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Abstract. In this article, we consider a system of laminated beams with an internal
constant delay term in the transverse displacement. We prove that the dissipation
through structural damping at the interface is strong enough to exponentially stabilize
the system under suitable assumptions on delay feedback and coefficients of wave
propagation speed.
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1 Introduction

In this work, we are concerned with a model governing vibrations in a structure
made up of two layered beams popularly known as “Laminated beam model”,
subjected to an internal constant delay term acting on the transverse displace-
ment. Derived by Hansen et al. [15], the laminated beam model describes the
vibrations in a structure consisting of two layered identical beams of uniform
thickness stuck together by an adhesive (of negligible thickness), in such a way
that a slip is permitted while they are continuously in contact with each other.
In the absence of interfering forces, the system of the model takes the following
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form
pw + G —wy)z =0,
Ip(35tt _¢tt) _D('?)Srz _wzm) _G("/}_wz) :07 (11)
31,81 — 3Dsz, + 3G (Y — wy) +4ys+48s, = 0,

with € (0,1) and t > 0. Here p,I,,G, D, 8, and, +y are density, mass moment
of inertia, shear stiffness, flexural rigidity, adhesive damping parameter and,
adhesive stiffness respectively. Similarly, w = w(z,t) denotes the transverse
displacement of the beam from its equilibrium position, ¢ = ¥(z,t) is the
rotation angle, 3s — ¢ denotes the effective rotation angle and, s = s(x,t) is
proportional to the amount of slip along the interface. The first two equations of
(1.1) are derived on the assumption of Timoshenko beam theory and, the third
equation describes the dynamics of the slip. Moreover, if s(z,t) is identically
zero, then the standard Timoshenko system is recovered. Furthermore, if 8 # 0,
then the adhesion at the interface produces a restoration comparable force to
counteract the interfacial slip. Otherwise, in absence of adhesive damping (i.e.
B = 0), the third equation of describes the dynamics of slip of coupled laminated
beam without structural damping.

Laminated beams have wider applications in engineering as structures are
often made out of more than one beam or plate stuck together using the appro-
priate substance depending on their intended purposes. Among other applica-
tions, the closest examples one can think of in recent times are the layered glass
gorilla screen protection for smart gadgets, windscreens, among others. Being
a controlled system, stability is very important. Thus, many researchers among
mathematicians and engineers have focused a lot of attention on the study of
well-posedness and more importantly, the stability behavior of this differential
model, majorly by exploiting different damping mechanisms introduced to the
system. We discus some of the results below.

The asymptotic behavior of system (1.1) with boundary feedback controls
of the form

w(0,t) = (0,t) = s(0,t), (¥ —w;)(1,t) =kiw(1,1),
(351 - 1/}96>(17t) = 7k2(35t - 7/}t)(1at)a

was studied by Wang et al. [32]. The authors established an exponential sta-
bility of the system provided that r; = \/g + \/% =71y, ki #1i(i = 1,2).
Interestingly, Tatar [31] and Mustafa [24] obtained the result in [32] under
weaker conditions on the parameters p,G,1,, and D. Some related results
were also obtained by Cao et al [10] with different boundary controls.

Apart from stabilization through boundary damping mechanisms, resear-
chers have considered other interesting damping techniques. For example, Ra-
poso [28] introduced extra linear frictional damping terms in the first two equa-
tions of (1.1) in addition to structural damping, and proved exponential sta-
bility without further restrictions. Later Apalara et al. [9] established that a
single linear frictional damping in the effective rotation angle is sufficient for
exponential decay in case of equal wave speeds. Similarly, in [2], the authors
consider system (1.1) with structural damping, and prove that if it is coupled
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with boundary feedback controls acting through complementary displacements,
then no further dissipation or restrictions on parameters are required for expo-
nential decay, otherwise the assumption of equal wave speeds is necessary.

