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Abstract. In this paper, we propose a mixed Jacobi-Fourier spectral method for
solving the Fisher equation in a disc. Some mixed Jacobi-Fourier approximation
results are established, which play important roles in numerical simulation of various
problems defined in a disc. We use the generalized Jacobi approximation to simulate
the singularity of solution at the regional center. This also simplifies the theoretical
analysis and provides a sparse system. The stability and convergence of the proposed
scheme are proved. Numerical results demonstrate the efficiency of this new algorithm
and coincide well with the theoretical analysis.
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1 Introduction

Fisher equation serves as a foundation in various mathematical investigations
in ecology and biology, see, e.g., [6,7,16,17,20,23]. There are so many works
concerned with analytic solutions of the Fisher equation, see, e.g., [12,25, 28]
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Mized Jacobi-Fourier Spectral Method for Fisher Equation 241

and the references therein. Recently, Olmos and Shizgal [21] provided the nu-
merical solution with the Chebyshev collocation method. Mittal and Jiwari [19]
numerically discussed the Fisher equation by using the differential quadrature
method. Jiwari [15] used Haar wavelet quasilinearization approach to solve
Burges’ equation. Wang [26] studied the Fisher equation on a semi-infinite
domain using the generalized Laguerre functions. Wang and Jiao [27] consid-
ered the Fisher equation on unbounded domain using the generalized Hermite
functions.

In this paper, we consider the Fisher equation in a disc. Let 2 = {(p,0) | 0 <
p <2, 0<6 < 2n} with the boundary 82 and T > 0. Wy(p,6) and v > 0
are the initial state and the kinetic viscosity, respectively. For simplicity, let

oW = %—W, etc. The Fisher problem in a disc is of the form
z

atW(pa 05 t)71/AW(p, 97 t)*W(p, 9, t)(l*W(p, 97 t)):g(pa 97 t)a

in 2,t e [0,T), 1)
W(2,0,t)=0, tel0,T], )
W(p,0,0) = Wo(p,6), in 2.
For a scalar function w(p, 6),
1 1.,
1
Vup.) = (Dp0(p.0). 2o (p.0))" (1.3)

Observing from (1.1)—(1.3) that it is a nonlinear evolution equation. Partic-
ularly, the problem has singularity at the center of the domain. This often
destroys the merit of high accuracy of spectral method. To overcome the dis-
advantage, some techniques have been proposed. Boyd [3,4] used some orthogo-
nal polynomials to approximate solutions with end-pointed weak singularities,
and in [5] compared seven methods for solving problems defined on a disk.
Stenger [24] used Sinc base functions to fit the singular solutions. Matsushima
and Marcus [18] studied spectral method for problems defined in polar coor-
dinates uing a set of orthogonal polynomials. Bernardi and Maday [2] consid-
ered ultraspherical approximations in some weighted Sobolev spaces. Guo [11]
studied Jacobi approximations in certain Hilbert spaces and with applications
to singular differential equations. On the other hand, some problems in un-
bounded domain can be reformulated as singular ones in bounded domain by
variable transformations. Guo [8] used some Jacobi approximations to numer-
ically simulate these resulting problems.

In this paper, we employ the generalized Jacobi-Fourier spectral method to
simulate (1.1) numerically. This approach has several merits:

(i) We use the generalized Jacobi approximation in the radial direction sim-
ilar to the method used by Yu and Wang in [29,30]. It avoids effectively
the singularity at the regional center.
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(ii) This reduces the difficulty of the theoretical analysis and provides a sparse
system of the unknown coefficients of numerical solution.

(iii) Moreover, the numerical solution possesses spectral accuracy in space
with the smooth solutions.

The rest of the paper is organized as follows. In the next section, we recall
some basic results of the generalized Jacobi and Fourier orthogonal approxi-
mations. In Section 3, we introduce the mixed generalized Jacobi-Fourier or-
thogonal approximation. In Section 4, a mixed spectral scheme for the Fisher
equation in a disc is constructed, and it’s stability and convergence are proved.
In Section 5, we present some numerical results to demonstrate the efficiency
of this new approach. The final section is for some concluding remarks.

2 Preliminaries

Let A = {x| |z| < 1} and x(z) be a certain weight function. Denote by N the
set of all non-negative integers. For any r € N, we define the weighted Sobolev
space H, (A) in the usual way, with the inner product, semi-norm and norm
(1, 0)r .5 [tlrx,4, and [|ullyy 4, respectively. In particular, L2 (A) = HY(A),
(U, )y,4 = (w0, v)0,x,4 and ||ully,a = |lulloy,a. For any r > 0, we define the
space HJ (A) by space interpolation as in [1]. We omit the subscript x whenever
x(x) = 1. Let a, 3 > —1 and x*#(z) = (1—x)%(1+2)”. The Jacobi polynomial
of degree [ in the interval A is given by

(1—2)*1+2)° S (2) = (;l—;!)la;((l —2)* (1 4 ).

