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Abstract. Highly applied in machining, image compressing, network traffic predic-
tion, biological dynamics, nerve dendrite pattern and so on, self-similarity dynamic
represents a part of fractal processes where an object is reproduced exactly or approx-
imately exact to a part of itself. These reproduction processes are also very important
and captivating in chaos theory. They occur naturally in our environment in the form
of growth spirals, romanesco broccoli, trees and so on. Seeking alternative ways to
reproduce self-similarity dynamics has called the attention of many authors working
in chaos theory since the range of applications is quite wide. In this paper, three
combined notions, namely the step series switching process, the Julia’s technique and
the fractal-fractional dynamic are used to create various forms of self-similarity dy-
namics in chaotic systems of attractors, initially with two, five and seven scrolls. In
each case, the solvability of the model is addressed via numerical techniques and re-
lated graphical simulations are provided. It appears that the initial systems are able
to trigger a self-similarity process that generates the exact or approximately exact
copy of itself or part of itself. Moreover, the dynamics of the copies are impacted
by some model’s parameters involved in the process. Using mathematical concepts
to re-create features that usually occur in a natural way proves to be a prowess as
related applications are many for engineers.
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1 Introduction

Chaotic bifurcations, fractal processes, self-organization, auto-duplication, self-
assembly all started with the concept of dynamical system. The theory of
dynamical system has been studied for more than a century as it has never
stopped wondering scientists with its unpredictable dynamical systems which
cover a large number of applications related to scientific domains such as (ap-
plied) mathematics, engineering, physics, biology, electronics, economics and
even medical sciences [6,11,13,16,18]. One of the major applications of the
theory of dynamical systems is the study of chaotic systems that represents the
fundamentals of chaos theory and also of bifurcation theory. There are many
types of dynamical systems [1,7,10,11,12,16,17,19], including the classical dy-
namical system depicted in Figure 1 and the open dynamical system depicted
in Figure 2 where we can observe different orbits or trajectories.
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Figure 1. Illustration of the basic principles of open dynamical systems. In (a), we
obverse a basic process depicting the phase portrait for a harmonic oscillator happening in
a plane and where the only fixed point is the origin and the circles represent the other
trajectories. In (b), we obverse another basic process depicting the phase portrait of
undamped pendulum happening in a cylinder and where trajectories are closed curves with
some going around the origin and other wrapping around the cylinder. Lastly, in (c), we
obverse a process depicting phase portrait for a damped pendulum with the difference that
the origin has become an attracting fixed point.

In Figure 1 (a), we obverse a basic process depicting the phase portrait
for a harmonic oscillator happening in a plane and where the only fixed point
is the origin and the circles represent the other trajectories. In Figure 1 (b),
we obverse another basic process depicting the phase portrait of undamped
pendulum happening in a cylinder and where trajectories are closed curves with
some going around the origin and other wrapping around the cylinder. Lastly,
in Figure 1 (c), we obverse a process depicting phase portrait for a damped
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pendulum with the difference that the origin has become an attracting fixed
point.

The dynamical system 2 Agent dynamical system T
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Figure 2. Basic principle of open dynamical system. We can see the initial behavior in
isolation of an agent dynamical system 7T correctly defined on its suitable space Sx (upper
right)). The process continues at the upper left-side where we can see how the decoupled
agent dynamical system Dy, defined on its suitable total space &, joint together to form
the total system 7 depicted in the lower left-side. It ends in the lower right-side which
depicts the projection or paths showing how an agent behaves in a particular environment
(Sx). These last paths in the state S are the ones which make the major contrast here and
that particularly characterize the so-called open system. Note the difference between the
orbits for the agent in isolation (upper right) and those in the open phase portrait for the
embedded agent dynamical system (lower right)), which are shown to overlap.

