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Abstract. In the present paper, a new family of multi-layers (deep) neural network
(NN) operators is introduced. Density results have been established in the space of
continuous functions on [—1, 1], with respect to the uniform norm. First, the case
of the operators with two-layers is considered in detail, then the definition and the
corresponding density results have been extended to the general case of multi-layers
operators. All the above definitions allow us to prove approximation results by a con-
structive approach, in the sense that, for any given f all the weights, the thresholds,
and the coefficients of the deep NN operators can be explicitly determined. Finally,
examples of activation functions have been provided, together with graphical exam-
ples. The main motivation of this work resides in the aim to provide the corresponding
multi-layers version of the well-known (shallow) NN operators, according to what is
done in the applications with the construction of deep neural models.
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1 Introduction

The study of deep neural networks (NNs) currently represents one of the most
studied topic (see, e.g., [25,39,40]), in view of the possible implications regard-
ing several application aspects ( [26,28]), including artificial intelligence and
machine learning. A very complete overview on the topic can be found, e.g.,
in [35].

In particular, it is known since the end of the 80’s that among the main
tasks that can be performed by NNs there is the functions approximation. For
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this regard, in the literature can be found a wide number of articles, in par-
ticular for what concerns the approximation by one-layer (shallow) NNs. One
of the pioneering work in this sense is due to Cybenko [20], who established a
uniform approximation result in case of NNs activated by sigmoidal function.
Cybenko’s approximation theorem was proved by resorting to non-constructive
arguments, and exploiting the well-known Hahn-Banach theorem of functional
analysis. More precisely, he proved that the vector space containing one-layer
NNs activated by continuous and non-decreasing sigmoidal functions is dense
with respect to the uniform topology in the space of continuous functions de-
fined on the multivariate set [0,1]% :=[0,1] x --- x [0,1] C R¢, d > 1. In other
words, he claims that a continuous function of several variables can be uni-
formly approximated by any degree of accuracy by the superposition of certain
(univariate) sigmoidal functions using a sufficiently high number of artificial
neurons. The latter fact is known in the literature as the so-called ”universal
approximation property” in the spirit of the well-known Kolmogorov approxi-
mation theorem (see, e.g., [27]).

Later on, several authors studied the above problem; the peculiarity of many
of them was that they are faced by non-constructive techniques. Among them
we can quote, e.g., [5,31,32,33].

However, especially for the applications, it can be important to have at
disposal constructive approximation algorithms; this has motivated several re-
search in this direction, that mainly concerned shallow NNs (see, e.g., [11,29]
for some old papers, or, e.g., [8,9,21] for some more recent ones).

For instance, the theory of neural network (NN) operators introduced with
the work of Cardaliaguet and Euvrard [10] is one of the possible ways to ap-
proach the above problem. The main limit of the theory proposed in [10] was
that it could be applied only in case of bell-shaped activation functions with
compact support. This limit has been overcome in [8], where NN operators (of
one-variable) activated by the logistic function have been considered. Subse-
quently, in [16,17] the theory of the NN operators has been formulated (for
functions of one and several variables) for a wide class of sigmoidal activa-
tion functions (including, of course, the logistic function) satisfying suitable
assumptions.

Even if the theory of NN operators have been studied in depth by several
authors, only the one-layer case has been considered, see, e.g., [1,2,3,4,15,19,
24,37].

For the above reason, in the present paper we introduce a family of multi-
layers (deep) NN operators, and we provide constructive approximation results.
More precisely, we provide density theorems for the family of multi-layers (deep)
NN operators in the space of continuous functions on the interval [—1,1].

The main motivation of this work resides in the aim to provide the cor-
responding multi-layers version of the well-known (shallow) NN operators, ac-
cording to what is done in the applications with the construction of deep neural
models.

From the mathematical point of view, the family of operators here intro-
duced consists in the evaluation of the approximation performances of the
nested application of families of positive linear operators.
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This is done exploiting the ”density approach”, as typically occurs with
NN type approximation, see, e.g., [22,23]; due to this property one can usually
claim that NNs are universal approximators.

The proposed approach can be defined ”constructive” in the sense that for
any given f all the weights, the thresholds, and the coeflicients of the NN
operators can be explicitly determined.

For the sake of clarity, in the paper we first propose the theory in case
of two-layers operators (see Section 3), and then we propose its multi-layers
generalization (see Section 4).