Regarding dissipation through material damping, for laminated beam with
infinity memory, we mention the work in [18], in which with only structural
damping and suitable assumptions on the relaxation function, the authors es-
tablished general exponential decay results in case of equal wave speeds and
polynomial stability otherwise. For earlier results concerning stabilization of
laminated beam through viscoelastic damping, we refer the reader to [11,21,25].
Furthermore, regarding stabilization through thermal effects, we cite the result
in [20]. The authors investigated a thermoelastic laminated beam with past
history, and proved that in presence of structural damping, the solution decays
exponentially and polynomially without any restrictions on the parameters.
For a system without structural damping, exponential and polynomial decay
of the solution are possible in case of equal wave speeds, otherwise, the system
lacks exponential stability. Other interesting results about damping through
thermal effects can be found in [4,5,14] for thermoelasticity, and [19] for ther-
moelasticity of type III. In all these works, authors mainly established that the
system decays exponentially in the case of equal wave speeds and polynomially
otherwise, with and without structural damping.

In control systems, time delays are inherent since propagation and transport
of material and/or information are involved. Time delay may manifest in form
of lags between the input and processing the output, or lags in attaining or
restoring the desired system stability after perturbations due to internal or
external factors, among others. To explicitly analyse the delay effect on physical
properties especially stability, it is preferred that control systems are modeled
and represented by delay differential equations. Although there are isolated
cases where that voluntary inclusion of delay may benefit control (see [1]) or
may not significantly disturb the general system stability, for instance, in [23],
time lags have been established as one of the underlying causes of instability and
deterioration of the system performance. For example, consider the following
system of wave equation

pu — Ap =0, in 2 x (0, o0),

v =0, on Iy x (0, c0), (1.2)
0

87%5 = —ppr — popi(z,t —7),  onIi x (0, o0),

where ¢ = ¢(z,t), 2 C R? is open and bounded having a smooth boundary
002 =TIy UI and, v = v(z) is the unit normal to 9f2. It is long established
that in the absence of delay (us = 0, 41 > 0), the system (1.2) is exponentially
stable, see [16,17,34] .Whereas, on including delay (u2 > 0), Nicaise et al. [26]
established that the solution decays exponentially provided that pus < 1, and
in case of a reversed scenario (us > p1), the authors proved that the system
solutions become chaotic by introducing a correlating sequence of delays to the
solution. Similar conclusions were reached by [12,33]. For more works regarding
constant time delay effect on stability, we refer the reader to [3,7,27,29] and
references therein.
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In the dynamic Timoshenko beam model, the amplitude of vibrations of
the complementary displacements vanishes due to damping. A constant time
delay translates into a forward phase shift increasing early time response, which
is seen to cause frequency dispersion in displacements [22]. This may require
stronger damping to counteract the longer time needed for decay. This delay
effect is inherent in the laminated beam model as it is derived on assumption of
Timoshenko beam theory. The presence of structural damping in a laminated
beam provides some dissipation, which is sufficient for exponential stability in
absence of delay on assumption of equal wave speeds [6,8]. It is yet to be es-
tablished if the internal structural damping can still solely stabilize the system
in presence of delay, rather authors have chosen other damping mechanisms.
For instance, Feng [13], considered a laminated beam with three internal con-
stant delay feedbacks, with help of three external boundary controls and some
conditions on the system parameters, he established exponential decay result.
Seghour et al. [30] on the other hand, investigated a thermoelastic laminated
beam with neutral delay in dynamics of slip equation, and established uniform
stability provided p = GI,. The required dissipation was obtained through
thermal effects in addition to linear frictional damping in the transverse dis-
placement.

Considering all the above observations, a natural question arises. Is expo-
nential decay achievable for a classical laminated beam system with constant
delay without additional internal damping mechanisms or dissipation through
boundary controls? If yes, under what conditions? Our concern is to answer
this question affirmatively. Precisely, we consider a system of laminated beam
with constant delay term acting on the transverse displacement:

pwi + G —wy), + pwe(z,t —7) =0, in (0,1) x (0,00),
1,(3s4¢ — it) — D(3822 — Yzz) — G(p —w,) =0, in(0,1) x (0,00),
31,54 — 3Dsgz5 + 3G(Y — wy) + 4ys + 485, = 0, in(0,1) x (0,00),
we(z, —t) = fol(z,t), in(0,1) x (0,7),
w(x,0) = wo, s(z,0) = so, ¥(z,0) = 1y, in (0,1),
wi(z,0) = wi, s¢(x,0) = s1, Ye(2,0) = ¢Pn, in (0,1),
w(0,t) = $,(0,t) = ,(0,t) =0, in (0, 00),
wy(1,t) = s(1,t) = ¥(1,t) =0, in (0, 00),