In Figure 2 we have the illustration of an open dynamical system where
we can see the initial behavior in isolation of an agent dynamical system 7
correctly defined on its suitable space S, (Figure 2 (upper right)). The process
continues with Figure 2 (upper left) where we can see how the decoupled agent
dynamical system D,., defined on its suitable total space &, joint together to
form the total system 7, depicted in Figure 2 (lower left). It ends in Figure
2 (lower right) which depicts the projection or paths showing how an agent
behaves in a particular environment (S;). These last paths in the state Sy
are the ones which make the major contrast here and that particularly char-
acterize the so-called open system. Indeed, we can observe difference between
the orbits for the agent in isolation (Figure 2 (upper right)) and those in the
open phase portrait for the embedded agent dynamical system (Figure 2 (lower
right)), which are shown to overlap. Hence, it is then more difficult to analyze
trajectories in open dynamical systems.

Fractal processes are also depicted in dynamical systems with a simple
principle as shown in Figure 3 where we can see an example of auto-replication
structures coupled with self-similar fluctuations. Indeed the tree-like structures
(Figure 2 (bottom)) , identified here as spatial fractal comprise branches dis-
posed in a self-similar process. There is an obvious resemblance between small-
scale tree-like structure and bigger ones. Such resemblance process couples

Math. Model. Anal., 26(4):591-611, 2021.
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Figure 3. Basic principle of auto-replication (self-similar) dynamics. The tree-like
structures (bottom), identified here as spatial fractal comprise branches disposed in a
self-similar process that couples with a fractal temporal process, the regulation rates (top),
which generate different fluctuations based on variable time scales. The said fluctuations
are also shown be statistically self-similar.

with a fractal temporal process, like for instance the regulation rates (Figure 2
(top)), which generate different variations (or fluctuations) based on variable
time scales. The said fluctuations are also shown be statistically self-similar.
In the next sections, we are going to use different processes to reproduce self-
similarity in dynamical systems.

2 Self-similarity in classical chaotic attractors with many
scrolls using step series switching

In the work [15] the authors introduced a method of step series switching able to
generate chaotic attractors with many scrolls from some simple linear models.
The following piecewise-linear function switching system was then proposed:

% = Mi[X — s(TMyX — 4)Ms) (2.1)
with
_ _ T | 1, when ¢ >0,
X = X(0) = @0 @ ={ 5 e ¢
110 o0
My=| -10 & 0 . My =T (d,4,4), Ms=T(0,1,1),
0 0 -10

where d is a real number which, when vanishes (d = 0) causes the model (2.1)
to generate a chaotic attractor with two scrolls, as depicted in Figure 4.
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Figure 4. A chaotic attractor with two scrolls. The double-scroll attractor is generated
by (2.1) via the series switching technique with the parameter value d = 0.

The modification of the above function s(¢) into
s1, when ¢ < by,
s(¢) =% s2, whenb_1 <(<b fori=23,...,n—1,
Sp, when ¢ > by,

with {s;}1<i<n and {b;}1<i<n representing series of constants that is strictly
increasing. The model (2.1) therefore takes the form

dX ~ ~ ~
=M [X — s(TMyX — 4)Ms) (2.2)
with
~ a ¢ 0 ~ ~
Ml = —Cc a 0 ’ M2 =" (Oa faf) and M3 =" (07171)
0 0 —e
For the parameter values
1135

(b17b27b3,b4) = <_27 éa 57 2) ) (81782783784,85) = (_1707 1a273)7

(a,c,e, f)=1(1/2,10,5,1/2),

the model (2.2) generates a chaotic attractor with five scrolls, as depicted in
Figure 5.

There also exists circuit diagram, able to produce a similar result, like the
one depicted in Figure 6 that was proposed in [14] and whose equation reads
as

1
du 1 0 7. 0 uy — Wiuy + ug)
i 4
dditz = 6 Rfi2  Ryao 0 L Uz — W(u2 _1’_ U3) )
% 0 0 R_fiS U3—§W(U1+U3)—§W(UQ+U3)
(2.3)
where
0, when n < an—c,
W(n) = i‘/‘;f, when (2i—1)Y2e < p < (2i+1)¥2C for i = 2,3,...,n—1,
n+E<, when n > (2n —1)7c<.

Math. Model. Anal., 26(4):591-611, 2021.



