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Abstract. In this paper, we consider and investigate an altering points problem
involving generalized accretive mappings over closed convex subsets of a real uniformly
smooth Banach space. Parallel Mann and parallel S-iterative methods are suggested
to analyze the approximate solution of altering points problem. Consequently, some
systems of generalized variational inclusions and generalized variational inequalities
are also explored using the conceptual framework of altering points. Convergence of
suggested iterative methods are verified by an illustrative numerical example.
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1 Introduction

Variational inequality theory was brought into existence by Hartman and Stam-
pacchia [9] in 1966 as a tool to study partial differential equations, in particular,
to study the theory of elliptical partial differential equations [23,24]. In fact,
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this theory is a very natural generalization of the theory of boundary value
problems which allows us to contemplate new problems arising from many
fields of applied Mathematics, such as Mechanics, Physics, the theory of convex
programming and the theory of control. In recent past, variational inclusions
have been widely studied as the generalization of variational inequalities and
optimization problems. Let H be a real Hilbert space, the variational inclusion
problem is to find Z € {2 such that

€ (A+M)~Y0), (1.1)

where (A + M)~1(0) is the set of zeros of A+ M, A : 2 — H and M :
H — 2 with Dom(M) C (2 are the monotone operators. Numerous problems
emerging in diverse branches of mathematical analysis such as convex analysis,
optimization, elasticity, image processing, biomedical sciences, mathematical
physics, etc., can be formulated as variational inclusion problem (1.1). These
applications drew the attention of many researchers and stipulated to suggest
and analyze iterative methods.

In 1922, S. Banach gave a fundamental result known as Banach contraction
principle which is stated as “every contraction mapping on a complete met-
ric space has a unique fixed point”. So far, numerous problems in nonlinear
analysis involving contraction and nonexpansive mappings have been solved
using this fundamental result. In recent past, the fixed point iterative schemes
have been examined considerably to study monotone variational inequalities,
problems from nonlinear analysis and applied mathematics such as initial and
boundary value problems, image recovery problems, image restoration prob-
lems, image processing problems, for more details, see [12,13,25, 26, 32]. Note
that, Mann-like iterative algorithms and its variant forms are efficiently applied
for solving several nonlinear problems. Mann iteration method [14] is defined
as follows: For a convex subset {2 of vector space X and self mapping A on {2,
the sequence {@, } generated from an arbitrary initial point @; € {2 is estimated
as:

Up+1 = (1 - an)an + anAﬂna
o0
where {a,,} is a real sequence with assumptions 0 < a, <1 and > a, = o0.
n=1
Later, Ishikawa [10] developed a generalized iterative method to approximate
the fixed points of Lipschitz pseudocontractive mappings for compact convex
subsets in Hilbert spaces. For a convex subset {2 of vector space X and self
mapping A on 2, for any arbitrary initial point @, € {2, the sequence {u,}
generated from Ishikawa iterative method is estimated as:

Upp1 = (]- - an)an + anAT)nv

where {a,},{8,} are sequences of real numbers in [0,1] with assumptions
0 < ay,B, <1, hm B = 0 and Z anfn = co. In 2007, Agarwal et al. [1]
introduced and studled a more generahzed iterative scheme for nearly asymp-

totically nonexpansive mappings in Banach spaces, namely S-iteration method.
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Under some appropriate assumptions, for any arbitrary 4y € (2 and the se-
quences {ay}, {Bn} in (0,1), it is defined as follows:

Unt1 = (1 — an) Aty + an ATy,
Up = (1 - /Bn)an + /BnAﬂn~

Recently, Gursoy and Karakaya [7], introduced Picard S-iterative method to
approximate the fixed points of contraction mappings. They investigated the
solution of a delay differential equation using Picard S-iterative method. In
[19], the author showed that S-iterative method has better rate of convergence
than Picard and Mann iterative methods for a class of contraction mappings
in metric spaces. He also studied minimization and split feasibility problems
by using S-iteration process. After that number of problems have been solved
using S-iterative method and its modified version, see [2,3,16,22]. In recent
past, Parallel iterative methods have been using by number of researchers with
numerous applications, see, for example, [5,6,8,11,17,31]. Following these
ongoing research techniques, Sahu [20] studied the altering points problem of
nonlinear mappings and presented the convergence analysis of the following
parallel S-iterative method.

Let 2, and (25 be two nonempty closed convex subsets of a Banach space
E;let Ay @ 21 — (25 and Ay : {25 — (21 be two mappings. Then for any
arbitrary (u1,01) € 21 X {25 and a € (0,1), the parallel S-iterative method is
defined as follows:

Upt1 = A2[(1 - a)@n + OéAlan];
"l_)n+1 = Al[(l — O[)’l_l,n + aAngn],Vn € N.

Following the above stated facts and methodologies, it is worth to study
system of altering points problem in real uniformly smooth Banach spaces. We
propose parallel Mann and parallel S-iterative methods to establish conver-
gence analysis of the considered iterative methods. The paper is arranged in
the following order. Next section contains some fundamental results and pre-
liminaries. Section 3 begins with formulation of the system of altering points
problems followed by some special cases. We propose parallel Mann and paral-
lel S-iterative methods and prove existence and convergence results under some
suitable assumptions. In the last section, we explore some applications which
include existence and convergence results for generalized systems of variational
inclusions and inequalities. At last, an illustrative example is given to validate
the existence result and convergence of the proposed iterative schemes.

2 Preludes and auxiliary results

Let E be a real Banach space with its dual space E* and let U = {Z € F :
|Z]] = 1} be the unit sphere. FE is said to be uniformly convex if for each
e € (0,2], there exists a constant § > 0 such that for any Z,g €U, ||z — | > €
implies H%H <1-94. E is said to be smooth, if for each Z,y € U,

Ll gl el
T7—0 T

(2.1)
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exists and the norm on E is called Gateaux differentiable. The norm on F is
said to be uniformly Frechet differentiable norm, if the limit (2.1) is attained
uniformly for Z,y € U. In this case, F is said to be uniformly smooth. The
modulus of smoothness pg : [0,00) — [0, 00) is defined as

1. o _ _
po(r) =su {51+l + o —l) - 15 et gl < 7}

The Banach space E is known as uniformly smooth, if lin}J p%m = 0. For
T

any fixed ¢ € (1,2], E is called g-uniformly smooth, if there exists a constant
¢ > 0 satisfying pgp(7) < ¢r? for all 7 > 0. For ¢ > 1, the generalized duality
mapping J, : E — 2E" is defined by

Jo(z) ={f € E*: (2, f) = || If]| = | 2] 77"} for all z € E.

For g = 2, J; is called the normalized duality mapping which is usually denoted
by J. It is well known that J is single-valued, if F is smooth. Xu [30] proved
the following fundamental result in 2-uniformly smooth Banach spaces which
is quite applicable in nonlinear analysis.

Lemma 1. [30] Let E* be a dual space of 2-uniformly smooth Banach space
E. Then
Iz + 311> < 12lI* + 2¢*|151* + 25, J (2)), V2,5 € E,
where ¢ > 0 is a real constant and J : E — E* is a normalized duality mapping.
If E is a real Banach space with norm | - ||. Then the norm |- ||« on E x E

defined by
1@, Dl = Izl + I7ll, vz, 5 € E (2.2)

is a complete normed space.
Let £2 be a nonempty subset of a Banach space E. A mapping Qg : E — 2
is said to be sunny, if

QQ(QQ(ZZ') +t(f — Qg(i’))) = QQ(E),VQ_I e E,t>0.

A mapping Qg is called retraction, if Qo(Z) = Z for all Z € 2. Furthermore,
Q@ is a sunny nonexpansive retraction from E onto 2, if @, is a retraction
from E onto {2 which is sunny as well as nonexpansive.

