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Abstract. We consider the well-posedness theory of the compact case of one-dimen-
sional quantum Zakharov system with the periodic boundary condition. The global
well-posedness for sufficiently regular data is shown. The semi-classical limit as ¢ — 0
is obtained on a compact time interval whereas the quantum perturbation proves to
be singular on an infinite time interval.
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1 Introduction

Consider the quantum Zakharov system (QZS)

(i0; + AOyy — €202, )u = un, (z,t) € T x [0, 7],
(87204 — Opw + €20%,)n = Opu(Jul?),
(u(z,0),n(z,0), dn(z,0))=(ug, no,n1)EH> :=H*(T)x H(T)x H'=2(T),
(1.1)
where u(z,t) € C, n(z,t) e R, T >0, o, > 0, s,l € R. The two conserved
quantities that are of use in this paper are

M, m, O (t) = Jull3e = uol[32, Hlu,n, 0pn](t) = | pull3e + | Orpu]5
1 1
5 (Il + ol + Eounis) + [ nhuf (1.2)

When e = 0, QZS is well-known as the classical Zakharov system (ZS) that
models the interaction of Langmuir turbulence waves and ion-acoustic waves.
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Here u denotes the slowly-varying envelope of electric field, and n represents
an ion-acoustic wave that models the density fluctuation of ions [17]. A thrust
of interest in studying the quantum effects unexplained by ZS came from the
physics community [6]. There the quantum effect is characterized by a fourth-
order derivative perturbation with a quantum parameter ¢ > 0 that is non-
negligible when either the ion-plasma frequency is high or the electrons’ tem-
perature is low; for more background in the physics of this model, see [9, 14].

Although the QZS model is relatively new, the Bourgain norm method
has been used successfully by many including, but not limited to, [1,7, 11,
12], in applications to various dispersive equations such as the KdV, nonlinear
Schrédinger equation, and ZS. The task of proving boundedness for certain
multilinear operators reduces to showing spacetime Lebesgue-type estimates
in the Fourier space, which can be a challenge on bounded domains where
satisfactory Strichartz estimates are not available. Despite this difficulty, see
[2,4,13] for the well-posedness theory of ZS on periodic domains. For more
recent work on QZS on R, see [3,5,10].

Our goal is to understand the effect of quantum modification represented by
the additional biharmonic operator on T, thereby extending the results of [15].
We show that the biharmonic operator provides an extra degree of smoothing

that nullifies the distinction between resonance (g € Z) and non-resonance

(g ¢ 7Z), a phenomenon that played a central role in [15]. More precisely,
we show that the region of Sobolev exponent pairs (s,1) € R? yielding well-
posedness for € = 0 (which depend on g € Z or g ¢ Z) are no longer different
when € > 0. It is shown that if ZS is well-posed with data in certain Sobolev
spaces, then so is QZS. Under the condition s > 0, it is shown that our method
yields a region of Sobolev exponents for the local well-posedness that is sharp
up to the boundary.
For s,l € R, b € R, define

1f Iz = I0R)*(m + ak® + k) F(k, 7| 222,
1f 1t = IKRY (Il = BIEI(R)) F ks T 222

and the augmented norm

~

1 lyg = 1A oy A I (R )R Mz
s (1.4)
£y, = 1A oy + I (R 7) (R Nz s

where k, 7 denote the Fourier dual variables to the physical variables z,t, and

o~

f (or Ff) denotes either the space or spacetime Fourier transform, depending
on the context. Let the restricted space be

f s,b = inf f s,by
Ifllxgs = _nf s

and similarly for norms defined in (1.3) and (1.4). Further define the region of
well-posedness

N ={s>0,-1<1<2s+1, —2<s—-1<2},
Qa={0<s-1<2 s+1>4}U{(2,1)}.
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Theorem 1. If (s,1) € 21, then (1.1) is locally well-posed; there exists T =
T(|[(uo, n0, 1) grst) > 0 and a unique (u,n,0pn) € Y§ 1 ><Y15V7T XY‘;% that sat-
isfies (1.1). Further, if T' € (0,T), then there exists a neighborhood B C H*!
around (up, o, n1) such that the data-to-solution map (ug,ng,n1) — (u,n, dn)
is Lipschitz-continuous from B to Y x Vi x YV[;%

In the Appendix, explicit examples are given that illustrate the necessity of
s>—-1, -1<1<2s+1, —2<s—-1<2.

Theorem 2. If (s,1) € g, then the unique local solution obtained in Theo-
rem 1 can be extended globally in time. More precisely, there exists

(u,n,0im) € Cioe([0,00); H*Y) that satisfies (1.1) such that for all T > 0,
(u,n,0¢n) is a unique solution in Yg 1 X Y{fV,T X Yév_%

Lastly the semi-classical limit of QZS to ZS as € — 0 is considered. We
extend the results of [8] to show that the solutions behave continuously as
€ — 0 on a compact time interval. On the other hand, explicit examples are
given to illustrate that the biharmonic operator e2A2, for any € > 0, is a
singular perturbation on an infinite time interval. Here we address a subtlety
that QZS generates flow on H*! whereas the classical ZS does so on Hg’l =
H*(T) x H(T) x H'"(T). To overcome this apparent gap of solution space,
the growth of Sobolev norm of solutions is estimated in various function spaces
with bounds independent of € > 0.