596 E.F. Doungmo Goufo, C. Ravichandran and G.A. Birajdar

4

Figure 5. A chaotic attractor with five scrolls. The quintuple-scroll attractor is
generated by (2.2) via the series switching technique with the parameter values
(b17 b27 b37 b4) = (_%7 %7 %» %) ) (817 82,83, 54, 35) = (_17 0,1,2, 3)7 (a7 ¢ e, f) = (%a 10,5, %) .

Sfurtus) g Rrz

S{urtus)
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S(flzﬂl.;)
Figure 6. Circuit diagram, able to produce a chaotic attractor with seven scrolls.

The system (2.3) is transformed into the dimensionless state model that
reads as

E=y-Wy+2),
H=—x+by+W(x+2z)—-dW(y+ 2), (2.4)
g—j =—z+dW(x+z)—dW(y+z)

with W (n) = 0.53 =%v(n — i — 0.5), where v(-) represents the unit step func-

tion and where we have set

T=1t/RC, R=3k§2, C=100pF, z=u/1V, y=wuo/1V, z=u3/1V.

Henceforth, the model (2.4) generates a chaotic attractor with seven scrolls, as
depicted in Figure 7 for the parameter values

bt ww = (155 30 (1-3) 30 (1-3))-
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Figure 7. A chaotic attractor with seven scrolls. The 7-scroll attractor is generated by
(2.4) via the series switching technique with the parameter values

& d W) = (15, 3> zv(m—3)+3v(n-3))-

3 Fractal (Julia’s) process in self-similarity for attractors
with many scrolls

As proposed in the article [4], we consider a vector state U; = (g, h;). Then,
Julia’s process is a technique that consists of getting the subsequent term Uj 1.
Take the complex number Z; = g; + ih; hence we have Z;, = Z?, that is
equivalent to

2 2
{ hjv1 = 2g;h;. (31)

The inverse map is established by expressing g; and h; in terms of g;i1
and hjiq. Therefore, we obtain the dynamics that takes the form U;;q, =
(gj+1,hj+1) = B(gj, h;) with B denoting the treatment process. Hence, the
real part and imaginary part are separately computed following the Algo-
rithm 1.

More generally, fractal processes consider the complete metric unit denoted

here by F. We can therefore consider fractal processes system, namely ¥ and
defined in F by

VU : F — F so that ¥(g;,h;) = (gm, hm)-
Hence, the system ¥ takes the iterative representation:
gi+1,hjy1) = Bi(0g; + v, Bhj + A),
(gj+15hj+1),

By
= Ki(gj+2,hjt2),
= Bs(gj+3, hjt3), (3.2)

(Gkt1, hiet1) = Ki(gr—1, hi—1),

(gmuhm) = Bmfl(gmflahmfl)v

Math. Model. Anal., 26(4):591-611, 2021.
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Algorithm 1. Computing Uj11 = (gj+1,hj+1) = B(gj, hj)
1: if g; <0 then

. }
2 gy = (%7 + [932- + hﬂ )

2

h.
3: ]’Lj+1 = ﬁ
4: end if
5: if g; = 0 then
1
hil\ 2
6:  hjp1= (%) 2
7 if g; > 0 then
8: 1= g
’ 9i+1 = 24
9: end if
10: if g; <0 then
11: hj+1 =0
12: end if
13: end if

14: if g; > 0 then

1
15:  hjy = (f% T [g]? T hg] 2)

(S

16: gj+1 = Zh}jﬁ

17: if h; <0 then
18: hj+1 = —hj+1
19: end if

20: end if

where m, [, j are natural numbers and 6,, 5, A real numbers. This system of
m equations comprises different types of transformations (Bj) and processes
(Kk), namely and [ transformations and m — [ processes with many iterations
starting at (go, ho). Applying this process to the system (2.1) transforms it into
the discredited system (at the iteration j) given by

dX;
d—tf = M [X; — s(T My X; — 4) M) (3.3)

with X; = X;(t) = (z;(¢),y; (t),zj(t))T. Let us now associate to the process
(3.2) the transformation S defined as

Bo = go + ho,
Bit1 =gj+1+hjt1 = Bi[(8g; +7) + (Bh; +N)],
Bji2 =gjr2+hjre = Ba(gj+1 + hjt1),
Bjys =gjys+hjz = Ki(gjya + hj2),
g) Bira = girathjra = Ba(gjes + hjsa),
Bit1 = gk+1 +her1 = Ki(gp—1 + he—1),
Bit1 = gm + hm = Bu—i(gm—-1+ hm—1).