The above results have been proved in case of sigmoidal activation functions
o; all the required assumptions on o, together with some preliminary considera-
tions have been recalled in Section 2. However, other than sigmoidal activation
functions, we also show that (see Section 5) deep NN operators based upon the
well-known ReLU (Rectified Linear Unit, [38]) activation function, and also
on RePUs (rectified powers units functions, [30]) are included in the present
theory. Finally, graphical examples have been provided with the purpose of
illustration.

2 Preliminaries

A measurable function o : R — R is called a sigmoidal function if:

gjly_noo o(z) =0 and xgrfma(x) =1.

From now on, we always consider non-decreasing sigmoidal functions o,
satisfying the following assumptions:

(X1) o(x) — 1/2 is an odd function;

(X2) o € C*(R) is concave for z > 0;

(X3) o(z) = O(Jz|~*) as x — —oo, for some a > 0.

Now, we can recall the definition of the density function (see, e.g., [16]):

bo(a) = Slol@+ ) —ol@-1),  zcR

Note that, based on the above properties, it is not difficult to see that 0 <
o'(z) < ¢'(0), z € R, then it turns out that o (and obviously also ¢,) is
Lipschitz continuous on R.

Further, it is well-known (see [16]) that under the above assumptions the
function ¢, turns out to be non-negative, even, and it satisfies the following
property:

¢o () is non-decreasing for < 0 and non-increasing for x > 0, (2.1)

with ¢,(1) > 0, and ¢, (x) = O(Jz|~*), as * — +oo, where « is the positive
constant of condition (X3). Hence, it turns out that ¢, € L!(R) provided that
o> 1.

Moreover, based on the above assumptions, it is not difficult to see that
(see [16] again):

1> Y balnr k) > 6o1) > 0 (22)

k=—n
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for every z € [—-1,1] and n € N

Remark 1. Note that, if we remove condition (X'2) on o, and we assume directly
that ¢, satisfies (2.1) together with ¢,(1) > 0, the theory still holds, see
e.g. [16]. The consequence of the above observation is that, we can apply the
above theory to C? as well as to non-smooth sigmoidal functions, such that the
corresponding ¢, satisfies (2.1) and ¢, (1) > 0.

Now, we can define the discrete absolute moments of ¢, as follows:
M, (¢5) := sup Z |po (u— k)| |u— K|,
u€R keZ

with v > 0.
It is well-known (see, e.g., [7]) that under the above assumptions, and as-
suming in addition that the parameter a > 1, it turns out that:

M,(¢,) < o0, 0<v<a-1 (2.3)

Now, we recall the (shallow) neural network (NN) operators, introduced in [16].
Let o be a sigmoidal function assumed as above. We define the (shallow)
NN operators, by:

3 f (/) b (nz— )
(Fof)(z) = == , zel:=[-1,1],

n € N4, where f: I — R is bounded.

Notice that, F,, are well-defined; this is a consequence of the previous prop-
erties of the function ¢,. Further, it is well-known ( [16]) the following conver-
gence theorem holds.

Theorem 1. Let o be a sigmoidal function satisfying assumption (X3) with
a>1, and let f € C(I) be fized. Then:

ngrfm”an_fHoo = 0.

3 Two-layers NN operators: approximation results

We now introduce the following family of deep NN operators.
DEFINITION 1. Let o be a sigmoidal function, assumed as in Section 2. We
introduce the two-layers (deep) neural network operators as follows:

ny

n ) Z %Qba(n?r_j)
k J=—n2
Z f (?1) (bU (nl Zn2 s d)g(nQI — ]) - k)

sz’ﬂl J:

il: (ba(nlx - k)

k:*'ﬂl

(D(in,ng)f)(‘r) = , wel,

with f: I — R, and ny, no € N,
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Note that, the operators D(n - )f turns out to be well-defined, e.g., for boun-
ded functions. Indeed, using (2 2), we have:

n2

Z n2 ¢a(n2x _])

> ( )%(”Efim bu(naz — ) _k>‘

k=—n1

(D, o) ) (@)] <

ng

Z L ¢g(n2$ _])
[1flloo j==na _
(150—(1) Z i <n1 Z]——nz ¢U(n2x 7‘7) k>

k*f’nl

IN

f Il oo oy s
< o0(D) sup k%% = o) Mo(¢s) < +o00,

for every x € I, and nq, ny € Ny, where My(¢,) < 400 in view of what is
observed in (2.3).