The set of {Jl(a’ﬂ) (x)} is a complete Li(u,m (A)-orthogonal system, namely
(IO @), TP @) e =200, (2.1)
where §; ;» is the Kronecker delta symbol, and

() 2008 Pl +a+ 1)1+ B+ 1)
T T @tat )+ ) (tatpr)

Let N € N, and denote by Py(A) the set of all algebraic polynomials of
degree at most N. For v,§ > —1, we introduce the space Hgﬁmé(/l), 0<u<

1. For p =0, H&B’%(;(A):Li(w)(/l). For u=1,
Holéﬁ’w;(/l) = {u | u is measurable and |[ul/1,q,8,y,5,4 < 00},

equipped with the norm

1
La,B7,0,4 = (|U|?,X<a,a),/1 + HUHi(w),A)Q-

ul

The space Hgﬁvé(/l) with 0 < p < 1 is defined by space interpolation as
in [1].
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For describing approximation results, we define the following two spaces,

H (o) a(A) = {u | v is measurable and ||ul|, \@.m 4 < oo}, 7 €N,

where
r 1
[ull o, a = (D N5 snsim)® and [ul, com 4 = [O5ullyasrssn
k=0
and

H;(aﬁ) L(A) = {u | v is measurable and |ull, .5 . < oo}, r>1,7r€N,

where
r—1 1
[ull e = (D Nulp s s ) and [ulyyom o = [0ullyotrrmer-.
k=0

Clearly, we have |ul,_1 y(a.5), 4 = U], y(a.8) x-

Lemma 1. (¢f. Lemma 3.5 of [13]) If B < 1 then for any u € Holéﬁml;(/l), u
is continuous on any subinterval A* = [—1,a] with a < 1, and max lu(z)] <
xeN*

Uy s Ifs in addition, o < 1, then these results can be extended to A.

Lemma 2. (¢f. Lemma 2.3 of [30]) If one of the following conditions holds,

a<~y+2, a<l, <0, 6>0, (2.2)
a<0, 8<6+2, 720,
a<~y+4+2, B<di+1 a<l 0<p<1, (2.4)

then for any u € Hi(aﬁ)(/l) with u(1)=0,

lullyer.o < cluly s -

Lemma 3. (Lemma 2.2 of [15]) There exists a mapping pl{/,a,ﬂ : H;(aﬁ) 4(4)
— Pn(A) such that Py, su(=1) = u(-1), and for any u € H>1<<“’5> 4(A4),

(02(PY o 5t — 1), 028)yatrorn =0, Vo € Py(A).

Moreover, for anyu€H;’ (A), pyre N, 1<r<N+1land0<pu<r,

(@.8), A
1PN o gt — Ul e a < NFT[ul, am a-
Next, let & < 1 and
OH&,B,M(A) ={ulue Hi,ﬁ,y,a(/l)ﬂ(l) =0},
9PN (A) = Pn(A)N OHi,B,’y,zs(A)'
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Due to Lemma 1, the set OHéﬁ)%é(A) is meaningful. Next, we consider the

orthogonal projection OPy, , 5 5 “HJ, 5 5(A) = “Pn(A) is defined by

a(x,,@,’y,&(OPI{/’a,ﬁﬂ’éu - u, ¢) = Oa V¢ € OPN(A)a
where Gq,p .51, V) = (0pt, 02V)y(a8) + (U V) (7.5 -

Using similar manner to the proof of Lemma 3.4 of [30], we can get the
following result.

Lemma 4. If one of the conditions of (2.2)—(2.4) holds, then for any u €

VHj gy5(A) N HY (5 (A) with 7€ N andr > 1,

||0PI{/,0¢,B,%6U’ - UH1»C¥,57’>’75 < CN17T|U‘T,X(Q’H>,*' (25)
In addition, if a <vy+1,8<d+1, then for 0 < pu <1,
19PN a,8.,6% = Ul ua,8.6 < N ulp a6 e

Lemma 5. If one of the conditions of (2.2)—(2.4) holds, then there erists a
quasi-orthogonal projection °P), 5 s :°H}) 5 s(A) = “Pn(A), such that

OPolz,ﬂ,’y,(su(_]') =u(-1),

then for any u € °H,, 5 5(A) N H o

(A) withr € N and r > 1,
0P 550 — 1.y < NVl o (2.6)
In particular, if (2.2) or (2.4) holds, then we have

1°P5 .50 = ull(y,—1) < NVl o0 e (2.7)

Proof.  For any u € °H], 5 5(A), we define a quasi-orthogonal projection:

OB o sulz) = / OPY . oo sOcul€)de

1—=z !
+ 5 (u(—1)+/1 OPZ{,_L%Bméﬁxu(x)dm).

We can check that OPJ{,)aﬁméu(—l) = u(—1). Set

1
D =u(-1) +/ OP]{,_I)aﬁmtgﬁxu(@“)dm.
-1
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By (2.5), we derive that
1°PN ,,7,50(&) = (@) 11,0,8,7,5 (2.8)
1 [ OPh D€ + 15D~ u@l
S8 D)

< ||OP]{7—1,047,B,7,66$“($) - 890”( )||X(a p + = 9

¢ —x
[ OPA s aBeu(€)E + 5D = (e

< A°PY o g sOnu() — Dula >||X<w 5>+2< 2)}D|

y / OPL o g sOeu(€)dE E)dE]
1

< PPy o g sOnu() — D)oo s>+2< M) p)

1
0 1, (v+2,8)\2
-+ / ) ( P&fl’a,ﬁ,v,éawu(x) - 6xu(m))d$”x(%5> + 5(7(57 ))2 |DI.

