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1 Introduction

Compact higher-order finite-difference schemes for PDEs is a popular subject
and a vast literature is devoted to them. The case of such type schemes for
the wave equation have recently attracted a lot of interest, in particular, see
[2,4,8,12], where much more related references can be found.

We consider compact finite-difference schemes of the 4th approximation
order for an initial-boundary value problem (IBVP) for the n-dimensional wave
equation with constant coefficients, n > 1. Their construction on uniform
meshes is accomplished by both the classical Numerov approach and alternative
technique based on averaging of the equation related to the polylinear finite
element method (FEM), together with further necessary improvements of the
arising scheme for n > 2. This alternative technique is applicable to other
types of PDEs including parabolic and time-dependent Schrodinger equations
(TDSE). The constructed schemes are implicit and three-point in each spatial
direction and time. For n > 2, there is a scheme with a splitting operator
among them. Notice that we use implicit approximations for the second initial
condition in the spirit of the approximations for the equation. Curiously, for
n = 1 and the mesh on characteristics of the equation, the 4th order scheme
becomes explicit and very close to an exact scheme on a four-point stencil.

We present a conditional stability theorem covering the cases of stability in
strong (standard) and weak energy norms with respect to both initial functions
and free term in the equation. Its corollary rigorously ensures the 4th order
error bound in the case of smooth solutions to the IBVP. Note that stability
is unconditional for similar compact schemes on uniform meshes for other type
PDEs, for example, see [3,11]. Our approach is applied in a unified manner
for any n > 1 (not separately for n = 1, 2 or 3 as in many papers), the
uniform rectangular (not only square) mesh is taken, the stability results are
of standard kind in the theory of finite-difference schemes and proved by the
energy techniques (not only by getting bounds for harmonics of the numerical
solution as in most papers). In particular, the last point allows us to prove
rigorously the 4th order error estimate in the strong energy norm for smooth
solutions.

Moreover, enlarging of most schemes to the case of the wave equation with
the variable coefficient p(z) in front of d?u is simple, and there exists some
connection to [2,12]. Also the main schemes are rather easily generalized for
non-uniform rectangular meshes in space and time; we apply averaging tech-
nique to implement both aims. Concerning compact schemes on non-uniform
meshes for other (1D in space) equations, in particular, see [5,14,15,17].

In our 1D numerical experiments, we first concentrate on demonstrating the
sensitive dependence of the error orders in the mesh L?, uniform and strong
energy norms on the weak smoothness order of the both initial functions and
the weak dominating mixed smoothness order of the free term. The cases of the
delta-shaped, discontinuous or with discontinuous derivatives data are covered.
The higher-order practical error behavior is shown compared to standard 2nd
approximation order schemes [16,19] thus confirming the essential advantages
of 4th order schemes over them in the non-smooth case as well. Second, we
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present numerical results in the case of non-uniform spatial meshes with various
node distribution functions (for the smooth data).

The paper is organized as follows. Auxiliary Section 2 contains results on
stability of general symmetric three-level method with a weight for hyperbolic
equations in the strong and weak energy norms that we need to apply. The
main Section 3 is devoted to construction and analysis of the compact 4th
order finite-difference schemes. In Section 4, the main compact schemes are
generalized to the case of non-uniform rectangular meshes. The results of
these sections have been received by A. Zlotnik. Section 5 contains results of
numerical experiments have been accomplished by O. Kireeva.

2 General symmetric three-level method for second order
hyperbolic equations and its stability theorem

Let Hp, be a family of Euclidean spaces endowed with an inner product (-,-)s
and the corresponding norm || - ||, where h is the parameter (related to a
spatial discretization). Let linear operators By and Aj act in Hj, and have
the properties By, = Bf > 0 and Ay = A} > 0. Define the norms ||w|/g, =
(Bhw,w),l/2 and ||wl|| 4, = (Ahw,w);/2 in Hj, generated by them.
We assume that they are related by the following inequality

||’LUHAh < OLhH’wHBh, Yw € H, < Ah < OziBh. (21)

For methods of numerical solving 2nd order elliptic equations, usually «; =
€0/ hmin, where Ay, is a minimal size of the spatial discretization.

We introduce the uniform mesh @y, = {t,, = mh;}*_, on a segment [0, T,
with the step hy = T/M > 0 and M > 2. Let wy, = {tm )M Z!. We introduce
the mesh averages and difference operators

j j—3
2h,

gty e Gu_ Y=Y s Uy
Sty—Ta Sty—7, ty_Tt’ tY = hy

) 6ty:

and Ay = 6,0,y = Q_iéﬁ'g with y™ = y(t,,), ™ = y™ ! and g™ = y™*+L as
t

well as the summation operator with the variable upper limit I7'y = h; Sy Yt

for 1 <m < M and I}) y = 0.

We consider a general symmetric three-level in ¢ method with a weight o:

(Bh + Uthh)Atv +Apv=f in Hp on wy,, (2.2)
(Bh + 0hiAp)00° + $he Apv® = uy + by fO in Hy, (2.3)

where v: Wy, — Hp, is the sought function and the functions 0, u; € Hy and
f: tm 71\7{;01 — Hj, are given; we omit their dependence on h for brevity. Note
that the parameter o can depend on h := (h, h;). Recall that linear algebraic
systems with one and the same operator By, + oh? A, has to be solved at time
levels t,, to find the solution v™*!, 0 < m < M — 1. Note that (2.3) can be
rewritten in the form closer to (2.2):

(Bh + O'thAh)(StUO —uy

A0 = £0.
0.5k, At =1
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Let the following conditions related to o hold: either o > ; Land ey =1, or
o<1, (3-0)hiaj <1—¢gj forsome 0<ey< 1. (2.4)

Then one can introduce the following o- and hi-dependent norm in Hj; and
bound it from below:

1/2
eollwlls, <llwlon = [llwl, + (@ = PEillwl%,] " Ywe Hy  (2.5)

Obviously, for o < 1, one also has ||w|jo,n < ||w]|p,, and then the norms |- [0,
and || - || g, are equivalent uniformly in h.

We present the stability theorem for method (2.2)—(2.3) with respect to the
initial data v° and u; and the free term f in the strong (standard) and weak
energy mesh norms.

Define the norm [[y Ly () = Thellg®ln+13 " Hlylln for y: {tm}n=g — Hu.

Theorem 1. For the solution to method (2.2)—(2.3), the following bounds hold:
(1) in the strong energy norm

= _m 1/2
 Jnax [6ev™ 15, + (o = DhZloev™ %, + 5™, ]

—1/2 1/2 — —1/2
< (I°1%, + <0185 Pull) ™ + 25 1B, 2 Fllcy (aaa; (2.6)

one can replace the f-term with 2[,%71||A;1/25tf||h+3 pemax A, 1/2me

(2) in the weak energy norm

1/2 _
S masc{ [0, + (o = DR %,]7, ||f,z'zstv||Ah}

1/2 —1/2 -
< [IO1%, +(o—2)R2 (004, ] 22l A, Pualln+2)1 A, fHL1 e (27)
_ —1/2 Myp=—/2( _ . 0
For f = b;g, one can replace 2||A,, fHL1 (Hy) wlth I HBh (g s¢q )Hh

Proof.  Similar bounds have recently been proved in [20] for the method

(TBh + othh)Atv + Blh&v +Apv=f in Hp on wy,,
(TBh + %htBlh + O’ht2Ah>5tUO + %htAh’Uo =u + %htfo in Hj

of a more general form, with the parameter 7 > 0 and an operator By, =
B}, > 0 acting in Hp,. In these bounds, one can take 7 = 1 and easily see
from their proofs that the bounds mainly remain valid for By, = Bj;, > 0, in
particular, By, = 0 (the case considered here), up to the norm of f standing
in (2.6) and the norm of g — s;g" mentioned in Item 2.