Remark 2. We can observe that the two-layers NN operators are in fact deep
NN, organized in two layers. This can be simply seen observing that, in fact,
the above operators are constructed by a mathematical composition of two,
one-layer NNs. In practice, two simple NNs have been nested to get a more
complex architecture composed of (2n1 + 1) + (2ng 4 1) artificial neurons.

Since the structure of the considered operators is slightly different from
classical NNs, below we can provide a comparison of D(n1 n2) f (for any fixed
f) with classical feed-forward neural network models. Indeed, one and two layer
classical feed-forward NNs activated by a sigmoidal function o are defined (from
the mathematical point of view) by:

ny
x) =Y apo(we,z —0k,), Nz Zakz o (Wi, N1(2) = Oks),

k1=0 ko=0

respectively. In the above definitions, wy, and wy, are the weights, 0, and
0k, are thresholds, and finally ax, and aj, are the coefficients of the networks.
Comparing Ny with D(in na) f we can observe what follows.

(i) In the inner layer of D(in np)/ (With 2n2+1 neurons, that can be compared
with N7), we have the network:

n2

Z *¢o(n2$*.7 / Z bo(n2x — j),

j:*nz Jj=—n2

where the integer parameter no represents the (constant) weights, the
parameter j (with j = —ng, ..., ny) provide the threshold values (or bias),
while the values:

s

n2 ij_m bo(n2z —3)’

are the coefficients of the inner network.

5= —ng,...,ngt, (3.1)

! Here we denoted the index at the numerator with the parameter s (instead of j as in
Definition 1) in order to avoid confusion with the parameter j at the denominator.

Math. Model. Anal., 27(4):547-560, 2022.
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(ii) Concerning the second layer of D(zn1 n3) f with 2n; + 1 neurons, we have

that the integer parameter n; represents the weights,
k (with k = —ng,...,nq) are the threshold values, and finally:

f(s/n1)

e, Go (1 — k)’

5= —n1,...,n12, (3.2)

are the coefficients.

(iii) The activation functions of the operators D(in,nz)

moidal functions, as happens in N7 and Ns.

f are defined using sig-

We can note that the denominators in the definition of the above operators
(that is crucial from the mathematical point of view) can be seen (see Equa-
tions (3.1) and (3.2)) as a part of the coefficients of both layers of D(thnz). This
can be interpreted as the presence of a further connection among the various
neurons of each layer. More precisely, the above denominators show that the
input layer has a double (direct) connection with both the involved layers of
the network.

Obviously, in view of the above comparison we can finally observe that
the NN operators D(znhm) can not be viewed as usual two-layer NNs, since
coefficients stated in (3.1) and (3.2) are not constants, as instead happens for
N1 and NQ.

Now, we can prove the following density theorem for the family of two-layers
NN operators into the space C(I) of all real valued continuous functions on I,
with respect to the usual norm || - |-

Theorem 2. Let o be a sigmoidal function satisfying assumption (X3) with
a>1, and let f € C(I) be fizred. For any € > 0 there exist ny, ny € Ny such
that:

HD(2n1,n2)f7f||OO < &

Proof. Let e > 0. Then, using Theorem 1 we know that, corresponding to /2
there exists ny € Ny sufficiently large such that:

[Enf = fllo < /2. (3-3)

Now, we can also choose ng € N such that:

e
2| fllsoma (201 + 1)]o”(0)]

||Fn29_9Hoo < ¢0<1)a

where the function 6(z) := z, x € I. Now, for every fixed 2 € I we have:

(D ng) F)(@) = f ()]
< Dy oy H (@) = (Fay /@) + |(Fo, f) (@) = f(2)] = I + L.

2 Here, we used the parameter s at the numerator (instead of k), for the same reason as
before.
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Concerning Iy, recalling that ¢, is Lipschitz continuous with Lipschitz constant
|o’(0)], we can write what follows:

n2

> Ldo(nax —j)
B9 () o ) o]

Il = n
k;_nl do(nix — k)
ng

Z %ng(ngx—j)
J=—n2 _ o _
o (S ) e

S Lo (g — j)

j=—n2 n2

1l o
S onlD) 2

k=—n1

< #o(1) = I -z
Wl o o
= ¢0(1)| (0)]n1 (211 + 1) [(Fn,0)(z) — 0(2)| < /2.

Hence the proof follows by observing that also Iy < /2 in view of (3.3). O

Remark 3. Note that the density approach is one of the most common when
one deals with NN type approximation. In this sense, we can refer, e.g., to the
Cybenko approximation theorem [20] (inspired by the well-known Kolmogorov
representation theorem).