Thanks to v, < 1,
1
0
1Dl = ‘ / 1 ( PJ{f_17a75,%5(9zu(a:) - 81u(x))dx‘

1 (nsrn
<500 TP ap00u(@) — Oou(@) e (29)
Substituting (2.9) into (2.8) and using Lemma 4, we obtain the desired result
(2.6). We next prove (2.7). Let 6 € (—1,1). By virtue of (2.15) of [14], we have
that

” P, a,B,y,0U — u||(%,1) < 21_5%— |0 a,B,y,04 — u|1,X<w 3)
-5 5
<2'7°2¢ . 5(II°PY_1.0.5.4600u(@) — Qu(@)ll o0 + 2( 7§9)3 D))
< CHOP]{lfl,a,ﬂ,'y,éaﬂiu(x) - 8$u($)HX(%5) < CNl_r|u|r,X(Q»B),*’ (210)
where

& = max(27,1),, 5 = max(& (v + 1), 62 (5 + 1)7%),
e= 2020, 51+ (8O,
O

Moreover, we recall some results of Fourier approximation, which will be
used in the forthcoming discussion. Let I = [0,27), s be any positive integer,
and H*(I) be Sobolev space with the norm || - ||s,; and the semi-norm |- |, ; as
usual. We denote by Hy(I) the subspace of H*(I), consisting of all functions
whose derivatives of order up to s — 1 have the period 27. For any r > 0, the
space H (I) is defined by space interpolation as in [1].
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246 Y. Jiao, T. Wang, X. Shi and W. Liu

Let M be any positive integer, and Vi (I) = span{e?| |I] < M}. We
define Vir(I) as the subset of Vis(I) consisting of all real-valued functions.
The orthogonal projection Py : L*(I) — V(1) is defined by

/1 (Par.rv(8) — v(6))6(6)d6 = 0, V6 € Var (D).

It was shown in [9] that for any v € H;(I), and 0 < p <'s,

| Prr,rv = vl pr < eM* %o

sl- (2.11)

3 Mixed Fourier-Jacobi approximation

In this section, we consider the mixed Jacobi-Fourier orthogonal approximation.
Let 2 ={(z,0)] -1 <2 <1, 0<6<2r} and Li(am(()) = Lim,ﬁ)(/l,Lz(I))
equipped with the inner product

(1,0) (e 2 = /Q (1—2)*(1 + 2)%u(z, 0)v(x, 0)dwdo

and the norm

N

”uHLi(O“B)(Q) = (uvu)x(a,ﬁ)'
In order to describe the approximation results, we introduce the space

HY oo 50 e(2) ={u|ue HE 5 5(A HUD)), ||u

1,0,8,7,6,m,6,2 < o},

where

||U 1,a,8,7,0,m,6,2 = (”azu“%i(ﬂﬁ) (A;L2(D)) + ||39u||%i(7],6) (A;L2(I))

2 1
Flllze | caszeay)*

Let

"F(2)={ul|ue Holtﬁm(;’n’g(()) and there exists a finite trace of
u(z,0) at x =1},
OHl,Bm&nyE(Q) ={u | u e "F(N) and u(1,0) = 0}.

[e3%

According to Lemma 1, the above space is meaningful. For simplicity, let

— 2 2 1
|U|Hé,1,o.71(9) - (Hal‘“”m(o 1 (AL2(D)) + ||36UHL2(0 _1)(A;L2([)))27
X X
HU||L2(Q) = ||U\|Li<0,0) (A;L2(D))>
1
ull10,1,0-1,0,0,2 = ||UHH3,L0,71,0$0(9) = (|U\§1&1y0171(9) + ||UH%2(Q))2'
In order to deal with the polar condition dyu(x,8)|z=—1 = 0, we define the

space
OV(Q) ={u|ue OHi,ﬁm(;’n’g(Q) and dpu(—1,0) = 0}.
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We introduce the bilinear form
U8, (U, V) = (Ozt, OpV)\(08) g + (Do, Og¥)y(n.6)
and the notation
0Py (£2) = "Pn(A) @ Va1 (1)) N OV(£2).
The orthogonal projection * Py, 1/ o : “V(2) — Py ar(£2) is defined by
ACOPY pr v —1,0) =0, Vo € "Pyn(92),
where A(u,v) = ao,1,0,—1(u,v) + (U, v),0.1 o
Lemma 6. For any v(-,0) € L*(I) and dpv(—1,0) = 0, then
0o Prrrv(—1,0) = 0.
Proof. For any § > 0, owing to dyv(—1,0) = 0, we can rewrite v(x,0) as
v(x,0) = (1+2)°u(z,0) +w(x). Thanks to v(-,) € L?(I), we can deduce that
u(-,0) € L?(I). So the Py ru(z,0) is meaningful. Furthermore, Py rv(z,6) =
(1+ 2)° Pargu(z, 0) + w(z), hence, 9 Pasrv(—1,0) =0. O
Theorem 1. If integer 2 <r < N +1, s > 1, then for any
v € V() (VHyo (A Hy (1) [V H 1.0 (A HY (D) [\ Loy (A, H (1))
we have
1Py ar.ov = vl101,0-101,0 <N+ M%) (v|gr

