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Abstract. The combined quasi-neutral and inviscid limit of the Navier-Stokes-
Poisson-Korteweg system with density-dependent viscosity and cold pressure in the
torus T2 is studied. It is shown that, for the well-prepared initial data, the global
weak solution of the Navier-Stokes-Poisson-Korteweg system converges strongly to the
strong solution of the incompressible Euler equations when the Debye length and the
viscosity coefficient go to zero simultaneously. Furthermore, the rate of convergence
is also obtained.
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1 Introduction and main results

Hydrodynamical models have been widely used to describe the physical phe-
nomena in plasmas and semiconductors physics [21]. In the inviscid case, the
Euler-Poisson system has been extensively studied. In the viscid case, where
the viscous stress tensors are taken into consideration, the most common model
is the compressible Navier-Stokes-Poisson system. Moreover, in the particular
case, it is necessary to add to the momentum equation a capillarity tensor if
we take under consideration the surface tension effects. This type of models
was first introduced by Korteweg [16], and derived rigorously by Dunn and Ser-
rin [10]. In this paper, we are concerned with the rigorous asymptotic analysis
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of the following scaled Navier-Stokes-Poisson-Korteweg (NSPK) system

Ogn + div(nu) = 0, (1.1)
O(nu) + div(nu @ u) + V(p(n) + p.(n))

= —nVP + 2udiv(nD(u)) + knV An, (1.2)
~NAd=n-1

with initial data
n(z,0) =ng, u(z,0)=wuy, D(x,0) =g
satisfying compatibility condition
“NAPy=ny—1

for z € T3,t > 0. Here, T? is the torus in R®. x> 0 denotes viscosity coefficient,
Kk > 0 is the Weber number and A > 0 is the Debye length. The unknown
functions are the density n, the velocity u and the electrostatic potential @,
respectively. In this paper, we suppose that p(n) = a?n” with constants v > 1
and a # 0. The cold pressure p.(n) is a singular continuous function namely
a suitable increasing function as introduced in [3]. More precisely, we assume
that p.(n) = —% for some constant € > 0. D(u) = 3(Vu + VuT) is the
symmetric part of the velocity gradient.

Recently, Li-Yong [20] proved that the quasi-neutral limit A — 0 of the
NSPK system (1.1)—(1.3) with common viscosity and without cold pressure is
the following incompressible Navies-Stokes equations:

o’ + (u® - V)u® + Vp° = pAu®,  divu® =0

for (local) smooth solution in the two or three dimensional torus.
Our objective of this paper is to justify rigorously the convergence of the
NSPK system (1.1)—(1.3) to the following ideal incompressible Euler equations

ou’ + (- V)u® +vp® =0, divu® =0 (1.4)

for global weak solutions by performing the combined quasi-neutral and van-
ishing viscosity limit A — 0 and x4 — 0 in the torus T3. In this paper, we
assume that g = O()). Let ¥* = \® and rewrite the NSPK system (1.1)—(1.3)
into the following form

o> + div(n*ut) =0, (1.5)
Qe(nu*) + div(n*u® @ u*) + V(p(n*) + pe(n?))
ATPA
— Zw + 2udiv(n® D(u?)) + kn 'V An?, (1.6)
—AATA =t 1 (1.7)

with initial data

nMx,0) =ny, urx,0)=u]. (1.8)
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Before stating our main result, we first recall the local existence of strong
solution to the incompressible Euler equations (1.4) and the global existence of
weak solution to the NSPK system (1.5)—(1.7).

Proposition 1. ( Ref. [15]) Let s > 5+1 be an integer. Assume that the initial
data u®(z,0) = ud(z) satisfies ud € H*(T3) and divul = 0. Then there exists
a T, > 0 and a unique solution u® € L>([0,T]; H*(T?)) to the incompressible
Euler equations (1.4) with the initial data u)(x) satisfying for any T € (0,T%)

sup ([[u”, Vp°[|s + [10:u°, 0,Vp°||s-1) < Cr (1.9)
t€[0,T

for some positive constant Cr, depending only on T .