We outline the organization of the paper. In Section 2, notations are in-
troduced. In Section 3, we summarize a set of linear estimates that are used
throughout the paper. In Section 4, nonlinear estimates are proved and applied
to yield local well-posedness of (1.1). In Section 5, the local solutions obtained
in Section 4 are extended to global solutions for every € > 0, and the limit
€ — 0 is considered.

2 Notation

Given Ay, denote >~ Ay := Ay + A_. Let ¢ € C(R) be a smooth cutoff
£

function with a compact support in [—2,2] and ¢ (¢) = 1 for all t € [-1,1]. For
b € R, we write b% to denote b & ¢ for some universal ¢ < 1. Assume € < 1.
Let (k) = (14 k2)2 and define (V), D :=|V| as multipliers.

Assume without loss of generality that ng,n; have zero means. If
J nodz, [nidx # 0, then consider the change of variable

s T ) sy i et -
u\x (& u\xr n\x n\x - — ny — — n
) s V) ) ) o 1 o 05

which, by direct computation, satisfies (1.1) with zero means in the new vari-
able. By integrating the second equation of (1.1) over space, one obtains
% an = 0, and, therefore, the mean zero condition on ng,n; allows us to
make sense of ||0in|| ;-1 in (1.2).
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The contraction mapping argument is developed to show
t
u(t) = I (u,n)(t) == Ue(t)ug — z/ Uc(t —t')(un)(t")dt’,
0
t
n(t) = Fg(u)(t)::(’?ﬂ/;(t)no—i—Ve(t)nl—i—ﬁQ/ Ve(t =)0 (Ju®)#)dt',  (2.1)
0

where U,(t), Ve(t), 0;Ve(t) for € > 0 are defined via Fourier multipliers

ik ) W, cos(BIk|(ek)t),

respectively on Z.
To control the nonlinear contribution coming from the Duhamel term of
(2.1), consider the companion spaces to Y&, Y}

k;S -~
2z = 151y + | e gy )

T+ ak? + 2k%) 2Ly’
_ W g
190z, =171 + | = gt 76 s

3 Linear estimates
Fix a,8,e > 0 and T € (0, 1] for Sections 3 and 4.

Lemma 1 [Homogeneous estimates]. For s,l € R,

[Ue()uoll s = lluoll =, (&) Ue(t)uollvs S lluollms, Ve > 0.
[0:Ve@moll < oz, 1) Ve)nollyy, S 1nollare, Ve = 0.
(

1 1
Ve@nallge S (¢ + ) lnallm- 0O VeO)nallyy, Sw 1+ Z)lnallm-2,

pe Be
1 1
Vo(O)nallg < (¢ + E)Hnlﬂm—u (@O Vo(t)nallyy, Se (1+ E)”anHl—l'

Proof.  The first line of inequalities follows from the unitarity of Schrédinger
operator; see [16, Lemma 2.8]. A similar argument can be used to show the
other inequalities. O

Lemma 2 [Inhomogeneous estimates]. For s,l € R and p € [0,1],

(1) / UL(t — ) F(t))dt

v Se 1z,

w(t) / Vit — ) DP PR

0

i, Sﬂb C(p7676)“F”Z%}V7

P(t) /Ot OV (t —t")D*PF(t')dt’

yi-e So 1Fl 2, -
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Proof. The first inequality is standard in literature; see [16, Proposition 2.12].
The second and third are proved similarly where

c(p, Bye) = (1,;2”)1;20/6/)‘1/2- O

Lemma 3. Let T <1, s,l € R, and f% <b<V < % Then
ot/ Tullxso Swpp T 7bHU||X;,b', 1ot/ Tl i Sw e Tl i

Proof. The first inequality follows from [16, Lemma 2.11]. The second in-
equality follows similarly. O

4 Nonlinear estimates

Proposition 1. For 0 < p <1, suppose s >0, -1 <1 <2s+1—p, —2+p<
s—1<2andb e (%, %] Then there exists C = C(a, B¢, p,8,1,b) > 0 such
that

funl .y < Ol

|D? o)l

eyl gyl )

==

-3 = Clllullegrliol oy + el oy Iolege)-

Proposition 2. Assuming the hypotheses of Proposition 1,

H T+ a;‘?:— €2k*) an(k, )

o S llullxgelinll oy + HUIIX;,%H”HXW,

l,g
w

)k
| = By 2 )

The contraction mapping argument can be closed by combining Propositions 1
and 2 and Lemma 3.

< , .
s lull xsellvll oy + IIUHX;-,%HUIIX;,b-

s,
S

Corollary 1. For some 6§ € (0, §),

zs ST°|ul

lun|

vellnllys 1D (a7, S Tl

Remark 1. The proof of Proposition 2 is similar to that of Proposition 1, and
thus is omitted. See [15] for more details.

Remark 2. The method of direct estimation by the Cauchy-Schwarz inequality
does not seem to work, at least directly, when p = 0. One can check that the
T1-integral in (4.7) is not justified. In fact if &k = 0, then IV = oo by direct
computation.