+ [v] -

Yoy L (AL2(D)

(Amy) F10zvlr2 4 ) |U|Li(0)7l) (A,H;(I)))' (3.1)

x(0,1) x(0:1)

A1
Proof. Setting ¢ = OPN70,1’0717A - Pyr,rv. Then

~1
(=1,0) =Py o101.4 Prav(—1,0) = Payv(—1,6).

Since dgv(—1,6) = 0, by Lemma 6, we check that 9Py jv(—1,60) = So,
9pp(—1,0) = 0. On the other hand, ¢(1,60) = 0. Then, ¢ € *Py, M(Q) y the
projection theorem we have

I°Py ar.0v = vl010-100.0 < 6 = vllioro-101,0, Vo€ "Prnar(2).
A1
Taking ¢ = °Py o 1.0.1.4 - Par,rv in the above inequality, we get that

19PN ar.0v — vll1.01.0-101,02 < |° PN0101A Prrrv—ollmg, ) a,02(0)

+ (|06 (° PN,0,1,0,1,A P v — U)||Li(0)_1)(A,L2(1))~

Math. Model. Anal., 23(2):240-261, 2018.
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. . 0Pl .
It remains to estimate the terms [|°Py o4 01 4 Pa,1v v||Hé’170,1(A’L2(1)) and

100" PR 0,1,0,1,4 - Prrro — U)”Li(o‘fl)(/l,LQ(I))-
Thanks to (2.6) and (2.11) we deduce that for integer 1 < r < N + 1 and

s>0
HOPJ{KO,l,O,l,A - Pagrv — U”Hé,l,o,l(/LLZ(l)) < ||0PJ{I,O,1,0,1,A « P o
— Pl ey +1Pvv = vllmg, ey
1— _
S eN P vl e TeMT000e g

+eM ™ uliz sy < Nl e

~(0.1) ORI
+ M0 2 | amg) T EM T2 ) (3.2)
2,

o

Using (2.7) and (2.11) again, we obtain that

“69(015]{7,0,1,0,1,/1 “ Prrgv — U)HLi(O,—l) (A,L2(I))
< %P o1,0,1,4 - 0o Par,1v — 89PM,IUHL?((O,,1) (A,L2(D))
+ (|00 (P, 1v — v)‘|Li(0771) (A,L2(I)) (3.3)
< CNlir‘aOPM,IU|H;(O,1)7*(/17L2([)) + ch’S\v|Li(0)_1)(A7H5(I))

S CNl_T"UIHr

1—s
wo  (AHHD) +eM |“|Li<o,71>(A,H§(1))~

Therefore, a combination of (3.2), (3.3) and Poincaré inequality leads to (3.1).
O

Lemma 7. For any u € "H'(12),
l[ull Lo y00(2) < C|U\Hgvl,0,71(n), 2<p<=<oo.

Proof. By embedding theory and Lemma 2 we can easily obtain the desired
result. O

For nonlinear problem we need the following lemma (cf. Lemma 3.1 of [10]).
Lemma 8. Assume that

(1) the constants by > 0,by > 0,b3 > 0 and d > 0,
(2) Z(t) and A(t) are non-negative functions of t,
2

3)d< b—l exp(—bst) for certain t; >0, and for all t < tq,
b3

7(t) + /0 (b — baZ% () A(m)dy < d + by /0 Z(n)dn.

Then for all t < t1, we have Z(t) < dexp(bst).
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4 Mixed spectral method for Fisher equation

In this section, we propose the mixed spectral method for the Fisher equation
(1.1). We define the space L?({2) as usual with the following inner product and
norm

1
(wvv)LQ(Q) = /pr(pv 0)v(p,0)dpdo, ”wHL?(f)) (w, w)Lz(Q)

We also define the space H l(f}) equipped with the following inner product,
semi-norm and norm,

1
(0@ = [ (00,000 0)0,0(0.0) + 5 00, 0)050(p.6)dp,

1 1
Wiy = @0 gy Il = () + Il g2 o)

In order to use the generalized Jacobi approximation, we make the variable
transformation p = 1 + x. Then we can check that

(W) 20y = | pulp.0)0(p.0)dpas

= / (1 + z2)w(z, 0)v(z,0)drdd = (w,v)\0.1) o
7}

1
(W, 0) () = /Q (pBpw(p,0)3pv(p, ) + ;%w(m 0)dev(p,0))dpdd

1

= (0w, 8IU)X<0,1>7Q + (Opw, 89v)x<o -1 o = ag,1,0,—1(w,v),

2
||wHL2(Q lwllzz . (2), |w|1 HY(D = (|0, w||L2 ) + ||89w||Li(07_1>(Q)'

