p t — S)u —uls Saxr
+/Qp+1‘“t| ut/o ha(t — s)(u(t) — u(s))dsd
g 2(p+1) a? ¢ 2
s PR ||“t||2(211) +4(p+1)5/9 (/O g(t*S)(U(t)*U(S))ds) dx

1) 2(p+1 1 t 2
+ m ||Ut||2§pjrrl§ + m /_Q (/0 ha(t - S)(U(t) — u(s))ds) dx

20 2(p+1) a? 1 /t
)

P
o

x /Ot ha(t = ) lu(t) = u(s) |5 ds < %cgwn (2DE( V|2
o’ a(l=1) +4(0)
(m @ W) 3, (e VU)(2). (2.24)

Inserting (2.23)—(2.24) into (2.22), one has

t
I3(t) < By | Vull} + Ba(ha o Vu)(t) + [ Bs - / g(s)ds| Vel
0

t
6 (1,2 / o(s)ds
0

p+2>
with

-2
By =6+ 26(1— 1) +b5c2<p b <2DE(O)>p :

2
By = {25 +20+ g5 b T T ot 4(,;+1)5A1}Ca

1-0)+g(0 a(l-1)+g(0
Fe0=U500) | Do),

By = £ 25+ 2520 (2DE(0))

(2.25)

(NS}

O

Lemma 8 [Lemma 2.8 in [4]]. The functional

1
I(t) = / 7 O8 |2z, )| dr
0
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satisfies for all t > 0,

1 1—d)e 2
B0 =250+ ~ - S0 w2 229)
0 1
Lemma 9 [Lemma 3.4 in [16]]. The functional
t
= [ #-9)IVu(s) 3 ds (.21)
0
satisfies for all t > 0,
1
L(t) < 3(1 = 1) | Vully ~ 5 (g0 Vu)(2), (2.28)

where f(t) = [ g(s)ds.

3 Stability results

In this section, we will present and prove the decay results of the energy func-
tional E(t) based on the lemmas in Section 2. To begin with, we define a
functional

3
L(t) = ME(t) + >  N:Li(t), (3.1)
i=1
where M, Ni, Ny, N3 are positive constants. The following lemma is shown
to illustrate that L(t) is equivalent to E(t).

Lemma 10. Under all the conditions of Lemma 2, assume that M is enough
large, then there exist two positive constants 81 and Bo such that

B1E(t) < L(t) < B2E(1).

Proof. Recalling the definition of I (¢) in (2.14), using Young’s inequality and
Cauchy’s inequality, and then applying the embedding H}(£2) < LP*2(£2) and
(2.9), it is not hard to give

1 1
I < p+2 p+2 2
[ (8)] < 7IIUtH vzt O lullo2 + 5 HVUtHz ||Vu||2
+2 )
i+ [ (200)* + 1w+ v
< sl + (oo (T EO) + 5] 19l + 5 17w

Recalling the definition of I5(t) in (2.20), using integration by parts, Cauchy’s
inequality, Young’s inequality and Hélder’s inequality, we give

[I2(t)| < 1 ”VutHg + %/Q (/Otg(t —5)(Vu(t) — Vu(s))ds)de

p+2 1 ¢ p+2
+ T | t||piz m/ﬂ (/0 g(t —s)(u(?) —U(S))ds) du

+ %l(g o Vu)(t) + ﬁ ||Ut||Zi§
1 p P @ : oVu
T T (T EO) G 0o,

1
< 5 IVl

Math. Model. Anal., 28(1):23-41, 2023.
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where we have used

/Q( Otg(t— s)(u(t) —u(s))ds)erde

-

¢ ptl 1 p+2
< [ ([ tate=s) o= )7 o) — ui)as)da
< ([ aas)™ [ ate =) fute) ~ o713 as
< (-1t [yt - ) |Vult) - Tu() 5 ds
0
<1 -1t (22B0) (g0 Vu)(h).