Assuming the aforementioned statements, we prove Theorem 1.
Proof. ForT > 0, define X = Y§7T><YJV,T><YI§7721 with [|(u, n, On)|| :== [Jullx; .

il + [9enllys 2. X(R) = {(um,dm) € X : (s, Oym)]| < Ro} for
R > 0 to be determined and o = ||(ug, no, n1) || gs.t-
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Consider I'(u,n,0n) = (I'1(u,n), [2(u), I3(w)) on X(R) where I'1, I are
defined in (2.1) and I's(u)(t) = 0L (u)(t). If (s,1) € 21, pick p > 0 sufficiently
small such that the hypotheses of Proposition 1 are fulfilled. By Corollary 1,
there exists § > 0 such that

17 (u,n, 0n)|| S 0+ T?ullyg ,lInllyy, , +T0ullyy < o+ 2T°R%0>.

If R is chosen sufficiently big (depending on the given parameters), then by
choosing 0 < T < o~ #, I maps into X (R). Similarly given
(ula ni, atnl)a (u23 ny, ath) € X7

|7 (u1,n1,0n1) — I'(uz,n2, 0ma)|| S T Ro|(u1, n1, 0in1) — (u2,n2,0ima)|,

and by choosing 0 < T < P sufficiently small, I" is a contraction on X (R)
and hence there exists a unique (u,n,9n) € X — C([0,T]; H*') that satisfies
(1.1). The local Lipschitz continuity of the solution map immediately follows
from the contraction mapping argument. O

The goal is to show the boundedness of the multilinear operators corre-
sponding to the nonlinear terms which, at a technical level, involves directly
estimating a L>°L'-norm of a function defined on the spacetime Fourier space
in different regions depending on which dispersive weight is most dominant.
Observing that

(1 + ak? + €2k‘4) — (r 4+ ak? + kD) — (£ Bka{eks))
= (k- kl)((k; + k1) (o + € (k* + k7)) F Ble(k — k1)>),
we obtain

max (|7 + ak? + k4, |71 + ak? + ki | ma| - Blks|(ek2)] )
4.1)

1 (

> gk =kl (k)o@ (8 4 ) F Blelk — k)]

where the sign on the RHS of (4.1) depends on 79, ko. Since this subtlety does

not affect our subsequent analysis, we do not keep track of the sign. For the
sake of notational convenience, define

h(k, k1) = (k+ ki) (a+ E(k* +k3)) F Ble(k — ky)).

Lemma 4. [/, Lemma 3.3] If § >~ >0 and § +~ > 1, then

P 1, 0>1,
u ,S( - >_’Y¢( - )7¢(): 1 1+ ) 5:17
/ (T — a1)®(T — ag)? d1—az s\a1—az), Psa <(;g>55’ (a}) o
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Lemma 5. For all e; > %,62 > %,

1
SECE R D v s e (e

S C](O{,ﬁ,ﬁ,@l) < 00,

1
ook, 7) = Z :
o (K = S o (2298 Yy 4 Ty

< (e, By e e3) < 00, ifk # 0.

Proof. 'The second inequality can be proved similarly as [4, lemma 3(c)]. For
the first inequality, there exists ¢ > 0 independent of k, k1 such that

(k= k) (e(k — k) — (k — ka)|e(k — k1) | < e

Hence the term (e(k — k1)) in the summation can be replaced with |e(k — k1)|.
Then

1
01 (kv T) < < 6/7
klgk:;ﬁ: (€2ki + ak? + 7 £ Be(k — k1)?)er
where the constant is independent of k, 7 by an argument similar to [4, lemma
3(c)]. O

Lemma 6. There exist C(a, B,¢€),c(a, B,€) > 0 such that for all (k, ki) € Z>
that satisfies {|k| > C(a, B,€)} U{|k1]| > C(c, B,€)}, the estimate, |h(k,k1)| >
c(a, By €)|k — k1|, holds.

Proof. Assume k # k1. For a fixed k € Z, let r(k) € R be the unique
real-root of h(k,-), where r_(k) corresponds to the minus sign in h(k,-), and
similarly for 4 (k); we drop the F-subscript. Noting that A is symmetric in
both arguments, it suffices to assume |k| > C(«, 8, €), where

C(a, B, €) := max (Cl(a,ﬁ,e),“@,i), (4.2)

where for all [k| > C1(a, B,€) > 0, we have B(ek) < |k|(a + €2k?).

We first show that for k sufficiently big, r(k) ¢ Z. For k € Z, consider
the graphs of ki +— (k + k1)(a + €2(k? + k2)) and ky — +5{(e(k — k1)). If the
y-intercept of the cubic polynomial is greater (in magnitude) than that of the
square-root term, i.e., B(ek) < |k|(a + €2k?), then r(k) € [—cak,0] for k > 0
and r(k) € [0, —cqk] for k < 0, where ¢2 = ca(a, 8,€) > 0.