Lemma 2. [18] Let 2 be a closed convex subset of a smooth Banach space E.
Let G be a nonempty subset of 2 and Qg : 2 — G be a retraction. Then Qg
s sunny nonexpansive if and only if

(Z—Qa(@),J(Z2— QX)) <0, forall T € 2 and Z € G.
Lemma 3. [29] Let {9,} be a nonnegative real sequence satisfying following
inequality:

Int1 < (1 —ap)d, + &4, Vn > nyg,

where ay, € [0,1],

i

ay =00 and &, = o(ay). Then lim 9, = 0.
n—oo
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Proposition 1. [15] Let E be a uniformly smooth Banach space and J : E —
28" be a normalized duality mapping. Then, for any Z,7 € E,

1|z + g2 < |1z]? + 2@, i (@ + 1)), Vi@ +7) € J(z+7);

2.(z = 9,5(x) - j(9)) < 2C*7p4]|z - g||/C), where C = /([z]* + [ly]*)/

2.1 Altering points

DEFINITION 1. [20] Let £2; and 2, be two nonempty subsets of a metric space
E;let S: 627 — 2 and T : 25 — (21 be the single-valued mappings. Then
T € (21 and y € (25 are called altering points of S and T, if

We designate the set of altering points of the mappings S : 2 — (25 and
T: QQ — 01 by

Alt(S,T) ={(z,§) € 1 X 25 : S(Z) =y and T(y) = T}.

Example 1. Let E = R,(2; = {29 = R;. Define S : {2y — 2 and T : {25 — ()
as S(Z) =e® and T(y) = Ing. Then ST : 25 — 25 and T'S : 21 — (21 are self
mappings such that each point of 21 is a fixed point of T'S and each point of
{25 is a fixed point of ST. Thus, (z,y) are altering points of S and T'.

In what follows, we establish an equivalence between altering points problem
and system of generalized variational inequalities.

Lemma 4. Let 21 and {25 be two nonempty closed convexr subsets of a real
smooth Banach space E. Let Qpo, : E — 21 and Qp, : E — (25 be the
sunny nonexpansive retractions. Let S1,Ty : 1 — E and S9,Ts : {23 — E
be nonlinear mappings. Let P,,P, : E — E be the single-valued mappings
and A1, Ay > 0 be positive real numbers. Then the following assertions are
equivalent:

(i) T € 1 and § € §22 are altering points of Qu,[P1 — A1 (S1 — T1)] and
Qo [P2 — A2(S2 — T2)].

(1) (Z,§) € §21 x 25 is a solution of the following system of generalized
variational inequalities:

Find (Z,5) € 1 x 25 such that

(2.3)

(M(S1(z) = Ti(2) + 9 — Pr(2), J(Pi(y) —9)) > 0, Vy€ s,
(A2(S2(9) — Ta(9)) + 7 — Po(9), J(Pa(z) — 7)) >0, Vo€ .

Proof. (z) = (i1). Assume that (Z,§) € 21 x {2, are altering points of Q o, [P1—
A1(S1 —T1)] and Qg [P2 — A2(S2 — Ts)]. Therefore, we have

Qa,[Pr — M(S1 —T)|(Z) =7, Qo [Pe— X2(S2 —T2)|(y) ==
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It follows from Lemma 2 that

(M(S1(T) - T1(2) + 7 — P(Z), J(Pi(y) —9)) =20, Yy € (2,
(A2(S2(9) — Ta(y)) + 7 — Pa(9), J(Pa(x) — 7)) >0, Vo€ 2.

(#6) = (i). Assume that (Z,9) € 4 x {22 is a solution of the system of
generalized variational inequalities (2.3). Then

(M(S1(T) —Ti(2) + 7 — Pu(z), J(Pi(y) —9)) =0, Yy € (2,
(A2(92(9) — Ta(y)) + & — Po(y), J (Pa(z) — 7)) >0, Vo€ (2.

Again, it follows from Lemma 2 that

¥, Qo,[Pa—X2(S2 —To)|(y) =2.

Qoo [P — M (81 — Th)|()
Hence T € 21 and § € (25 are altering points of Qq,[P1 — A1(S1 — T1)] and
2.2 H(, )-accretive mapping
DEFINITION 2. [27] A single-valued mapping A : F — E is said to be

(i) accretive, if (A(z) — A(y), J(z —y)) > 0,Vz,y € E;
(ii) strictly accretive, if A is accretive and the equality holds if and only if
T =1Y;

(iil) a-strongly accretive, if there exists a constant « > 0 such that
(A(z) = A(y), J(z — y)) = allz —y|?, Yo,y € B;
(iv) relaxed (¢, w)-cocoercive, if there exist constants ¥, w > 0 such that
(A(z) = A(y), J(x = y)) = (=0)[|A(z) = AW)|* + wllz — y|?, Yo,y € E;
(v) d a-Lipschitz continuous, if there exists a constant d4 > 0 such that

[A(z) — AWl < dallz —yll, Yo,y € E;

(vi) K-contraction, if there exists a constant 0 < x < 1 such that
[A(z) = A()|| < &llz —yll, Yo,y € E.
DEFINITION 3. [27] Let A,B: E — E;H : E x E — E be the single-valued
mappings. Then H(-,-) is said to be

(i) p-mixed Lipschitz continuous with respect to A and B, if there exists a
constat p > 0 such that

[ H(A(z), B(z)) — H(A(y), BW)Il < pllx —yll, Yo,y € E;

Math. Model. Anal., 28(1):118-145, 2023.
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(ii) a-generalized accretive with respect to A, if there exists a constant a € R
such that

(H(A(w),u) — H(A(y), v), J(z —y)) > ollz —y|*, Vo, y,u € E.

Similarly, we can define S-generalized accretivity of the mapping H(,-)
with respect to B.

Remark 1. H(A,-) is said to be a-strongly accretive if « > 0. If E = H, the
real Hilbert space then a-generalized accretivity coincides with a-generalized
monotonicity.

DEFINITION 4. Let A,B : 2 — E;H : E x E — E be three single-valued
mappings. Let M : E — 2F be a set-valued mapping. Then M is said to be

(i) accretive, if (u — v, J(x —y)) >0, Vz,y € 2,Vu € M(x),v € M(y);
(ii) m-accretive, if M is accretive and (I + AM)(E) = E, VA > 0;

(iii) H(,-)-accretive with respect to A and B (or simply H(-,-)-accretive in
the sequel), if M is accretive and [H (A, B) + AM|(E) = E, YA > 0.

Remark 2.1f H(A,B) = H, then H (-, -)-accretivity with respect to the map-
pings A and B coincides to H-accretivity. If H = I, the identity mapping then
H(-,-)-accretivity with respect to the mappings A and B becomes m-accretivity.

Proposition 2. [27] Let A,B : 2 — E and H : E x E — E be the single-
valued mappings such that H(-,-) is a, B-generalized accretive mapping with
respect to A, B, respectively with o + 3 # 0. Let M : E — 2F be an H(-,)-
accretive mapping with respect to A and B. Then the operator [H(A, B) +
AM] =1 is single-valued.

DEFINITION 5. [27] Let A,B: 2 — E and H : ExE — FE be the single-valued
mappings such that H(-,-) is «, f-generalized accretive mapping with respect
to A, B, respectively with o+ 3 # 0. Let M : E — 2% be an H(-,-)-accretive
mapping with respect to A and B. For each A > 0, the resolvent operator

RS B — E is defined by

RS () = [H(A, B) + AM] (), Va € E.

Proposition 3. [27] Let A)B : 2 — E and H : E x E — E be the single-
valued mappings such that H(-,-) is a, B-generalized accretive mapping with
respect to A, B, respectively with o + 8 > 0. Let M : E — 2F be an H(-,-)-
accretive mapping with respect to A and B. For each A > 0, the resolvent
operator Rf\f,gw) E— Fis -szschztz continuous, i.e.,

H H
IR (@) = RS )l < — 5lle = ull, Va.y € B
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Lemma 5. Let §21 and {25 be two nonempty closed convexr subsets of a real
2-uniformly smooth Banach space E. Let Ilg, : E — §2 be dp, -Lipschitz
continuous mapping and As, Ba, So,Ts : 25 — FE be the single-valued map-
pings such that Sa is dg,-Lipschitz continuous, To-strongly accretive and Ts is
or,-Lipschitz continuous. Let G : E x E — E be aog, fa-generalized accretive
mapping with respect to Ag, B, respectively such that G is pa-mized Lipschitz
continuous with respect to As and Bs. Suppose that there exists a constant
Ao > 0 satisfying following condition:

0 <(Y5H_Q1 (\/1 — 2((12 + /82) + 262[)% + \/1 — 2XoTo + 262)\%52.2 + )\25’1"2) <1,

1+2c¢%p2 > 2(an + Ba), 1 + 2c2)\§5§~2 > 227,
(2.4)

Then I, [G(Ag, Ba) — Ao(Sy — T2)] : 22 — (21 is a k1-contraction mapping,
where K1 = O, (v/1—2(az + Ba) + 2¢2p3 + \/1 — 2Ty 4 2¢2N\30%, + A2d7y,).

