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1 Introduction

Let Ω ⊂ Rd, (d ≥ 2) be an open bounded domain with a connected Lipschitz
boundary ∂Ω and T be a fixed positive real number. Our aim of this paper is to
prove the existence and uniqueness results of weak solutions for the nonlinear
fractional parabolic problem

∂u
∂t + (−∆)

s(.)
p(.) u = f(x, t) in QT := Ω×]0, T [,

u = 0 on ΣT := ∂Ω×]0, T [,
u(., 0) = u0 in Ω,

(1.1)

where (−∆)
s(.)
p(.) is the fractional p(x)-Laplacian operator with variable order

which can be defined as

(−∆)
s(.)
p(.) u(x) = P · V ·

∫
Ω

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|d+s(x,y)p(x,y)
dy, for all x ∈ Ω,

■
Copyright© 2022 The Author(s). Published by Vilnius Gediminas Technical University
This is an Open Access article distributed under the terms of the Creative Commons Attribution

License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-

tion, and reproduction in any medium, provided the original author and source are credited.

https://doi.org/10.3846/mma.2022.15740
mailto:abdelali.sabri21@gmail.com
http://creativecommons.org/licenses/by/4.0/


534 A. Sabri

and P.V. is a commonly used abbreviation in the principal value sense. p(.)
and s(.) are two continuous variable exponents with s(x, y)p(x, y) < d for any
(x, y) ∈ Ω ×Ω. f and u0 are regular data.

The terminology variable-order fractional Laplace operator indicates that
s(.) and p(.) are functions and not real numbers. This operator is then a
generalization of the fractional Laplacian (−∆)s, which corresponds to p(.) ≡ 2
and s(.) ≡ s ∈ (0, 1) constant, and of the p -Laplacian −∆p, which corresponds
to p(.) ≡ p ∈ (1,+∞) constant and s(.) ≡ 1.

A very interesting area of nonlinear analysis lies in the study of elliptic
equations involving fractional operators. Recently, great attention has been
focused on these problems, both for pure mathematical research and in view
of concrete real-world applications. Indeed, this type of operator arises in a
quite natural way in different contexts, such as the description of several physi-
cal phenomena, optimization, population dynamics and mathematical finance.
The fractional Laplacian operator (−∆)s, 0 < s < 1, also provides a simple
model to describe some jump Lévy processes in probability theory (see for
example [3, 7, 8, 10,18] and the references therein).

In last years, a large number of papers are written on fractional Sobolev
spaces and nonlocal problems driven by this operator (see for example [7,8,20,
23,24,25] for further details). Specifically, we refer to Di Nezza, Palatucci and
Valdinoci [11], for a full introduction to study the fractional Sobolev spaces
and the fractional p-Laplacian operators. On the other hand, attention has
been paid to the study of partial differential equations involving the p(x)-
Laplacian operators (see [13,16,19] and the references therein). So, the natural
question that arises is to see which result can be obtained if we replace the
p(x)-Laplacian operator by its fractional version (the fractional p(x)-Laplacian
operator). Currently, as far as we know, the only results for fractional Sobolev
spaces with variable exponents and fractional p(x)-Laplacian operator are ob-
tained by [4,5,9,15,27]. In particular, the authors generalized the last operator
to fractional case. Then, they introduced an appropriate functional space to
study problems in which a fractional variable exponent operator is present.
These works are generalized by Reshmi Biswas and Sweta Tiwari in the case of
variable order, see [6], they proved interesting properties concerning the spaces
of Sobolev with variable order, other works in this direction can be found
in [28,29].

As far as we know, there are only few important contributions concerning
the study of nonlinear parabolic problems involving the fractional p-Laplacian
operator. One is due to Mazon et al. in [17], where they proved that the
problem

ut(t, x)=

∫
A

1

|x−y|d+sp
|u(t, y)− u(t, x)|p−2(u(t, y)−u(t, x))dy for x∈Ω, t>0

has a unique strong solution by using the theory of maximal monotone opera-
tors.