Yang-Wang-Ding [30] prove the existence of global weak solutions to system
(1.1)—(1.3) by using the Faedo-Galerkin approximation method the compact-
ness argument.

Proposition 2. ( [30]) Let T > 0. Assume that the initial data (n,u},¥3)
satisfy (1.8) and the compatibility condition f’JI‘3 (n) — 1)dz = 0, where ¥ is
given by —ANAW3 = nj) — 1. Then there exists a weak solution (n*, u*, 0*) of
(1.5)—(1.7).

Z.nAELOO([ T); LY(T3)), Vn* € L=(]0, T] LQ(’JI‘?’))

L e L2([0,T); LA(T?)), V () € L>=([0,T]; L*(T?)),
Vnrut e L= ([0, ],LQ(Tg)) flvukleLz([Q T); L*(T?)),
VA € L>([0,T); L*(T?)), A* € L*([0,T]; L*(T?)).

2. The energy inequality
t
At) +2u/ / nMD(u)|?dzdr < E*0) (1.10)
o JT3
holds with the finite total energy
1
EMNt) = 5/ (Ut + h(n?) + K|V ? + VI ?) da,
T3

2a?

h(n®) = [(W — - (- 1)+ 5 ((ni)g - 1)]

v—1

is a convezx on [0,+00) since v > 1.
3. The system (1.5)—(1.7) holds in D'(T? x (0, +00)).
Throughout this article, we use C' to denote the positive constant indepen-

dent of A\ and p, which can be different from line to another line. The main
result of this paper reads as follows.

Math. Model. Anal., 23(2):205-216, 2018.
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Theorem 1. Assume that the initial data (ng‘, ug‘, W(f‘) satisfy the assumptions

in Proposition 2. Assume further that they satisfy

2

[ HOR 1T

y 3)+|IV%*||iz(T3)§0A. (1.11)
L2(T

Let u® be the smooth solution, defined on [0,T%), to the incompressible Euler
equations (1.4) with initial data ul. Then for any 0 < T < Tk, the global weak
solution (n*,u*, W) of the NSPK system (1.5)—~(1.7) satisfies the following
estimates

. 72
Hn/\ o 1“’200([0’71];[/7(11‘3)) S C}\mln{T,l}’

(
IV = a1 o 1y:22(1)) < CxminE 1), (1.13)
IV G oo 0,0 22 (13y) < CA™ 2, (1.14)
IVOMF e 0,712 (my) < CA™EEH, (1.15)
(1.16)

”n)\u/\ o u0||2 G < C}\min{ﬁ,l}.
L>=([0,T];L7F1(T3))

Remark 1. Theorem 1 describes the combined quasi-neutral and vanishing vis-
cosity limit of the NSPK system (1.5)—(1.7) with well-prepared initial data. For
the general initial data, there are oscillations in time of the solution sequence
because the oscillation part with respect to time % does not vanish. It is more
difficult to prove the asymptotic limit in this situation, which will be studied
in our future work.

The proof of Theorem 1 is based on the modulated energy method, first intro-
duced by Brenier in a kinetic context [2] and later extended to various models,
e.g. [1,14,18,27]. The idea of modulated energy method is to modulate the en-
ergy of the given system by test functions, and to obtain a stability inequality
when these test functions are the solution to the limiting system. Noticing that
our result is different from that in Ref. [20], where the convergence of (local)
smooth solution of the NSPK system with viscosity term pAu? + vVdivu? to
the smooth solution of the incompressible Navier-Stokes equations is obtained
by using the convergence-stability principle. It is also different from that in
Ref. [4], where the limit system is the compressible capillary Navier-Stokes
equations. In this paper, we consider the convergence of global weak solution
of the NSPK system with density-dependent viscosity term pdiv(nD(u)) and
cold pressure term p.(n*) to the smooth solution of the incompressible Euler
equations by using the relative entropy theory.