Now we claim | lim |r(k) + k| = 0. From h(k,r(k)) =0,

k|—o00
_ | Ble(k —r(k))) Belk —r(k)| _ (1+ c2)Pelk|
Ir(k) + k| = a+ e2(k? +r(k)?) S o+ €2k2 = a+e2k? jk—ooo

Hence, if |k| is sufficiently big and r(k) € Z, then r(k) = —k, which cannot
be since |h(k, —k)| = 8(2¢k) > . For k € Z, to show kinEfZ |h(k, k1)| is attained
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at k1 = —k, note that from standard calculus,
2(k — ky) 2 Be?(k — ky)
O, bk, k1)=3e2k2+2e2kk 2p2 g PER k) (2200, Pelh— k)
k1 ( ) 1) € 1+ € 1ta+e <6(k — k1)> _04+36 <6(/€ — k1)> )
and since % < Be, it follows that g, h > « by (4.2), and hence
inf hk, k)| > B.
0o (eze MR 2 8
If |k — k1| < 3]k|, then 1nf‘k|>c( B.e), (k,k1)EZ? | 1)| > SC(aﬁ " CIf |k —

k1| > 3lk|, then |k1| > 2|k|, |k + k1| > “%, and |k — k| < % Furthermore,

> lare @)~ (8T > Larenan) - vase > §

' h(k, k1)
k—k; 3

k— ki

where the last inequality is by (4.2). O

Lemma 7. There exists C(a, 8,€) > 0 such that if
{0 # k| > 2|k1]} N {|k| > C(a, B,€)}, then |k — ki||h(k, k1)| = |k|*. Similarly
if {0 5 = 1k} 0 {Ika] = Cla, 8,0}, then [k = Falla(k, k)| 2 IRl

Proof. Since h is symmetric in k, k1, it suffices to prove the first statement. If
|k| > 2|k1|, then |k + k1| > @ If we further assume |k| > 2, then €|k — ki | >
$|k[ > 1, and therefore,

Ble(k — k1)) < V2Belk — ka| < V2Be(|k| + [k1]) < €[k|.

7
By the triangle inequality, if |k] > 10 max(1/¢, v/B/¢€),

3 €2 4
> —|k[*
> pelkl) > 1K

|k| 3 _
k—Eki||h(k, k)| > k

O
The proof of Proposition 1 is given below.

Proof. Though the main idea of this proof follows closely that of [15], we
include a full proof here to address any subtleties that rise from the fourth-
order perturbation. To use the duality argument, let w € Lj__, |lw|/z2 = 1 and
w > 0. Since

(k)*
X'*%:H<T+ak2+e2k4 72 i (rs k(72 b2)

[unl| .
s kytko=k Y T1TT2=T

)
122

it suffices to estimate

(ko) f (71, k1) g(T2, ko) w(7, k) .
Z /T+ak2+62k4 12(r +ak?+e2k$)0r (2| —B|ka| (ekz) )2 =&

T1+72—7=0

k1+ko—k=0,

Math. Model. Anal., 27(2):342-359, 2022.
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where

Flr R)=la(r, k)|(k)* (r+ak?+k) ™, g7, k)=|a (T, k)| (k) (|| B|k| (ek))",
and by, by < % By direct computation, one can rule out ko = 0, and hence we
assume the sum is over ko # 0, or equivalently, ky # k.
I. max (|T+ak2+62k‘4\, |71+ k2 +e2k], || 2| — ﬂ|k2|<ek2>\) = |7+ ak®+ k4.

Letby =by=0b= %—. Applying the Cauchy-Schwarz inequality in variables
(k1,m) and (/4;2, 79), followed by the Young’s inequality, it suffices to show
<k1> 2s <k — ]{31>_2ld7'1

S rrak2te2kty <T+ak2+62k4 Z / (a2 +e2kD2 (77| — Blk — ky|{e(k — k1)))2b

=:supl < oo, (4.3)
T,k

since 12
B (supd) " ullxgololl e lolzs
Let |k|/2 < |k1| < 2|k|. Integrating in 7 via Lemma 4 and noting that
(k)2 (k1)=2% ~ 1, we have
<3 :
~ (T+ak?+e2kt) (k—k1 )2 (2 ki+ak?+1 £ B(k—k1){e(k—Fky)))y4b—1"

k1 #k; i
(4.4)
If |k| < 1, then (k — k1) ~ 1, and, therefore, the sum above is finite by
Lemma 5. On the other hand, by Lemma 6, if |k| > C(«, 3, €),

1
1< _
,ﬁ;i (k — k)22 (kT + ak? + 7 £ Bk — k) {e(k — ky))y®—1 = L

since | > —1. Now let |k| > 2|k1|. In this region, we have | |k k] < 3|k‘
and by Lemma 7, if |k| > C(«, B3, ¢€), then (T + ak? + 62k4> Z <k> and
<k1>725
I5 <
Z 21 25+4 2k4 +O(k‘2 +Ti,8(k’ k1)<6(k — ]{?1)>>4b_1 = (1,
k1 £k i

since s — 1 < 2 and s > 0. If |k| <1, then by Lemma 5, I < 01 < ¢;. Lastly
if @ > |k|, then \lel <lk—ki| < % and by treating |k1| > C(«, 8, €) and
|k1] < C(a, B, €) separately as above, (4.3) has been shown.
IL. max (|T+o¢k2+e2k4|, 14+ ak3 42k, (72| — Blka| (eka)| ) = |m+ak2 ek,