By using the theory of maximal accretive operators in Banach spaces, J. Gi-
acomoni and S. Tiwari showed in [14] the existence and uniqueness of weak
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solutions for the parabolic problem involving fractional p -Laplacian,
ut + (−∆)spu+ g(x, u) = f(x, u) in QT := Ω × (0, T ),
u = 0 in Rd\Ω × (0, T ),
u(x, 0) = u0(x) in Rd,

whereΩ is a smooth bounded domain in Rd ( at least C2
)
, s ∈ (0, 1), 1 < p < d

s ,
u0 ∈ L∞(Ω) and f(x, z), g(x, z) are Carathéodory functions, locally Lipschitz
with respect to z uniformly in x and satisfying some growth conditions.

In addition, by SOLA method, B. Abdellaoui et al. studied in [2] the
existence of weak solutions of the nonlinear fractional p-Laplacian problem
with Dirichlet boundary condition

ut +
(
−∆s

p

)
u = f(x, t) in ΩT ≡ Ω × (0, T ),

u = 0 in
(
Rd\Ω

)
× (0, T ),

u(x, 0) = u(x) in Ω,

with (f, u0) ∈ L1 (ΩT )× L1(Ω).
Motivated by these works, and by using the Rothe’s method, we study the

existence and uniqueness question of weak solutions to the non-linear parabolic
problem (1.1), we apply here a time discretization of the problem (1.1) by
Euler forward scheme and we show existence, uniqueness and stability of weak
solutions to the discretized problem. After, we will construct from the weak
solution of the discretized problem a sequence that we show converging to a
weak solution of the nonlinear parabolic problem (1.1). We recall that The
Rothe’s method was introduced by E. Rothe in 1930 and it has been used
and developed by many authors, e.g., P.P. Mosolov, K. Rektorys in linear and
quasilinear parabolic problems. This method has been used by several authors
while studying time discretization of nonlinear parabolic problems, we refer to
the works [12, 21, 22] for some details. The advantage of our method is that
we cannot only obtain the existence and uniqueness of weak solutions to the
problem (1.1), but also compute the numerical approximations.

2 Preliminaries and notations

In this section, we will recall some notations and definitions and we will
state some results which will be used in this work.
Let Ω be a smooth bounded open set in Rd, we consider the set

C+(Ω̄) = {q ∈ C(Ω̄) : 1 < q− < q(x) < q+ < ∞ for all x ∈ Ω̄},

where
q− = inf

x∈Ω
q(x) and q+ = sup

x∈Ω

q(x).

For any q ∈ C+(Ω̄), we define the variable exponent Lebesgue space as

Lq(.)(Ω)=
{
u : function u : Ω → R is measurable with

∫
Ω

|u(x)|q(x)dx < ∞
}
,

Math. Model. Anal., 27(4):533–546, 2022.
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which is endowed with the so-called Luxemburg norm

∥u∥q(·) = inf
{
γ > 0 :

∫
Ω

|u(x)/γ|q(x) dx ≤ 1
}
.

(
Lq(·)(Ω), ∥·∥q(·)

)
is a separable reflexive Banach space see, for example [16].

Let p : Ω×Ω −→ (1,+∞) and s : Ω×Ω −→ (0, 1) be two continuous functions
such that

1 <p− = min
(x,y)∈Ω×Ω

p(x, y) ⩽ p(x, y) ⩽ p+ = max
(x,y)∈Ω×Ω

p(x, y) < +∞, (2.1)

0 <s− = min
(x,y)∈Ω×Ω

s(x, y) ⩽ s(x, y) < s+ = max
(x,y)∈Ω×Ω

s(x, y) < 1, (2.2)

0 <s− < s+ < 1 < p− ⩽ p+. (2.3)

We set p(x) = p(x, x) and s(x) = s(x, x) for all x ∈ Ω.
We assume that p and s are symmetric, that is

p(x, y) = p(y, x), s(x, y) = s(y, x) ∀(x, y) ∈ Ω ×Ω. (2.4)

The variable-order fractional Sobolev space with variable exponent via the
Gagliardo approach is defined by