O
Moreover, because the problem is defined in a disc, so we need the polar con-
dition dpu(—1,0) = 0for 0 < 0 < 27. Taking U(z,0,t) = W(1 + z,6,t),
f(x,0,t) = g(1 +x,0,t). Then (1.1) is reformulated to

QU (2,0,1) = V(H% (1 + 2)8,U (x, 0,1)) + ﬁagU(x,G,t))
+U(2,0,t)(1 = U(x,0,1)) + f(x,0,t), in, tel0,T],
B6U(-1,0,1) =0, U(1,0,t)=0, tel0,T),

U(z,0,0) =Uy(x,0), on 2.
(4.1)

Therefore, a weak formulation of (4.1) is to find U(x, 6,t) € "V(£2)® [0, T] such
that for all v(z,8) €° V(£2) satisfy

(815U, ,U)Li(ﬂ,l)(n) + l/ao,lyo,fl(U, ’U)
= U@l - U)W)Li(m)(n) +(/, U)Li(m)(rz)v YveV(R), 0<t<T,
U(z,0,0) = Up(x,0), in 2.

Math. Model. Anal., 23(2):240-261, 2018.
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The mixed spectral scheme for the above equation is to find uy s € OPN,M(.Q)
such that

(Orun,p(, 0,t),0) 12 o) +vao0,-1(un i (z,6,t),¢)

X(O’l)( )

= (un,m(z,0,6)(1 — un,nm(x,6,1)), d))Li(Ovl)(Q)
+(f(x707t)7¢)[/2(071)((2)7 V¢ € OPN,M(Q)7 te [O’T]a

un,m(2,0,0) =uo nm(z,0) = OPI{,,MﬂUo, in 0.

(4.2)

We now consider the stability of scheme (4.2). Since (4.2) is a nonlinear
problem, it does not possess the usual stability. But it might be of the gener-
alized stability as described in [9]. Suppose that ug n s, the right-hand side of
the equation of (4.2) have the errors @y and f, respectively. They induce the
error of uy as denoted by @y pr. Then, we obtain from (4.2) that

(Ot m(2), ¢)Li(0‘1) () +vao1,0,-1(an (), d)
= (a1 (t) = 2un,n (8)an e () — A3 ar (0), OIL2 ) ()
= (f0). 012, (@), Yo € Pun(), te[0T],
an,m(z,0,0) = Go n,m(z,0), in 0. (4.3)
Now, let

Ci(t) =3+4 sup [[v(t)lloo, 02,
0<t<T
t
_ 2 2
pr(u,w,t) = ||u(t)HLi(0yl)(Q) +/0 ”w(f)”Li(oyl)(Q)d&

t
B t) = [uOlEz , o+ [ 1€ oy
Taking ¢ = 2ty p(t) in (4.3), we derive that
at”ﬂN,M(t)”%i(ovl)(Q) + 2V|ﬂN,M(t)|i13)110771(9) = 2(f(®), aN,M(t))Liw,l)(Q)
+ 2(tn, 0 (t) — 28,01 (E)un e () — T3 ps (1), aN’M(t))Lim,n(m' (4.4)
Thanks to Cauchy inequality and Lemma 7, we yield that
12(@n, 0 (t) — 2t 0 (E)un,ar (8) — @5 a0 (2), aMM(t))Li(o,l) @)
< |2(ﬂN,M(t)a@N,M(t))Li(owl)(Q)|+|4(UN,M(f)@N,M(t)7ﬁN,M(f))Li(U)l)(gﬂ
+ \Q(Q?V,M(t)vﬂN,M(t))Li(OJ)(Q)| < QHQN,M(f)H%i(OJ)(m
+ 4||UN,M(t)||oo||11N,M(t)||%i(0,l)(n) +2lavar®lez @
X ”ﬂN,M(t)H%i(O’l)(Q) < (2Jr4||UN,M(t)||OO)”ﬂN,M(t)Hii(o’l)(Q)

+ 2 [an,a (1) HLi(Oyl) (@) |ﬂN,M(t)|§{31170y71(!2)'
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Substituting the above inequality into (4.4), we deduce that

8tHﬁN,M(t)H%2(OY1)(Q) +(2v = 2¢%[an,a (1)]| L2 2 o0y (@), 0 (t Wi o @

< G+ 4lunar Ol laxar Oz | o)+ IFOI3: @y (45)

Integrating the inequality (4.5) from 0 to ¢ with respect to ¢, we obtain that

t
i ®Is ot | @2 ©lle,, o) ivar @y, o

(01) 0,1,0,—

B t
< orlio.woan O+ €0 [ i ar @, o

Finally, applying Lemma 8, we get the following result of stability.