(1.3)
where, wg, w1, Yo, Y1, So, S1, fo is the initial data which belongs to an appropri-
ate space, 7 > 0 is time delay and the none zero real number p is the weight
of delay. With some restrictions on p, we prove that the adhesive damping
is strong enough to stabilize the system exponentially, even in presence of de-
lay without any other additional damping or boundary controls, provided the
assumption of equal wave propagation speed (GI, = pD) holds.

The rest of the paper is organized as follows. We present some preliminaries
in Section 2. In Section 3, we state and prove some technical lemmas and finally
in Section 4, we discuss the stability result.
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2 Preliminaries

We proceed by introducing the following new variable as in [26].
z(z,0,t) = we(x,t — 70) in(0,1) x (0,1) x (0,00).

It follows directly that z satisfies

Tzi(x,0,t) + 25 (x,0,t) =0 in(0,1) x (0,1) x (0,00).
Consequently, the system (1.3) is equivalent to
pwy + G —wy), + pz(z,1,t) =0, in(0,1) x (0,00),
I,(3s4t—4t) —D(3535—022)—G(Yv—w,) =0, in(0,1) x (0, 00),
31,514—3D53,+3G(Y—wy)+4ys +46s, =0, in(0,1) x (0,00),
Tzi(x,0,t) + 25 (x,0,t) =0, in(0,1) x (0,1) x (0,00),
z(x,0,t) = we(z, 1), in(0,1) x (0,00),

2.1
z2(x,0,0) = fo(x,70), in(0,1) x (0,1), 2.1)
’U)(ZL’,O) = Wo, S((E,O) = S50, 1/1(5570) :'I}ZJO, in(O,l),
wi(x,0) = wy, s¢(x,0) = 51, Pe(x,0) = P, in (0,1),
w(0,t) = $,(0,t) = ,(0,t) =0, in (0, 00),
wy(1,t) = s(1,t) = ¥(1,t) =0, in (0, 00).
The energy of the solution to the system (2.1) is given by
1 1
B = / [ow? + 1,35y — 4)* + D(Bsy — w)? + 31,5} + 3Ds3] da
0
(2.2)

1 1
+ % / {4752 + G —wy)® + 7 / 22(x70)da] dx.
0 0

On the existence, uniqueness, and smoothness of solution of problem (2.1),
we introduce the vector function @ = (w,u, &,v,s,2)7; u=wy, £ =3s—1, v =
&, and y = s¢, and thereby transform system (2.1) to

{jt@(t) = Ad(t),  t>0, (2.3)

®(0) = By = (wo, w1, 350 — o, 351 — 1, S0, 51, fo) T

where the operator A is defined by

u
—% (G (3s — & —wy), + pz(z, 1)>
v
1
Y
o b8)

_730(:& O')
T



Ezxponential Stability of Laminated Beam with Constant Delay Feedback 571
We consider the following spaces
H ={v:ve H(0,1) :v(0) =0}, H}={v:ve H'Y0,1) :v(1) =0}
and let
H:=H!(0,1) x L*(0,1) x H}(0,1) x L*(0,1) x H}(0,1) x L*(0,1)
x L*((0,1) x (0,1))

be the Hilbert space equipped with the following inner product
1

(@,@)Hp/luﬂdz+G/l(3s§wx) (3§f§~fsz)dx+fp/ vidz
0

0

1 1
+31, / yd:r:—l—D/ fmfxdx+47/ ssda:+3D/ SzSpdx

+T|M|/ / z(z,0)2(x,0)dodx.

The domain of A is given by
e |we HAO0.)NHN0.L), &se H(0,1)NH(0.1),
D(A) = ue H,(0,1), vyeHy0,1), 22 €L*((0,1)x(0,1)),
wy (1) = €:(0) = 5,(0) =0

We observe that D(A) is independent of time ¢ > 0. Furthermore, it is obvious
that D(A) is dense in H. We have the following well-posedness result.