Before ending this introduction, let us mention that the quasi-neutral limit
of fluid dynamic models and of kinetic models of semiconductors and plasmas
has attracted much attention. In particular, the quasi-neutral limit A — 0
has been studied in Vlasov-Poisson system by Brenier [2], Grenier [12] and
Masmoudi [22], in drift-diffusion model by Gasser et al. [11], Wang et al. [28],
in Euler-Poisson system by Cordier-Grenier [5], Wang [26], Peng et al. [24]
and Slemrod-Sternberg [25], in Navier-Stokes-Poisson system by Wang-Jiang
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[27], Ju et al. [13], Donatelli et al. [6], Donatelli-Marcati [7], in Navier-Stokes-
Fourier-Poisson system by Donatelli-Marcati [8], in Euler-Maxwell system [23],
in electro-diffusion system by Li [17], in quantum hydrodynamic model by
Li [18], Li-Lin [19] and Yang-Ju [29], in Korteweg type fluids by Donatelli-
Marcati [9].

The remainder of this paper is devoted to proving Theorem 1.

2 Proof of Theorem 1

We define the modulated energy functional H*(t) by
/ [ — WO 4+ h(n®) + K|VR 2 + [VE ) da,

where u° is the smooth solution of the incompressible Euler equations (1.4).
These terms express the differences of the kinetic energy, internal energy, Ko-
rteweg energy and electric field energy. Using the careful energy method, we
are able to prove that

t
HAt) < C/ HA (T)dT 4+ ON?
0

with some positive constant §. The Gronwall lemma then implies H*(t) — 0
as A — 0, which yields the desired convergence results.

To derive the integration inequality for H*(t), we use u” as a test function
in the weak formulation of momentum equation (1.6) to yield the following
equality for almost all ¢.

/n’\u)‘ de—/ njup - uodx—l—// u - Opuldrdr
T3

/ / n*ut @ ut) - Vuldedr + Ii/ (Vn* @ Vn?) : Vuldzdr
o J3 T3

0

—2u / / D(u®)dxdr— / (VI x V&) : Vuldrdr, (2.1)
T3 T3
where we have used divu® = 0 and the following relations

1 1
nAVAn* = §VA(n’\)2 — §V|Vn’\\2 — div(Vn* @ Vn?),

A A A
_ ”Vf _ _¥ APV — _2 + div(VI @ Vi) — %V\V@’\F.

Multiplying (1.4) by u° and using the property

¢ ¢
/ / (u® - V)u® - u’dx = 1 / / u® - V|ul[Pdzdr =0 (2.2)
o J13 2 Jo Jrs

we find that the energy identity of the incompressible Euler equations reads

0127, _
2dt/|u|dm 0,

Math. Model. Anal., 23(2):205-216, 2018.
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1 1
7/ [u°|?dx = 7/ lud|2da. (2.3)
2 T3 2 T3

Using (2.1), (2.3) and the energy inequality (1.10) by integration by parts
we can calculate H(t) as follows.

t t
At)+2u/ / nA|D(uA)|2dxdT:EA(t)+2u/ / | D) 2dzdr
T3 0 T3

1 1
+ = |u0|2dsc—|— / (n* = 1)[u’)?dx — / n*ut - uOde
2 2 -
1
< EX0) / |ud \de—/ nyuy - uddr + 2/ (n* — 1)|u’)?dx
T3

—/ / n? (“)uod;vdT—// n ut ®u : Vuldadr
o Jr3 T8

t
- Ii/ (Vn* @ Vn?) : Vuldzdr + / (Vo @ Vo) : Vuldedr
T3

T3
+ 2#/ / D(u®)dzdr = H*(0) — 1/ (ny — 1)|ud|*dx
- 2 Jops

t
+ f/ (n® = 1)u®Pdx — / / n M - Opuldadr
o J13

t
/ / (n*u* @ u?) : Vuldrdr — KJ/ (Vnr @ Vn?) : Vuldadr
T3 o JT3

which implies that

t
+/ (Vo @ Vo) : Vuldedr + 2,u/ / n*D(u?) : D(u°)dxdr
0 JT3 o JT3

=L +L+1I3+1,+1s+ I + Iy + Is. (2.4)

Next, we begin to treat the nine integrals I(k =1,2,...,8) term by term.
To estimate the term I, we need to prove the following lemma.