Proof.  Let z,y € {25, then we have
[[G (A2, B2)=A2(S2 — T»)](z) — [G(A2, Ba) — A2(S2 — T2)] ()|
<z —y — (G(Az(z), B2(z)) — G(A2(y), B2(y))) |l (2.5)
+ [z —y) = A2(S2(x) — So(y))[| + A2l|T2(z) — To(y)]-

Since G is aa, Bo-generalized accretive mapping with respect to Ag, Ba, respec-
tively, po-mixed Lipschitz continuous with respect to As and Bs. Then from
Lemma 1, we have

lz—y—(G(Az(x), Ba(x))=G(As(y), Ba(1)))|I*<[lz—y|* ~2(G(As(x), Bz ()
— G(A2(y), Ba(y)), J(z — y)) + 2¢%||G(Aa(x), Ba(x)) — G(Aa(y), Ba ()|

= [lz =yl — 2(G(A2(x), Ba(x)) — G(A2(y), Bz (), J (x — y))
— 2(G(A2(y), B2(x)) — G(A2(y), B2(y)), J(x — y)) + 202||G(A2(x),B2(x))
— G(A2(y), B2(W)II” < [l — ylI* = 2(az + Bo)llz — y[|* + 2¢*p3 |l — y]|?

= [1 = 2(az + Ba2) + 2¢2p3] = — y*. (2.6)

Since S9 is dg,-Lipschitz continuous and me-strongly accretive mapping. Then
from Lemma 1, we have

lz =y = Xa(S2(2) = S2(y))II* < 2 — yl* — 2X2(Sa(2)
= S2(y), I (z=y)) + 22 X3 [[S2 () = S2 (y) || < (1—2>\2fz+202A§5§2)Ilﬂf—y(|22~7)

Using ér,-Lipschitz continuity of T5, we have
[T2(x) — T2(y)|| < dm ||z — yll. (2.8)
Combining (2.5)-(2.8), we obtain
I[G(A2, B2) = A2(S2 — T2)|(x) — [G(Az2, B2) — A2(S2 — T2)](y)|

< {\/1 — 2as + ) + 2c2p% + \/1 — 207 + 262352, + AQ(STQ} lz — y|.

Math. Model. Anal., 28(1):118-145, 2023.
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Thus, we have
| Mg, [G(Az, By) — Aa(Sy — To)|(z) — I, [G(Ag, By) — Aa(S2 — T2)] ()|
< dm,, (\/1 —2(ag + ) + 2¢2p3 + \/1 — 27y + 2620362,
+ Adm, )|z =yl = Kallz =y

It follows from (2.4) that 0 < x; < 1. Therefore, the mapping I, [G(Az, B2)—
A2(Sy — To)] : 29 — (2 is ki-contraction. O

Lemma 6. Let 21 and (25 be two nonempty closed convex subsets of a real 2-
uniformly smooth Banach space E. Let A1,B1 : {2y — E and A3, By : {25 > E
be the single-valued mappings; H : E X E — E be a1, 81-generalized accretive
mapping with respect to Ay, By, respectively such that oy + 51 # 0. Let G :
E x E — FE be «ag,B2-generalized accretive mapping with respect to As, Bs,
respectively and ps-mized Lipschitz continuous with respect to Ay and By. Let
My : E — 2% be an H(-,-)-accretive mapping with respect to Ay and By such
that Dom(My) C (1. Let S, Ty : 22 — E be the single-valued mappings such
that Sy is dg,-Lipschitz continuous, T2-strongly accretive and Ty is dt, -Lipschitz
continuous. Suppose that there exists a positive constant Ao satisfying following
condition:

0<A(G)+\/1—2/\272+202)\§6§2+)\26T2 < ay + Br, 14260308, > 201 (2.9)
Then R)I:Il(A/I)l [G(Ag, B2) — \a(S2 — Ts)] : £29 — (24 is L7 -contraction mapping,
where

A(G)+\/ 1-20075+2¢2A20%, +Aod1, )
ar + b
Proof.  Let x,y € {25, then we have
I[G(A2, B2) — A2(S2 — T2)|(x) — [G(Az2, B2) — A2(S2 — 12)] ()|
< |G(A2(2), B2(x)) — G(A2(y), B2(y)) — (z — y)|| (2.10)
+ 1@ —y) = A2(S2(x) = S2 ()|l + A2l T2(z) — T2(y)]-

Since G is aa, Ba-generalized accretive mapping with respect to Ay, Be, respec-
tively and po-mixed Lipschitz continuous with respect to As and By, using the
techniques of Alber and Yao [4] and Proposition 1, we have

|G(Az(), Ba(x))—G(Aa(y), Ba(y)—(x — y) || <[z —y||*~2(G(As(x), Ba(x))
= G(A2(y), B2(y)), J (z —y — (G(A2(x), B2(2)) — G(A2(y), B2(y))))
= [lz — y|I* — 2(G(A2(x), Ba(z)) — G(A2(y), B2(y)), J (= — v))
= 2(G(Az(x), B2(z)) — G(A2(y), B2(y)), J(z — y — (G(Az(z), B2())
— G(A2(y), B2(y))) — J(x = y)) < [l = yl|* = 2(az + Bo)||lz — y|I®
+4C?7(4)|G(Az(z), Ba(x)) — G(Az(y), B2(y)])/C
<z = yl|*=2(ao+Bs) |2 —yl|*+64C||G (A2 (x), Ba(x))~G(Aa(y), Ba())|?
<z —yll* = 2(az + Ba) & — yl|> + 64Cp3 ||z — y||* = A*(G)[|= - y[*, (2.11)

L= L AG)=y/1-2(as + ) + 64C3.



Iterative Methods for Altering Points Problem with Applications 127

where A(G) = /1 —2(ag + f2) + 64Cp3. Since Ss is ds,-Lipschitz continuous
and To-strongly accretive mapping. Then from Lemma 1, we have

2 =y — A2 (Sa(z) — Sa(w)II? < llz — yl> — 2X2(S2(x) — Sa(y), J(x — y))
+26203||S2(x) — So()[|? < (1 — 20a70 + 2¢2A30%) ) |2 — y|1*. (2.12)

Using ér,-Lipschitz continuity of 75, we have
1T2(z) = Ta(y)l| < 0r, ||z =yl (2.13)
By combining (2.10)—(2.13), we have
I[G(Az2, B2) = X2(S2 — T2)](x) — [G(A2, B2) — A2(S2 — T2)] (v
< [AG) + /1= 220m + 2022382, + Xabr, ] 1z — ]l

Thus, it follows from Lipschitz continuity of resolvent operator R,\ M) that

IR [G(As, Ba)=Xa(Sa—To)](2) — Ry i [G(Az, Ba)— Ao (S2—T2)](3) |
< Lillz —y].-

It follows from (2.9) that 0 < LT < 1. Therefore, the mapping
Ri{ﬁl [G(Agz, Bg) — A2(S2 — T2)] : £29 — (21 is Lj-contraction. O

3 Formulation of the problem and convergence results

Let 21 and {2 be two nonempty closed convex subsets of a real smooth Ba-
nach space E. Let I, : E — (21 and Il, : E — (25 be operators. Let
S1,Ty : 21 — E and S3,T5 : 235 — E be the single-valued mappings. Let
H: ExE — FE be ay, 1-generalized accretive mapping with respect to Ay, By
and G : F x E — FE be as, f>-generalized accretive mapping with respect to
Ay, Bs. Suppose that there exist constants Ay, Ao > 0. We consider the fol-
lowing altering points problem (in short, APP): Find (Z, ) € 21 X {2 such

that
o, [H(Ar, By) — A2(51 — T1)](2) = 7,
o, [G(A2, B2) = M(S2 = T3)|(y) = @
If H(-,-) = H,G(-,-) = G, 51 —T1 = Sand Sy — T, =T, = C and
{25 = D, then the problem (3.1) coincides with the following altering points
problem of finding (z,y) € C x D such that