Theorem 1. Let $ocH, then there exists a unique weak solution PeC(RY, H)
of problem (2.3). Moreover, if & € D(A), then ® € C(RT, D(A))NCH(R', H).

Remark 1. Theorem 1 can be proved using the standard semigroup method as

established in [3,4,13].

3 Technical lemmas

In this section, we state and prove some technical lemmas which are funda-
mental in the proof of our stability result. We use multiplier technique to
establish stability results for the energy of the solution of system (2.1). This
requires constructing a suitable Lyapunov functional equivalent to energy as
we elaborate in the subsequent section.

Lemma 1. If (w,v, s, z) is a solution of (2.1), then the energy functional E,
defined by (2.2) satisfies

1 1
"t) < —4ﬂ/ sdx + |u|/ w?dr, vt > 0. (3.1)
0 0
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Proof. Multiplying the first three equations in the system (2.1) by wy, (3s; —
1) and s; respectively, then integrating each by parts over (0,1) using the
boundary conditions, we end up with

1d !

5%/ [ow +1,(3s; — 1/Jt)2 + D(3s; — wx)2 + BIpsf +3Ds? + 4752} de
0
1d [t 1 1
2dt ) ;

(3.2)

Similarly, multiplying (2.1)4 by |u|z, followed by integrating the product over
(0,1) x (0, 1) and then using the substitution z(z,0,¢) = w;, we obtain

d
—TW (z,0)dodx = |H| (z,1)dx + — |M| widz. 3.3
2 dt v

Next, merging (3.2) and (3.3), we note that from (2.2),

1
E’(t):—u/ (2, Dwydz— 45/ dac—M 22(z,1)dx+ “2” widr. (3.4)
0 0 0

We now exploit Young’s inequality on the first term of (3.4) to obtain

1 1 1
—u/ z(x, Dwpdz < “;—'/ 22(x,1)dx + “;—‘ widz. (3.5)
0 0

0

Consequently, substituting (3.5) in (3.4) completes the proof of (3.1).
O

Lemma 2. If (w, 1, s, z) is a solution of (2.1), then the functional Fy, defined

by 1 1
Fi(t) := —p/ wwtdx+p/ wt/ Y(y)dydx
0 0 0

for any e1 > 0, satisfies the estimate

1 1 1
iFl( t) < — g/ widx + p/ (3s; — ) da + 51/ 22(x,1)dx
0 0 0

dt
1 2 1
G pu 2
+ 2dx 4 + — / —wg) d
9/)/0 spdx T ) ), (Y —wy) dx

Proof. Differentiating Fi, using the first equation in (2.1), integrating by parts
the term containing (¢ — w,), and exploiting the fact that ¢, = —(3s; — ) +
3s¢, we deduce that

%Fl( t)= /Olwfdx + G/Ol(w — w,) da — p/ol wy /OI (350 — 1) (y)dyd
+3p /01 wy /Oz st(y)dydx — u/ol (/OI Y(y)dy — w) z(z, 1)dz.

(3.6)

(3.7)
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By Young’s and Poincaré’s inequalities, the last three terms of (3.7) give

1 T 1 T 2 1
,p/o wt/o (3st—1/)t)(y)dyd:17§p/0 (/o (35t1/)t)dy> dx+§/o widx

1 1
< p/ (35 — by ) 2dw + g/ widz,
0 0

1 T 1 T 2 1
Sp/ wt/ st(y)dy§9p/ (/ st(y)dy> dx—l—B/ w?dzr
0 0 0o \Jo 4 Jo
1
o

1
sfdx—l—g/ w?dx

[ ([ s [ ([ o)

1
+51/0 2(x,1)dz <4’Ll/ (W — wy) dx+51/0 2z, )z, (3.8)

The combination of (3.7)—(3.8) leads to (3.6). O

<9p
0

and,

Lemma 3. If (w, 1, s, 2) is a solution of (2.1), then the functional Fs, defined
by

Ro(t) = I, /0 (350 — 1) (35 — v)da

satisfies the estimate

1 1
%Fz( t) < — Ip/ (3s; — ¢t)2dx + %/ (384 — ¢Z)2d:§
0 0 (3.9)
G? ! 2
+ 3D J, (Y — wy) dx.