Lemma 1. Assume that nj satisfies (1.11). Then there exists a constant C' > 0
such that for YA € (0,1)

min{i1, L
In — 1| Lo o770 (rsy) < CA™™ 21,

Proof. We can deduce the following basic fact: for all x > 0 and for VR €
(1, 400),

1
27 =1—(y—¢)(z—1)+ ;(1) >cple =17 if v >2,

1
2V —=1—(y—e)(z—-1)+ <x2_1> > colz — 12 if v <2, 2 <R,

[NCN o)

21— (= —1)+

[NCN e

1
(2—1>ZC3|30—1|7 if v<2, >R,
T
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c—minli c—ic—iﬁy_2
1 — ”Y(’}’_l) ) 2_2R47 3 = R—]. .

Hence, for v > 2, we have

where,

16 = 1017y < 0/3 h(nd)dz < CA. (2.5)
T
For v < 2, using Héder’s inequality, we have

3
I3 = Uagps) < C / nd — 112dz +/ i — 1]7da
{ny<R} {ng >R}

~

<C (/ h(ng)dx> +C h(ny)dz < C(A% 4+ X) < CAZ.
{n)<R} {n>R}

The inequalities (2.5) and (2.6) finish the proof. O

Using Lemma 1, we have

/ |u0—u\2d:p<2/ ’\/ uofuo' d:z:+2/
§2/ \/néué‘fuol derC/ 17\/713’ dx
T3 T3
2 v oy
§2/ \/noud — ul /\‘ de < cAmintz 1
T3

where we have used the following elementary inequality

2
\/né‘)ug' dx

1—Vz|>? <Ol -z, y>1 (2.7)
for some positive constant C' and Vz > 0. Then, from (1.11), we get
I, = HM0) < camindz 1} (2.8)

The integrals I and I3 cancel with a contribution originating from I (see
below). Using (1.4), we have

t
1, 2/ / nrur - ((u® - V)u + VpP)dedr
o Jrs

¢ ¢
:/ / n Mt - (W - V)ul)dedr + / / n*u* - Vpldadr.
0 J13 o J13

In fact, we only need to treat the second term on the right hand side of the
above inequality and the first term will be canceled later (See (2.10)). Using

Math. Model. Anal., 23(2):205-216, 2018.
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the L>([0,T]; L*(T?)) bound on V¥* due to the energy inequality (1.10), the
continuity equation (1.5) and Poisson equation (1.7), we get

t
/ / n M - Vpldrdr = —A/ A0, 9Mp dxdr
0 JT3

=\ / V(0,9 - pPdwdr = X | VO pOdx — / Vo - pod
T3 T3

']1‘3
t
- / Vo . 9.V pPdadr < CA.
0 JT3
Therefore, we have that

t
I S/ / n*ur - (W - V)u®)dzdr + C. (2.9)
o Jrs

In order to treat the term Iy, we add and subtract the expression u° such that

¢
f/ /n)‘(uA—u ® (u—u) : Vu'dedr— / / n*® @ u?) : Vuldadr
T3 T3
/ / (n*u® @ u) VuodxdT—/ / n*u* @ u®) : Vuldrdr
T3 T3