Arguing as above, it suffices to show

sup I1 := sup () 2
T1,k1 T1,k1 <71 + akQ + EZk%>

w\

()25 (k — ky)~2dr
% Z / (T4 ak? + k) (|1 — 11| — Blk — k1[(e(k — F1)))?02

k#ky
<k1>725 Z </€>2S<k7k1>72l
(€2k*+ak? + 711 £+ Bk — k) (e(k — kq)))2b2—"

Ssup —— 5o
ok (Mtaki+eky) | L=
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where we set by = 3. By Lemma 7, if |k| > 2|k;| and |k| > C(a, B,€), then
(11 + ak? + €2k}) = (k)*, and we have

max(1, (k)~2%)

II <
S 2, TP IR ok 4 r 2 (ks — ek )P

S C1,

and similarly, the desired uniform bound of IT follows if |k| > 2|k | and |k| S 1;
by applying Lemma 7 again, we can show that II is uniformly bounded for
““' > |k| by treating |k| < C(a,B,€) and |k| > C(a, B, €) separately. For
V;I < |k1] < 2|k|, we can argue as (4.4).

IIL max (|74+ak?+€ek?|, |r+aki+e2kt], ||r2|—Blka|(ek2)| )= ||T2|—Blk2|(ek2)|.

From (4.1), it follows that
[I72] = Blkal(eka)| 2 kol (2K — ka)(a + €(k* + (k — k2)*)) F Blekn)| . (4.5)

If suffices to show sup 111 < oo where by = % and 1] :=
T2,k2
Z/ (k)25 (k — ko) ~2%dr
<|7'2|—,8|k2 |{eks) T+ak2+e2k*) (71— + a(k—ke)2+€2(k—ky)*)201
< Z <k>25
™~ e (k2)? (k — k2)?3(|72| — Blk2|(ekz)) (42 kap(k))20r—

where .
3ko o+ 2¢2k2 Ty — ak? — 2k
k) = k3 — 2022 ( 2)k 2 2 46
p(k) 2 + 2¢2 + 4€2ky (4.6)
2s
If 2|ks| < |k| < 2|ks|, then <,€2>2§’§,17,€2>23 S wrm gy KRS 1 IITS

o2 < ¢ by Lemma 5. If |k| > 1, we argue as in Lemma 7 to obtain
|(2k — ko) (a + € (K + (k — k2)*)) F Bleka)| Z [kI,

from which, we estimate

max(1, (k)~2%)
Hrs Z y21-2 So2<e
1 26— ~ ’

- ¥ k2p(k‘)>

by Lemma 5 and [ > —2.
2s
If |k| < %|k2| or |k| > 2|ks|, then <k2>2§]§}1_k2>25 < <k1>2, since |k — ko| > W
As in Lemma 6, if |ks| > C(a, B, €), we have

1
= Zk: (k)22 (kop(k))20r— S

Lastly if |ko| < 1 (for k| < %\k2|) or [k| <1 (for |k| > 2|ks]), then (kg) ~ 1
and we have I1] < oy < ¢, which concludes the proof of the first inequality

Math. Model. Anal., 27(2):342-359, 2022.
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of Proposition 1. To show the second inequality by the duality argument, it
suffices to estimate

/ (k)P (ky) = (ko) = f (11, k1) g(—T2, —k2)w(T, k)
T1+72—7=0 <‘T|—ﬁ|k|<€k>>1/2<’7’1+Oé]€%+62k‘11>b1 <T2_ak%_€2k§>b2 ’

k1+k2—k=0

where f(7,k) = (7, k)|(k)* (T +ak? + 2k g(1, k) = |o(7, k)| (k)* (T + ak? +

e2k*)b2 and by, by < 5. Since p > 0, we take k # 0 in the sum.

IV. max ([|7|—BlEl(ek) |, |71+ak3+e2k], | ra—akd — k4]) = [|7] — Blkl(ck)].
In this region, the lower bound of the dispersive weight is similar to (4.5).

For by = by =b= %—, it suffices to show

k>2l+2p
sup IV :=sup ————————~+
Yy ke (7] = BlE|(ek))

% Z/ <k1>725<k - k1>72sd7'1
o (11 + ak? + k)2 (1t — 11 — a(k — k1)? — €2(k — kq)*)??
k 2l4+2p 1
< sup (k)

k(7] = Blk[(ek)) 2 (k1) (k — k1) ((k)p(k1))**!

k1

< 00, (4.7)

where p iszgiﬁned in (4.6). If 2[k| < |ki| < 2|k|, then 5 < |k — ky| < 3|k|
P
and <k1><£><k7k1>25 < <k>45121,2p. For |k| < 1, (4.7) reduces to Lemma 5. If

|k| > C(a, B,€) as in Lemma 6,

1
VS 2 e R

02,

since 4s — 20 —2p+2 > 0. If 2|k| < |ki| < 3|k| and |k| < 1, then again (4.7)
reduces to Lemma 5. If |k| > C(«, 5, ¢€), then as in Lemma 7,

1
v ’S %1: </€>25_2l_2f’+4<<k>p(k1)>4b—1 < o9, (48)

since s—1 > —2+p. Similarly for [k| < 2[k| or |ki| > 3|k|, we treat [k| < 1 and
|k| > C(a, B, €) separately where for |k| > C(a, 8, €), we have (|7 — B|k|{k)|) 2
(k)*, and therefore we can argue as (4.8).