X = W s(·),p(·) (Ω) =

{
u ∈ Lp̄(x) (Ω) :∫

Ω

∫
Ω

|u(x)− u(y)|p(x,y)

γp(x,y)|x− y|d+s(x,y)p(x,y)
dxdy < ∞ for some γ > 0

}
,

with the norm ∥u∥X = ∥u∥p̄(x) + [u]s(·),p(·), where

[u]s(·),p(·) = inf

{
γ > 0 :

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)

γp(x,y)|x− y|d+s(x,y)p(x,y)
dxdy < 1

}
is a Gagliardo seminorm with variable-order and variable exponent. The space
X is a separable reflexive Banach space, see [6]. Next we define the subspace
X0 of X as

X0 = X
s(.),p(.)
0 (Ω) := {u ∈ X : u = 0 a.e.in Ωc}

endowed by the norm ∥u∥X0
:= [u]s(·),p(·). The space X0 is a separable reflexive

Banach space, see [6]. We define the convex modular function ϱ
s(·)
p(·) : X0 → R

by

ϱ
s(·)
p(·)(u) =

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy,

whose associated norm define by

∥u∥ = ∥u∥
ρ
s(.)

p(.)

= inf
{
γ > 0 : ϱ

s(·)
p(·) {u/γ} ≤ 1

}
,

which is equivalent to the norm ∥ · ∥X0 .
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Proposition 1. [6] Let u ∈ X0 and {un} ⊂ X0, then

1. ∥u∥X0
< 1( resp. = 1, > 1) ⇐⇒ ρ

s(·)
p(·)(u) < 1( resp. = 1, > 1),

2. ∥u∥X0
< 1 ⇒ ∥u∥p

+

X0
≤ ρ

s(·)
p(·)(u) ≤ ∥u∥p

−

X0
,

3. ∥u∥X0
> 1 ⇒ ∥u∥p

−

X0
≤ ρ

s(·)
p(·)(u) ≤ ∥u∥p

+

X0
,

4. limn→∞ ∥un∥X0
= 0(∞) ⇐⇒ limn→∞ ρ

s(·)
p(·) (un) = 0(∞),

5. limn→∞ ∥un − u∥X0
= 0 ⇐⇒ limn→∞ ρ

s(·)
p(·) (un − u) = 0.

Theorem 1. [6] Let Ω ⊂ Rd be a smooth bounded domain and let p(.) and s(.)
be two continuous variable exponents satisfying (2.1)–(2.4) with s(.)p(.) < d.
Assume that r : Ω −→ (1,+∞) is a continuous variable exponent such that

p∗s(.)(x) =
dp(x)

d− s(x)p(x)
> r(x) ⩾ r− = min

x∈Ω
r(x) > 1 for all x ∈ Ω.

Then, there exists a positive constant C = C(d, s, p, r, Ω) such that, for any
u ∈ X0

∥u∥Lr(x)(Ω) ⩽ C ∥u∥X0
.

Thus, X0 is continuously embedded in Lr(x)(Ω) for any r ∈ (1, p∗s(.)). Moreover,
this embedding is compact.

Let q′∈C+(Ω) be the conjugate exponent of q, that is, 1
q(x)+

1
q′(x) = 1 for

all x ∈ Ω, then we have the following Hölder’s inequality:

Lemma 1. [13](Hölder’s inequality). If u ∈ Lq(x)(Ω) and v ∈ Lq′(x)(Ω),
then∣∣∣∣∫

Ω

uvdx

∣∣∣∣ ⩽ ( 1

q−
+

1

q′−

)
∥u∥Lq(x)(Ω) ∥v∥Lq′(.)(Ω) ⩽ 2 ∥u∥Lq(x)(Ω) ∥v∥Lq′(x)(Ω).

Let X be a Banach space and let T > 0. For 1 ≤ p ≤ ∞, the space Lp(0, T ;X)
consists of all measurable functions u : [0, T ] → X such that

∥u∥Lp(0,T ;X) =

(∫ T

0

∥u(t)∥pX dt

) 1
p

< ∞ if 1 ≤ p < ∞,

∥u∥L∞(0,T ;X) = ess-supt∈[0,T ] ∥u(t)∥X < ∞.