(3.1)

(3.2)

If H =G = I, then the problem (3.2) reduces to the following altering
points problem of finding (Z,g) € C x D such that

p(I —nS)(x) =7,
Ho(I = pT)(y) ==

Math. Model. Anal., 28(1):118-145, 2023.
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Note that APP (3.1) is more general in nature and for suitable choices of
the mappings involved in the formulation, it include many problems existing in
the literature as specialization. Some particular cases of APP (3.1) are listed
below:

1. If IIp, = Ri("M)l, where M; : E — 2F is H(.,-)-generalized accretive
mapping with respect to A, By such that Dom(M;) C 2y and 1, =
Ri(;}\'/[)y where My : E — 2% is G(-, -)-generalized accretive mapping with
respect to A, By such that Dom(Msy) C 25, then APP (3.1) reduces to
the following system of generalized variational inclusions (SGVI): Find
(Z,9) € 1 x {25 such that

0€G(A2(y), B2(7))—H (As(
0€H (A (T), B1(T))—G(A2(7), Ba(

, B1(Z))+A2 (M2 (9)+51(7)-T1(7)),
)+ (M (2)+S2(9)—Ta(7))-

Kl
N~—
Kl
8l

~

<

(3.3)

2. It llp, = Rf\LIl’Ml, where M, : E — 2F is H-accretive mapping such that
Dom(My) C £y and I, = RfQ’MQ, where M, : E — 2F is G-accretive
mapping such that Dom(Ms) C (25, then the system of generalized vari-

ational inclusions (3.3) reduces to the following system of variational in-
clusions (SVI): Find (Z,y) € {21 X {25 such that

0 € G(y) — H(Z) + X2(Ma(y) + S1(z) — T1 (7)), (3.4)
0€ H(Z) — G(y) + M (M(Z) + S2(7) — To(¥)). ‘

3. If Ty = Ty = 0, then the system of variational inclusions (3.4) reduces
to the following system of variational inclusions investigated by Zhao et
al. [33]: Find (Z,7) € 1 x 25 such that

FGG@—H@+&MM@+&@%

0 € H(z) - G{) + M(M(@) + 52(0). (35)

4. If In, = R%l and I, = Ri\?, where My, My : E — 2F are m-accretive
mappings such that Dom(M;) C 2 and Dom(Ms) C (25, then the
system of variational inclusions (3.5) coincides with the following system
of variational inclusions (SVI): Find (Z,7) € 1 x {22 such that

0€g—z+ M(My(y) + S1(7)),
Oexz—y+ Al(Ml(f) + Sg(ﬂ))

5. If IIp, = Qp, and IIp, = Qp,, the sunny nonexpansive retractions onto
21 and (29, respectively such that Dom(M;) C 21 and Dom(Ms) C (2o,
then APP (3.1) reduces to the following system of generalized variational
inequalities (SGVIneq): Find (Z,§) € {21 X {25 such that

{(Al(sl(w)—Tl(x))er—H(Al(x)aBl(l‘)%J(Pl(??)—y)> >0, Vges2s,
(A2(S2(y) T2 () +2—G(A2(¥), B2(9)), J (P2 (2)—Z)) > 0, Viel2.
(3.6)
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6. If E = H is a real Hilbert space, then the system of generalized varia-
tional inequalities (3.6) coincides to the following system of generalized
variational inequalities (SGV Ineq): Find (Z,7) € £21 X {25 such that

(M(S1(2)-T1(2))+y—H (A1 (2), B1(2)), P1(9) — §) = 0, V§ € (2,
(A2(92(7)—T2(9))+2—G(A2(Y), B2(¥)), P2(2)—2) > 0, V& € £1.
(3.7)

Remark 3. For Ty = To = 0,41 = Ay = By = By = [,H(-,-) = H and
G(-,-) = G, SGVIneq (3.7) is identical to the problem studied in [21]. Further,
if S =95 =S5 H=G=1and 2, = {2 = (2, then the problem (3.7) is
analogous to the problem examined in [28].

Proposition 4. Let §2; and (25 be two nmonempty subsets of a Banach space
E. Let S : 21 — (29 be ki-contraction and T : {29 — (21 be ko-contraction
mappings. Then there exists a unique element (Z,q) € 1 X 25 such that (Z,7)
solves the following system of altering points problem: Find T € £21 and i € (29
such that

S@) =y, T(y) ==z

Proof. Since S : {2y — (25 is k1-contraction and T : {25 — {27 is ko-contraction
mapping. Thus T'S : §2; — {2y is a contraction mapping. Hence T'S has a
unique point Z € (24 such that z = T'S(Z). Further, there exists a unique point
g € {25 such that § = S(Z). Thus, we have Z =T(g). O

Lemma 7. Let §21 and {25 be two nonempty closed convexr subsets of a real
2-uniformly smooth Banach space E. Let Ay, By,S1,T) : 1 — E and As,
By, Sy, Ts : 29 — E be the single-valued mappings. Let H : E X E — E be
a1, B1-generalized accretive mapping with respect to A1, By and G: EXE — E
be au, Ba-generalized accretive mapping with respect to As, Bs. Let My : E —
2E be H(-,-)-generalized accretive mapping with respect to Ay, By such that
Dom(M;) C §2y and My : E — 2F be G(-,-)-generalized accretive mapping
with respect to As, By such that Dom(Ms) C (25. Suppose that there exist
constants A1, o > 0. Then SGVI (3.3) has a solution (Z,7), if and only if
(Z,7) € 1 x §25 satisfies following system of altering points problem:

R$C) [H (AL By) = 2o (S) — TV)](®) =7,
R (G(Az, Ba) — M(Sz — T)](9) =7.

Now, we propose parallel Mann and parallel S-iteration processes to solve
APP (3.1).

Algorithm 1. Let £21 and {25 be closed convex subsets of a 2-uniformly smooth
Banach space E. Let Sy : {21 — (25 and Sy : {25 — (21 be two mappings. Then
for v, € [0,1] and initial point (Zo,go) € 21 X {22, the sequence {(T,,¥n)} €
£21 x {25 produced by parallel Mann iterative method [21] is defined as:

{xn—i-l = (1 - an)i'n + anS2(gn)? (38)

Ynt+1 = (1 - an)gn + a'rLSl(-fn)~
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Algorithm 2. Let {21 and {25 be closed convex subsets of a 2-uniformly smooth
Banach space E. Let S7 : {21 — (25 and Sy : {25 — (21 be two mappings.
Then for «,, S, € (0,1) and initial point (Zg, 7o) € 21 X 25, the sequence
{(Zn,Tn)} € 21 x 22 produced by parallel S-iterative method [33] is defined
as:

Yns1 = S1[(1 = Bn)Zn + BnS2(yn)]- (3.9)

Now, we are ready to prove convergence results for APP (3.1). Now onward,
unless otherwise specified, for each i € {1, 2}, we assume (2; be nonempty closed
convex subsets of a real 2-uniformly smooth Banach space F.

{$n+1 = S2[(1 = an)¥n + anS1(T4)],

Theorem 1. Let I, : E — (2; be 617{% -Lipschitz continuous mappings and
A, B, Si, Ty - 2, — E be the single-valued mappings such that S; are dg,-
Lipschitz continuous, T;-strongly accretive and T; are dT,-Lipschitz continuous.
Let H : E x E — FE be ay, P1-generalized accretive mapping with respect to
Ay, By, respectively and pi-mized Lipschitz continuous with respect to Ay and
By. Let G: EX E — FE be asg, B2-generalized accretive mapping with respect to
As, By, respectively and pa-mized Lipschitz continuous with respect to As and
By. Suppose that there exist constants A; > 0 satisfying following conditions:

0< (51701_ (\/]. — 2(C¥Z + 51) + 262p% + \/1 —2\7 + 202)\125?51 + )\zéTl) <1,
1+2¢%p7 > 2(a; + Bi), 1 4 262 A7 63, > 2M\T;. (3.10)

If for any arbitrary (To, o) € 21 X 2o, let {(T, Gn)} € 21 X 25 be any sequence
generated by parallel Mann iterative method (3.8) with o, € [0,1] and > ap =
n=0

Q.

(i) Then there exists a unique element (Z,y) € 21 X {22 such that (Z, ) solves
APP (3.1).

