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1 Introduction

Let s = o + it be a complex variable, and «, 0 < o < 1, be a fixed parameter.
The Hurwitz zeta-function (s, «) is defined, for o > 1, by the Dirichlet series

1
(s, ) = Z ma

m=0

and can be continued analytically to the whole complex plane, except for a
simple pole at the point s = 1 with residue 1. For o = 1, the function ((s, @)
becomes the Riemann zeta-function ((s), and, for a = 1, ((s, 2) = (25 —1)((s).
Further, the function {(s,a), a # 1; %7 has no Euler’s product, and this is
reflected in its value distribution.

Suppose that a = {a,, : m € Ng = NU {0}} be a periodic sequence of com-
plex numbers. A generalization of the function ((s, «) is the periodic Hurwitz

zeta-function
oo

(¢27
C(s,a;a) mzz:o mta) o>1,
which also has the meromorphic continuation to the whole complex plane.

Analytic properties of the functions ((s,a) and ((s,a;a), including the
approximation of analytic functions, depend on the arithmetic nature of the
parameter . Let D = {s € C: 1/2 < 0 < 1}. Denote by H(D) the space
of analytic functions on D endowed with the topology of uniform convergence
on compacta. Approximation of all functions of the space H(D) by shifts
((s +it,a) and ((s + iT,;a), 7 € R, is called universality of the functions
((s,a) and ((s,q;a), respectively. More precisely, the following results are
known.

Denote by K the class of compact subsets of the strip D with connected
complements, and by H(K) with K € K the class of continuous functions on
K that are analytic in the interior of K. Let measA stand for the Lebesgue
measure of a measurable set A C R. Suppose that the number « is transcen-
dental or rational # 1 or 1/2, and K € K, f(s) € H(K). Then, for every ¢ > 0,

lim inf lmeas {T €[0,7] : sup |((s +iT,a) — f(s)] < 5} > 0. (1.1)
T—oo T scK
Different proofs of the latter inequality are given in [1,10,36] and [28].

The above theorem is of continuous type. Also, a similar result of discrete
type is known. Denote by #A the cardinality of a set A, and let N run over
the set Ny. For « rational # 1 or 1/2, let h > 0 be arbitrary, while, for
transcendental «, let h be such that exp{(2nl)/h} is irrational for all [ € N.
Let K and f(s) be as above, then, for every € > 0,

1
- k<N ‘ _ .
lmlgofN+1#{0\k\N SSEK(SHM’Q) f(s)] <€} >0

For the proof, see [1,28,35].
Universality results for the function (s, «) also follows from the Mishou
theorem on the joint universality of the Riemann and Hurwitz zeta-functions
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[33] and other results of a such type [5,6,7,18,20]. More general, shifts (s +
ip(k), o) with a certain function (k) were used in [19]. The shifts {(s+ihyg, ),
where 0 < 71 < 72 < -+ < Y < k41 < -+ 18 a sequence of imaginary parts
of non-trivial zeros of the Riemann zeta-function were applied in [3,23,26] and
[32]. Analogical universality theorems for the function (s, a;a) were proved
in [11,29, 31], and follow from joint universality theorems for periodic zeta-
functions (see, for example, [12,14,17,22, 25, 30]).

Universality of the functions (s, «) and (s, a; a) with algebraic irrational
parameter « is a very complicated and open problem.

In [13,15], for universality of {(s, a), the linear independence over the field
of rational numbers for the sets

{log(m + ) : m € Ng} and {(log(m + «a) : m € Ng),27/h}

was required. This requirement is weaker than the transcendence of a;, however,
examples of such « are not known. In the joint case, the above sets were
generalized [13,16] by

{(log(m + a1) : m € Ny),...,(log(m + 1) : m € Ny)}
and
{(h1log(m + a1) : m € Ng), ..., (hylog(m + a,) : m € Ny), 27} .

There are known several results of approximation of analytic functions by
shifts of the functions (s, «) and {(s, a; a) with algebraic irrational parameter
«, however, the set of approximated functions is not identified. The first results
of such a kind has been obtained in [2]. Suppose that 0 < « < 1 is arbitrary.
Then there exists a closed non-empty subset F,, C H(D) such that, for every
compact K C D, f(s) € F, and £ > 0, inequality (1.1) holds. The analogical
statements for the functions ((s,a;a) and the Lerch zeta-function are given
in [9] and [21], respectively. Generalizations of [2] for the Mishou theorem were
obtained in [24]. In [8], the following joint approximation theorem for Hurwitz
zeta-functions has been proved.