To verify the validity of the bounds precisely with the norms of f and
g := g — 5¢¢° indicated in this theorem, it suffices to modify bounds for the
following summands with f in the strong energy equality in [20, Theorem 1]

Lha(f0, 80" )0 + 20 (£, 60)n < Shell By 2 fOnlleo |,

1/2 m 1/2
+ 200 B e ma 180 |5, < 218, Fluy, a2, 1007
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and, setting f}:} f= I}:?*l f, in the weak energy equality in [20, Theorem 2]

m ¥ _ m(~ = —-1/2~ <, m
QIht(%hth—I—Ihtf, Stv)h =21 (g,stv)h < %I%HB}L / Jlln dnax ||5¢v

0,1

for 1 < m < M, where the relations d; = 1(6¢+0;) and (2.5) have been applied.
O

Clearly in fact the norm || - ||o.n stands on the left in (2.6) and on both sides
in (2.7). Bounds of type (2.6) with a stronger norm of f can be found in [11].
Below we also refer to the following stability result.

Remark 1. Under assumptions (2.4) with 9 = 0, instead of bound (2.6) the
following one holds
}1/2

(nax (1807, + (0 = DRI, + 501,

_ 1/2
< [I°11%, + 1(Br + ohi Ap) ™ 2w |I7]

2 A S 3 _max (14,
whereas bound (2.7) remains valid (its proof does not change for g9 > 0).

To be convinced of the latter bound, it is necessary to transform and bound
differently the terms with v and wu; in the case f = 0 in the strong energy
equality in [20]. Namely, using the formula 5v! = v° + %ht&vl and equation
(2.3) with f0 =0, we can set Cj, := (Bj, + ch?A;)~! and obtain

(Ap0°, 501 4 (ug, 60t ), = ||v0||?4h + (%htAhvo + ul,&vl)h = Hvoﬂih

+ (Cn(FheAnv+u), =g he Ao’ ), = 0013, Hluallg, =l heAne”|

2
Chpo
since Cj, = C} > 0. This implies the first bound of this Remark.

Notice that By, + oh?Aj > e0Bj, + 1hiA, under the assumptions either
o> i and g9 = 1, or (2.4) with 0 < ¢p < 1 and, as a corollary, C}, < salB,:l
(for g9 # 0) and Cj, < 4h; 2A; ', But, for g9 = 0, the quantity [|wlo,n could be
(in general) only a semi-norm in Hj, and its lower bound by ||w|| g, uniformly
in h is not valid any more.

It is well-known that each of bounds (2.6) or (2.7) implies existence and unique-
ness of the solution to method (2.2)-(2.3) for any given v°,u; € Hj and f:
{tm %:_01 — H;,. The same concerns finite-difference schemes below.

3 Construction and properties of compact finite -
difference schemes of the 4th approximation order

We consider the following IBVP with the nonhomogeneous Dirichlet boundary
condition for the slightly generalized wave equation

0?u — a?0?u = f(x,t) in Qr =2 x(0,T); (3.1)

ulp, = g(x,t); ulimo = wo(x), Owu|i—o = ui(z), = € 0.

Math. Model. Anal., 26(3):479-502, 2021.
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Here a; > 0,...,a, > 0 are constants, x = (x1,...,2,), 2 = (0,X1) X ... X
(0,X,), n > 1, 02 is the boundary of 2 and I'r = 92 x (0,T) is the lateral
surface of Q1. Hereafter the summation from 1 to n over the repeated indices
i,7 (and only over them) is assumed. Below 6(*) is the Kronecker symbol.

Define the uniform rectangular mesh w, = {zx = (k1hi,...,knhy,); 0 <
ki1 < Ni,...,0 <k, < N,}in 2 with the steps hy = X1/N1,..., hy = X, /Ny,
h=(h1,...,hy) and k = (k1,...,kp). Let wp = {z; 1 < kg < Ny —1,...,1 <
kn < N, — 1} and Owp, = @p\wp be the internal part and boundary of @j.
Define the meshes wy, 1= wy, X Wy, in Q7 and dwy, = Owy, X {t,}M_| on Ip.

We introduce the well-known difference operators (Ajw)x = h%?(warez —
2wk + Wk—q,), | = 1,...,n, on wp, where wx = w(zrk) and eq,...,e, is the
standard coordinate basis in R".

Let below Hj, be the space of functions defined on @y, equal 0 on dw;, and

endowed with the inner product (v, w)y, = hy ... h, Zxkewh vwy and the norm

1/2
[wlln = (w,w);/?.

Lemma 1. For the sufficiently smooth in Q7 solution u to equation (3.1), the
following formula holds

(sv — FhialAi) Avu — a3s s Aju— fy = O(Jh|*) on wn, (3.3)
where
sy = T+15hi A, sy; = I+ =8N LR2A;, fn = f+EhIAf+LSh2Af,

and I is the identity operator. Note that SNG = I forn=1.

Proof. We give two different proofs.
1. The first one follows to the classical Numerov approach. We take the
simplest explicit three-level discretization of equation (3.1) having the form

Ao — a?/liv =f on wp,

(the particular case of equation (2.2) for By, = I, A, = —a?A;v and o = 0) and,
under the assumption of sufficient smoothness of u, select the leading term of
its approximation error v, := Ayu — aZ A;u — f:

Ve = Apu — Ofu — af (Aju — 87u) = 5hidtu — Lhialdfu+ O(lh*). (3.4)

We express the derivatives tu and Gtu in terms of mixed derivatives by dif-
ferentiating equation (3.1):

Ofu=ajolOfu+ O} f, ajOju=0707u— (1—6%D)a20R07u — 93 f. (3.5)
Then formula (3.4) takes the form

2 2 2 .. 2 2
Ve = 2020207 u— "5 0207 u+ 15 (1-009)a2020%u + 192 f+- 2502 f+O(|h|Y).

Here all the 2nd order derivatives can be replaced by the corresponding symmet-
ric three-point difference discretizations preserving the order of the remainder:

e = M2 A Aju—"0 A Aput T (1=509) a2 Ay Aju B5 A 425 A, FO(B]).

12"
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Recalling the above definition of 1., we can rewrite the last formula as (3.3).

2. The second proof is based on averaging of equation (3.1) related to the
polylinear finite elements. We define the well-known average in the variable xy,
related to the linear finite elements

h

(@w)(on) = [ wla+ €)1 ) e

—hy
For a function w(zx) smooth on [0, Xi], the following formulas hold
@Oiw = Agw, (3.6)
W = w + %h282w + qrpra(Ofw) = w + 1—12h2/1kw + pra(Ofw),
|4k s (Ofw) | Scshil|Ofwlle ry, 52,4, 1ora(O5w)| < eahil|Opwlle .y (3.7)

and ggw = w + qkpkg(akw) at the nodes xp = xg; := lh, 1 <1 < N — 1, with
Iy = [Tg@-1), Zra+1))- The first formula is checked by integrating by parts
and other formulas hold owing to the Taylor formula at xx; with the residual
in the integral form

T
o)) = oty [ wl€)(on - e (3.8)

Tkl
for s = 2,4, together with ;- —hk 252( L%l) d¢ = %h% The respective

formulas hold for the averaglng operator ¢; in the variable ¢ = x,4; as well
(since one can set X, 11 =T and hy,y1 = hy).