V. max (||7|—Blk[(ek)| , |T1+aki+ek]|, |ro—ak3—e?k3|) =|m +aki+€e%k]).

It suffices to show

sup V := sup <k1>728
71,k1 ' 71,k1 <Tl + ak% + 62k%>
<Y / (k)220 (k — k1) ~2dr
— ) A7l = Blk[(ek)) (T — 11 — ok — k1)? — €2(k — kp)*)?2
k —2s k 2l4+2p k—Fk —2s
< oup (R 5 (k)220 — )

1k <T1 + ak% + 62/€il> <€2(k—k1)4+Oz(k—/€1)2+T1$,3/€<6k’>>%2_ ’

k,+
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where |71 + ak? + k1| 2> |k| - |a(2ky — k) (o + €2(k? + (k — k1)?)) F B{ek)| and
b = % Note that for
max (||7] = BIKI(eR)] 171 + ak? + ki, 172 — akf — k) = |72 — ok — k4],
the corresponding L™ L' estimate reduces to the current case by an appropriate
change of variable.

If k| < “;—ll or 3';“' < k| < 5“2“‘, then |k — k1| = |ki1|, and therefore
<k‘1>_28<k>2l+2p</€ — k‘1>_2s 5 <k‘1>_4s<k>2l+2p. Hence V 5 oy if |k‘1‘ g 1, and
by Lemma 6,

V< (k)% max(1, (k; )2+20-2) )
S k,zﬂ: (2(k — k1) + ok — k1)2 + 7 F Bk(ek))22— ~

01,

if k| > Clo, Bre). T B < [k| < 2L then (ky) =25 (k)220 (k — k) =2 S

W If |k| <1, then V < o1, and by Lemma 7 if |k| > C(«, 8, ¢€), then
V < oy since 2s — 21 —2p+4 > 0. A similar statement follows for % < |k| if
s—1> -2+ psince |k — k1| > |k| and (11 + ak? + €2k{) > (k)* for sufficiently
large |k| by Lemma 7. O

In the Appendix, we give explicit examples to show the converse statement
for Proposition 1 (see also [15]). Hence, Proposition 1 is sharp up to the
boundary based on our method as long as s > 0.

Proposition 3. Suppose ||’U/I’L||X§,b—1 < ||u||XSb |n||Xsz holds for all u,n €
C*(T x R) for some s,1,b € R. Then I > max(2(b — 1),—2b) > —1 and
s — 1 < min(—4(b — 1),4b) < 2. Furthermore, suppose ||DP(U@)||X€{};—1 <
||UHXg,b \UHX;,b holds for all u,v € C°(T x R) for some s,1,b € R, p € (0,1].
Then 2s—1—p > max(2(b—1), —2b) > —1 and s—1 > max(p+4(b—1),p—4b) >
—2+p.

5 Global well-posedness and semi-classical limit

We adopt the argument of [8] to show that a (strict) subset of local solutions
obtained in Theorem 1 can be extended globally; however it is suggested from
the scaling-invariance perspectives in [7] that any local solution is global. Let
a = 3 =1 for the sake of simplicity. To prove Theorem 2, the following Sobolev
inequality is useful.

Lemma 8. Let d € N, s € [—£,4] and consider H*(M), where M = R? T4,
Then,

19l Sas 1FN a4 llgllme-

Proof. If s = 0, the statement follows from the Holder’s inequality and the
Sobolev embedding H?* < L>®. If s < 0, then

I follzs = sup  [(fg,h)| <llgllzs sup ||fhllg—s,

ly—s=1 Al s =1

Math. Model. Anal., 27(2):342-359, 2022.
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and hence it suffices to show the statement for s > 0. By the Leibniz’s rule,

fgllzs < W fllweallgllzr + 1 l[zee llgllzre
where g € [2,00),r € (2, 0] are to be determined. The second term is bounded
above by ||f||H%+ llgllzr+ again by the Sobolev embedding. To obtain H 2+
W4 H® — L7 it suffices to have % — % < %, % — % < Z. By noting
5 = + ;, we can pick r € (2,00] such that % -3 < % < W%, which
unlquely determines ¢ € [2,00), and therefore validates the desired Sobolev
embedding. O

The proof of Theorem 2 makes use of Lemma 8 and the Gronwall’s inequality.

Proof.  Assume (s,1) = (2,1). By the Gagliardo-Nirenberg inequality, (1.2),
and the Young’s inequality,

[
and since

lu®)l2 + In@l7 + 107+ < luollZz + |10zu(®)lIZ: + [n(t)]1Z:

/

we obtain ||(u,n,d:n)||g21 < C(e) for all ¢ € R by using (5.1) to absorb
[In]l 2, ||Ozul| 2 to the LHS of (5.2).