Therefore, it follows from (2.9) that

3

> NiILi(t)

i=1

IL(t) — ME(1)] = < CE(1),

where C' is some positive constant. O

Lemma 11. Under all the conditions of Lemma 2, the functional L(t) defined
in (3.1) satisfies, for t > t;

L'(t) < =C1 |[uel 215 = Co [ Vuell; — 401 = 1) [|Vul

1 1
+ NabJul? + (g0 Vu)(t) - 2N3/ 208 oz, )2 dr. (32)
0
where Cy, Co are positive constants given in (3.4).

Proof. Taking the combination of (2.3), (2 15) and (2.21) with (2.26), recalling
(2.11), and applying g; = fo s)ds < fo s)ds for t > t1, one has

M
2

S = Nl (1 5 5 e IVl + C(h o V) (1)

L'(t) < —Mw(lludl + ll2(z, 1,1)]15) + *(9 o Vu)(t) — -g(t) [|Vull; (3.3)

Ny |psl
+ ll2(,

L)l + Nub Jully + N[ Va5 + N1 ||Ut||2

t
+ NoBy [Vaull? + NoBa(he o Vu)(t) + N [Bg, - / g(s)ds} V|2
0

t
+ Nod || 2(, 1,t)||§ — Ng/ g(s)ds
0

Ng(l — d)(ii%—1
1

p+2

N3 2 2
— 2N3I5(t) + - (g3 — [[2(z, L,)]]3

< —C1 lwllf s = Co | Vaullz — Cs [ Vully = Call(2, 1, 8)ll; — Cs(ha o Va) (1)
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OlM ! —27(t)k
+ Nabully + =~ (g 0 Vu)(t) = Co ||ut||§—2N3/e O 2, )15 dr
0

with
C1=Nogr - 517 — 244
Cy = Ny [gl - ( +26 + 2820 (2DE(0)> )] Ny

p—2
Cy=N; [z-( +ﬂ+M)a} N, [5+25(1_1)2+b5c§(p‘”(?E(O)) };
2T
Cy = wM + ell=de = kel g
05:7_N1EC N2|:(26+26+46)\1+4§§\1+46>\1+46+4(p+1)6>\1)C
Jal- l>+g(0) 4 al- z)+g(0)};

4(p+1)d:
Cg—wM———N b
(3.4)
where we have used the values of By, By and Bj defined in (2.25).
Next, we choose ¢ such that
l l
o< { 921( -1) p=27’ 1024(?1— 2’
16[1 £ 21— 1)2 + b2 (?E(o)) }
5 1 2 5
201/ (5 +2+ 2 (20E©0)) )
891/()\1+ T or1s ©
Let us choose Ny = %glNg, then
1 3 1 5 1
Cr=Nogi - —— —2gNg—— =2\ Ng——— >0, Cy>0.
1 201 Py 891 2p+1 891 2p+1 2
Let us fix e = %@, then
Nyl 2D -2 l
Cy == = Na[d+20(1 - )% + bdcg(p*1)<TE(0))p ] > V2 > 0.
By taking Ny = ﬁ, we get C5 > 3%91]\72 = % > 4(1-1).

Since ¢'(s) < 0, one has % < g(s), further we get
00 2
lim aC, = lim L(S)ds =0.
a—0+ a—0+ Jo  ag(s) —g'(s)

Thus, there exists 0 < ap < 1 so that if & < ap, then
1

aCy < ; - e
8[N2(ﬁ +20+ 45)\ + 45A1 + 45,\1 + T 4(p+1)5/\1) + M E}

Let us choose M sufficiently large such that for o = ﬁ,
M a(l=0)+g0) a(l-=1)+g(0)
Cs= 2 _ N, { } >0,
>y 2 45 A(p+1)6X
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N3(1 —d)e 27 N.
C4ZOJM—FM—NJZA—NQ(S>0,C6=LUM—73—N1%>0.