Theorem 1. Suppose that the numbers 0 < o; < 1, o; # 1/2, j =1,...,1,
are arbitrary. Then there exists a closed non-empty set Fo, . o, C H"(D)
such that, for every compact sets K1,..., K, C D, (fi,...,fr) € Fay, . .o, and
e >0,

1
lim inf —meas{T €1[0,T]: sup sup |((s+iT,a;) — fi(s)| < s} > 0.
Tooo T 1<j<r s€K;

Moreover, the limit

1
lim —meas{T €1[0,T]: sup sup [((s+iT,a;) — fi(s)| < 5} >0
T—oo T 1<j<r s€K;

exists for all but at most countably many & > 0.

The aim of this paper is a discrete version of Theorem 1. For brevity, let
Q= (alw-war) and h = (hla”'ahr)'
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Theorem 2. Suppose that the numbers 0 < a; < 1, a; # 1/2 and positive
numbers h;, 7 = 1,...,7, are arbitrary. Then there exists a closed non-
empty set Fy , C H"(D) such that, for every compact sets K1,...,K, C D,
(fi,-- fr) EFypn and e >0,

1
lim inf #{0 <k N: sup sup [((s+tkhj,a5) — fi(s)] < 5} > 0.
N>o0 +1 1<j<r s€K;
Moreover, “liminf” can be replaced by “Um” for all but at most countably many
e > 0.

It will be proved that the set F, j is the support of a certain H"(D)-valued
random element.

2 Probabilistic results

Denote by B(X) the Borel o-field of the space X, and, for A € B(H" (D)), define

Pyan(A) = #{0< k<N :((s+ikh,a) e A},

where

C(s +ikh,a) = (((s+ ikhi,aq),...,((s + ikhy, o)) .

In this section, we deal with weak convergence of Py o as N — oco.
We start with definition of one probability space. Define

2= H Tms

meNy

where v, = {s € C: |s| = 1} for all m € Ny. By the Tikhonov theorem, with
the product topology and pointwise multiplication, the torus {2 is a compact
topological Abelian group. Therefore, 2" = (2 X --- x §2,., where 2; = {2
for all j = 1,...,r, again is a compact topological Abelian group. Thus, on
(£27,B(£27)), the probability Haar measure my can be defined, and we have
the probability space (27, B({2"), my). Denote by w;(m) the mth component

of an element w; € §2;, 5 =1,...,r, m € N. Characters of the group 2" are of
the form
T % ks
H H wjjm(m)7
j=1meN,

Wy ”

where the sign “+” shows that only a finite number of integers k;,, are distinct
from zero. Therefore, putting k = {kjm, : kjm € Z, m € No}, j =,...,7, we
have that the Fourier transform g(kq,...,k,) of a probability measure p on
(27, B(£27)) is given by

glkrek) = | |\ TITT w7 (m) | i (2.1)

j=1meN,

Math. Model. Anal., 27(1):88-100, 2022.
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Define two collections

A(g,@):{(bl,... exp{szh Z Ejm log( era])} 1}

m&ENp

B(g,ﬁ):{(ﬁl,..._f, exp{—th Z kjm log( m—i—aj)};él}.

m&ENy

Let Qg5 be the probability measure on (27, B(£2")) having the Fourier trans-
form

1 if (ky,....k,.) € A(a, h),
ga,h(k17.-~7k7~):{ 0 1f§g1, ) ( )

For A € B(§2"), define

Qnan(A) = ——#{0<k<N: ((m+a1) ™ :meNy), ...,

(m+ )" m e No)) € A}.

N+1

Lemma 1. Qn o, converges weakly to the measure Qq,p as N — co.