(i1) The sequence {(Tn,Tn)} € 21 X 25 generated by parallel Mann iterative
method (3.8) converges strongly to (Z,7).

Proof. (i) Evidently from Lemma 5, ITg, [G(Az, Ba) — Aa(So —Ts)] : 29 — (4
is a ki-contraction and ITo,[H(A1, B1) — M (S1 — T1)] : 1 — §25 is a ko-
contraction mapping. Hence, the proof follows immediately from Proposition
4.

(11) Define Sl = H_(32 [H(Al, Bl) - )\1(S1 —Tl)] and SQ = H()l [G(AQ, BQ) -
A2(S3 —T5)]. Then Sy : 21 — (25 is Ko-contraction mapping and Sy : 25 — 24
is k1-contraction mapping. Then, it follows from (3.8) that

[Zn+1 — 2l = |(1 — an)Zp + @ S2(Pn) — Z[| < (1 — an)l|Zn — Z|
+ an|S2(Fn) — jH <(1- O‘n)Hjn -zl + O‘n||S2(gn) - 52(3?)“
< (1 —an)l@n — 2| + ankil|gn — Y-

Since
19 — Yl = [151(Zn) — S1(2)[| < K2|Zn — Z||. (3.11)
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Thus, we acquire
[Zn41 — 2] < (1 — an(l — K1k2)[[Zn — 7.

Hence, it follows from Lemma 3 that {Z,} converges to Z and from (3.11), it
is easy to see that {g,} converges to §. This completes the proof. O

Theorem 2. Let I, : E — (2; be 61791_ -Lipschitz continuous mappings and
A;, B, Si, T; : £2; — E be the single-valued mappings such that S; are dg,-
Lipschitz continuous, T;-strongly accretive and T; are 37, -Lipschitz continuous.
Let H : Ex E — E be ay, B1-generalized accretive mapping with respect to
Ay, By, respectively and pi-mized Lipschitz continuous with respect to Ay and
By. Let G: EX E — FE be asg, B2-generalized accretive mapping with respect to
Ao, By, respectively and pa-mized Lipschitz continuous with respect to As and
Bsy. Suppose that there exist constants \; > 0 satisfying condition (3.10). If
for any arbitrary element (To, o) € 21 X 2o; let {(Zn,Tn)} € 21 X 25 be any
sequence generated by parallel S-iterative method (3.9), where oy, B, € (0,1)
satisfying the following condition:

Bn > ks, iy > Bpk1,Vn € N. (3.12)

(1) Then there exists a unique element (Z,q) € {21 X 25 such that (Z,7) solves
APP (3.1).

(i) The sequence {(Tn,Un)} € 21 X £25 generated by parallel S-iteration pro-
cess (3.9) converges strongly to (Z,7).

Proof. (i) Proof follows from part (i) of Theorem 1.

(11) Define Sl = HQQ [H(Al, Bl) - )\1(51 _Tl)] and SQ = HQl [G(AQ, Bg) -
A2(S2—T5)]. Then from Lemma 5, we know that Sy : 21 — {25 is ka-contraction
mapping and Sy : 29 — (21 is ky-contraction mapping. Thus from (3.9), we
obtain

[Zn41 — || = [|S2[(1 — @) + anSi(zn)] — Z[| < K11 — @) Un
+ 0 S1(Tn) — Il < K1[(1 = ) |Un — Il + @ l|S1(Zn) — 7]
< k(1 = ap)|n — Il + ankiz||Zn — Z[]].

Following the same steps as above, we have
1Gn+1 = 9l < w2[(X = Bu)lZn — Z[| + Brkiallgn — ll]-
Thus, we infer that

[Znt1 = 2l + |01 = gl < mo[l = (Bn — ansr)][|2n — 2|
+ k1l = (an = Buka)]llgn — 7l (3.13)

Choose k = max(k1, k2), then from (3.12) and (3.13), we have
[Zni1 = Z + 9n1 = 9ll < K20 — 2l + 170 — ] (3.14)

Math. Model. Anal., 28(1):118-145, 2023.



132 A. Khan, M. Akram and M. Dilshad

From (2.2) and (3.14), we deduce that

1(Znt1; nt1) = (2, 9) [l < &l[(Zn, 9n) = (2, 9)]]

Now utilizing Lemma 3, we have

i [[(Zn,9n) — (7, 9)[ls = lm_ [z, —Z[| + lim |7, —g[| = 0.
n— o0 n—o0 n— o0

Thus, the sequence {(Zn,¥n)} € 21 X 22 converges strongly to (Z,7). O

4 Applications

Next, we prove the convergence results for the system of generalized variational
inclusions and inequalities as applications of conceptual framework of altering
points. Some special cases are also discussed.

Theorem 3. Let H : E x E — E be ai,[1-generalized accretive mapping
with respect to Ay, By, respectively such that oy + 81 > 0, py-mized Lipschitz
continuous with respect to A1 and By. Let G : Ex E — E be ag, Ba-generalized
accretive mapping with respect to Ag, Ba, respectively such that ag + S > 0,
p2-mized Lipschitz continuous with respect to Ay and By. Let My : E — 2F pe
H(-,-)-accretive mapping with respect to Ay and By such that Dom(My) C £
and My : E — 2P be G(-,-)-accretive mapping with respect to Ay and Bs
such that Dom(Msy) C {25. Let A;,B;,S;,T; : £2; — E be the single-valued
mappings such that S; are dg,-Lipschitz continuous, T;-strongly accretive and
T, are é1,-Lipschitz continuous. Suppose that there exist positive constants A,

o]
and o, € [0,1] with >, a, = oo satisfying following conditions:
n=0

0 <A(G) + /1 - 20 +262\363, + Madr, < a1 + B, 1+ 22A302, > Xy,

0 <A(H) + \/1 — 2T+ 2020262 + Aibr, < g+ B, 1+ 2620258, > 20Ty,

(1) Then there exists a unique element (Z,g) € {21 X {2 such that (Z,7) solves
SGVI (3.3).

(i) The sequence {(ZTn,Tn)} € 21 X (25 generated by parallel Mann iterative
method:

G (4.1)

Fni1=(1 = an)Tn + an Ry 3 [G(As, B2) — A1 (S2 = T2)](Fn),
Gns1=(1 = an)fn + 0 RS 31 [H (A1, Br) — Ao (S1 — T1)) (@)

converges strongly to (T,7).

Proof. (i) Define S =: R{ ;) [H(A1, Br) — oSy — T1)], T =: Ry ;)
[G(Aa, Ba) — A1(S2 — Tv)]. Consequently, from Lemma 6, T : 25 — (2; is

Li-contraction mapping, where L} = querl (AG) + \/1—2)\27'2 +2c2)\30%, +
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A267,) and A(G) = \/1 —2(az + B2) + 64Cp3. Similarly S : 2y — (25 is L3-
o (AH) + (1= 20 + 2020303, +
Mdr,) and A(H) = V/1— (a1 + B1) + 64Cp?. By utilizing Proposition 4, one
can conclude that there exists a unique point (Z,y) € {21 X {2 such that
S(z) =y and T'(y) = &. Therefore, we get
{Rg\;g(;]’\./l)z [H(A17 Bl) - )\Q(Sl — Tl)](i‘) = g’
R [G(Az, Ba) — M (S2 — T)](§) = .

contraction mapping, where L =

Thus from Lemma 7, we deduce that (Z,y) € 21 X {25 is a solution of SGVI
(3.3).

(ii) Since S : 21 — (2 is Lj-contraction mapping and T : 25 — (2; is
Li-contraction mapping. Then from (4.1), we obtain

@ ns1—2 =1 =) En-+anT(Ga)~]| < (L—n)l|En — 2l| + | T(Gn) - 2]
< (1) [Za—2 |+l TG)~T@)]| < (L=n)l|En—2]+anLi]17n — 7.

Since
5 — gl = 15(Zn) = S(@)|| = Ls||Zn — Z|. (4.2)
Thus, we obtain

[Znt1 = 2| < (1= an(l = L3 L7)) |20 — 2.