Proof. By direct computations using the second equation in (2.1), we obtain

d 1 1
() = Ip/o (354 — by)°da + D/O (355 — ) dx 10

- G/O (1 — wy) (35 — v)da.

Exploiting Young’s and Poincaré’s inequalities, we estimate the last term of
(3.10) as follows:

1 G2 1 D 1
6 [ w-ws—wtr< G [ @-wde s g [ s -0
G2 2 2
< 2D (1/) —wy ) dxr + 5/0 (3sy — g) dx. (3.11)

Consequently, the relation (3.9) follows directly by substituting (3.11) into
(3.10). O
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Lemma 4. If (w, 1, s, z) is a solution of (2.1), then the functional F3, defined

by
F5(t) f3I/stsdx+2B/ 2dx—+—3p/ wt/ y)dydzx

for any €9 > 0, satisfies the estimate:

d 1 1 1 9u2 [
—F3(t) < —SD/ sidz—?ry/ 32dx+62/ w?da:—&——/ 22(x,1)dx
dt 0 0 4y Jo
9,2 1
31, + - /sfdx. (3.12)
dea ) Jo

Proof. Differentiating F3, using (2.1), and then integrating by part the terms
containing (¢ — u}x)m and S, we arrive at

1 1 1 e
gFg( t) = 73D/ sidxfélfy/ szdx+3p/ wt/ st(y)dydx
dt 0 0 0 0
1 1 T
—I—SIP/ sidr — 3,u/ z(x, 1)/ s(y)dydzx.
0 0 0

Using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have

1 T 2 1 1 T 2
- 3,u/ z(x, 1)/ s(y)dydx < LR 22(x,1)dx + 'y/ (/ s(y)dy) dx
0 0 4y Jo 0 0

(3.13)

_u? !
< M 22(x, 1)dx+7/ s*dz, (3.14)
0
9p2 1 T 2
3p/ wt/ st(y)dydz <52/ 2dr + - </ st(y)dy) dx
452 0 0
9 2
< 52/ 2dr + - | side, (3.15)
0 deg

for any eo > 0. Estimate (3.12) follows directly by virtue of (3.13)—(3.15). O

The assumption of equal wave speeds GI, = pD plays an important role in
the next two lemmas.

Lemma 5. If (w, 1, s, 2) is a solution of (2.1), then the functional Fy, defined
by

1

1 1
Fy(t) = — /O (851 — o) dar — /0 (35 — do)wnde + 3 /0 (351 — thy)sda

for any €3 > 0, satisfies the estimate

dF(t)<_£ 1(35 —’(/J)Qd.lj-i-E /1(38 —w)Qda;+9/152dx
dt 4 ~ 2Ip 0 T x 3 0 t t es Jo t

* gﬁj/ S e + (f g; )/ (0 — w,)dx. (3.16)
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Proof. As in the previous Lemmas, direction computations using (2.1), inte-
gration by parts the term containing 3s;, — ¥, and exploiting the fact that
wy = — (¢ —wy) — (3s — ) + 3s, we end up with

d

D 1 1 1
G0 =7 [ vt [ wwoiees [ s vosdr

1 1
! i /0 (¥~ ws)(3s = ¢)do + % /0 (352 — ) 2(w, 1)dx. (3.17)

Next, Young’s and Poincaré’s inequalities guarantee the relations

1 1 1
9
3/ (3s; — ) spdw < 53/ (354 — ) da + :/ sida, (3.18)
0 0 3.Jo

G [t G? ot ) D ! )
Ip/O (¢wr)(35¢)dnglp/O (Y —wy) derTIp ; (3s — ) dx

G? ! 9 D [! 9
< — *rd T m*rda
_Dlp/o(w w)x+4lp0(3s V) dz

and,

“/1(33 )z, V)da < D/l(ss —y)%dz + Lpi” /122(95 1)dz, (3.19)
p 0 x xr b) _— 4Ip 0 xr T Dpz 0 b ) .

for any e5 > 0. Estimate (3.16) follows directly by substituting (3.18)—(3.19)
into (3.17). O