Theorem 2. Suppose that p(io s, f,T) < Zexp(—Cy(u(t)))T, then for all
0<t<T,

E(an ar,t) < plio.nar, f(1),t) exp(ert),
where Cy(un p(t)) depends on ||un a(t)||oo-

We next deal with the convergence of (4.2). To do this, let Uy, 5, ="Py 1 oU(t).
By the definition of °Py, 5, ;, we derive that

0,1,0,—1(Ux 11 (8), @) + (U a1 (£); @) y01)

s

= a0,1,0,-1(U(t),¢) + (U(t), ¢) 0, Yo € "Pyn(£2).
Then, we have that
(OUN (), 0) 2 2y (@) T V00,10, ~1(Un,m (1), 9)
— (Up () = URS g (8 >,¢)L2m o
= (FO, 02, + (G1(t) + Ga(t) + Gs5(t), ) - ® 0

+v(Gs(t), ¢)L2(071>(Q)7 Vo €¥ Pun(£2), te [07TL

Q)

(£2)

where
G1(t)=0: (U as (1) = U(1), Ga(t)=UR’ps(t) = U*(t), G3()=U (t) — Uy ar(1).
Next, taking U (t) = U}, (t) — un,a(t), we check that
@0 (1), A1, @) T vao,1,0,-1(U(t), ¢)
— (U(t) = 20(O)UR a(8) + U2(), d))Lz o (@)

:(Gl(t)+G2(t)+(1+u)Gg(t),¢)L2( @2 V9 € Pun(2), te(0,T].
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Using the similar manner of the derivation of (4.5), we can deduce that
j 20177 (4|12 T (4|2
T, | (o + (20 =2 IIU(t)IILi(OWU(Q))\U(t) H Lo ()

< B+ 4108 Do DT O, (1.6
+||G1(t) + Ga(t) + (1 + V)Gg(t)”%i(o,l)(!?)'

Integrating the inequality (4.6) from 0 to ¢ with respect to ¢, we obtain that

t ~ ~
BO).+ [ =220, )T, , e

. ) 010 (4.7)
< pa(t) + 02(t)/0 HU(QH%QwJ)(Q)d&

where

t
pat) = [ (16O, o+ 12Oz, o+ (+IGH@E: )

Similarly, applying Lemma 8 to (4.7), we have the following conclusion. Sup-
pose that pa(t) < %efcﬂ. Then, forall 0 <t < T
c

E(U(t),1) < pa(t)e” T, (4.8)

where Cy depend on |U(¢)]|s. Now, we only need to estimate ps(t). According
to Theorem 1, we have that

GOz < elGA DI

) c(N2-2" 4+ M2=25)B(9,U (1)).
+(0,0

(2) =
Similarly, we deduce that
GOz ) < GOz o)
< c(|UN @O +NTOZ)NUx (@) = U®)[72(0)
< e(N272 4 MP2)(|UR e (D12 + 1U (1) [15) BU (1))
< (NP7 MPTE)|U ()12, B(U (1)),
IGaOI= ) < IGaOIRz | ) < el + 322)BU(0),
where
BU®) = (Ular,, rzmy Tl @wm
+‘amU|L2(O‘1)(A,H;(I)) + |U|L2(01_1) (A,H;(z)))2-

The above inequality implies pa(t) = O(N?72" + M?72%), when N and M are
large enough. We can obtain from (4.8) that

E(U(t),t) < C(N*72 + M*72%), 0<t<T,

¢
where C' depends on ||U(t)]|c0, v and / B(U(§))d€. Then, we have the follow-
0

ing result of convergence.
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Theorem 3. Let U(x,0,t) be the solution of problem (4.1) and un pr(z,0,t) be
the solution of scheme (4.2), if U(1,0,t)=0 and Opu(—1,6,t)=0, o, 5,7 > —1,
6 > —1, then for any U € L=(0,T : H (.5 (4, L2(1 )) ﬂLiM)(A, HS(I))N
H ) (A HY(D))), 0U € L2 (A HS(I)), 1 <7 < N+1s > 1, all
0<t<T, we have

E(un.r — U, t) < o(N*72" 4 M>72%),

where ¢ depends on v and the above norms of U.

5 Numerical results

In this section, we describe the numerical implementations and present some
numerical results. Let

or(@)=J @), 1<I<N, d@)=J"""@), 2<I<N.

Clearly, ¢;(1) =0, 1 <I< N and v¢;(£1)=0, 2<I[< N. We set

Wy gy = L sin(mf), 2<I<N,1<m<M
l,m(xa ) \/12?1/11(@ ln(m )a I ) Sm= )
(2)

z,0) = —(x)cos(mb), 2<I<N,1<m<M,
2 (x,0) = (z), 1<I<N.

It is easy to check that

D(£1,0)=0, 000 (~1,0)=0, ¢=1,2
@1y=0, e (~1)=0.

Clearly, the set ¢{%) (2,0), 2< 1< N, 1<m <M, ¢=1,2 and ¢;” (z), 1 <
I < N conform the basis of the space OPM,N(Q).