Proof. In view of (2.1), the Fourier transform gy o p(kq, ..., k,) of Qna.p 1S
given by

gNozh(Ela"'aEr)

/ (HH wm )dQNah N+1ZHH (m + o) khikim

j=1meNy k=0 j=1meNy

N+1Zexp{ —ZkZh Z kjm log( m—&—aj)}

= mENg

ThUS, gN,g,ﬁ(kla"'aEr) = 1 for (El?"' k) € A(Q,h) If (Elw"?kr) €

) =T
B(a, h), then by the sum formula of geometric progression, we have

gN»g7ﬁ(E17 e ﬂkr)

1-— exp{ —i(N+1) Y hj 3F kjm log(m+aj)}
j=1

meNy

(N+1)(1exp{z§ By S kjmlog(era])})'

j=1 meNy

Therefore,

. |1 if(ky,....k,) € Ala, h),
dim oty k) = o i (i) E B

This together with a continuity theorem for probability measures on compact
groups proves the lemma. 0O
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Now, let 8 > 1/2 be a fixed number, and, for m € Ng, n € N,

m+ o o
vn(m,aj):exp{—<n+a7> }, j=1,...,m
J

Define gn(s,g) = (Cu(s,010),...,Cn(s, ar)), where

In view of the definition v, (m,«a;), the latter Dirichlet series are absolutely
convergent for o > 1/2. For A € B(H" (D)), define

1

VN n.an(A) = Ni1

#{0<h<N ¢ (s +ikha) € A}

To obtain the weak convergence for Vi n.a,n 8s N — 00, introduce the mapping
Un,q : 27 — H" (D) given by

Una(W) =¢ (s,0,w), w=(wi,...,wr) €N,

where gn(s,g, w) = (Cn(s,a1,w1)y .-y Cu(S, Qr,wy)) with

wj(m)vn(m, ;)
(m + a)*

Cnls, aj,w;) = Z

m=0

, J=1,...,m

Obviously, the latter series also are absolutely convergent for ¢ > 1/2. There-
fore, the mapping u,, is continuous, hence, it is (B(§2"), B(H"(D)))-measurable.
Thus, the measure @, defines the unique probability measure V, 5, on (H" (D),
B(H"(D))) by the formula

Van(4) = QanluyoA), A€ BH(D)).

Moreover, the definitions of Vi n o.n and Qn o,p imply the equality
VNnah(A) = Qn.an(tyed), A€BH(D)).

All these remarks together with Lemma 1 and the property of preservation
of weak convergence under continuous mappings lead to the following limit
lemma.

Lemma 2. Vi, o5 converges weakly to Vy, o as N — oo.

To obtain a limit theorem for Py .5, we need the estimation a distance
between ¢ (s,a) and ((s,a). Let g1, g2 € H(D). Recall that

oo

L1 SUPeg, [91(s) — g2(s)]
g = 27! : ’
(91, 92) ; 1+ supgeg, [91(8) — g2(s)]

Math. Model. Anal., 27(1):88-100, 2022.
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where {K; : | € N} is a certain sequence of compact subsets of the strip D, is
a metric on H (D) inducing its topology of uniform convergence on compacta.

Let g, = (911,---,91r), 9, = (921,---,92) € H'(D). Then

£(g,:95) = max p(915,925)

is a metric on H"(D) that induces the product topology.
Let 6 be the same parameter as in definition of v, (m, a;), and
ln(s,a) = gf (g) (n+a)”?,
where I'(s) is the Euler gamma-function. Then the following integral represen-
tation is known [28].
Lemma 3. For s e D,
((s,) = 5 -/o_ioo C(s—i—z,a)ln(z,cv)?z.

We will use some mean square results of discrete type. For the proof of
them, the next lemma connecting the continuous and discrete mean squares is
useful.

Lemma 4. Suppose that T', Ty > 6 > 0 are real numbers, T # & is a finite set
lying in the interval [Ty +6/2,To + T — /2], and

Ns(x) = Z 1.
teT,|t—x|<d

Let S(z) be a complex valued function continuous in [Ty, To + T and have a
continuous deriwative in (To, To +T). Then

To+T To+T To+T 1/
SN lsor < [ |S<:c>|2dw+</ St s [ |S’<x>|2dx> .

teT T To To
The lemma is called the Gallagher lemma, its proof is given in [34, Lemma 1.4].