< C’/ H (1)dT — / / n*u - ((u® - V)u®)dazdr + Isy + Isg,
0 o Jrs

where,

151—/ / n*u? ®u :Vuldrdr, Isy = — / / n*u) ®u - Vuldzdr.
T3 T3

Using the uniform bound on V¥* due to the energy inequality (1.10), the
Poisson equation (1.7), the equality (2.2)and integration by parts, we get

t t
Is, = / / M - V)u® - uldadr = / / (n* = 1)(u’ - V)u® - udadr
o J13 0 Jrs3
t
= )\/ Vot - V((u® - V)ul - ul)dedr < O
0 Jrs

Similarly, we have

:_7// V|u0|2dgcd7_—f/ d-(n* — 1) [u°|Pdedr
’]I‘S
1
=5 [ =l 5 [ - D
2 T3 2 T3
1 t
+f/ / (n* — 1)0, |ul>dzdr
2 0 T3
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1 1
§—7/ (n)‘—1)|u0|2dx+f/ (ng‘—l)|u8|2dx
2 T3 2 ']1‘3

t
+ 5/ Vot V(0 |ul|?)dzdr
2 0 '[[‘3

1 1
<- f/ (n* — 1)|u2dz + f/ (nd — 1)|ul[2dz + CA.
2 ']1‘3 2 'JI'S

Then, we have

¢ 1
Is < - / / nu? - ((u® - V)ul)dedr — 5/ (n* — 1)|u’)?dx
o Jrs
1

T3

+ f/ (nd — 1)|ud|*dz + CA.
2 Jr

Notice that the first term on the right hand side of the above inequality is
canceled by the first term on the right hand side of (2.9). Meanwhile, we
become aware of that the second and the third terms on the right hand side of
the above inequality can be canceled by I and I3. Therefore, we have

t
L+1Is+1I5 < —/ / n*ut - (1 - V)u)dzdr + C. (2.10)
o Jts

For the terms Is and I7, it is easy to get
t t
Tg+1; < O Va® | 1 (0.1 (90 / / (VP 2+ [V ) dadr <C / M (7)dr
0 T3 0

Finally, we deal with Is. In view of Proposition 2, using the L>°([0,T]; L7 (T?))
bound on n*, we deduced that v'n> is bounded in L ([0, T]; L2"(T?)) (then in
L ([0, T); L*(T?)) because v > 1) which combined with the L2([0, T]; L(T?))
bound on vVrAVu? gives

t t
Ig :2/1/ VaAVnAD(u) - Vuldedr < Cu/ VoA VeAD(u) |dzdr
0 o J13

T3
t
gcu+2ﬂ/ / n*D(u)|?dzdr. (2.11)
0 JT3

Putting the estimates (2.8)—(2.11) into (2.4) and using the assumption y =
O(), we obtain

t
HA(t) < c/ H (7)dr + OAmiE
0
for all ¢ € [0,T]. With the help of Gronwall inequality, we get that

He(t) < etz e 0,7,

which implies that the results (1.14) and (1.15) hold. Analogous to the proof
of Lemma 1, we can easily prove the result (1.12), namely
min 2
In* = U3 o,11i20 rmyy < CX™ET,

Math. Model. Anal., 23(2):205-216, 2018.
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Using Lemma 1, the inequality (1.9), the inequality (2.7) and the Holder in-
equality, we have that

I Vit — Uo‘liz(TS) < 2”\/7?(“/\ - uo)Hiz(TS) +2[|(1 - m)u0||%2(T3)

. . 2
< C/\mm{%,l} + C”l _ n)\” < C/\mm{%,l}

Y
LY (T3)

for any t € [0,T]. Therefore, we conclude that (1.13) holds. Using the Holder
inequality and the fact 1 < 2% < ~, we have

v+l
I =u®|? 2 <2t =) a2 = Dul? sy
L7FT(T3) LTI (T%) L™
< 2||VAA[Fan gy | VA 0t = u®) 13 2s)
A 0112 min ﬁ,l
+ 2l = 117 oy [l R U1,

So we conclude that (1.16) holds. Thus the proof of Theorem 1 is finished. O
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