T1 5 T0 9

Here we have used w > 0 given in Lemma 1 based on the condition (Hy).
Based on the above discussion, one has from (3.3)

L'(t) < =Cy Jul55 = Co [ Vel — 41 = 1) | Vul

1 v
+N1b||u||z+Z(goVu)(t)—2N3/0 e 2708 | 2(x, 5, 1)]|3 ds.
O

Now, we give the following stability results.

Theorem 2. Let (Hy) — (Hy) hold, and E(0) < E, | ||Vu0|\§ < 0%, then there
exist positive constants ki, ko, k3 and kg such that the solution of problem
(1.1) satisfies for all t > t1,

) < ke ™ Fiy s for G is linear;
T | kaGT (K f:l ¢(s)ds) for G is nonlinear,

where Ey and o1 are shown in Lemma 2, G1(t) = ftr ﬁds 18 strictly de-
creasing and convex in (0,r] with lim;_,o G1(t) = +o0.

Proof. Using (2.13) and (2.3), one has, for ¢ > t1,

/0 ' g(s) [Vu(t) - Vu(t - 5)|2ds

1 [h , 2 ’
< [T - Vat -9 s < B (0. (35

Here ¢ is used to denote a generic positive constant throughout this proof.
Define a functional F'(¢) that is obviously equivalent to F(t) as follows

F(t) = L(t) + cE(t),
then based on (3.2), (2.2), (3.5), for some m > 0 and for any ¢ > t;, we have

F'(t) < =Ch lugll5T5 — O [ Vuel3 — 4(1 = 1) [ Vull3

1 1
+ Niblully + (90 Vu)() - 2N / e 2% || 2(z, K, t)||5 dr + cE' ()
0
be » ,
< —mB(t) — (} - Nlb) lull? + e(g 0 Vu)(t) + cE'(t)
t
< —mE(t) +c / 9(s) ||[Vu(t) — Vu(t — )| ds, (3.6)
t1

where we have chosen N so small that be/p — N1b > 0.
In what follows, we will discuss in two cases.
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CASE 1: G 15 LINEAR. Multiplying (3.6) by ((¢), using (Hy) and (2.3), one
gives

COF'(t) < —mC()E(t) + cC(t) /t 9(s) [IVu(t) = Vu(t — s)|l; ds

< —mC()B(0) ¢ [ /() [Vult)~Vult=s) [} ds < —mC(t) (1) = <20,
which implies
(CH)F(t)+cE) < —m((t)E(t) fort>t.
Integrating the above inequality over (¢1,t), and using the fact that {(¢)F(¢)+
cE(t) is equivalent to E(t), one has
E(t) < ke 2 1h¢O% o>y

where k1 and ko are constants CASE 2: (G IS NONLINEAR. Define a functional
H(t) = L(t) + I4(t). Taking the combination of Lemma 10 and the non-
negativity of F(t) obtained by Lemma 3 with the definition of I4(t) in (2.27),
it is not difficult to get the non-negativity of H(t). It follows from (3.2) and
(2.28) that for some m; > 0 and ¢t > ¢4,

H'(t) = L'(t) + 13(t) < =Ch udllf 5 — Ca [ Vuelly = (1= 1) [Vl

1 1
+ Nub fJullp — F(g0Vu)(t) - 2N3/ e~ 2708 || 2(x, 5, 8)||3 di < —my E(t).
0
Integrating the above inequality over (t1,t) yields

my /tE(s)ds < H(t;)— H(t) < H(t1),
(31
which implies
/ooo E(s)ds < 4o0.
Define .
A0 =1 [ I9ule) = Ve = )3 ds,
1

by using (2.9), then we give

8pD [*

A1) < Zp/ot( IVu(t)|2 + |\vu(t—s)ug)ds < (E(t) LR s))ds

16pD [t 16pD [* >
< Tp/ E(t — s)ds = Tp/ E(s)ds S/ E(s)ds < +oo.
0 0 0

Thus, we can choose p so small that for ¢ > ¢4,
At) < 1. (3.7)
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It is direct that
G(0z) <0G(z) for0<0<1andze(0,r] (3.8)

since G is strictly convex on (0,7] and G(0) = 0. Based on (1.3), (3.7), (3.8)
and Jensen’s inequality, one gives