Lemma 6. If (w,,s, 2) is a solution of (2.1), then the functional Fs, defined
by

1 1
F5(t) ::/ (w—wx)stdx—/ Wy Spdx
0 0
for any 4,5 > 0, satisfies the estimate

d 1 1 1
—Fy(t) < & (¥ —wx)deJr&;/ (354 f¢t)2dx+55/ 22(z,1)dx
2‘[/J 0 0 0

dt
1672 p? /1 ) 1 1682 /1 )
d 34+ — dz. 3.20
+(91p+4p255 | st 34 g ) [ side (3.20)

Proof. Differentiating F then integrating by parts over (0, 1) the term con-

taining s;; and, using the substitution wgy; = —(3s¢ —¥¢) — (¥ — wy), + 3s¢, we
arrive at
d 1 1 1 1
—F5(t) = / (V¥ — wy)spde —/ Wyt Spdx —/ (3s¢ — W) sedx + 3/ sfdx.
dt 0 0 0 0
(3.21)

Math. Model. Anal., 26(4):566-581, 2021.
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Next, using (3.21), (2.1) and ingratiating by parts the term containing s,, we
arrive at

d B 4y 1
£F5 77—/ (Y —wy) dz+3/ d:c737 s(¢p — wy)dz
45 1 L 1
st(d) — wy)dr — (Bsy —y)sedr + = | z(z,1)sdzx. (3.22)
31 0 P Jo

Exploiting Youngs and Poincaré’s inequalities, the last four terms of (3.22) are
estimated as follovvs

4y G [ 9 1672 [,
- — z)dr < — —wg) d d
31, J, s(Y — wy)dx i, (Y —wy) dx o1, J, s“dx
-G (% — wy) dz + 1672 /1 s2d (3.23)
- 4Ip 0 ” 9, Jo ° ’ '
453 G [! 9 16682 [,
-7 — wy)side < — —wy)?d dz,
3[[) o (’(/} w )st RS 4[p 0 (w w ) € + 9[[) /0\ St €
1 1 1
— / (38t — Yy)spda < 54/ (38 — wt) doe + — sida,
0 0 ey
u 2 L, 1
- z(x,1)s,dx < / szdx + € / z%(x, 1)dx, 3.24
2 [ oo < o | 50<> (321)

for any e4,65 > 0. The assertion of the lemma follows from the estimates
(3.23)—(3.24) and (3.22). O

Lemma 7. If (w, 1, s, 2) is a solution of (2.1), then the functional Fg, defined

by
11
t) ::T/ / e 7" 22(x,0)dodx
o Jo

satisfies, for my > 0 the estimate:

%Fﬁ( t) < fml/ x,1)dz— mlT/ / N dcfdx+/ 2dr.  (3.25)

Proof. Differentiate Fs and use the fourth equation in (2.1) and z(z,0) = wy
as follows

—FG = —2/ / z(z,0)zy(x,0)dodx
// 7“’2500 dodxfr// e T 22(x,0)dodx
da
:—/ [e772%(z,1) — 2*(,0)] d:c—T/ /
0
1
:—/ 677—22(1'71)(1%-%-/ wfdx—T/ / e 2% (x, 0)dodz.
0 0

Observe that, ¥V o € (0,1), the relation e~ § e~ 77 <1 holds. Therefore, for
some my = e~ 7, we arrive at the estimate (3.25). O

T2 (2, 0)dodx
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4 Exponential stability

In this section, using the lemmas obtained in Section 3, we state and prove our
main stability results.

Lemma 8. Let N, N,k = 1,...,6, be positive constants. The functional de-
fined by
6
L(t):=NE(t)+Y NpFi(t), Np>0, k=1,..,6,t>0  (41)
k=1

satisfies the equivalence relation
aE(t) < L(t) <cE(t), Vt>0, (4.2)

for some positive constants ¢y and co.