We apply the operator gg; with ¢ := ¢y ... g, to Equation (3.1) at the nodes
of wp and get

qAu — a?@ﬂt/liu =qqf with q; = H k- (3.9)
1<k<n, k#i
The multiple application of the above formulas for the averages leads to
Atu +

hidApu — af [AZu+ (1 — 60D)) LR2 A  Aju + 5 hi A A

= [+ f5hiAif + §5hi A f + O(In["),

121

and thus formula (3.3) is derived once again. 0O

Remark 2. For the first order in time parabohc equation or TDSE, one should
apply the simpler averaging ¢;y™ = ft t) dt in time to derive two-level
higher-order compact schemes.

Formula (3.3) means that the discretization of Equation (3.1) of the form
(sv — f5hia; i) Aw — as ;A = v on wy (3.10)

has the approximation error of the order O(|h[*).
Notice that the coefficients of formulas

Y+ Shidy = 5+ 10y + ), Hhidiwg = 560 (wi_e, + Wite,) — Bwi

Math. Model. Anal., 26(3):479-502, 2021.
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respectively on wp, and wy, are independent of h.
For discretization (3.10), we consider the corresponding equation at to = 0

(sv — hiaiA;)6:0° — Sheals ;A0 = uin + ShefR on wy, (3.11)

cf. (2.2)-(2.3), and find out for which u;x and f§ its approximation error also
has the order O(|h|*). Let 0 < hy < T and h; < hy.

Lemma 2. For the sufficiently smooth in Qﬁt solution u to Equation (3.1)
satisfying the initial conditions from (3.2), under the choice

UIN = (SN + %h%a?/li)ula (3.12)
Po= 150+ b2 Ao, 1) = 1 +0m3) (3.13)

on wy, where féo) = fo+ 3he(0cf)o+ 5 hF (O} f)o with yo := yli—o, the approz-
imation error of Equation (3.11) satisfies the following formula

2
Y0 = (sy — %a?/li)(étu)o — s Ao —uiy — L fR = O(/h|Y). (3.14)
Notice that fﬁ(lo) s not the term fo + 1—12ht2(8t2f)0 of type approximated above.

Proof. Let 0 <t < h;. Once again we give two proofs.
1. Using Taylor’s formula in ¢ and grouping separately terms with the time
derivatives of odd and even orders, we obtain

U0 =(sn — 15h2a?A,) (Bpu)o + ER2(BPu)o + Lhe[(sn — ShZa2A;) (82u)o
+ SR (0fu)o — aZsy;Aiug) — uin — ShefS + O(Ih|%).

In virtue of Equation (3.1) we have
Ou = a?020u+ 0 f = a?A20,u + 0, f + O(|h|?).
Moreover, (Oiu)g = uy, therefore we find

(5 - ﬁhfa?/li)(atu)o + %hf(@fu)o
= (sv + 5hiaiAi)uy + 2hi (0 f)o + O(|h[*). (3.15)

Next, the first formula (3.5) implies 0}u = a?A;02u + 02 f + O(|h|?) and thus
(s = 15hiai A:) (Ffuw)o + 157 (9/w)o = sn (9 u)o + 157 (97 f)o + O(/h[*).
Using (3.1) for ¢t = 0 and the formula sy = s, + 1573 Ak, We also have

sN((“)tQu)o - a?sN;:/liuo = sN(a?E)fuo + fo) — a?sm/liuo

= afsNE(azzuo - AZUO) + ﬁhfaf/lzafuo + SNfO

= afsm( - lehfafuo) + %h?a?/liafuo + sn.fo+ O(|h|Y)

= ﬁh?af(/liafuo - 3?“0) +snfo+ O(|h\4) =snfo+ O(|h|4)-
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Therefore we have proved the formula
(sv—qghiai 4;) (07 u)o+15hi (9} w)o—ais yiAiuo=sn fo + 1517 (07 Flo+O(Ih|").

This formula and (3.15) under choice (3.12)—(3.13) lead to formula (3.14).
2. Again the second proof is based on averaging of equation (3.1). We
define the related one-sided average in t over (0, h)

hi
ay’ = & y(t) (1 — &) dt (3.16)
0

and apply %qq,(-)° to (3.1). Since 2t (q;00u)° = (6,u)° — (Oyu)o, we get

q(6:u)° — 2a?q A’ = qui + B qq. fO. (3.17)

Using Taylor’s formula at ¢ = 0 and calculating the arising integrals, we find

Bego O = B fo 4+ 2L (0, F)o + B (02 f)o + O(hY) = BV 1 O(hd).  (3.18)

Here we omit the integral representations for O(h})-terms for brevity. As in
the proof of Lemma 1 and owing to the last expansion, we have g(6;u)? =
sy (0;u)? + O(|h|*) and

qur = syur+O(h"), Baaf® =% £ + HhAifo+O(RY).  (3.19)
Also owing to Taylor’s formula in ¢ at ¢ = 0 we can write down
ul-t) = ug + tuy + £ ((6u)® — ur) + O(t).
Thus similarly first to (3.18) and second to the first formula (3.19) we obtain

%a?(j;/liqtuo = ’a 5@ Ajug + ’ a; qlA uy + 2 12 al 23:Ai((6,1)° — up) + O(hy)

= hta 58 n3Aitio —|— a?Ajuq + SN;Ai(CStU) + O(‘h|4)~

121 121

Inserting all the derived formulas into (3.17), we again obtain the desired result.
O

Remark 3. If f is sufficiently smooth in ¢ in Qh , then the property fdh = (0)

O(h3) (see (3.13)) holds for the following three- and two-level approxnnatlons

S = L0 S = LR T = A0+ 212 with Y2 = .

One can easily check this using the Taylor formula in ¢ at ¢ = 0.
If f is sufficiently smooth in ¢ in 2 [—hy, he], then clearly the same property
holds for the one more three-level approximation

O = LIRS O+ S RIA SO = — L TS O+ L with U= fliep,-

Remark 4. Below we consider the case of non-smooth f. Namely the above
second proofs of Lemmas 1-2 clarify that then f}' should be replaced with
qq: f™, 0 < m < M — 1, according to (3.9) and (3.17) and identically to the
polylinear FEM with the weight [19], or with some its suitable approximation.

Math. Model. Anal., 26(3):479-502, 2021.
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In the simplest case n = 1, Equations (3.10)—(3.11) supplemented with the
boundary condition take the following form

[I+ &5 (ki — aihf) ] Aw — af Ao = fy, (3.20)
Vown = 9, [I+ 15(h3 — a2h) A1]6,0° — Lha2 4100 = wiy + Lhe S, (3.21)

where equations are valid respectively on wy and wy. Hereafter we assume that

the function v is given on @; and take the general nonhomogeneous Dirichlet

boundary condition. This scheme can be interpreted as the particular case of

scheme (2.2)—(2.3) with the operators By, = I and A;, = —a?A; and the weight
2

oc=oh)=%(1- a’;ﬁ) (a similar choice of o was used in [11] in the 1D
1'%t

parabolic case) or the bilinear finite element method [19] with By, = I+ $h3A;,

Ap=—diAand o =o(h) = L(1+ 2h2) (though the right-hand sides of the

equations are not the same; but see also Remark 4).
But for n > 2 the above constructed equations (3.10)—(3.11) are not of type
(2.2)—(2.3). Therefore we replace them with the following one

(SN + TlgthN)At'U + Ayv= fy on wp, (3.22)
U‘@wh =g, (SN + leh?AN)(stUO + %htAN’UO =unN + %htf]% on Wwe, (323)
where Ay := —afsm/li, that corresponds to the case By = sy, A, = Ay and
o = 5. Since Ax+a?A; = a?(I—sy;)A;, we have h (An+a?A;) Ayu = O(|h|*)
and h?(Ay + a?/A;)(6u)? = O(|h|?) for functions u sufficiently smooth in Qr,
and thus the approximation errors of the both equations of this scheme are also
of the order O(|h[*).
But the latter scheme fails for n > 3 similarly to [3] in the case of the TDSE.