4 Multi-layers NN operators

In Section 3, we introduced and studied a family of deep NN operators with
two layers. In this section, the above definition and the corresponding density
results will be extended to the more general context of multi-layers NN oper-
ators. The idea is to extend the above definition proceeding by induction on
the number of layers.

DEFINITION 2. Let o be a sigmoidal function, assumed as in Section 2. We
define the m-layers (deep) NN operators, m € N, m > 2, as follows:

E f ¢g (na (Dt 0)(x) —
(D fl(@) = =" ( ) ( >, rel,
Z ¢o(n1$—k’)

k‘:*’nl

where f: I - R, 6(z) =2, z € I, Ny € N, with ny,) = (n1,M2, ooy M),
N1 € N1, with Np—1] = (N2, N3, .0y Ny ), and:

(D}, ) = (Fn,0)),

Math. Model. Anal., 27(4):547-560, 2022.



554 D. Costarelli

MNm—1

2

k=—nm_1 'm—1

Do 1(D, 0)(x) ~ )

(D3, 0)(@) = T :
. Z ¢o’(n7n—1x - k)
ng k.
o, g O PO @) — B
(D 0)() = - . meN.
kiz ¢U(n2x - k)

Clearly, for m = 2 the above deep NN operators coincide with those con-
sidered in Section 3.

Further, we can observe that the multi-layers NN operators are well-defined
for every m > 2, for any bounded function f. Indeed, it is easy to see that:

(o, @< L _Z 6o (m (D 0)(a) ~ k)

< il
¢o(1)
since (DLT[ _1]9)(:17) € R, for every z € I and n},) € NT'. Now, we are able

to prove the following density result for the family of multi-layers (deep) NN
operators in the space C'(I) with respect to the uniform norm.

Mo((zsg) < +OO,

Theorem 3. Let o be a sigmoidal function satisfying assumption (X3) with
« > 1. Further, let m € N, m > 2 and f € C(I) be fized. Then, for every
€ > 0 there exists D) € N such that:

1Dl <.

Proof. We proceed by induction on m > 2. In the case m = 2 the density
result immediately follows by Theorem 2. We now suppose that the thesis
holds for m —1 > 2. Let now f € C(I) and € > 0 be fixed. In view of Theorem
1, we can choose n € N such that:

[Faf = flloo <&/2.

Further, by the inductive assumption, in correspondence to /2 there exists
n € Nil_l, with n,_q) = (n1,n2, ..., m—1), such that:

£,(1)
2| lloo o (0) (272 + 1)

m—1]

IDpt 06l <

Now, we set ny,,) = (n,n1,n2,...,0m—1) € N7'. Thus, in the case of m-layers
NN operators we can write what follows:

1D f=fllee <D f=FifllotFaf —floo<lIDy  f=Di-? flloote/2.
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Let now = € I be fixed. Using the fact that ¢, is Lipschitz continuous with
Lipschitz constant |o/(0)|, we immediately have:

S )00 (100w k) S 1 (5) o b

k=—n

S5 G0 (R — k) S o — k)

< % > A |og ! @) —a| < <2
¢U( ) k=—n

This completes the proof. O

5 Activation functions and graphical examples

As a first example, we study in detail the case of the deep NN operators acti-
vated by the well-known logistic function:

oe(x) = (1+67E)71, z eR.

It is well-known (see, e.g., [16,19]) that the logistic function is a Lipschitz
continuous function satisfying (X'1), (X¥'2) and (X3). In particular, due to its
exponential decay to zero as © — —oo, o, fulfills condition (X'3) for every
a > 0.

Based on the above considerations, we deduce that in case of the logistic
function, the density results established in the previous section hold, hence we
can formulate what follows.

Corollary 1. Let o, be the logistic function, m € N, m > 2, and f € C(I) be
fixed. Then, denoting by DZfT the m-layers NN operators activated by oy, for

every € > 0 there exists ny,,) € N[' such that:
DR f = flloo < e

As a second example, we consider the sigmoidal function oz, (z) (intro-
duced in [18]) that are associated to the central B-spline ( [6,12]):

i) = S (D) (L) ren

=0 +
The sigmoidal function o7, (z) ( [18]) are defined by the following integral-
formula:
U]de / Md z € R,

and the corresponding density functions assume the following expression:

By (1) = glow,(w +1) — ong, oz — 1)
1 [t

/ M,( =3 Ms(y+z)dy, z€eR.
-1

Math. Model. Anal., 27(4):547-560, 2022.
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In [18] it has been proved that oy, (x) satisfies all the assumptions required in
Section 2. In particular, since the central B-spline has compact support, the
om,(x) =0, for every & < —T', where T > 0 is a suitable constant. This shows
that assumption (X3) is satisfied by o, (), for every a > 0.