Remark 1. Observing that the basis consists of three groups of functions

Y (@,0), 62 (2,0), 2< 1< N, 1 <m <M and ¢{,(,0), 1 <1< N. The
ﬁrst two groups of base functions contain the generahzed Jacobi polynomial
Jl(fl’fl)(x), and the third group contains Jl(fl’o) (). The generalized Jacobi
polynomials with indices « = f = —1 and = —1, 8 = 0 fit the behaviours of
the true solution U(z,0,t) and the polar condition dyU(—1,6,t) = 0 well.

The numerical solution up a(x,0,t) can be expanded as

N M N M
unar(z,0,0) =3 3" all) o) (@,0) + 303 @) (o) (x,0)
=2 m ]?] =2 m=1
+3 @ ()6 (2).

=1
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Taking ¢ = (a) (z,0), ¢ = 1,2 and ¢ = ¢l(,3)(m) in (4.2). Then, by the

U m/
orthogonality of trigonometric functions, we deduce that

Z@u‘” ) [+ i@

+u§yﬁ> () [ (14 200221000 (2) + () (@)

—zﬂ@ g=1,21'=23 N, m' =12 M,

Z@u(?’) / 1+ z)p(z)py (z dx+u2u(3)
x /(1+x)3x<pl(z)3x<pl/(z)dx: B r=1,2.-- N, m'=1,2,---, M,
A
where

ﬁ%=éwmwwwwmwfwwwwam% a=12,
ﬁuiéu+wxﬂw+uMMmufuMMm»#%mw.

We introduce the matrices A = (a;/), B = (by1), C = (c1rr), G = (g1,v) and
H = (hy,7) with the following entries

1
o= [ (2@ (ods, 1SLESN -1
-1

1
my:/"u+m¢mﬂwmwmmm,1SLWSN7L

-1

/1 1
=
1 1+

1
gL = / 1+ o)1 (@)pr+1()de, 0<1I <N -1,
~1

xwl+1(x)1/)l/+1(x)dx, 1<LI'<N-1,

1
MJZ/‘H+@&wH@WMHN@M7OSLVSN—L
-1

We next calculate the non-zero elements of the matrices A, B, C,G and H. We
denote by L;(x) the Legendre polynomial of degree [. We have

1
2
Li(x)Ly(x)de = ——dy 5.1
| m@ie@is = g, (1)
where 9;;/ is the Kronecker symbol. We also have the recurrence relation
l l+1
$Ll(1'> = l,l(x) + Ll+1(.’E), [>1. (52)

20+1 204+1
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Thanks to (6.8) of [22] and (5.2), we have that

1+ 2) V(@) = (L4 2) 55— (Lima (2) — Lip (@)

20+1
20 s1—1 20+ 1
L L N
2z+1<z =2(2) + L (@) + Gy gy M)
l+1
"y _lT )
1+1() ST 1+2()
Then, we can obtain that
20 204+6 142 2 I_p_3
2A4+12+720+320+5 - ’
_ 20 244 2 g
204120 +520+3’ o ’
21 2l+2( 2 +l+2 2 ) 11
20+120+3\ (20 —1)(20+3)  20+320+5/)" ’
21 21 2 N 2 ) -
ay =19 24+12+1'20—-1  2+3" o
21 2l—2(l—1 2 B ) =141
204120 —1\21—121-3 (20 —-1)(20+3)/)" ’
20 20—4 2 149
2l+121 3201’ B ’
20 20—-61-1 2 43
C2+120—-520—120—3’ - ’
0, otherwise.

According to (6.12) of [22], we deduce that
1
b :/ (1 + 2)8, 0 ()0, 0 (2)da

=4 /1 (1+z)Ly(x)Ly(x)dx.

-1

With the aid of (5.2) and (5.1), we get that

8I(1+1)° =11
(20 +1)(20 +3)’ N ’
s .
by =14 (2L+1) Y
8(1—1)12 ,
R S e — 1
U E
0, otherwise.

Using (6.1) of [22], we yield that
aur = /_1 (ITlx)Jz(J:ll’fl)(:E)Jl(;lf*l)(x)dm
- [ s (s ou-ai @) o0 -0 4 @) 63

= / (- 2)J 50 (@) Iy (2) (1 + 2) (1 - z)da.
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Recurrence relation (3.110) of [22] leads to

l

(=) @) = =g @)+ I @)

Y. Jiao, T. Wang, X. Shi and W. Liu

11+ 2)

204171 (1+1)20+1)""
Furthermore, (5.3) and (2.1) lead to
2
3 (1+2) %(1,1)7 =1 —1,
I+ 1)(20+1)
S D, 1=,
L0 =
(1,1) ’
= 1
R E=r+,
0, otherwise.
Formulas (3.116a) and (3.168) of [22] imply
T @) = (1= 2" (@) = Li(e) ~ Lia (2).
By (5.4) and (5.2), we deduce that
(=1,0)
(I +a) iy (@) = A+ ) (Li(@) — Liga(2)
l [+2 l [+2
=—L_ —L ——L —L
ar 1) T g l@) = g ea (@) = gl (@),
Then, we derive that

G ) =12,
(214 3)(20 +5)

- 20 2(1+2) v
(20+1)(20+3) (20 +3)(20+5)’ B ’
2(1+2) + 2 -

g(l,U) =3 @I+1)(2+3)’ -
2 2(1+2) R

(20-1)20+1) (2 +1)(20+3)’ B ’

2l

_ - =042
Q-2+ 1) +2

0, otherwise.