We can now use the so-called partial composition applicable in multivariate
functions.
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DEFINITION 1. Let B be a multivariate function defined on C" as
B (Cn — (Cn7 (917927"'uhn)’_>B(gl7923"'7hn)

and g defined as

g: C" — C, (91,92, ,9n) — 9(91,92, " 1 9n),

the partial composition B|, —, of B and g is the function obtained when the
function g takes the place of an argument g; of B leading to

Blgj:g = B(g17 ) j—17g(91?92a"' 7h7’b)7gj+17"' agn)

If the function g is a constant gg € C the partial composition becomes
B|gj:g = B(glv 5y 95-1,90,0 agn)

We can now defined the modified fractal processes system ¥ that takes the
iterative representation:

(90, ho),

(gj+1:hj+1) = Bilog;++=8, + Bilgn;+1=8,,

(gj+2, hj+2) = Balg; . =8, © (Bilog,+~=B, + B1lgn;+1=8,);

(95+35 g+3) Kilg; 2= © (B2lg;1=B, © (Bilog, +v=8, + Bilgn;+2=51)),

(gj+ahjra) = Bslg, 5=B; © (Kilg, =K, © (Balg;,,=B, © (B1log, +y=8,

F +B1lgn;+2=81))),

(Gr+1, hk+1) = K| go=k, © (K1|g,=K, © (B2|g,_1=Bs © (B1|9g)_3+~=B,
+B1|ghy—2+2=B1))),

(gma hm) = Bm—l|gm—1:Bm4 ° (Bl|9m:K1 © (BQ|gm—1:B2
O(B1|9gm—2+’Y:B1 + Bl‘ﬁhm—2+)\:B1)))’

Taking the parameter value d = 0 for two consecutive iterations I; and I;11,
and taking K; as

—g; X (1 =g;) hix(1—hy)
Kj:( hfxx(lfhgj) 912(193'))’

and taking m = 6, ¥ becomes

(91, 1) = Bilog, =B, + Bilgh,=8

(g2, h2) = B2|g,=B, © (Bilog,=B, + Bilgn\=8,),

(93, h3) = Kilg,=x, © (B2lg,=B, © (Bilog,=B, + Bilsn\=8.)),

g ] (94, ha) = Bslga=p, 0 (Kilga=r, © (B2lgi=p2 © (Bilog, =8, + Bilsna=p.)));

(95 hs) = Balg,=n, © (Bs|gs=n, © (Ki|go=x, © (B2|g,=8, © (B1log, =8,
+Bi1lgny=8,)))):

(965 he) = Bs|gs=n; © (Ba|gs=n, © (Bs|gs=n, © (K1|g=x, © (B2|g, =8,
o(Bilog,=B, + Bilsn,=8,)))))-

Math. Model. Anal., 26(4):591-611, 2021.
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The implementation of this scheme with g = xj41—2;, hy =yj+1—-vy;, k,j=
1,2,...,3, depicts the illustration shown in Figure 8.

7

>3

Figure 8. Self-similarity dynamic for the chaotic attractor with two scrolls generated by
the model (3.3) using the Fractal (Julia’s) process with d = 0. We can see a set of six similar
double-scroll chaotic attractors grouped to form a symmetry around the axis z = 0.05.

It shows the elf-similarity dynamic for the chaotic attractor with two scrolls
generated by the model (3.3) using the Fractal (Julia’s) process with d = 0.
We can see a set of six similar double-scroll chaotic attractors grouped to form
a symetry aroud the axis z = 0.05.