The point is that sy should approximate I adequately, but for the minimal and
maximal eigenvalues of sy < I as the operator in Hy, we have

2 7T(N

Amin(s5) =1 — Lsin D < Amax(sn) < L.

Therefore Apin(sy) > 1—% and Apin(sy) =1-% +O(5(“) L ) that is suitable

for n = 1,2, but sy becomes almost singular for n = 3 and even Amin(Sn) <0
(i.e., sy is not positive definite any more) for n > 4, for small |h|.
Thus for n = 3 it is of sense to replace the last scheme with the scheme

(§N + TgthN)Atv + Ayv = fy on wp, (3.24)

Vow, =9, By + TIthAN)étvO + %htANvo =uiy + %htfg, on wy. (3.25)
Moreover, for any n > 1 we can use the following scheme

(EN + %zhffl]v)/ltv +Ayv=fn on whp, (3.26)

V|own, = s (EN + Tghfle)étvo + %htANvo =uiy + %htfjov on wy (3.27)

(cf. [3] in the case of the TDSE); for n = 1 it coincides with (3.20)—(3.21). Here
the operators

®
z

n

5 . — 172 Ao 2-

= H SkN, Snj = H SpN, SpN =1+ ﬁhkAkv AN = *aisNiAi
k=1 1<k<n, k#l
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are used, with 5,; = I for n = 1. The operator 5y is the splitting version
of sy, and 5,; is the (n — 1)-dimensional case of 5y. Clearly Ay = Ay for
n = 1,2. Herewith for the minimal and maximal eigenvalues of sy < I as the
operator in Hj; we have

2\ n n 1 “in (N, — 1) _
o mln o P E— >\m X 1.
(3) 1;[ 35 on, < Mmax(n) <

In addition, the following relation between sy and sy holds

SN=sn+ Yy, Y. shi A R (3.28)
k=21<i1<...<ix<n

In virtue of the last formula we have (55 — sy)Au = O(|h|*) and (55 —

~N)(8:w)? = O(Jh|*) for functions u sufficiently smooth in Qr, thus the ap-

proximation errors of the both equations of scheme (3.24)—(3.25) still have the
order O(|h[*) as for the previous scheme (3.22)—(3.23).

Since Ay — An = —a2(5y; — sy;)Ai, in virtue of (3.28) we have (Ay —
AN)y = O(|h]*) for y = Asu,u, (6;u)? and functions u sufficiently smooth in
Qr, and thus the approximation errors of the both equations of scheme (3.26)—
(3.27) also have the order O(]h|*) as for the previous scheme (3.24)—(3.25).

Finally, we recommend to apply scheme (3.10)—(3.11) only in the case n = 1
when it takes the form (3.20)—(3.21). Instead, for n = 2 and 3, respectively
schemes (3.22)—(3.23) and (3.24)—(3.25) can be applied. Scheme (3.26)—(3.27)
is more universal and can be applied for any n > 1; for n = 1, it coincides with
(3.20)—(3.21) but for n = 2 and 3 its operators are more complicated than in
(3.22)—(3.23) and (3.24)—(3.25) and thus it can be more spatially dissipative in
practice.

Remark 5. Importantly, for example, scheme (3.26)—(3.27) could be derived
directly like in the second proofs of Lemmas 1-2 by applying more direct though
more complicated approximations of the averages in (3.9) and (3.17):

g — @l G Aiu = Sy Agu — aZ5 5 (1 + %At)/liu +O(|nh)
= (5n + 2 An) Ayu + Ayu+ O(h]*),

cj(étu)o — %afcj;/liqtuo = §N(5tu) — a 5;4; ( ug —|— u1 + 12(5tu) )
+O(h*) = (55 + 1 An) (1) + 2 Ayug — 252 Aguy + O(h]*).

For n = 1, implementation of scheme (3.20)—(3.21) is simple and at each
time level {t,,}M_, comes down to solving systems of linear algebraic equations
with the same tridiagonal matrix. For n > 2, all the constructed schemes can
be effectively implemented by means of solving the systems of linear algebraic
equations with the same matrix arising at each time level using FFT with
respect to sines in all (or n — 1) spatial directions (after excluding the given
values 9|a,, = ¢ in the equations at the nodes closest to dwy,). The matrices are
non-singular (more exactly, symmetric and positive definite after the mentioned

Math. Model. Anal., 26(3):479-502, 2021.
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excluding) that is definitely guaranteed under the hypotheses of Theorem 2
below. Note that the FFT-based algorithms have been very effective in practice
in the recent study [21].

Remark 6. 1t is not difficult to extend the constructed schemes to the case of
more general equation pd?u —a?0?u = f with p = p(x) > 0 sufficiently smooth
in 2. Namely, applying the above alternative technique, one should simply
replace the terms sy A;u, sy (d;u)? and syu; with sy (pAgu), sy (p(6:u)?) and
sy(pu1) in (3.3), (3.14) and (3.12) keeping the same approximation orders.
Consequently the terms sy A,v, syd;0°, 5y A0 and 556,0° are generalized as
sn(pAw), sy (pd?), sn(pAw) and sy (pd?) in (3.10)—(3.11), (3.22)—(3.23),
(3.24)-(3.25) and (3.26)—(3.27) keeping the same approximation order O(|h[*).
Also the following expansions in powers of A, for the arising operators at the
upper level hold, for n = 2 and 3, respectively

sn(pw) + S5hiAvw = pw + 35 [hi Ai(pw) — aZhi A;w]
— (1—12)211,% (a%h% + agh%)/h/lgw,
Sn(pw) + ShiAnvw = pw + &5 [hi A (pw) — aZhi Ayw]
+(55)° Y [RhPAA(pw) — hi(aRhi + aihi) Ax Ayuw)]
1<k<I<3
For a; and h; independent on i, the formulas are simplified, and the operators
on the left there differ only up to factors from ones appearing in the related
formulas (21)—(22) in [2] and (11) in [12]. Moreover, one can show that in this
case generalized equations (3.22) for n = 2 and (3.26) for n = 3 are equivalent
to respective methods from [2,12] up to approximations of f. But the stability

and implementation issues in the generalized case are more complicated and
are beyond the scope of this paper.

For n > 2, we also write down the scheme
ByAw + Anv = fx on wp, (3.29)
Vlow, =9, Bnon’ + %htAN’UO =uiN + %htf]% on wp (3.30)
with the following splitting operator at the upper time level
By = Bin...Bun, By = sy — hiaidy = 1+ 5 (hi — hiaj) Ay. (3.31)

Splitting of such type is well-known and widely used, in particular, see [11,19],
and the implementation of this scheme is most simple and comes down to
sequential solving of systems with tridiagonal matrices in all n spatial directions
which are definitely non-singular under the hypotheses of Theorem 2 below.