By (6.12) of [22], we verify that

1
hu :/ (14 2)0, T 0 (2)0, T 0 () da
-1

1

:(z+1)(z’+1)/

-1

Next, we denote that
X9 = @l (1), a5, (1), a, (6)7,
FSD = (£39 (6), 152 (8), -, ()7,

(14 2) 70 ()N (@)de = (14 1)*7 " e

1) (x).

(5.4)
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and
: ~(3 ~(3 ~(3 3 3 3
XO=(ay" (1), a5 (1), ay) ()7, FO=(170), £57 @), 5 O)
Then, we have the following compact form of (4.2)

AGX D (1) + v(B 4+ m?C)X D (#)=2FD(t), m=1,2,--- M, ¢=1,2,
GoHXO(t) + vHX® () = FO(1).

They are two ODE systems. We use the Crank-Nicolson method in time ¢, with
21y
2M +1°
0 < j < 2M be the Fourier interpolation points, and zy; and wy;, 0 <7 <
N be the zeros and weights of Legendre-Gauss interpolation. The numerical

errors are measured by the quantity

the step size 7. For description of the numerical errors, let 0y ; =

N 2M

2
En m(t) (QM 1 ZZ (2N, 00,5, 1) — un v (T, O, 1) wN,i)
=0 j=0

SIS

Firstly, we take the test function

U(z,0,t) = (1 — 2)(1 — 2%)el@tsin0+t/10)

Iog‘O(L24Err0r)
| 2
ogw(L -Error)

Figure 1. L2—errors against M, N(M = N) with t = 1: a) v = 1, b) v = 0.001.

We sketch the L?—errors with + = 1, 7 = 0.01,0.001,0.0001, v = 1 (in
Figure 1(a)) and v = 0.001 (in Figure 1(b)). We find that for fixed 7, the
errors decay fastly as M and N increase and for fixed N and M the errors
decrease as 7 decrease. Observing from Figure 1(b) that our algorithm works
well for small v.

In Table 1, we list the L?—errors with v =1, M = N = 10, 7 = 0.001 and
various t. It implies the stability for long time computation.

Secondly, we take the test function

U(z,0,t) = (1 — 2?)sin(x + 6 +t/10).

Math. Model. Anal., 23(2):240-261, 2018.
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Table 1. L2%—errors with N = M =10, v =1 and 7 = 0.001.

t=2 t=4 t==6 t=28 t=10

2.48e-08 3.01e-08 3.69e-08 4.49e-08 5.45e-08

Iogm(LZAError)
| 2
og‘o(L -Error)

Figure 2. L2—errors against M, N(M = N) with t = 1: a) v = 1, b) v = 0.001.

We plot the L?—errors with ¢t = 1, 7 = 0.01,0.001,0.0001, v = 1 (in Figure
2(a)) and v = 0.001 (in Figure 2(b)). The results show that exponential rates
of convergence are achieved, and the efficiency of our method.

In Table 2, we tabulate the L?—errors with M = N =10, v = 1, 7 = 0.001
and various t. The results show the stability for long time computation once
again.

Table 2. L2—errors with N = M =10, v = 1 and 7 = 0.001.

t=2 t=4 t=26 t=28 t=10

2.69e-09 2.71e-09 2.72e-09 2.74e-09 2.77e-09

Thirdly, we take the test function
U(z,0,t) = (1 — 2%)|z|*" sin(0 + t/10).

In Figures 3(a,b) we depict the solution U(z,0,t) at ¢ = 2. The solution
U(z,0,t) has suitable steep spatial gradients.

We plot the L?—errors with t = 2, 7 = 0.0001, M = N, v = 1 (in Figure 4).
The results show that algebraic rates of convergence are achieved with low-
regularity solution.

6 Concluding discussion

In this paper, we recalled some results about Jacobi approximation and Fourier
approximation. We constructed some mixed Jacobi-Fourier approximation re-
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0.0:

53
X

5
8
&
x

0.8 1 1.2

. 14 16 18 2
log,,(M)

Figure 4. L%—errors against M, N(M = N) with 7 = 0.001, t =2, v = 1.

sults which play important roles in the theoretical analysis of problem with po-
lar condition in a disc. We proposed a spectral scheme for the Fisher equation
in a disc and proved it’s generalized stability and convergence. Numerical re-
sults demonstrated the efficiency of this new algorithm and coincided well with
the theoretical analysis. This approach has several merits: (i) The generalized
Jacobi-Fourier approximation with parametersa = = —-landa= -1, =0
fitted the behaviours of the true solutions well. (ii) The use of the generalized
Jacobi-Fourier approximation reduced the difficulty of the theoretical analysis
and provided a sparse system which can be solved efficiently. (iii) The numer-
ical solutions possess spectral accuracy in space with smooth solutions. The
new approach is good even for solutions with steep gradients (converges with
algebraic rate).
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