Let (s,1) € 26\ {(2,1)} and denote | = s — Iy for 0 < Iy < 2, where since
s+ 1> 4, it follows that

1 €2
< len\liz + 5H5‘xUII%z + C([luoll2, €), (5.1)

+ [|0znll 72+ 10 ()% - Slluoll 22 +(1+e )| Hol+(1+€72) (5.2)

lo lo
> 2 —>2l>2——>1
s +2 9

With a = [ —2, multiply (V)2%9;n to the second equation of (1.1) and integrate
by parts to obtain

1d
3. (10 + 10ene + Eoeanti) = [ (9 om0l
Sa 0um 37 + oo

First, let i > 0. For T > 0, assume the inductive hypothesis, |ullg <
C(T,lp,€) < oo, from which the Gronwall’s inequality on (5.3) yields

10elFre + 10anl|Fra + €(|0san ]| Fra < C(T),

which, together with (1.2), controls ||n||z:.
Now take 0; of the first equation of (1.1), multiply the resulting equation
by —i(V)?*0;u, integrate by parts, and take its real part to obtain

2dt||8tu||Hb Im/ atu V>b(8tu-n+u~8tn))

<N Geull e (10w - nll e + [[w - Oenl| o)

(5.4)
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The first equation of (1.1) is equivalent to
Au = (V)% (—i0u + un).

Let b = s — 4. Note that ||Aul|gs-2 controls ||u||g= by (1.2). We claim
[0vw - nll e < 11Ol o || -

If s > 2, then b> 1 and ||0;u- nllgs < |0l g ||nl e < |0pu| o ||n]| gre-s. On
the other hand, if s < %7 then —b > % and

10w nlgr = sup [(Qu-n, §)] < |Owullgr  sup  |Ing|| -
H¢‘|H7b=1 ||¢ H*bzl

S 10wl e linllg-e < |0wullgellnll

where the last inequality holds since s > 2+ %0 If % <s< g, then —% <b<
and by Lemma 8,

N~

10cu -0l v S NGl e[l e

Similarly |[u - 9n| e < 1, and hence £{|0,ull% < ([0wu]|% + [|0sul| gre), from
which the Gronwall’s inequality yields ||0yu| gs—1 < C(T). Using similar argu-
ments, we obtain ||un|| gz < C(T), and from

[Aull gro-2 < V) 72 pull re-2 + [{eV) 7 (un) | o

follows ||u||g= < C(T). To show the inductive hypothesis, consider the base
case so = 2+ . Then Hu||HzJJl < C by (1.2). Then for all s € [sg, 1], where
2

$1 = 8o + lo, it follows that ||u|| gs—10 < ||u||grs0. This process is iterated by an
increment of [y to cover the entire range of s > 2 + %0 It remains to prove the
lo = 0 case.

Let s > 2+ ¢, where 0 < ¢y < 1. As before, consider the energy estimate

d
= (10em1 -2 + 1932 + EOranllfyo-2) S |1Gemllye-s + Ilul

d
10l s S 10ullrres (00 m s + w - O e-s), (5:5)

where by a similar argument as before

0w - nf| gro—a S NOwull gro-allnll go—cos |0l go—a S llull s (| Oenl| o
Recall

Inllgra=co.

[Aull s> S [10sull s + l[unl[ge—s S [Octll ro—s + llull oo
and hence
d
(10 + 19l r—2 + 0l 32 )

SN0l + 10eullFpams + luollZ> + (lull gre—colInll o—c0 ),

iy
dt
+ 10l o—s(lluoll L2 + [Ocull ro=s + llull oo

|Ovull s < N0vullFra-allnllpre-co

7o) Ben .

Math. Model. Anal., 27(2):342-359, 2022.
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If eg = 0, then integrate the first differential inequality of (5.5) to obtain an
exponential growth bound on ||n| g2 +||0sn| L2, and then apply the Gronwall’s
inequality again to the second differential inequality of (5.5). If s > 2, use
the exponential growth bound for s = 2 for the base case s = 2+ ¢. Such
exponential bound is obtained for all s > 2 + 9 by iterating the Gronwall’s
inequality. Since ey > 0 is arbitrary, we have an exponential bound on the
Sobolev norms of solutions for all s > 2. O

To discuss the semi-classical limit to ZS, denote (uf,n¢, d:n°) by the QZS
solution with data (ug, n§,n§) for e > 0. Given a solution (u,nt,dnc), we

denote H€ by the corresponding energy and H§ by H* at t = 0. Define Hos’l =
H*(T) x HY(T) x H=1(T).

Proposition 4. Let s > 4. If sup||(u§, n§, nj)| ges-1 < R < o0 and
€

Fs—2.5-3
0,0 0 5,5—1 0 0,0 0
(ug,ng,m7) € Hy where (u§,n§,ns) - (ug,ng,ny), then

(u,n, 0n) —= (u®,n°,8n°) in C([0,T]; Hg>"77).
e—

To show Proposition 4, two key hypotheses need to be verified, after which
the proof proceeds as [8, theorem 1.3] and thus is omitted. First, a uniform
bound on (uf,n¢ d;n) that depends only on R,T is needed. Second, the
space of data needs to be regularized. In [8], this is done via a particular
convolution kernel on R%. On a periodic domain, we define a family of mollifiers
as follows: for h > 0, define jh\f(k) = n(hk)j?(k) for all f € LY(T). Then
W Iunf — fllms mo and for 0 > 0

C(o)
he

W Inf = fllzs— < C@)R || fllzess [|Tnfllme+e < (1f 1|z

It suffices to obtain a uniform bound on (u€,n, dnc).
Lemma 9. If (s,1) € 2¢ and sup||(u§, n§, n5)||gs: < R < o0, then
e>0

sup sup |[(uf,nc,0mn)|| o < C(R). If s >4, then for all1 < s < s—2 and
€>0 t€[0,00) 0