The space C(0, T ;X) is a space of all continuous functions u : [0, T ] → X such
that

∥u∥C(0,T ;X) = max
t∈[0,T ]

∥u(t)∥X < ∞.

The spaces Lp(0, T ;X) and C(0, T ;X) equipped with the norms from the above
definitions are the Banach spaces.

Math. Model. Anal., 27(4):533–546, 2022.
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Lemma 2. [1] For ξ, η ∈ Rd and 1 < p < ∞, we have

1

p
|ξ|p − 1

p
|η|p ≤ |ξ|p−2ξ(ξ − η).

Lemma 3. [26] For any x, y ∈ Rd, we have{
|x− y|p ≤ cp

(
|x|p−2x− |y|p−2y

)
· (x− y) for p ≥ 2,

|x−y|p ≤ Cp

[(
|x|p−2x−|y|p−2y

)
· (x−y)

] p
2 (|x|p + |y|p)

2−p
2 for 1 < p < 2,

where cp = ( 12 )
−p and Cp = 1

p−1 .

Remark 1. Hereinafter k, τ, T are strictly positive real numbers, N is a strictly
positive natural number and C(X), Ci(X) (i ∈ N) are positive constants de-
pending only on X.

3 Main result

In this section, we give the notion of weak solutions for the nonlinear fractional
parabolic problem (1.1) and we state the main result of this paper, Firstly, we
assume that

f ∈ L∞(QT ) and u0 ∈ L∞(Ω) ∩X0. (3.1)

Definition 1. A measurable function u : QT → R is a weak solution to the
nonlinear fractional parabolic problem (1.1) in QT if u(., 0) = u0 in Ω, u ∈
C(0, T ;L2(Ω))∩Lp−

(0, T ;X0),
∂u
∂t ∈ L2(QT ), and for all φ ∈ C1(QT ), we have∫ T

0

∫
Ω

∂u

∂t
φ dx dt +

∫ T

0

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|d+s(x,y)p(x,y)

×
(
φ(x)− φ(y)

)
dx dy dt =

∫ T

0

∫
Ω

fφ dx dt. (3.2)

Now, we state our main result of this work.

Theorem 2. Let p(.) and s(.) be two continuous variable exponents satisfying
(2.1)–(2.4) with s(x, y)p(x, y) < d for all (x, y) ∈ Ω × Ω. If hypothesis (3.1)
holds, then, the problem (1.1) has a unique weak solution.

4 Proof of the main result

The proof of our main result is divided into three steps, in the first one, using
Euler forward scheme, we discretize the problem (1.1) and we study the exis-
tence and uniqueness questions of weak solutions to the discretized problems.
In the second step, we give some stability results for the discrete entropy so-
lutions. Finally and by Rothe’s function, we construct a sequence of functions
that we show that this sequence converges to a weak solution of the nonlinear
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fractional parabolic problem (1.1). We finish this step by proving the unique-
ness result of weak solutions.
Step 1. The semi-discrete problem.
By Euler forward scheme, we discretize the problem (1.1), we obtain the fol-
lowing problems Un + τ (−∆)

s(.)
p(.) Un = τfn + Un−1 in Ω,

Un = 0 on ∂Ω,
U0 = u0 in Ω,

(4.1)

where Nτ = T, 0 < τ < 1, 1 ≤ n ≤ N, tn = nτ , fn(.) =
1
τ

∫ tn
tn−1

f(s, .)ds in Ω.

Definition 2. A weak solution for the discretized problems (4.1) is a sequence
(Un)0≤n≤N such that U0 = u0 and Un is defined by induction as a weak solution
of the problem {

u+ τ (−∆)
s(.)
p(.) u = τfn + Un−1 in Ω,

u = 0 on ∂Ω,

i.e., Un ∈ X0 and ∀ φ ∈ X0, ∀ τ > 0, we have∫
Ω

Unφdx+ τ

∫
Ω

∫
Ω

|Un(x)− Un(y)|p(x,y)−2(Un(x)− Un(y))

|x− y|d+s(x,y)p(x,y)

×
(
φ(x)− φ(y)

)
dx dy =

∫
Ω

(τfn + Un−1)φdx. (4.2)

Lemma 4. Let hypothesis (3.1) be satisfied. If (Un)0≤n≤N is a weak solution of
the discretized problem (4.1), then for all n = 1, . . . , N, we have Un ∈ L∞(Ω).