1= 5 [ AOCS @pITut)-Fue-slfdsz o [Ancs)6tae)

% p [ Vut)~Vu(t—s)|2 ds > . [ GO@s)p I9u0)-Tutt-s) s

PA(t)
Wy [
> 060 [ 9(o) IVu(t) — Vu(t = ) ds)

which yields

¢ 1——1/pI(t)
| o 19t - Vute )15 < o (),

where G has an extension G which is a strictly increasing and strictly convex
C? function on (0, +00) [4, Remark 2.1]. Therefore, (3.6) becomes

, c——1/pl(t)
F/(t) < -mB(t) + G (@) (3.9)

Let us define the functional
Fi(t) = G (rE{)/E(0))F(t) + E(t)
with 0 < r; < r, then F} is equivalent to F and

r1E'(t)—=n (rlE(t) r1E(t)

H0 =507 (5o )F(t)+é’( 50 )F’(t)+E’(t)

<07 () 5 (A () + £

by using (3.9), (2.3), G’ > 0 and G” > 0. Let G be the convex conjugate of
G in the sense of Young, which is given by

(3.10)

G'(s) = (@) (s) = G| (@) (s)] (3.11)
and it satisfies the following Young’s inequality
AB <G (A) +G(B). (3.12)
Choosing
A=G (nE{t)/E0)) and B=G ' (pI(t)/¢(t)),
then using (3.12), (3.11) and the non-negativity of G, (3.10) becomes

Fi(t) < —mE(t)G/(r;;Eé;)) + gé_l (p CI(%))G’(EE(S) ) L E)
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< —mE®t)G (TEE(S)) + gé* (G’(T}EE(S? )) + cégg +E (1)

< _mE(t)é/(TlE(t))+ET1E(t)él(rlE( )) G(TlE(t)>+c@+E’(t)

E©) / p E(0) £(0) E0) /<)
< mE(t)G’(TEE(éi)) + ;TE?())G (5 (éi)) + 08 FE().  (313)

Note that (2.3) implies

I(t) < /t —g'(s) [Vu(t) — Vu(t — s)||§ ds < =2F'(t),

then one has

oty < mos (222) » S0 (52 -t

multiplying (3.13) by ¢(t) and using the fact

G (mE(t)/E(0)) = G'(rnE(t)/E(0)).

Define the functional F»(t) = ((¢)F1(t) + cE(t) which is equivalent to E(t),
which means

NE(t) < B(t) < 12Fa(t) (3.14)

for some y; and 5. Under a suitable choice of r1 and for a positive constant
k, we have

Fy(t) < —kC(t)g((é))G’(rg%?) - —k((t)Gz( ];E((é))) (3.15)

with Ga(t) = tG'(r1t). Obviously, Gy and G4 are positive in (0, 1] since
GH(t) = G'(r1t) + mit*G" (r1t)

and the convexity of G in (0,r]. Inequalities (3.15) and (3.14) imply

(5) <005 < -meo:(Egl) @

with k3 = kE(O)
(t1,t), one has

Setting R(t) = %20(;), and then integrating (3.16) over

/,1 G2 (R ; ?)3 /kaC

Since r1R(t1) < r, we have

riR(t1) 1

Cr(rR(1)) :[ ds > ks /tltg“(s)ds.

ry  SG'(s)
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It is noted that Gy is strictly decreasing function on (0, 7] and lim; 0 G1(t) =
+00 in Theorem 2, then R(t) < %Gfl (kg fttl C(s)ds). Since R(t) is equivalent
to E(t), further one obtains

E(t) < kaGT (kg /t t C(s)ds)

with ks = &. This completes the proof of this theorem. O
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