T > 0, sup||(u,n, Oync) -1 < C(T,R).
e>0

e

Proof. By inspection, |H§| < C(R) uniformly in e. Since mass is conserved
and

1 1
s + 5lnlEs + 3 10m s < |+ | [ nlucP]
€ 1 €12 1 €12 /
< [H| + {32 + 5100032 + €
where the last inequality is by the Gagliardo-Nirenberg inequality, and C’ is

independent of €, we obtain the first uniform bound. Now assume s > 4,7 > 0
and the following inductive hypotheses:

[l o2, (12 o7 =2, 10| e < C(T, R), (5.6)
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uniformly in € > 0 and ¢ € [0,7]. Then (1.2) and (5.6) yield ||un®|| go—2 <
C(T, R) since

il e S Nl < C(T, R)
for s’ > 2 and

[unf|| gor—2 < [lun®l g S [Jullgr [0l m < C(T), R)
for s’ € [1, 3]. Moreover, since [[u¢| 7. < [[(€V)2Au| jyo—» for all € > 0,
)10 Shug 2 H10eu |3 o+ lunlZ o < lugliZa+0uc ). . +C (T, R),

and hence the differential inequality obtained from the first equation of (1.1)
is

d
(102 10am o + €21100an )

dt (5.7)
SN0 3e—s + 10|30 + C(T, R),

where its LHS is well-defined since s’ < s —2 <1 from (s,1) € {2.
Similarly we derive another differential inequality as (5.4) with b = s’ — 2.
A similar calculation as before shows

00 - gror—s S 10 g, w0 s S 10—,

by the inductive hypothesis where the implicit constants are independent of e,
and hence by the Young’s inequality

d
o109 e S N0 s + 10 (5:8)

Integrating (5.7) and (5.8),
||atn€H§{s’—2 + ||8wn€||i15’—2 + 62||6mn€”12qs’—2 + ||atu6||?qs’—2 < C(T, R).

Now we show (5.6). By [8, proposition 2.4], we have sup||n‘||c,m: < C(T, R).

€
On the other hand, if 1 < s’ < 2, then ||uf|| yo—2, |n|| gor—2 < C, independent
of €, by Lemma 9. Hence for such s/, Lemma 9 holds and using s, = 2 as a
base case, we can extend the uniform bound to all 2 < s’ < 3 from which we
iterate to cover the entire 1 < s’ <s—2. O

Remark 3. When T' = oo, the continuity of € — u° is not expected for all € > 0.
Let (ug,no,n1) = ((N)~%€N* 0,0) for N € R\ {0}. Then, (u,n,dn)(z,t) =
((N)=se=it(N*+NH+iNz () 0) js the (classical) solution. By direct computa-
tion,

sup ” <N>—se—it(N2+ezN4)+iNm _ <N>—s€—it(N2+e§N4)+iN:c ||H‘

te[0,00) *

= sup |1-— eit(ez_eg)N4| =2.
te[0,00)

Math. Model. Anal., 27(2):342-359, 2022.
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6 Conclusions

The QZS with the periodic boundary condition is well-posed for data with
low Sobolev regularity. The smoothing effect of the fourth-order perturbation
nullifies the resonance phenomenon (g € Z), which played an important role
when ¢ = 0. The continuity of solution in e holds for 7 < co but not for
T = o0.
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Appendix

We show Proposition 3 by providing concrete examples.

Proof. The main idea is to add a fourth-order perturbation to the spacetime
functions constructed in [15]. Once those examples are given, one can directly
substitute the examples to the inequalities in Proposition 3 to derive a set
of necessary conditions on the scaling parameter N > 1. Let §(k) be the
Kronecker delta function defined on Z and let ¢(7) be a smooth bump function
on R with a compact support. It suffices to consider u;, 1 <i <8, n;, 1 <i <4,
and v;, 5 <1 <8, where

Uy (k,7) = 6(k + N)o(1 + aN? + 2N?),

ni(k,7) = 0(k — 2N)¢(|7| — 2BN(2eN)),

Up(k,7) = 6(k + N)o(1 + aN? + € N* + 28N (2¢N)),
na(k,7) = 0(k — 2N)é(|7| — 28N (2eN)),

us(k,7) = 6(k)o(r), ns(k,7)=5(k— N)o(|7| — BN(eN)),
U4(k,7) = 0(k)p(T + aN? + € N* + BN (eN)),

na(k,7) = 0(k — N)o(|7| — BN(eN)),

us(k,7) = d(k — N)op(r + aN? + N,

Us(k,7) = 6(k 4+ N)o(1 + aN? 4+ 2N?),

tg(k,7) = 6(k — N)o(1 + aN? + N* — 28N (2¢N)),
Vs(k,7) = 6(k 4+ N)o(1T + aN? 4 2 N?),

U7 (k,7) = 6(k)p(1), Dr(k,7) =6(k — N)p(r + aN? + €N*),
ug(k,7) = d(k)o(r + aN? + N4 + BN (eN)),

Og(k,7) = 6(k — N)o(1 + aN? 4+ 2N?).
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