Proof. Let k > 0 and 1 ≤ n ≤ N, we take φ = |Un|kUn as test function in
the Equation (4.2) we obtain∫

Ω

|Un|k+2dx+ τ

∫
Ω

∫
Ω

|Un(x)− Un(y)|p(x,y)−2(Un(x)− Un(y))

|x− y|d+s(x,y)p(x,y)

×
(
|Un|kUn(x)− |Un|kUn(y)

)
dx dy =

∫
Ω

(τfn + Un−1)|Un|kUndx.

Using Hölder’s inequality and the hypothesis (3.1), we obtain

∥Un∥k+2
k+2 ≤ τC1 ∥Un∥k+1

k+1 + ∥Un−1∥k+2 ∥Un∥k+1
k+2 .

Since ∥Un|k+1 ≤ C2 ∥Un∥k+2, it follows that

∥Un∥k+2 ≤ τC3 + ∥Un−1∥k+2 ,

and, by induction, we deduce that

∥Un∥k+2 ≤ TC4 + ∥U0∥∞ .

Taking the limit as k → ∞, we deduce the desired result. ⊓⊔

Math. Model. Anal., 27(4):533–546, 2022.
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Theorem 3. Let p(.) and s(.) be two continuous variable exponents satisfying
(2.1)–(2.4) with s(x, y)p(x, y) < d for all (x, y) ∈ Ω × Ω. If hypothesis (3.1)
holds, then, the problem (4.1) has a unique weak solution (Un)0≤n≤N and for
all n = 1, ..., N, Un ∈ L∞(Ω) ∩X0.

Proof. For n = 1, we pose u = U1, we rewrite the problem (4.1) as{
u+ τ (−∆)

s(.)
p(.) u = τf1 + U0 in Ω,

u = 0 on ∂Ω.
(4.3)

Existence part. For any u ∈ X0, define the following functional

F(u) :=
1

2

∫
Ω

u2(x)dx

∫
Ω

+ τ

∫
Ω

|u(x)− u(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)p(x, y)
dxdy

− τ

∫
Ω

f1(x)u(x)dx−
∫
Ω

U0u(x)dx.

Note that the functional F(u) is bounded and strictly convex (this holds since
for any x and y the function t 7−→ tp(x,y) is strictly convex). Now our goal is to
prove that F(u) has a unique minimizer in X0. This minimizer shall provide
the unique weak solution to the problem (4.3). For that, let u ∈ X0 with
∥u∥X0 ⩾ 1, by using Proposition 1 and Theorem 1, we derive that

F(u) ≥ τ

p+

∫
Ω×Ω

|u(x)− u(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy − τ ∥f1∥L(p(x))′ (Ω) ∥u∥Lp(x)(Ω)

− ∥U0∥L(p(x))′ (Ω) ∥u∥Lp(x)(Ω) ≥
τ

p+
∥u∥p−

X0
− C5 ∥u∥X0

− C6 ∥u∥X0
,

which implies that F(u) is coercive on X0. Then, there is a unique minimizer
u of F(u). It remains to show that when u is a minimizer to F(u) then it is a
weak solution to the problem (4.3). Indeed, given a φ ∈ X0 we compute

0 =
d

dt
F(u+ tφ)

∣∣∣∣
t=0

=

∫
Ω

d

dt

(u(x) + tφ(x))2

2
dx

∣∣∣∣
t=0

+ τ

∫
Ω

∫
Ω

d

dt

|u(x)− u(y) + t(φ(x)− φ(y))|p(x,y)

p(x, y)|x− y|d+s(x,y)p(x,y)
dxdy

∣∣∣∣
t=0

− τ

∫
Ω

d

dt
f1(x)(u(x) + tφ(x))dx

∣∣∣∣
t=0

−
∫
Ω

d

dt
U0(x)(u(x) + tφ(x))dx

∣∣∣∣
t=0

=

∫
Ω

u(x)φ(x)dx+ τ

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|d+s(x,y)p(x,y)

× (φ(x)− φ(y))dxdy − τ

∫
Ω

f1(x)φ(x)dx−
∫
Ω

U0(x)φ(x)dx.