Hence, it follows from Lemma 3 that {Z,} converges to Z and from (4.2), it is
easy to see that {g,} converges to §. This completes the proof. O

Corollary 1. Let H : E — E be ~;-strongly accretive and p;-Lipschitz continu-
ous mapping and G : F — F be yy-strongly accretive and po-Lipschitz continu-
ous mapping. Let M; : E — 2F be H-accretive mapping such that Dom(M;) C
2, and My : E — 2F be G-accretive mapping such that Dom (M) C §2,. Let
Si, T; + £2; — E be the single-valued mappings such that S; are dg,-Lipschitz
continuous, 7;-strongly accretive and 7; are dr,-Lipschitz continuous. Suppose
(o]
that there exist constants A\; > 0 and «, € [0,1] with > «, = oo satisfying

n=0
following conditions:

0 <A(G) + \/1 — 2007y + 2¢2A36%, 4 Aadr, < an + B1,1+ 26PA365, > 2X0m,

0 <AH) +/1— 207 +2636%, + Midr, < as + o, 1+ 22X30%, > 207,

where, A(G) = \/1 — 272 + 64Cp3 and A(H) = /1 — 21 + 64Cp3.
(i) Then there exists a unique element (Z,y) € 21 x {29 such that (Z,7)
solves SVI (3.4).

(i) The sequence {(Zn, Yn)} € £21 X £22 generated by parallel Mann iterative
method:

Tpt1 = (1 — ap)Tn + O‘TLR)I:Il,Ml (G — A1 (S2 = T2)](Yn),
gn—&-l = (1 - an)gn + O‘nR%;,MZ [H - )‘Q(Sl - Tl)](iVL)
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converges strongly to (Z, 7).

Theorem 4. Let H : E x E — E be a1, 1-generalized accretive mapping
with respect to Ay, By, respectively such that oy + 51 # 0, p1-mized Lipschitz
continuous with respect to A1 and By. Let G : ExX E — E be asg, fa-generalized
accretive mapping with respect to Ag, Ba, respectively such that ag + P2 # 0,
pa-mized Lipschitz continuous with respect to Ay and By. Let My : E — 2F be
H(-,-)-accretive mapping with respect to A1 and By such that Dom(M;) C (4
and My : E — 2F be G(-,-)-accretive mapping with respect to Ay and B
such that Dom(Msy) C §25. Let A;,B;,S;,T; : £2; — E be the single-valued
mappings such that S; are dg,-Lipschitz continuous, T;-strongly accretive and
T, are Or,-Lipschitz continuous. Suppose that there exist positive constants
Ai and the sequences {an},{Bn} in (0,1) with B, > a,L} and o, > BnL;
satisfying following conditions:

0 <A(G) + /1 - 20am + 2620363, + Aadr, < a1 + B, 1+ 22N303, > 2D,

0 <AH) + /1= 207 + 260303, + Mdr, < as + i, 1+ 22A202, > 2071,

(1) Then there exists a unique element (Z,q) € {21 X {2 such that (Z,7) solves
SGVI (3.3).

(i) For any arbitrary (To, o) € 21 X {22, there exists a sequence {(Tn,Tn)} €
21 X {29 generated by parallel S-iterative method:

Znp1 =REC) [G(AgBy) — Al(sz—:a)][u )+ RS i) [H (A1, B )
~Xe(S1 = T)](@n)],

Gt =R, I (A1, B1) = Ao (81 =T [ (1= )30+ B B [G(AaB2)
= A1 (S2 — Tz)}(@n)}

converges strongly to (Z,9).

Proof. (i) Define S =: R{'y) [H(Ay, By) — Ao(S1 — T1)] and
T::Rf("]\;[)1 [G(Agz, B2)—A1(S2—T3)]. In consequence of Lemma 6, T : 25 — (2
is Li-contraction mapping, where Lj=_- +/31( (G)+\/172/\27’2+202)\§5§.2 +
)\25T2) and A(G :\/1—2 (aa + B2) +64Cp3. Similarly S : 2, — 2y is Lj-
contraction mapping, where L = m(A ) + \/1 — 2\ + 2620108, +
A1 (5T1) and A(H \/1 2(a1+B1)+64Cp?. Then from Proposition 4, we know
that S(z)=y and T(y)=z. Thus, the conclusion follows from Lemma 7.
(ii) Since S : 21 — (25 is a Li-contraction mapping and T : 25 — (2 is a
Li-contraction mapping. Then from (3.9), we have
[Znt1 = Z[ = [IT[(1 — an)Pn + anS(Zn)] = Z|| < LI[|(1 = a)Fn
+anS(Zn) = gl < LI[(1 = an)l|Fn — Gl + anl|S(@n) — 7]
< LI = an)[|Yn — 9l + an L3 || Zn — 2]
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Following the same steps as above, we have
1Gn+1 =yl < L3[(X = Bo)[|Zn — 2| + Bn L1 [|7n — Yll]-

Thus, we have

[Zn1 = Zl + 01 = 9ll < La[1 = (Bn — anLY)][|Zn — 7|

T L - (an = Bl -7l P

Choose L* = max{Lj, L3}, then from (4.3) and assumptions of the theorem,
we have

1Zn1 = Z + [1Gnt1 = gl < L7[|Zn — 2] + |50 — 9ll]- (4.4)
From (2.2) and (4.4), we infer that

1(@nt1:Gnt1) = (2, 9) 1« < L[(Zn, Gn) = (2, 9)I+-

Now utilizing Lemma 3, we acquire
lim ||(Zn, §n) — (2,9)|l« = lim [z, —Z[| + lim |7, -yl = 0.
n—oo n—oo n—oo

Thus, the sequence {(Zn,Jn)} € 21 X {25 converges strongly to (Z,7). O

Corollary 2. Let H : E — FE be vy;-strongly accretive and p;-Lipschitz con-
tinuous and G : F — FE be 7o-strongly accretive and po-Lipschitz continu-
ous. Let M : E — 2F be H-accretive mapping such that Dom(M;) C (2
and My : E — 2F be G-accretive mapping such that Dom(My) C §25. Let
Si, T; : §2; = E be the single-valued mappings such that S; are Jg,-Lipschitz
continuous, 7;-strongly accretive and 7; are dr,-Lipschitz continuous. Suppose
that there exist positive constants ); and the sequences {e,}, {6,} in (0,1)
with 8, > a, L7 and o, > B, L35 satisfying following conditions:

0 <A(G) + \/1 — 2007 + 2¢2A36%, 4 Aadr, < ay + B1,1+ 27 A365, > 2Xam,

0 <A(H) + \/1 — 2071 + 220362 + M0, < ap + B2, 1+ 267 A26%, > 21,

where A(G) = /1 — 22 + 64Cp3 and A(H) = /1 — 2y + 64Cp3.

(i) Then there exists a unique element (Z,y) € 2 x {22 such that (z,7)
solves SVI (3.4).

(ii) For any arbitrary (Zo, o) € 21 X {25, there exists a sequence {(Z,, Jn)} €
{21 X {25 generated by parallel S-iterative method:

Tni1=RE 31, [G-X(S2-T)] [ (1) Gt B, ag, [H- Ao (S1-T1)] (7).
Unt1=RS, v, [H-A2(S1—T1))] [(1_Bn)jn+ﬂnR§{1,M1 [G=A1(S2-T3)] (ﬁn)}
converges strongly to (Z, 7).
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Theorem 5. Let Qq, be sunny nonexpansive retractions from E onto §2; and
Ai, B, Si,T; - 2, — E be the single-valued mappings such that S; are dg,-
Lipschitz continuous, T;-strongly accretive and T; are dT,-Lipschitz continuous.
Let H : Ex E — FE be ai, fB1-generalized accretive mapping with respect to
Ay, By, respectively and pi-mized Lipschitz continuous with respect to Ay and
By. Let G: Ex E — FE be as, fa-generalized accretive mapping with respect
to As, By, respectively and ps-mized Lipschitz continuous with respect to As
and Bs. Suppose that there exist constants A; > 0 such that o, € [0,1] with
o0

>, = 00 satisfying the following conditions:
n=0

1+2¢%p2 > 2(ay + Bi), 1+ 202)‘125?91- > 20T

(4.5)

(1) Then there exists a unique element (Z,y) € {21 X {2 such that (Z,7) solves
SGVIneq (3.6).