The following relation between By and 5y holds By = 5y + %hfle + R
with the “residual” operator

(5h)" Y ada (T s )(-4u) . (— ),

2 1<ir<...<ip<n 1<I<n, l£i1,...,ik

NE

R :=

>
U

(3.32)
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Clearly R as the operator in Hj, satisfies R = R* > 0. In particular, one has

R=(3 t) aja3 Ay Ay for n =2,
R

( hz) (a1a253N/1 Ay + a1a352N/1 Az + a2a351NA2/13)
- (55 h2) aja3a3 A1 Ay Az for n = 3.

Since RAyu = O(h}) and R(6u)? = O(h}) for functions u sufficiently
smooth in Qr, scheme (3.29)-(3.30) has the approximation error O(|h[*) as
scheme (3.26)—(3.27). Note that some other known methods of splitting are
able to deteriorate this approximation order.

Now we study the operator inequality in (2.1) for the above arisen operators.

Lemma 3. For the pairs of operators (B, Ap) = (sn, An) forn =2,
(Bn, A) = (3n,AN) for n = 3, (35,AN) forn > 1 and (55 + R, Ax) for
n > 2, the following inequality holds

A < aiBy in Hy with o} < 6Coa?/h?, (3.33)
where Cy = % in the first case of (By, Ap) or Co = 1 in other cases.
Proof. Let 1 < k < n and {/\l(k) = h42 sin? ’T”““ }kal ! be the collection of
k

eigenvalues of the operator — Ay in Hj, with the maximal of them /\max =

Np—1
};% gin2 TNk —1)
k

2N,
following inequality between the eigenvalues of these operators

< 7. The inequality —Ap < a%hsk ~ in Hj, is equivalent to the
k,

M <a? (1— Lr2al), 1<i< N, -1

Consequently the sharp constant is

2 A M 33\ (k) 1
O[lh = ISIII%%}:—l 1 B %hQA(k) . 1 hQAngX < §>\max < 6?

Herewith o), = 675 (14 O(5z)), thus the last bound is asymptotically sharp.
k k
Similarly for n = 2 the inequality Ay < aisN in Hyp holds with

1 2 2 1
- (1= i) a3N? + (1 - ghan)aty
1<k<N;—1,1<I<Ny—1 _ ihQ)\(l) _ %h2A§2)

ap =

It is not difficult to check that the function under the max sign has the posi-
tive partial derivatives with respect to arguments )\S) and )\1(2) on the natural
intervals of their values and thus
1 2y(1) y 24(2) 1 2,(2) y,2y(1)
h )\max )\max h )\max >\max
o = (ot iAmm ) Bmpt (1 1o B A (0, a2,
— HhIAR — —h?A&?;x
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This implies (3.33) in the first case. The last bound is asymptotically sharp too.
Next, in virtue of the inequalities s,; < 55; for n = 3 (see formula (3.28)

for n =2) and — Ay < gA,E’ngskN in Hy, the following inequalities in Hj, hold:

AN =—alsy; i < af§N;(%)\f£)aXsiN) 3(a f)\fnéx)sN for n =3,
Ay == afsyiMi < afsy; (3AGhsin) = §(aF M) v < 3 (afAfh) Br+R)

for n > 2. Therefore inequality (3.33) has been proved in all the cases. O

Now we state a result on conditional stability in two norms for the con-
structed schemes.

Theorem 2. Let g = 0 in (3.2) and 0 < €9 < 1. Let us consider schemes
(3.22)—(3.23), (3.24)—(3.25), (3.26)—(3.27) and (3.29)—(3.30) under the condi-
tion

Coh? gz <1-¢&} (3.34)
with the pairs of operators respectively (B, Ap) = (sn, An) forn =2,
(Bnr, An) = (58, AN) forn =3, (5n5,An) forn > 1 (for n = 1, this covers also
scheme (3.20)-(3.21)) and (Sy + R, An) for n > 2. Here Cy is the same as
in Lemma 3. Then the solutions to all the listed schemes satisfy the following
bounds

215 2 . 2 11/2
(max [<B150™ 5, + 507,

1/2

1/2 _ —1/2
< (00113, + 208, Puanl?) 7 + 255 1B, 2 fvllcy i (3:35)

the fy-term can be taken as 2]%71||A;1/25tf1v||h + 3 x| ||A;1/2f]7\[n||h

as well, and
s, mas {eollo™ s, 1750011, )

< |[°5, + 2114, "

—1/2
i lln + 2045 e, i
for fn = 01g, the fn-term can be replaced with 2e, 1IM||B 1/2( — stgo)”h.
Importantly, the both bounds hold for any free terms uiny € Hp and fy:
{tm}M — Hp, (not only for those defined in Lemmas 1-2).

Proof. The theorem follows immediately from the above general stability The-
orem 1 applying assumption (2.4) for o = 1/12, in virtue of inequality (2.5)
and Lemma 3. O

Corollary 1. For the sufficiently smooth in Q7 solution u to the IBVP (3.1)—
(3.2), v° =y on wy, and under the hypotheses of Theorem 2 excluding g = 0,
for all the schemes listed in it, the following 4th order error bound in the strong
energy norm holds

2|15 my2 - mp2 11/2 4
| Dax [eoll0e(u =)™ 1B, + 15:(u —0)™ (|3, ] = O(|hl*).
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The proof is standard (for example, see [11]) and follows from the stability
bound (3.35) applied to the error r := u — v (herewith 7|, = 0, r® = 0).
The approximation errors play the role of f3', 1 < m < M — 1, and w1y
in the equations of the schemes, and the above checked conclusion that these
errors have the order O(|h[*) for all the listed schemes is essential, as well as
ht = O(|h]) in Theorem 2.

Notice that, in the very particular case Z—i = ... =D — p;, schemes (3.20)~

(3.21) and (3.29)—(3.30) become explicit (since then BN = I, see (3.31)) and,
moreover, the latter one differs from the simplest explicit scheme only by the
above derived approximations of the free terms in its equations. Herewith, for
scheme (3.20)—(3.21), condition (3.34) is valid with Cp = 1 and only ¢g = 0
(actually, with some 0 < g9 = €9(h) < 1 as one can check). But, for scheme
(3.29)—(3.30) and n > 2, the condition even with gy = 0 fails; more careful
analysis of inequality (3.33) for this scheme still allows to improve the bound
for @ but not the drawn conclusion itself. According to Remark 1, for scheme
(3.20)—(3.21), even in this particular case some stability bounds still hold. The
bounds contain terms of the following type

h2
[wl3 1 = (I + 2% An)w, w), > cos? "= |w|? Vw € Hy.

Thus ||wllo,n remains a norm in Hy, but clearly it is no longer bounded from
below by ||w]|, uniformly in A (since the constant in the last inequality is sharp
and has the order O(xz)).