As a consequence, the following corollary can be formulated.

Corollary 2. Let op,, d € N, m € Ny, m > 2, and f € C(I) be fixed. Then,

denoting by Dgfw‘? the m-layers NN operators activated by or,, for every

g > 0 there exists n,) € N{" such that:

IDait™ f = flloo < e

Finally, we also observe that, in case of d = 1:

0, < —1/2,
om, () = or(z) = x+(1/2), —-1/2<x<1/2,
1, x> 1/2.

The function oy, () is also known with the name of the ramp function, see
e.g., [9,13,14]. Now, if we recall the definition of the well-known ReLu activation
function (see, e.g., [21]): Yreru(x) = (x)4, = € R, it turns out that:

O M,y (1‘) = wReLu(l‘ + 1/2) - ¢R6Lu($ - 1/2)a

then, the corresponding density function can be expressed in term of ReLu
activation function:

Bou(w) = Do, (2) = 3 [rerule +3/2)
— wReLu(x + 1/2) — ¢ReLu(l' — 1/2) + ¢($ — 3/2)].

As a consequence of the above relation, the deep NN operators D, "™ can be
considered as a deep NN activated by the above linear combination of ReLu
activation function. For more details concerning the usefulness of ¥ger., see,
e.g., [38].

Note that, central B-splines, and consequently the corresponding ojy,, can
be easily expressed in terms of powers of ¥ g.ry. In the theory of NNs, powers
of the ReLLU function are known with the name of rectified power unit functions
(RePUs). Hence, reasoning in a similar way to the case of ReLu function, it is
clear that the above results hold also in case of deep NN operators activated
by suitable combinations of RePUs activation functions (see, e.g., [30]).

Finally, we provide the following graphical examples with the main purpose
to illustrate the approximation performances of the deep NN operators. For
instance, here we consider the continuous function f(z) = 2 —1+sinz, on the
interval [—1, 1]; approximation of f by means of the 2-layers and 3-layers NN
operators activated by the logistic function have been considered in Figure 1.

6 Conclusions

The multi-layers (deep) neural network operators introduced and studied in the
present paper allows to establish constructive approximation results by a family
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Figure 1. On the left: the plots of the function f (red line) and of the 2-layers NN

operators D(210 10)f (blue dots) activated by the logistic function. On the right: the plots of
the function f (red line) and of the 3-layers NN operators D?lo 10 10)f (blue dots) activated
by the logistic function.

of deep neural networks. The present theory deals with the approximation of
functions of one-variable. It is well-known that the theory of artificial neural
networks is mainly a multivariate theory; indeed the present results lead the
way to the introduction of the corresponding version of deep NN operators for
approximating functions of several variables. This will be done in a future work
following the strategy depicted in [17].

In recent years, the theory of multi-layer NNs has been deeply studied,
see, e.g., [34], in view of its wide importance in both theoretical and applied
fields. Concerning very recent approximation results (that can be interpreted
as density theorems) for the above tools, one can see, e.g., [36]. In the latter
paper, the authors established the order of approximation for deep (two or
multi-layer) NNs activated by ReLU functions, in case of multivariate Hélder
continuous functions. One of the main aspects arising from the above result
was that the approximation error depends not only from the number of the
considered neurons but also from the depth of the net, i.e., by the number of
considered layers. Indeed, increasing the number of the layers in the NNs the
accuracy of the approximation improves.

In view of the importance covered by the above topic, in the present paper
we decided to introduce a multi-layer (deep) version of the so-called NN opera-
tors. Here, only the density problem has been treated, however the considered
results are not limited to the case of the ReLLU function, but hold also for a class
of activation functions including RePUs and sigmoidal functions. Obviously,
the role that the additional layers of the NN operators play for the degree of
accuracy of the achieved approximations will be the object of a future investi-
gation. Actually, the graphical results shown in the previous section seems to
suggest the fact that, also in this case, by increasing the number of layers, the
corresponding order of approximation improves. Finally, also the problem of
best approximation will be considered in detail in a future study.
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