As u is a minimizer of F . Thus, we deduce that u is a weak solution to
the problem (4.3). The proof of the converse (that every weak solution is a
minimizer of F) is standard and I leave the details to the reader.
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Uniqueness part. Let u and v be two weak solutions of the problem (4.3).
For the solution u, we take φ = u − v as test function and for the solution v
we take φ = v − u as test function in the equality (4.2), then we have∫

Ω

u(u− v)dx+ τ

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|d+s(x,y)p(x,y)

×
(
u(x)− u(y)−

(
v(x)− v(y)

))
dx dy =

∫
Ω

(τf1 + U0)(u− v)dx,

and ∫
Ω

v(v − u)dx+ τ

∫
Ω

∫
Ω

|v(x)− v(y)|p(x,y)−2(v(x)− v(y))

|x− y|d+s(x,y)p(x,y)

×
(
v(x)− v(y)−

(
u(x)− u(y)

))
dx dy =

∫
Ω

(τf1 + U0)(v − u)dx.

By summing up the two above equalities, we get∫
Ω

(u− v)2dx + τ
〈
(−∆)

s(.)
p(.) u− (−∆)

s(.)
p(.) v, u− v

〉
= 0.

Using Lemma 3, we deduce that〈
(−∆)

s(.)
p(.) u− (−∆)

s(.)
p(.) v, u− v

〉
⩾ 0.

Therefore, u = v a.e in Ω. By induction, using the same argument above, we
prove that the problem (4.1) has a unique weak solution (Un)0≤n≤N such that
n = 1, ..., N, Un ∈ L∞(Ω) ∩X0. ⊓⊔

Step 2. Stability results.
In this section, we give some a priori estimates for the discrete weak solution
(Un)1≤n≤N which will be used to derive the convergence results for the Euler
forward scheme.

Theorem 4. Let hypothesis (3.1) be satisfied. Then, there exists a positive
constant C(u0, f) depending on the data but not on N such that for all n =
1, . . . , N , we have

(a) ∥Un∥22 ≤ C(u0, f), (b)

n∑
i=1

∥Ui − Ui−1∥22 ≤ C(u0, f),

(c) τ

n∑
i=1

∥Ui∥p
−

X0
≤ C(u0, f), (d)

n∑
i=1

∥Ui − Ui−1∥L1(Ω) ≤ C(u0, f).

Proof. For (a) and (b). Let 1 ≤ i ≤ N, we take φ = Ui as test function in
the Equation (4.2) we obtain∫

Ω

(Ui − Ui−1)Uidx+ τ

∫
Ω

∫
Ω

|Ui(x)− Ui(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy

=

∫
Ω

(τfi + Ui−1)Uidx. (4.4)
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With the aid of the identity 2a(a− b) = a2− b2+(a− b)2, from (4.4) we obtain

1

2
∥Ui∥22 −

1

2
∥Ui−1∥22 + ∥Ui − Ui−1∥22

+ τ

∫
Ω

∫
Ω

|Ui(x)− Ui(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy ≤ τC7 ∥Ui∥2 . (4.5)

Now, summing (4.5) from i = 1 to n and using the Lemma 4, we get

∥Un∥22 −∥U0∥22
2

+

n∑
i=1

∥Ui−Ui−1∥22 +τ

n∑
i=1

∫
Ω

∫
Ω

|Ui(x)−Ui(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy≤C8.

(4.6)
Hence, the stability result (a) and (b) are then proved.