Similarly, we apply the above process to the system (2.2) and transform it
into the discredited system (at the iteration j) given by

dX; -~ ~ -~
ditj = M1 [X] — S(TMQXj — 4)M3] (34)
with
R a c¢c 0 ~ ~
My=| - a 0 |, My="(0,ff)and M3 ="(0,1,1),
0 0 =-—e

with the constants taken for two consecutive iterations /; and ;41 as in Table 1.

Table 1. Parameter values.

b1 by by by s S2 S3 Ss4 S5 a c¢ e f

) -t 1 3 5 -1 1 3 1 5 1
I 4 1 1 1 2 0 2 1 2 i % 3 1
I =1 1 3 5 =1 i1 3 1 5 5 1
J+1 8 8 8 8 1 4 2 4 8 2 14 B8

Then, we have the implementation of this scheme with g, = z;41—2x;, hr =
Yi+1 — Y5, k,J=1,2,...,3, that generates the illustration shown in Figure 9.
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It shows self-similarity dynamic for the chaotic attractor with five scrolls gener-
ated by the model (3.4) using the Fractal (Julia’s) process with the parameter
values shown in Table 1. We can see a set of six similar quintuple-scroll chaotic
attractors grouped to form a symmetry around the axis y = 3.

7 T T T T T T T

Figure 9. Self-similarity dynamic for the chaotic attractor with five scrolls generated by
the model (3.4) using the Fractal (Julia’s) process with the parameter values shown in
Table 1. We can see a set of six similar quintuple-scroll chaotic attractors grouped to form
a symmetry around the axis y = 3.

4 Fractal-fractional process in self-similarity for
attractors with many scrolls

We continue the analysis in this section by applying the fractal operator com-
bined with the fractional dynamics that gives the so-called fractal-fractional
operator defined as follows [2,3,8,9]:

DEFINITION 2. Let X € A C R?, and ag,by € R. We assume that the func-
tion w(X,t) defined on A x (ag, by) is fractal differentiable with respect to the
t—variable on (ag,by) with order o then, the Riemann-Liouville sense fractal-
fractional derivative of w with order o and power law is defined as:

1 0

FF no _ _
DiwX.t) = 5=y o

/0 w(X.Q) (-, (41)

where a%w is defined as

X, t) —w(X,t
T w(X,to) = lim WX, 1) —w(X,ty)
ote t—to o —tg

The general version of that definition is given by

1 0°

DI w(X,t) = w2 —
Cu D = T e

/0 w(X,C) (t - O)~dc,

Math. Model. Anal., 26(4):591-611, 2021.
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with ¢ > 0 and %w given by

ﬁw(X to) = lim WX, 8) = wi(X, to)
ato G = o — ¢ ‘

We associate to that fractal-fractional operator (4.1), its anti-derivative
also known as the fractal-fractional integral of same order o, very important in
solving systems of fractional differential equations and defined by:

FETo4 /g w(C)(t —¢)7td¢, t>0. (4.2)

The application of the fractal-fractional operator (4.1) to the system of
equations (2.1) yields

FEDIX(t) = My[X — s(T Mo X — 4) Ms], (4.3)

where we recall that

x(t)
_ _ 17 when ¢ > 0,
X=X(@t)=| v ) O, when ¢ <0 ’
z(¢)
3 10 0
M= -10 1 0 . My ="(d,4,4) and Mz =T (0,1,1).
0 0 -10

In order to adequately solve this combined system, we are forced to add the
initial conditions given as follows:

2(0) = x(z), y(0) = y(y), 2(0) = =(z). (4.4)

Making use of the Legendre wavelets method as proposed in [5,20], we can
go on now by transforming the system (4.3)—(4.4) into a compact form. Using
now the associated antiderivative (4.2) and applying on both sides of the model
(4.3) leads to

FEDZa(t) = TPLMb,(1),
PEDIy(t) = TPIP.(t),
FEDo2(t) = TP3.(t).