6
Proof. Let £(t) =Y NpFy(t).
k=1

dzx

Wy /0“’ V(y)dy

1 1
(0] <N [ wwdds -+ o |
0 0

1 1
+IpN2/ [(3s — 102)(3s¢ —1/Jt)|dx+3IpN3/ |s¢s| dx
0 0

wy /03c s(y)dy

1 1
+3N; / (351 — o)s| d + N, / (35¢ — do)wa| da
0 0

1 1
+ 28 N3 / s2dx + 3pN3 / dx
0 0

1 1
+N4/ (354 f¢z>wt|dx+N5/ 16 — w3)se] da
0 0

1 1,1
+ N5/ |wes,| dx +7'N6/ / e 7" 2% (x, 0)dodzx.
0 o Jo

Exploiting Young’s, Poincaré’s, Cauchy—Schwarz inequalities, (2.2), accompa-
nied with the fact that w, = —(¢p —w,) — (3s — ¢) + 3s and e 77 < 1 for all
o € (0,1), we deduce that for some positive constant 7,

1
1£(t)] < n/ [ + (351 —1pe)® + (352 — ¥a)® + 57 + 52+ 8° + (¥ — wy)?] da
0

11
+ T]/ / 22(x,0)dodr < nE(t).
o Jo

It is easy to observe that, from (4.1) that |L£(t) — NE(t)| < nE(t), which is
equivalent to
(N =mE() < L(t) < (N +n)E(t),

and hence the relation (4.2) follows by taking N large enough. O
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At this point, we’re in position to prove our stability result which reads as
follows.

Theorem 2. Let (w,, s, z) be a solution of (2.1) and suppose that GI, = pD,
there exist a positive number i such that if |u| < [, then the energy E(t) of
(2.1) defined by (2.2) vanishes exponentially as t approaches infinity, i.e.

E(t) <ae b,  Vt>0, (4.3)
for some positive constants a and b.

Proof. 'We proceed by differentiating (4.1), then substitute for functionals F;
to Fg using estimates (3.6), (3.9), (3.12), (3.16), (3.20) and (3.25) respectively.
Setting

p I,N,
Ni=1, e =e5=pu’ e9=——\) g5="-2L
1 s 1 5= M, 2 , 3 2N,

) Ng = |M|a

we end up with

N? 1 !
,C/(t) < - 4ﬁN—C3—03N3(1+N3)—074—83N5 1+ — / sfda:
NQ €4 0

1 T 1
— 37N3/ s*dx — {;NQ —-p— E4N5} / (3s¢ — ¢t)2d$
0 0

DN. DN ! !
_ 1 3DN / (355 — by)°dx — [3DN3 — ¢3N5) / s2dx
21, 2 0 0
N 1
— G 5 — C3 — C3N2 - C3N4 / (’Lﬁ - wl-)QdJJ
2Ip 0

9N; I,N, ﬂ/l )
— my — 1+ —+4 + N, z%(z, 1)dx
s = bl (14 52 4 22| [ 2y

11 1
- m17'|,u|/ / 22 (x,0)dodr — [B — || (N + 1)] / widx
o Jo 4 0

for some c3 > 0. Next, we choose Ns large enough such that

1
k::EpNQ—p>O.

Fixing Ny permits to choose N4 large enough such that

DNy  3DNy

21, 2

> 0.

With N, and N4 fixed, we can easily choose Ny large enough such that

GNs
21,

—c3 —c3Ny —c3Ny > 0.

We pick g4 adequately small and N3 sufficiently large such that
k—e4N5 >0 and 3DNj3—c3Ns >0
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respectively. Next, we select N sufficiently large such that (4.2) remains valid
and that

cN? 1
4ﬂN—C3—03N3(1+N3)—7—63N5 1+—)>0.
Ng €4

Finally, pick

[ = min m} ~ , Np
(1488 + 2 ;) AN+

to we end up with
1
L'(t) < - a/ [w? + 52 + (35, — 1/),5)2 + (354 — ’(/Jm)Q + 52 4 82] dx
0

1 1
- a/ {(dz —w,)? + 22 (x,1) + / zz(x,a)da} dz,
0 0
for some o > 0. By the virtue of (2.2), it is clear that for some ag > 0,
L'(t) < —apE(t), VYt=>0. (4.4)
It then follows directly from (4.2) and (4.4) that
L'(t) < —bL(t), Vt>0, (4.5)

where b = 2. A simple integration of (4.5) over (0,?) yields

L(t) < L£(0)e™b, vt >0. (4.6)

Consequently, the assertion of the relation (4.3) follows from (4.6) and (4.2)
with a = c2E(0)/c1. O
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