For (c). We pose m0 = {i ∈ 1; 2; ...;N : ∥Ui∥X0 ≤ 1} , we have

τ

n∑
i=1

∥Ui∥p
−

X0
≤ τ

∑
i∈m0

∥Ui∥p
−

X0
+ τ

∑
i̸∈m0

∥Ui∥p
−

X0
≤ T + τC9

∑
i̸∈m0

ϱ
s(·)
p(·)(Ui).

And, by the inequality (4.6), we deduce the stability result (c).
For (d). Let k > 0, we define the following function

Tk(m) :=

{
m, if |m| ≤ k,

k sign (m), if |m| > k,
where sign (m) :=


1, if m > 0,

0, if m = 0,

−1, if m < 0.

Taking φ = Tτ (Ui −Ui−1) in the Equation (4.2) and dividing this equation by
τ, we obtain by applying Lemma 2 that∫

Ω

(Ui − Ui−1)
Tτ (Ui − Ui−1)

τ
dx+

∫
Ωi

τ (y)

∫
Ωi

τ (x)

(
|Ui(x)− Ui(y)|p(x,y)

p(x, y)|x− y|d+s(x,y)p(x,y)

− |Ui−1(x)− Ui−1(y)|p(x,y)

p(x, y)|x− y|d+s(x,y)p(x,y)

)
dxdy ≤ τ∥fi∥L1(Ω), (4.7)

where Ωi
τ (z) = {|Ui(z)− Ui−1(z)| ≤ τ} . Summing the inequality (4.7) from

i = 1 to n, we get

n∑
i=1

∫
Ω

(Ui−Ui−1)
Tτ (Ui−Ui−1)

τ
dx ≤ 1

p−

∫
Ω

∫
Ω

|U0(x)−U0(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy+C10.

Then, letting τ approach to 0 in the above inequality, and using the fact that

lim
k→0

m(x)
Tk(m(x))

k
= |m(x)|,

we deduce the stability result (d). ⊓⊔

Step 3. Weak solution of the continuous problem.
Let us introduce the following piecewise linear extension (called Rothe function){

uN (0) := u0,

uN (t):=Un−1+(Un−Un−1)
(t−tn−1)

τ , ∀ t in ]tn−1, tn], n = 1, . . . , N in Ω.
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And the following piecewise constant function{
uN (0) := u0,
uN (t) := Un ∀ t in ]tn−1, tn], n = 1, ..., N in Ω.

We have by Theorem 3 that for any N ∈ N, the weak solution (Un)1≤n≤N of
problems (4.1) is unique, thus, the two sequences (uN )N∈N and (uN )N∈N are
uniquely defined.

Lemma 5. Let hypothesis (3.1) be satisfied. Then, there exists a positive con-
stant C(T, u0, f) independent of N such that for all N ∈ N, we have

(1) ∥uN − uN∥2L2(QT ) ≤
1

N
C(T, u0, f), (2) ∥uN∥L∞(0,T,L2(Ω)) ≤ C(T, u0, f),

(3) ∥uN∥L∞(0,T,L2(Ω)) ≤ C(T, u0, f), (4) ∥uN∥Lp− (0,T,X0)
≤ C(T, u0, f),

(5)

∥∥∥∥∂uN

∂t

∥∥∥∥2
L2(QT )

≤ C(T, u0, f).

Proof. For (1). We have

∥uN − uN∥2L2(QT ) =

∫ T

0

∫
Ω

|uN − uN |2dxdt

≤
i=N∑
i=1

∫ tn

tn−1

∫
Ω

|Un − Un−1|2
(
tn − t

τ

)2

dxdt =
τ

3

i=N∑
i=1

∥Un − Un−1∥22.

From (b) of Theorem 4, we get

∥uN − uN∥2L2(QT ) ≤
1

N
C(T, u0, f).