1

The explicit scheme for n = 1 is very specific. Its equations are rewritten
using a 4-point rhomb stencil simply as

op =l ol T RN on wh, 1<m <M -1, (3.36)
Vow, =9, v = 3(Vho1 +00s1) F hewrng + 3hifRe on wp. (3.37)

For clarity, let us pass to the related Cauchy problem with any k € Z, x, = kh,
h = hy, a = a; and the omitted boundary condition. Then the following
explicit formula holds

m—1

m __ 1 0 0 112 0 2 4
Uk, —i(vk—m+vk+m)+§ lerm hyuin + 5hi fy, + by E E lerm—r I
k k
p=1

where k € Z, 1 <m < M and I;"? is the set of indices from k — (m —p — 1)
to k+ (m — p — 1) with step 2. It can be verified most simply by induction
with respect to m. Notice that all the mesh nodes lie on the characteristics
x — x = tait of the equation. Of course, the stability of the scheme can be
directly proved applying this formula.

xT
Let us take v° = ug and reset uini = 55 z:*ll uy () dr and

1 1

o _ - mo_ .

here T;" and R}’ are the triangle and rhomb with the vertices {(zgx+m,0),
(g, tm)} and {(zk+1,tm), (Tk; tmx1)}. Then the above formula for v} takes

Math. Model. Anal., 26(3):479-502, 2021.
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the form

Thim
0" = & (uo(Tp—m)+to(Thgm)) + ﬁ/ i (2) dz + 54 f(x,t) ddt.

k—m T,Q"

Thus at the mesh nodes it reproduces the classical d’Alembert formula for
the solution u to the Cauchy problem for the 1D wave equation, where the
approximate and exact solution coincide: v} = u(xg,t,,) for any k € Z and
0 < m < M. Concerning exact schemes, see also [7].

4 The case of non-uniform rectangular meshes

This section is devoted to a generalization to the case of non-uniform rect-
angular meshes. Let 1 < k < n. Define the general non-uniform meshes
0=mpo <zp1 < ... <N, = Xi in x with the steps hy = xp — T1-1) and
wp, with the nodes 0 =ty <t < ... <ty =T and steps hip =ty — ti—1-
Let wpr = {xkl}lN:’“l_l. We set

hiy1 = hrasr), har = %(hk +hit)s hirm = himer), hat = %(ht + hey)

as well as hpmax = Mmaxi<i<n, Mg and himax = Maxi<m<nr Mem. Define the
difference operators

Spwr = g (Wi —wy), Opwr = 5 (wi —wi-1), Apw = 5 (Gpw — dpw),
0wy = i W =y, S = (0 =y ), Ay = 5 (Gry—duy),

where w; = w(zy;) and y™ = y(t,,). The last four operators generalize those
defined above so their notation is the same.

We extend the above technique based on averaging Equation (3.1) and
generalize the above average in xy:

1 LTr(l41)
qrw(Tr) = / w(zy)er () doy,
h*k,l Th(1—1)

Tk —Tr(1—1)

eri(r) = v [Tra—1); Tril, en(zr) = ZRUED Tk

Yy on [xkl7-rk(l+l)]-

For a function w(zy) smooth on [0, X}], formula (3.6) remains valid and

Gew = w + qepr1 (Orw),
qrw = w + %(hk+ — hk)akw + % [hi_._ — hyyhg + hi]aﬁw + qkpkg(ai’w)

on wpg, and the first bound (3.7) remains valid for s = 1,3 with hj replaced
with h., see also (3.8), that follows from Taylor’s formula after calculating the
arising integrals over [mk(l_m xk(l_,_l)]. Due to Taylor’s formula we also have

Ow = (5w + Gpw) — L(hpy — hy)Rw + pl (B}w), Ofw = Ayw + p\3) (F}w),

10 (B3w)] < DR |BRwl| oy, 5= 1,2,
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thus the above second expansion for gyw implies that

arw = spNw + Prs(Opw), ks (Ow)| < E3h 08wl o (1)
sin =1 + 5 (hug — i) [5 (Ok + 6) — 5 (hog — hue) Ay
+ 55 [thr — hiyhi +h ]Ak =1+ = (hk+ — hk)((sk +0) + i3 hkhk+/1k,

ie, sgyn =1+ le(thrﬂkék — hgaydy) or, in the averaging form,

2
) h2
sNwL = 15 (w1 + 10ywy + Buwiyr), ok =2 — pt,

Br=2— b =14 Ba g 4 10, 4 By = 12;

all the presented formulas are valid on wp,. The operator siy generalizes one
defined above. Its another derivation was originally given in [5], see also [10,14].
Recall that the natural property ag; > 0 and S > 0 (not imposed below) is
equivalent to the rather restrictive condition on the ratio of the adjacent mesh
steps

0.618 ~

2 < B < VBEL 6 618, (4.1)

On wp,, the average q;w = gp 1w is defined similarly, and thus
G = sgNw + ﬁt3(8t3w)a |ﬁt3(a? )| < C3h t”6 wHC tm—1,tm41]
with s,y =1 + %(hwﬁtét - htatgt) or, in the averaging form,

h? h? hip—h
siny=15 (0§ + 100y + Bef), ca=2— 555, Br=2— 55—, 1+%-

t

Let wp, = wh1 X ... X Why. Formula (3.9) for u remains valid and implies now
sy Ay — azlestN/l iu=qq.f+ O(h max) on wh,

where hpax = max{himax; - - - » Pnmax, Mt max - Formula (3.17) for u remains
valid as well. It involves only two first time levels thus easily covers the case of
the non-uniform mesh in ¢ and implies now

_R?

(SN 1t21 GQSNz 4)(5tu)0_%a28N2A Uo= qu1+ 12 > a; SNzA U1+QQth+O( mdx)
on wy,, where ¢;y° is given by formula (3.16) with A4 in the role of hy.

Owing to the above formulas, see also Remark 5, the last two formulas with
u lead us to the generalized scheme (3.26)—(3.27):

" [(§N + hat ’*ﬁtAN)(stv — (SN + *t tatAN)(st'U] + Anv =Snsin f, (4.2)
Vlow, = 9, (58 + “ L AN) (6:0)° + B Ayvg = (53 — 7AN)U1 + B fd o (4.3)

with Y = snfo + h“ (6:f)°, where equations are valid respectively on wy, and

wp, and have the approx1mat10n errors of the order O(h3,, ).
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For the uniform mesh in ¢, the left-hand side of (4.2) takes the previous
form whereas the term 5y s;n f can be simplified keeping the same order of the
approximation error:

(5w + ShiAN) A + Ayv = (5 + Shi A T (4.4)

The splitting version of equation (4.2) can be got by replacing the operators
in front of §;v and §;v by the operators of the form

BN = (S1N - %h*tﬁto'ta%/ll) cee (SnN - ﬁh*tﬁtatafl/ln),
where respectively /~1t = hyy and op = Sy, or i~zt = h; and oy = a4. Since
BN = SNy — %h*tﬁtatafEN;Ai + R,

where the operator R satisfies formula (3.32) with h? replaced with hathior,
and this replacement conserves the approximation error of the order O(h2 ).
2 _
The splitting version of Equation (4.3) is got simply by replacing sy + %AN
with the above operator (3.31) with hy; in the role of h;.
One can check also that the approximation errors still has the 4th order

O(hi . .) for smoothly varying non-uniform meshes, cf. [15], provided that, for

example, & = sy f0 — fO+ fég)t.

Here we do not touch the stability study in the case of the non-uniform
mesh (even only in space) but this is noticeably more cumbersome like in [15]
(since the operator siy is not self-adjoint any more) and, moreover, imposes
stronger conditions on Ay, see also [17,18].