(i) The sequence {(ZTn,Tn)} € 21 X (25 generated by parallel Mann iterative
method:

{%Hzﬂ—awm+%£mWMm&%%N&—BW%%

Gusr = (1= )i+ anQenH(AL B M(S1 - T)(En) 0

converges strongly to (Z,9).

Proof.

(i) Define ¢ = QQl [G(AQ, Bg)—)\l (SQ_TQ)} and @Y= QQQ [H(Al, Bl )—)\2(51—
T1)]. Since @y, is sunny nonexpansive, then it follows from Lemma 5 and
(4.5) that ¢ : 29 — 2 is L(v)-contraction mapping, where

L) = \/1 - 20z + B2) +2¢203 + V1= 207 + 2620303, + haoir,.

Similarly, Q g, is sunny nonexpansive and : {2y — {25 is L(p)-contraction
mapping, where

L(p) = \/1 —2(on + Br) +2¢%p7 + \/1 —2X\71 + 2¢2A30% + Aidry -

From Proposition 4, it follows that there exists unique element (T,7) €
21 x {25 such that ¢(Z) = g and 1(g) = Z. Thus, the conclusion follows
immediately from the Lemma 4.

(ii) Since ¢ : 1 — {2 is a L(p)-contraction mapping and @ : 25 — {2y is
a L(1)-contraction mapping. Then from (4.6), we have

[Zrnt1 —2Z[ = [[(1 = an)ZTn + an®(yn) — 2| < (1 — ap)||Z — 2|

+ an | V(Gn) — 2l < (1 — an)[|Zn — T + anllt(Gn) — L@l
< (1= an)l|@n — 2| + an L(Y)[|9n — Y-
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Since
90 — 9l = lle(Zn) — o(@)]| = L(p)|1Zn — 2. (4.7)

Thus, we obtain
[Zn41 — 2] < (1 —an(l = L) L(p)) |2, — Z|.

Hence, it follows from Lemma 3 that {Z,} converges to Z and from (4.7), it is
easy to see that {g,} converges to y. This completes the proof. O

Corollary 3. For each ¢ € {1,2}; let 2; be nonempty closed convex subsets
of a real Hilbert space H. Let Il be metric projections from E onto §2;
and A;, B;, S;,T; : 2; — E be the single-valued mappings such that S; are Jg,-
Lipschitz continuous, 7;-strongly monotone and T; are dr,-Lipschitz continuous.
Let H : E x E — FE be a1, f1-generalized monotone mapping with respect to
Ay, By, respectively such that H is p;-mixed Lipschitz continuous with respect
to Ay and By. Let G : EXE — E be as, fa-generalized monotone mapping with
respect to Ag, Bs, respectively such that G is ps-mixed Lipschitz continuous
with respect to A; and Bs. Suppose that there exist constants A\; > 0 such
[e.e]

that a,, € [0,1] with >  «, = co satisfying the following conditions:
n=0

V1= 200+ 8) + 26202 + /1 — 2mi + 2620263, + Nidr, <1, Vi€ I,
1+2¢%p7 > 2(a; + B;), 1 + 2¢* X365, > 2\T;.

(i) Then there exists a unique element (Z,y) € 21 x {22 such that (z,7)
solves SGVIneq (3.7).

(i) The sequence {(Zy, Yn)} € £21 X £22 generated by parallel Mann iterative
method:

{xn+1 = (1 = an)Zy + anQu, [G(A2, Ba) — A1(S2 — 12)](Un):
Unt1 = (1 — an)yn + 0nQu,[H (A1, By) — A2(S1 — T1)](Zn)

converges strongly to (Z, 7).

Theorem 6. Let Qq, be sunny nonexpansive retractions from E onto §2; and
A, B, Si,T; - 2, — E be the single-valued mappings such that S; are dg,-
Lipschitz continuous, T;-strongly accretive and T; are dr,-Lipschitz continuous.
Let H : Ex E — E be ay, p1-generalized accretive mapping with respect to
Ay, By, respectively such that H is py-mized Lipschitz continuous with respect
to Ay and By. Let G : ExX E — E be as, By-generalized accretive mapping with
respect to As, By, respectively such that G is ps-mized Lipschitz continuous
with respect to As and Bs. Suppose that there exist constants \; > 0 and
the sequences {an} and {B,} in (0,1) with By, > anL(y) and o, > BnL(p)

satisfying the following conditions:

V1= 2000+ 8i) + 26202 + /1~ 2m + 22026, + Nidr, < 1

(4.8)
1+2¢%p7 > 2(a; + Bi), 1 4 22 A7 635, > 2M\;T;.

Math. Model. Anal., 28(1):118-145, 2023.
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(i) Then there exists a unique element (Z,y) € 21 X {22 such that (Z,7y) solves
SGVIneq (3.6).

(ii) The sequence {(Tn,¥n)} € (1 X {22 generated by parallel S-iterative
method:
Tnt1 = Qa,[G(Az, Ba) — i (S2 — T2)] [(1 — ) ¥
+anQo,[H (A1, Br) — A2(S1 — T1)](Zn)]
Un+1 = Qo,[H(A1, By) — XA2(S1 — TV)][(1 = Bn)Zn
+BnQ0, [G(Az, B2) — A1(S2 — T2)](7n)]

converges strongly to (T,7).

Proof. (i) Proof can be obtained by following the proof (i) of Theorem 5.

(ii) Define ¢ =: Qq, [G(A2, B2) — Ai(S2 — T2)] and ¢ =: Q,[H (A1, B1) —
A2(S1 — T1)]. Since Qg, is sunny nonexpansive, then it follows from Lemma 5
and (4.8) that ¢ : 29 — 2y is L(¢)-contraction mapping, where

L) = /1 —2(as + ) +2¢2p3 + V1= 2207 + 2620363, + Aabr,.

Similarly, Qg,, is sunny nonexpansive and ¢ : 21 — (2 is L(p)-contraction
mapping, where

L((p) = \/1 —2(c1 +641) + 2C2p% + \/1 — 2\ + ZCQA%6§1 + A0y,
From (3.9), we infer
”fn-‘rl - fH = ”1/}[(1 - O‘n)ﬂn + O‘n‘P(jn)] - j”
< LA = an)in + an@(@n) — gl < L) [(1 = an) |70 — 7|
+ anlle(@n) = gll] < LA = an) 150 = Gl + an L(@) [ 2n — Z[|].
Following the same steps as above, we obtain
[Gn+1 = Yl < L(@)[(L = B)l|Zn — Z[| + Bn L()[|5n — 7ll]-
Thus, we have
1Zn+1 = 2| + [Fn+1 — 9l < L(@)[1 = (Bn — an L(¥))][|Z0 — Z||
+ L()[1 = (an = BaL ()7 — -

Choose L(A) = max{L(®), L(p)}, then from (4.9) and assumptions of the
theorem, we have

(4.9)

[Znt1 = 2l + G041 = gl < L(2)[|Zn = 2] + [|gn = lI]- (4.10)
It follows from (2.2) and (4.10) that
1(Znt15 Gng1) = (&,9) [« < LA (Zns Gn) = (2, )+
Now utilizing Lemma 3, we have
Jim [[(Z0,90) — (2, 9)llx = lim |7, —2[| + lim g —g] = 0.

Thus, the sequence {(Z,,Jn)} € £21 X {22 converges strongly to (z,y). O
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Corollary 4. For each ¢ € {1,2}; let 2; be nonempty closed convex subsets
of a real Hilbert space H. Let Il be metric projections from E onto §2;
and A;, B;, S;,T; : 2, — E be the single-valued mappings such that S; are dg,-
Lipschitz continuous, 7;-strongly monotone and 7; are d7,-Lipschitz continuous.
Let H : E x E — FE be a1, f1-generalized monotone mapping with respect to
Ay, By, respectively such that H is p;-mixed Lipschitz continuous with respect
to A and By. Let G : EXE — E be ag, f2-generalized monotone mapping with
respect to As, Bo, respectively such that G is ps-mixed Lipschitz continuous
with respect to As and Bs. Suppose that there exist constants A; > 0 and
the sequences {«,} and {8,} in (0,1) with 8, > «,L(®) and «,, > B,L(p)
satisfying the following conditions:

V1200 + 8i) +2¢207 + 1= 207 + 2620263, + N, < 1,
1+2¢%p2 > 2(ay + Bi), 1+ 202)\?6; > 2M\T;.