Lemma 5. Suppose that 0 < a < 1,1/2 < 0 <1 and h > 0 are fized numbers.
Then, for everyt € R,

N
> C(o +ikh+it, )| Ka.on N(1+ [t]).
k=0

Proof. 1t is well known that
T T )
/ (0 + it, @) oo T / (0 + it, 0)[* <a T.
0 0

Therefore, an application of Lemma 4 with § = h gives the estimate of the
lemma. 0O

The next lemma is very important for the proof of weak convergence for
PN,Q,Q'
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Lemma 6. For arbitrary 0 < a; <1 and h; >0, 7 =1,...,r,
N
Jim limsup kzzog (¢(s + ikh,0), ¢ (s + ikh, ) ) = 0.

Proof.  The definition of the metric p implies that it suffices to show the
equality

lim limsup
n—00 N0

N
- > p(C(s +ikh, ), (s + ikh, a)) =0

for arbitrary 0 < a < 1 and A > 0. On the other hand, the latter equality is
implied by

lim limsu sup |((s + ikh, n(s+ikh,a)] =0
Jim_Timsup 7 Zseg\c ) = Gl )

for every compact subset K C D.

Thus, let K C D be an arbitrary compact set. There exists € > 0 such that
all points of the set K lie in the strip {s € C:1/2+2¢ < 0 < 1 —¢}. Let
s=oc+ite€ K,and §; =0 —1/2 —¢ > 0. Then, in view of Lemma 3 and the
residue theorem,

—01+i0c0
Cnl(s,a) — ((s, ) :L/ ((s—l—z,a)ln(z,a)%+Rn(3,a),

271—1 —91 —100

where 1 " |
n - S7a
R, (s,a) = ljzele(s + z,a)ln(z,a); =

Hence, for s € K,

Cn(s+ikh,a) — ((s +ikh,a) < sup |R,(s + tkh, o)
seK
o ) , I,(1/2 +¢€—s+iT,a)
1/2 kh
+ [ 10/2 e kb ir, o) sup |G E T

Therefore,

N
Z p IC(s + ikh, ) — (u(s +ikh, )| < I1 + L2, (2.2)

ln(1/24e—s+it, @)
1/24+e—s+ir

1
¢ (2+6+ikh+i7, a) D sup
seK

N
Z p|R (s + ikh,a)|.

Math. Model. Anal., 27(1):88-100, 2022.
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The crucial role in the estimation of I,,(s, @) is played by the gamma-function.
It is well known that there exists ¢ > 0 such that, uniformly in 01 < 0 < 03,

I'(o +it) < exp{—c|t|}. (2.3)
This estimate leads, for o + it € K, to

I(1/24¢e—0—it+ir,a) _ (n+a)/>tee
12+e—0—ittir  © 7 exp{—(¢/0)| — 1]}

<o, (n+a) " exp{—(c/0)|7]}.

Therefore, in view of Lemma 5,
(oo}

I <<9,K(n + a)_e/

—00

1N 1/2
(NZ 1¢(1/2 +5+ikh+ir,a)|2>
k=0

x exp{—(c¢/0)|7|} dT g K.en (N + @) 75. (2.4)
By estimate (2.3) again, we find that, for s € K,

In(1—s—ikh,a)
1—s—1kh

<o (n+a)' "7 exp{—(s/0)|kh — t|}
<o.x (n+ )27 % exp{—((ch)/0)k}.

Therefore,

N
1 log N
1/2 2 1 1/2—2¢ 108 IV
I, <p.x (n+a) EN kg exp{—((ch)/0)k} <,k n(n+) € N
This, together with (2.4) and (2.2) proves the lemma. O

Now, we define the marginal measures of V,, o . For A € B(£2;), j =1
define

RN S

QN,a]-,hj( ) #{ <ESN: ((m'i‘aj)_ikhj ZmENo) EA}

N+1

Then by Lemma 1 of [27], Qn,qa,,n, converges weakly to a certain probability
measure Qu; n; on (§2;,B(82;)) as N — oo, j = 1,...,r. Let the mapping
Un,a, : §2j = H(D) be given by wy, o, (w;j) = Cu(s, aj,w;). Define

Vna], J( )= Qaj, hj naJ( )= ro], 3( naJA)a A€eB(H(D)),j=1,...,r

Then in [27, Lemma 4], the following statement has been obtained.

Lemma 7. For all 0 < a; <1 and hy > 0, j =1,...,r, the family of proba-
bility measures {Vy o, 0, : n € N} is tight, i.e., for every e > 0, there exists a
compact set K; = K;(e) C H(D) such that Vi, o, 0, (K;) > 1—¢ for alln € N.