And in the same manner, we show the results (2), (3) and (4).
For (5). In the weak formulation (4.2) we take φ = Un − Un−1 and

summing this equality from i = 1 to N, we get by applying Lemma 2 and
hypothesis (3.1) that

i=N∑
i=1

∫
Ω

(Ui − Ui−1)
2

τ
dx+

i=N∑
i=1

∫
Ω

∫
Ω

(
|Ui(x)− Ui(y)|p(x,y)

p(x, y)|x− y|d+s(x,y)p(x,y)

− |Ui−1(x)− Ui−1(y)|p(x,y)

p(x, y)|x− y|d+s(x,y)p(x,y)

)
dxdy ≤ C11

i=N∑
i=1

∥Ui − Ui−1∥L1(Ω) .

This implies that∥∥∥∥∂uN

∂t

∥∥∥∥2
L2(QT )

≤ 1

p−

∫
Ω

∫
Ω

|U0(x)−U0(y)|p(x,y)

|x− y|d+s(x,y)p(x,y)
dxdy+C12

i=N∑
i=1

∥Ui−Ui−1∥L1(Ω) .

Then, we apply the result (d) of Theorem 4 and hypothesis (3.1) we obtain
the result (5). ⊓⊔
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Now, using the two results (2) and (3) of Lemma 5, the sequences (uN )N∈N
and (uN )N∈N are uniformly bounded in L∞(0, T, L2(Ω)), therefore, there exist
two elements u and v in L∞(0, T, L2(Ω)) such that

uN → u weakly in L∞(0, T, L2(Ω)), uN → v weakly in L∞(0, T, L2(Ω)).

And from the result (1) of Lemma 5, it follows that u ≡ v. Furthermore, by
Lemma 5 we have that

∂uN

∂t
→ ∂u

∂t
in L2(QT ), uN → u in Lp−

(0, T,X0),

|uN (x)−uN (y)|p(x,y)

|x− y|
d+s(x,y)p(x,y)

p′(x,y)

→|u(x)−u(y)|p(x,y)

|x−y|
d+s(x,y)p(x,y)

p′(x,y)

weakly in
(
Lp′(x,y)(Ω×Ω×]0;T [)

)d
.

On the other hand, we have by Lemma 5 and Aubin-Simon’s compactness
result that uN → u in C(0, T, L2(Ω)). Now, we prove that the limit function u
is a weak solution of problem (1.1). Firstly, we have uN (0) = U0 = u0 for all
N ∈ N, then u(0, .) = u0. Secondly, let φ ∈ C1(QT ), we rewrite (3.2) in the
forms of∫ T

0

∫
Ω

∂uN

∂t
φ dx dt+

∫ T

0

∫
Ω

∫
Ω

|uN (x)− uN (y)|p(x,y)−2(uN (x)− uN (y))

|x− y|d+s(x,y)p(x,y)

×
(
φ(x)− φ(y)

)
dx dy dt =

∫ T

0

∫
Ω

fNφdx, (4.8)

where fN (t, x) = fn(x),∀ t ∈]tn−1, tn], n = 1, . . . , N. Taking limits as N → ∞
in (4.8) and using the above results, we deduce that u is a weak solution of the
nonlinear fractional parabolic problem (1.1).

Uniqueness part. Let u and v be two weak solutions of the problem (1.1).
For the solution u, we take φ = u − v as test function and for the solution v
we take φ = v − u as test function in the Equation (3.2), then we have∫ T

0

∫
Ω

∂u

∂t
(u− v)dx dt+

∫ T

0

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)−2(u(x)− u(y))

|x− y|d+s(x,y)p(x,y)

×
(
u(x)− u(y)−

(
v(x)− v(y)

))
dx dy dt =

∫ T

0

∫
Ω

f(u− v)dx dt,∫ T

0

∫
Ω

∂v

∂t
(v − u)dx dt+

∫ T

0

∫
Ω

∫
Ω

|v(x)− v(y)|p(x,y)−2(v(x)− v(y))

|x− y|d+s(x,y)p(x,y)

×
(
v(x)− v(y)−

(
u(x)− u(y)

))
dx dy dt =

∫ T

0

∫
Ω

f(v − u)dx dt.

By summing up the two above equalities, and using the same arguments in the
proof of uniqueness part of Theorem 3, we conclude that u = v a.e in Ω.
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