(i) Then there exists a unique element (Z,§) € 1 X {29 such that (Z,7)
solves SGVIneq (3.7).

(ii) The sequence {(Zn,Tn)} € 21 x {22 generated by parallel S-iterative
method:

Int1 = Qo [G(Az, By) — A (S — o)) [(1 — o)
+anQa, [H (A1, Br) — X2(S1 — Th)|(Zn)],
Un+1 = Qo,[H(A1, Br) — X2(S1 — T)][(1 — Bn)Zn

+80Q 2, [G(Az, Ba) — A1 (S2 — T2)](Yn)]

converges strongly to (Z, ).

5 Numerical example

Ezample 2. Let E =R, () = 25 =[0,00). Let Il, : E — (4 and Il, : E —
{25 be the single-valued mappings defined by

1 1
Hgl(x):§(x+1) and HQQ(x):6(2x—3), Vo € E.

Then the mappings Il and II,, are Lipschitz continuous with constants
51791 = % and (517”2 = %7 respectively. Suppose that Ay, By, 51,71 : 1 — E
and A, By, S5, T5 : {29 — E are the single-valued mappings. Let H : E X E —
FE be a1,81 and G : E X E — FE be as, fo-generalized accretive mappings. We
define all the mappings mentioned above as follows:

— 1 2 1
Ay () =7x+§, Bl(x):?x—? for all z € £,
3
A2($)2—$+§, Bo(xz) =z +1, for all z € 2,

Math. Model. Anal., 28(1):118-145, 2023.
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1 2

Sl(x):z; L Tiw) =g +3, forallz e 2,
—z 1

Sg(x):g—l, Tz(x)zfﬂri, for all = € (2,

H(Al(l‘), Bl(IE)) = (Al(l‘) — Bl(l‘)), for all z € 917
_ As(x) — Ba(x)

G(Aa(w), Ba()) .

, for all z € §25.

Then, it is easily verified that

1. 57 and Sy are Lipschitz continuous with constants dg, = %,552 =1 and
strongly accretive with constants 7 = %, Ty = %, respectively.

2. Ty and T» are Lipschitz continuous with constants ér, = % and op, = i,
respectively.

3. H is aq, fi-generalized accretive mapping and p;-mixed Lipschitz con-
tinuous with respect to A; and B; with constants a; = %,/31 = % and
P = %-

4. G is ag, Pa-generalized accretive mapping and po-mixed Lipschitz con-
tinuous with respect to As and B with constants as = %,52 = % and

P2 = 1.
If, we choose ¢ = 1, then condition (3.10) is satisfied for ¢ = 1,2. That is,

0< (51]”2 (\/1 - 2(&1 + 61) + 262[)% + \/1 - 2)\17’1 + 202>\%5%1 + )\15']‘1)

= 0.70365 < 1,
0< 51]_(21 (\/1 - 2((12 + 62) + 202[)% + \/1 - 2)\27’2 + 262>\%5g2 + )\25']‘2)
= 0.65237 < 1.
Define Ul = HQz [H(Al, Bl) —)\1(51 —Tl)] and U2 = H_Ql [G(AQ, BQ) —)\2(52 -
T3)]. Then U; is a contraction mapping with constant k1 = % and Us is a
contraction mapping with constant ke = 1—72 Thus, all the suppositions and

conditions of Theorem 1 and Theorem 2 are satisfied. Hence z = —1.51136
and y = 1.590909 are altering points of U; and Us. That is, z = —1.51136 and
y = 1.590909 solves APP (3.1).

Now, we shall present the convergence of sequences generated by parallel

iterative scheme (3.8). For arbitrary (xo,yo) € 21 X 25 and «a, = nLH, we have
1 n
Tnt1 = (1 — ap)zn + anUs(yn) = mED) T, + 2+ 1) [—Tyn — 7]
1
= ———[12x, — Tny, — 7n], V N,
12(n+1)[ x ny n], Vn €
= (1= an)yn + anUi(z,) = ! + “ [—8z, + 7]

1
- 12 n - n Pl .
12(n 1) [12y 8nx, + Tn|, Vn € N
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That is,
1

It T 1+ 1)

122, — Tny, — Tn], Vn € N,

Yn+1 = m[uyn — 8nzy, + Tn], Vn € N.

Next, we shall present the convergence of sequences generated by parallel
iterative scheme (3.9). For arbitrary (zo,y0) € 21 X 22 and o, = 55 = Bn,
we have

1 n(—8x, + 7
tnit = Ul(1 = @)y + anUs(n)] = Vs (ot + (12<n +1) d
_ 12y, — 8nxy, +Tny  [—84y, + 56nz, — 49n — 84
—UQ[ 12(n+1) } - [ 144(n+1) ]’ vn € N,
Yni1 = Ur[(1 = Bp)n + BaUs(yn)] = Uy [(n 0T T Rmr D )}

U [1296” — ™Myn — 7n} [—96;vn + 56ny, + 56n + 84
= 1 =

12(n + 1) 144(n + 1) |, vnen.

Thus, we have

—84y,, + 56nx, — 49n — 84
n = y v N7
onsr = | 144(n + 1) | vne
_ [—96x, + 56ny, + 56n + 84
por = | 144(n + 1) | vnen.

4==8=910 11 12 13 14 15 16 17 18 19 20 21 22

—x_n y_n x_n y_n

Figure 1. Convergence of parallel Mann iterative method (3.13) and parallel S-iterative
method (3.14).

The convergence of sequences {z,} and {y,} is plotted in Figures 1 and 2
using different initial values and from Table 1 and Table 2, we infer that the
sequences {z, } and {y, } produced by the presented iterative methods converge
to the altering points x = —1.51136 and y = 1.590909.

Math. Model. Anal., 28(1):118-145, 2023.
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10 11 12 13 14 15 16 17 18 19 20 21 22

——%n —yn —xn —y.n

Figure 2. Convergence of parallel Mann iterative method (3.13) and parallel S-iterative
method (3.14).

Table 1. Convergence of parallel Mann iterative method (3.13) and parallel S-iterative
method (3.14).

Parallel Mann iterations Parallel S-iterations

n Tn Yn Tn Yn

1 -10 10 -15 15

5 -4.0053 4.257716 -2.37071 2.509074
10 -1.85357 1.956734 -1.52311 1.603469
15 -1.55196 1.634313 -1.5115 1.591052
20 -1.51588 1.595741 -1.51137 1.590911
25 -1.51185 1.591428 -1.51136 1.590909
30 -1.51141 1.590964 -1.51136 1.590909
35 -1.51137 1.590915 -1.51136 1.590909
40 -1.51136 1.59091 -1.51136 1.590909
45 -1.51136 1.590909 -1.51136 1.590909
50 -1.51136 1.590909 -1.51136 1.590909
60 -1.51136 1.590909 -1.51136 1.590909
100 -1.51136 1.590909 -1.51136 1.590909

Table 2. Convergence of parallel Mann iterative method (3.13) and parallel S-iterative
method (3.14).

Parallel Mann iterations Parallel S-iterations

n Tn Yn In Yn

1 -20 20 -25 25

5 -6.95669 7.41358 -3.00961 3.19173
10 -2.25854 2.389654 -1.53185 1.612807
15 -1.60001 1.685677 -1.5116 1.591159
20 -1.52123 1.60146 -1.51137 1.590912
25 -1.51242 1.592042 -1.51136 1.590909
30 -1.51147 1.591028 -1.51136 1.590909
35 -1.51138 1.590921 -1.51136 1.590909
40 -1.51136 1.59091 -1.51136 1.590909
45 -1.51136 1.590909 -1.51136 1.590909
50 -1.51136 1.590909 -1.51136 1.590909
60 -1.51136 1.590909 -1.51136 1.590909

100 -1.51136 1.590909 -1.51136 1.590909
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6 Conclusions

In this paper, we investigated an altering points problem involving generalized
accretive mappings over closed convex subsets of a real uniformly smooth Ba-
nach space. Parallel Mann and parallel S-iterative methods are suggested to
analyze the approximate solution of altering points problem. As a consequence,
some systems of generalized variational inclusions and generalized variational
inequalities are also explored using the conceptual framework of altering points.
The existence result and convergence analysis is validated by an illustrative ex-
ample.
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