We apply Lemma 7 for the family of probability measures {V,, o : n € N}.



Joint Approzimation of Analytic Functions . .. 97

Lemma 8. The family {V,, o n : n € N} is tight.

Proof. Let € > 0 be an arbitrary number. By Lemma 7, there exist compact
sets K1,..., K, C H(D) such that

Via,n, (Kj) >1—¢/r (2.5)

forall n € N. Let K = K; x -+ x K,. Then K is a compact set in H"(D).
Denoting

(H(D)\ Kj)r = (H(D) x --- x H(D) x(H(D) \ K;) x H(D) x --- x H(D)),

Jj—1

by (2.5), we have

Vaan(H (D)\ K)=Vnan

T ™

DINE)) | €3 Vi, (H(D)\ K) < 2

Jj=1

for all n € N. Thus, V, o n(K) >1—cforallneN. O

Now we are in position to prove a limit theorem for Py o p.

Theorem 3. On (H"(D),B(H"(D))), there exists a probability measure Py p,
such that Py o5 converges weakly to Py as N — oo.

Proof. Let £y be a random variable defined on a certain probability space
with measure p and having the distribution

w{én =k} =1/(N+1), k=0,1,...,N.
On the mentioned probability space, define the H"(D)-valued random elements
XN,n,g,ﬁ:XN,n’g,ﬁ(S):Cn(S + ZgNha g)v XN,Q,EZXN,Q,Q(S):C(S + 'LgNh, Q)

Moreover, let Y, o n be the H"(D)-valued random element having the distri-
bution Vj, o n. Then, in view of Lemma 2,

D
XNJ’MQ@ — Yn,g@v (2~6)
N—oo

D e
where — means the convergence in distribution.

By the Prokhorov theorem, see, for example, [4], every tight family of prob-
ability measures is relatively compact. Thus, in view of Lemma 8, the family
{Vi,a.n} is relatively compact. Therefore, there exists a subsequence {V;,, o0}
weakly convergent to a certain probability measure P, j as { — co. Hence,

Ynl,a,h 2 ? Pa,h- (27)
== looo T

Math. Model. Anal., 27(1):88-100, 2022.
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Moreover, Lemma 6 implies that, for every € > 0,

lim limsup o {p (Xn.a.n XNonan) =€}

n—00 N0
N

< lim limsup m ZE (C(s +ikh,a),( (s+ ikh, g)) =0.

This, (2.6) and (2.7) together with Theorem 4.2 of [4] show that
D
XnNah — Pan-
EE Nooo T T

Since the latter relation is equivalent to weak convergence of Py 5 to Py, as
N — o0, the theorem is proved. 0O

3 Proof of approximation

Denote by F, ) the support of the limit measure P, j in Theorem 3. Thus
Fon C H"(D) is a minimal closed set such that Py p(Fa,n) = 1. The set F p
consists of all elements g € H"(D) such that, for every open neighbourhood G
of g, the equality P, ,(G) > 1 is satisfied. Obviously, F,, j # .

Proof.  (Proof of Theorem 2).
1. Let (fi(s),..., fr(s)) € Fy n. Define the set

G, = {(gl,...,gr) € H'(D) : sup sup |g;(s) — f;(s)] < 6}.

1<j<r s€K;

Then G is an open neighbourhood of an element of the support of the measure
P, 1, therefore P, ,(G:) > 0. Hence, by Theorem 3 and equivalent of weak
convergence of probability measures in terms of open sets,

lim inf PN,a,h(Ge) > Paﬁ(GE) > 0.
N—oo 5% =2
This, the definitions of Py o 5 and G prove the first assertion of the theorem.
2. The boundary of the set G lies in the set

{1, 9) € H'(D): sup sup [g;(s) = fy(s)] = <}

1<j<r s€K;

Therefore, these boundaries do not intersect for different . Hence, the set G,
is a continuity set of the measure P, for all but at most countably many
€ > 0. Therefore, Theorem 3 together with equivalent of weak convergence of
probability measures in terms of continuity sets implies that

lim PN,a,h(Ga) = Pa,h(Ga) >0
N—o0 - -

for all but at most countably many ¢ > 0, and the second assertion of the
theorem is proved. O
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