5 Numerical experiments

5.1. In the IBVP (3.1)—(3.2) in the 1D case, we now take 2 := (—X/2, X/2)
and rewrite the boundary condition as u|,—_x/2 = go(t) and u|,—x/2 = g1(t),
t € (0,T). We intend to analyze the practical error orders 7, of r = u — v in
three uniform in time mesh norms

max 7|,

m < ,.m S am||
Jmax o max max {107, 6177} (5.1)

which below are denoted respectively as Li, Ch, and &, (the 2nd and 3rd norms
are the uniform and strong energy-type ones). Here [lw]; = (h 35, wi)l/2

and NV = Nj. The respective expected theoretical error orders vy, are

min{%a,él}, a > 0; %(a—%), %<a§12—1; %(oz—l)7 1<a<6 (5.2

(in the spirit of [1]), where « is the parameter defining the weak smoothness of
the data, see details below (concerning the first order, for o < 1, it should refer
to the continuous L? norm rather than the mesh one but that we will ignore).
The proof of the first order in the case u; = f = 0 see in [6]. For compar-
ison, recall that for the 2nd approximation order methods the corresponding

theoretical error orders yﬁ) are

min{%a,Q},a > 0; min{%(a—%),?},a > %; min{%(a—l),2}7a >1, (5.3)
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according to [19]; recall that the middle error order is derived from two other
ones. These orders also have recently been confirmed practically in [16].

Let Py(z) = (sgna + 1)/2 be the step Heaviside-type function, P;(z) =
1 —2|z|, Py(x) = (sgnz)(22)¥ (k > 2) and Q(t) = Po(t —t.)(t —t.)! (1 >0
and t, € (0,7) is fixed) be piecewise-polynomial functions. For uniformity, we
also set P_q(z) = d(x) and Q_1(t) = (¢t — t«) as the Dirac delta-functions
concentrated at r =0 and t =t,. Weput X =T = 1.

We consider six typical Examples E,, « = 1/2,3/2,...,11/2, of non-smooth
data supplementing the study in [16]. The initial functions uy = Py and
uy = c1P4)—; are piecewise-polynomial functions of the degree [a] and [a] — 1
respectively, with a unique singularity point « = 0, excluding the case [a] = 0
for uy, where uq (z) = c¢16(x). Thus ug belongs to the Nikolskii space HS (£2) [9]
(and to the Sobolev-Slobodetskii space W5 °(£2), 0 < e < 1/2), and uy €
HS™Y(02) (for a > 1).

The free term f(x,t) = coP_1(2)Q—1(t) = c20(x,t — t,) is concentrated at
(x,t) = (0,t,) for a« = 1/2, or has the form f(z,t)=f1(z)f2(t)=c2 Po(x)Q—_1(t)
for a = 3/2, or the form of two such type summands f(x,t)=coPo(2)Q[a)—2(?)
+ c3Pi(2)Q[a)—3(t) for a > 5/2. The term f; is piecewise-constant (the case
ay = 1/2) for a > 3/2 or also piecewise-linear (the case ay = 3/2) for a > 5/2,
with a unique singularity point @ = 0. Respectively the term fo(t) = §(t — t.)
for « = 3/2 or fa(t) = Qa,(t) is a piecewise-polynomial function of the degree
ag = a—2—oa; = [a] =2 — [aq] for @« > 5/2, with a unique singularity
point ¢t = t,. Recall that, for ay > 0, such f5 belongs to the Sobolev-Nikolskii
space WH{?(0,T) (for example, see [19]), though not to the less broad Sobolev
space W12(0,T). Thus f itself or its both summands has the so called weak
dominated mized smoothness of the order o in x and as in t, with ay + as =
a — 1. Recall that this property is much broader than the standard weak
smoothness of the order o — 1 in both 2 and ¢ in L?(Q); in particular, the case
of f discontinuous in z is covered for any considered «.

Here (c1,c2) = (0.4,0.4),(1.9,1.1) and (c1, c2,¢3) = (0.58,2.1,2.3), (2.8,6.8,
7.3), (3.7,13,31), (4.6,24,51) for o = %, %, e, % respectively. We use these
multipliers to make the contributions to r(-,7) due to ug, u; and f of the
similar magnitude, and thus they all are significant.

We also take smooth gy and g; (not affecting 7,,) to simplify the explicit

forms of w (which we omit here) based on the d’Alembert formula. Namely, we

set go = 0 and g1 (t) = (c1t)* for a = 5,35 go = (—1)F(=g{™ + c19i™) and

g1 = 950’“) + clg?’“ for a > 2, where k = [a] and

g (t) = L[(1 = 2at)* + (1 + 2at)*], k> 2,

1
2
dF ) =0, k=2, ¢"(t) = 2 [(1+2at)* — (1 —2at)*], k>3

The properties of u in Example F,, have been described in [16] or are similar.
Recall that, for example, u is piecewise-constant and discontinuous on Q for
a= %, or u is piecewise-linear with discontinuous piecewise-constant derivatives
on Q for a = %, etc. The straight singularity lines are characteristics and ¢ = t,.
Notice that w is not the classical solution for any « but is strong one for o > %

and one of several weak solutions for a < 5, see details in [16] (but note that,

Math. Model. Anal., 26(3):479-502, 2021.
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for f(z,t) = Pi(2)8(t—t.), o« = 2, the jump of dyu across t = ¢, was not taken
into account there).

We set v = ug; v = qrug for a < %, or as in (3.12) for o > %, and
= (q1f1)q: 3" on wn, see Remark 4. For z;, € wy, and even N, we have
@16(-) = + for xx = 0, or ¢10("), = 0 otherwise, and (q1Po)r = Po(x). Also,
if t, = ty, € wp, and 1 < k < 5, then (¢:Qr)™ = (sinQp)™ for t,, € wp,,

k
m # my, or (¢Qr)™ = TDGTy: We choose a = %, t.=%Z and 7 = h (so

the mesh is not adjusted to the characteristics).

To identify error orders more reliably, we compute the errors for N =
200, 400, . . ., Nyax, where Nyax = 3200,2000, 800 respectively for 2 < a < 2,
a =12 also N = 200,300,..., Npax With Nyax = 600 for o = 41 (Nppax
is lesser for o > % to avoid an impact of the round-off errors on 7,,). We
plot graphs of log,, ||7|| versus log,, N, where ||| is each of the three norms
(5.1), and seek the almost linear dependence between them by the least square
method. Thus we calculate the dependence ||r|| & coh»r = co(3-)7*".

For a = %, %, %, % and the extended set N = 200, 400, ...,3200, we present
&, Cy, Lz-norms of the error denoted respectively by A, 0, < on Figures 1-2.

1E+00 1E-02
1E-03
1E-01
1E-04
1E-02 n
L [ ]
= . 1E-05 .,
[} n
1803 u Rl T - [
1E-06 * 'l-.._
*
1E-04 ‘. ‘e *
- *e., 1E-07 -
00,.“.’ ”00..
1E-05 1E-08
200 2000 200 2000
a) a=3/2 b) a =5/2

Figure 1. Examples Eg/ (left) and E5/, (right): &, Ch, L2-norms of the error denoted
respectively by A, 0, <, for N = 200, 400, . . ., 3200.

Notice the abrupt decrease of the error range as a grows. We also observe
the slight oscillation of the data for a = % that is an exception (they also
present for a = %), instead, the linear behavior is typical for other a and
the values 200 < N < Npax. The slight growth of L%—norm for a = % and
much more significant growth of all the norms for a = % as N increases reflect
the impact of the round-off errors; the value of N when the error begins to
increase depends on the norm. For a@ = 12—1 the situation is even more strong
(not presented).