Here @,.(t) is the matrix whose elements define the Legendre wavelets given as

m/2 *(Omy : n_ n+lj.
%T(t):{ 2M2\2r +1L:(2™E —n)), if ¢ € [o%, BH; (45)

0, elsewhere

with £ the shifted Legendre polynomial defined on [0,1] as £(t) = £,(2t —1),
(L.(2t — 1)), being the family

14+2r r

Lo=1, L=z, Lri(x)= 1 xL,(x) — mﬁr,l(x), r=1,2,...,N—1.
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Moreover N a positive integer number, n =1,2,...,2"—-1landm =0,1,2,....
P! = [ri, r2, ..., r"] are coefficients to be found with M} T M2 and T M? are

the transpose of the matrices M}, M2 and M} respectively. Associating the

initial conditions yields
a(t) TPQT P (1) + %,

y(t) ;PQQMT (D) +y, (4.6)

z(t) PPQ7,Pr(t) + 2,

where Q7. is the Legendre operational matrix of integration and the sub-

script r denotes its dimension. We know that [5,20], Legendre wavelets can be

expanded into an r-term form as

@r(t) = Zxr A (), (4.7)
where A,.(t) =7 [a1(t),a T( )] is the Block Pulse Functions so that

Rl

’r’

{ elbewhere

for each m =1,2,...7, and = the Legendre wavelet matrix

o (2o (2) 0 (5]

Now the substitution of (4.7) into system (4.6) leads to

x(t) ~ TPIQU.,ZrxrAr(t) + [x:] AL (1),
y(t) ~ TPAQT o An() + [y A, (1), (4.8)
2(t) = TPQI., SrxrAr(t) + [2:] A (1),
where
[Xz] = [X17X27 cee 7X7‘]7 [yz] = [y17Y27 s 7yr]7 [Z’L] = [Zla Zg,. .. ;z'r‘]'
Now let ' . ' '
TPrz rxrSrxr = ‘ffr = [r(lm’ rg’za SARR) rg’z]' (4.9)
Now using the collocations points ¢; = %, 1 =1,2,3,...,7, N € N to
disperse t, the substitution of (4.8) and (4.9) into the system (4.3) and lead to
TP Z e = br7% 5% .. r22 + (a—p)[T  e3t, . e 2]
+[X17X23 s 7XTL
Tp2=,.. = alry ! Ty Lol = (b —i—p)[r1 rg27 oo, 122)
+[y1’YQ""’YT'} 3 3
Tp3=,.., = pe[l,1... 1] + 77 x50 19
+[Z17 Z2, ..., 2yp].

Hence, we obtain this non-linear system equations with 37 unknown coefficients,

leading to the 1 x 3r unknown coefficients r?;* of the matrix
ol _o,1 o.1
1 2 3 r1’2,r2’2, o
o _T g, o o, _ o (o o.2
3xXr — (MlXT7M1><T7M1XT) - I'1’3,I'2’3,...7I'T’ ’
g, a, a,3
rio, g, .,

which unknown coefficients are easily found using Newton iteration method.
Then exploiting (4.6), leads the sought numerical solution (x(¢),y(¢), 2(t)).

Math. Model. Anal., 26(4):591-611, 2021.



604 E.F. Doungmo Goufo, C. Ravichandran and G.A. Birajdar

4.1 Error analysis

We assume here that the solution X (¢) = (x(t), y(¢), 2(¢)) is a function whose
second order derivative is bounded as | X" (¢t)| < 0, equivalently

2" (8)] < 0, ly"(B)] < 65 2" ()] < 6.

Making use of the Legendre wavelets schemes described here above to approx-
imate the solution X (¢) means it can be expanded as a uniformly convergent
series that reads as

Z Z r”“” SD"T Z Z rnr Som“ Z Z rnr SDnr

n=0r=0 n=0r=0 n=0r=0

with

st = (@(t), onr (1)), Th = (Y(1), our (1)), 1077 = (2(1), 0nr (). (4.10)

We have the following convergence results.