The computed cy and -, together with the respective theoretical orders
~Y¢p, and 'yt(i), see (5.2)-(5.3), and the error norms |ry| and ||7'J(3)|| for N =
200, Nax are collected in Table 1. For more visibility, here we include the
error norms ||rj(3)|\ for the standard 2nd order scheme like (3.20)—(3.21) but
with the multiplier —oa?h? substituted for -5(h? — afh?), with the weight
o= %, the same v° and fy but uiy = qruq for a < %, or uiny = uj for a > %
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1E-04

1E-05

1E-07

1E-08

1E06 ® L
*
n
*
1E-07 - 1E-09
L ]
* u =
[ ] u [ b
1E-08 . "a, . L
., "-.... 1E-10 LRSS
1E-09 . . "L
. A |
* *
oo ¢
1E-10 1E-11
200 2000 200 2000
a) a="17/2 b) o = 9/2

Figure 2. Examples E;/; (left) and Eg/o (right): &, Ch, L2 -norms of the error denoted
respectively by A, O, <, for N = 200, 400, . . ., 3200.

The main observation is the nice agreement between 7,, and -, for all
three norms in all Examples E,, thus the sensitive dependence of 7,, on the
data smoothness order a becomes quite clear. This agreement is mainly better
for the first and second norms (5.1) (similarly to [16]). Notice that ’ygi)/’ypr
and the error ||rap]| in each norm decrease rapidly as a grows. Clearly the
errors |7y are much smaller than ||7‘§3)|| for N = 200 and Nyax especially as
a grows. This demonstrates the essential advantages of the 4th approximation
order scheme over the 2nd order one in the important case of non-smooth data
as well. This is essential, in particular, in some optimal control problems [13].

We also remind the explicit scheme (3.36)—(3.37). For the same X and a
but hy = h/a and T' = Mh; > 1, for example, the Cp,-norm of the error equals
0.311E—14 even for N = 20 and M = 10 already in Example E3/5; thus clearly
it is caused purely by the round-off errors.

5.2. Also we analyze numerically scheme (4.4) and (4.3) (with f$ = sy f0+
2(f7/2— £9)) on non-uniform spatial meshes such that z, = p(£)—%,0 <k <
N, and hy, = x —x—1. Here ¢ € C[0,1] is a given increasing node distribution
function with the range ¢([0,1]) = [0, X]. We take again X = T = 1 and

a= % but consider only the smooth (analytic) exact solution u for the data

uo(z) = sin(27w(z + 0.5)), ui(z) = 4sin(3n(z + 0.5)), f(x,t) = 20571,
90(t) = 3¢ (g™ + amye ™ — @qe) (@# 1), qi(t) = ego(®)-

We base on the practical stability condition h? o < L with Pmin =

RZ - = 2
minlSkSN hk (Cp. (334) for CO =1 and 5(2) = %), thus we set M = MO =
L@J, where |b] is the maximal integer less or equal b. It turns out to be

accurate in practice, see below. We take N = 50, 100, ..., 1000.

In Table 2, the error behavior in the C} norm is represented for several
functions ¢y, 0 <1 < 6. Clearly ¢o(t) = t sets the uniform mesh and is included
for comparison only. Notice that ¢4(0) = 0 whereas ¢}(+0) = +o00, | = 4,5,6;
both cases are more complicated than the standard one 0 < ¢ < ¢}(§) < ¢ on
[0,1] , 1 = 1,2, in the existing theory [15].

Math. Model. Anal., 26(3):479-502, 2021.



500 A. Zlotnik and O. Kireeva

Table 1. Numerical results for the uniform mesh.

(2)
Il co  vr vn Yy 200l 17 Npax

(2) I

2
A @

IITNmax

a -

1/2 L,QL 0.514 0.406 04 1/3 .595E—1 .192E—-1 .943E—-1 .373E-1

& 1.24 0346 04 1/3 .201E—-0 .751E—-1 .404E—-0 .172E—0
3/2 Cp 0245 0.742 08 2/3 .475E-2 .582E-3 .180E—1 .294E-2
Li 0.393 1.217 1.2 1 .635E—-3 215E—4 272E-2 .168E-3

g, 0924 1.167 1.2 1 A88E—-2 .745E—4 965E—-2 .628E-3
5/2 Cp 0211 1615 1.6 4/3 .406E—4 .461E—6 480FE—-3 .121E-5
Li 0.305 2.007 2 5/3 .734E-5 281E-7 .103E—-3 .999E-6

& 1.49 1975 2 5/3 422E—4 448E—6 .7T66E—3 .169E—4
7/2  Cp 0377 2403 24 2 A11E-5  440E—-8 993E—4 .102E-5
0.435 2.798 2.8 2 160E—-6 .260E—9 .391E—4 .394E—6

A25E-5 .261E—-7 408E—-3 .256E—4
A492E-7 B57T9E-9 .144E-3 .906E-5
628E—-8 427TE—10 .858E—4 .536E—-5

E, 323 2.787 2.8
9/2 C, 117 3.205 3.2
1.21 3.601 3.6

b93E-7 114E-8 125E-2 .139E-3
bS08E—-8 .631E—-10 .502E—-3 .558E—4

En 112 3.597 3.6
11/2 Cp, 8.02 3.997 4

N NN N NN

L% 3.77  3.966 4 2856FE—-8 .370E—-10 .310E—-3 .347TE—4
. . . . _ In(60£+1)
Table 2. Numerical results for non-uniform spatial meshes, with ¢2(§) = = 27"
L ¢ (6) co Ypr ||T200 HC’;L ||T400 || Cy, ”7‘800 HC’;L hr::: [pmirn pmax] %
0 13 42.0 4.001 .262E-7 .164E-8 .103E-9 1 [1,1] .631
1

15878  3.988 .10TE—4 .668E—6 .418E—7 147.5 [1.006,1.006] 18.6

e5—1

2 p2(§) 966736* 3.945* .784E—-3 .533E—4 .341E-5 58.78 [.9325,.9988] 2.64

3 €32 1617 4.001 .101E—6 .629E—8 .392E—9 42.41 [1.001,1.828] 17.9

£3/4 495.2  3.600 .265E—5 .216E—6 .173E —7 7.090 [.6818,.9997] .843

¢5/8 4687 3.019 .556E—4 .67T2E —5 .T92E —6 19.62 [.5422,.9995] 1.01

[o21 I B

€12 427.0% 2411* 118E-2 .230E—3 .427E—4 56.55 [4142,.9994] 1.26

The error orders 7, are close to 4 for 0 <! < 3 but decrease down to 2.411
as in the formula ¢;(£) = £“ the power a; = %, %, % diminishes, | = 4,5,6. Thus
the approximation orders 3 or 4, see Section 4, are not always the practical error
orders as well. For [ = 2,6, the values of ¢y and ~,, are marked by * meaning
that the results are yet too rough for N = 50,100,150 and thus ignored in
their computation. For any [, the graphs of log,q ||rn||c, versus log,;, N are
very close to straight lines (omitted for brevity).

hmax i k41 . Rhit1
The mesh data 322, pin == miny<k<n—1 7, Pmax = MAXI<k<N-1 )

and %, all for N = 800 only, are also included into the table. Note that

condition (4.1) is violated for I = 3,5, 6, but this does not essentially affect the
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results. For [ = 1, ppin = pmax since the steps by form a geometric progression.
Also ¢ is strictly convex (or concave) on [0,1] for | = 1,3 (or | = 2,4,5,6),

accordingly hy = ¢j(&), where &, € (%, %), increases and ppin > 1 (or

decreases and ppax < 1) as k grows. The ratios % are not high except [ =1, 3.
Taking smaller M by replacing /2 with % in the above formula, for | =

0,1 (the cases of the uniform and non-uniform meshes), leads us to highly
unstable computations for N > 100: the C-norm of numerical solutions grows
exponentially.
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