Proposition 1. Let 0>0,i=1,2, 3. Assuming that the solution (z(t),y(t), z(t))
is made of continuous functions on [0,1] whose second order derivatives are
bounded as

" (O] <0, 'O <6  [2"(t)] < 6,
then the coefficients 7%, i = 1,2, 3, satisfy

(12)1/26} ” (12)1/262 : (12)1/263
< —————— < I < =
(2r—3)2 (vV2n) (2r—3)2 (vV2n) (2r—3)2 (vV2n)

Proof. Let us start with the function x(t) and using definition the Legendre
wavelets coefficients given in (4.10) and taking into account (4.5) we have

Lt

1
. / (O gmr (D)t
0

n+4+1
3 112
_ / 2(£)2™2/2r + 1L5(2™t — n)dt = 4/ ;m ! (" + 5) *(8)ds,

o

where we have changed the variable as t = 2m

/ n+(5 . .
27" + 1 23m+2 / om ) ( r+1(5) - rfl((s)) do
/ n+6 ry2(0)—L3(8)  L7(6)—L7 5(0) ds
27’+1 (2r + 1)25m+2 dt2 2m 6+ 4r -2+ 4r ’

where we have used the derivative properties of the shifted Legendre polyno-
mials [5,20]. Hence
n +46
dt2 am

< ‘\/ 2r+1 (2r + 1)25m+2
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ry2(0) = L3(8)  L7(6) — L7 5(9)
6+ 4r —244r

After developing the right hand side of inequality and making use of the con-
straint property |z”(t)] < 6§ and the orthogonality property of the shifted
Legendre polynomials finally leads to

(12)!/20}
V2r+1 2(5/2)7”+1 2r —3) 2r— 1° (2r — 3)2 (@)5

We do the similar analysis for the functions y(¢) and z(t) and the proposition
is concluded. 0O

dod.

This result leads to the following error estimate:

Corollary 1. Let 0% > 0, i = 1,2, 3. Assuming that the solution (z(t),y(t), z(t))
is made of continuous functions on [0, 1] whose second order derivatives are
bounded as

2" (1) < b5, ly"(H)] < 65, IZ”(t)I < 65,

then the error made when zpny = >, m_l Zr o T2t on,(t) approximates x(t)
satisfies

o0 oo 1
1 1/2p1
Apn < (12)265, | > Zm

n=2m r=N

Table 2. Errors made when using the Legendre wavelets for the model (4.3).

oc=1 oc=20.9
t (AYewy Ay (A% Ay Ay (A%
0.1 2.342e % 1.276e=% 3.562¢ 3 2.672~* 3.577e~* 3.044e3
0.2 4.245e=% 1.287¢ 5 2.245¢4 6.782¢~%  0.266e~3 7.244e%
0.3 5.167e=% 2298¢~% 6.234e2 3.892¢=%  0.552¢~% 3.332¢%
0.4 2.896e~5 3.109¢e 5 5.223¢ % 2.902e73  5.446e~* 3.332¢7%
0.6 3.20le=* 2.900e—3 3.212¢3 1.092e7° 3.332¢75  4.332¢%
0.7 2.223e=3 4.782¢~3 2.22le~* 3.985¢~%  5.522¢75 3.442¢5
0.8 2.245e~% 4.562¢ % 4.643e3 3.872¢ 5 311275 3.244e¢ %
0.9 1.267e=3 4.342¢=3 0.254e* 3.787e=5 3.722¢73  4.266e—%
1 2.892¢7%  3.022¢7% 3.265¢~3 4.988¢75 2.349¢~3 3.235¢%

Similarly, the error made when yin = anal iv 01 r7220,,(t) and zpn =

angl iv 01 r2:3 0, (t) Tespectively approximate y(t) and z(t) satisfy

2 1/2p2
A2y < (12)1/262 Z Z T 3T

n=2mr=N

3 1/2p3
Ay < (12776, Z Z 32n5(2r — 3)4°

n=2m r=N
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5 Numerical simulations

We can now implement the above scheme using the parameter values given by
d = 0. Hence, for m = 2, N = 3 and ¢ = 1(c = 0.9), the errors made when
approximating are in the Table 2.

The implementation of this Legendre wavelets scheme generates the illustra-
tion shown in Figures 10-12 depicting the self-similarity process for the chaotic
attractor with two scrolls generated by the model (4.3)—(4.4) using the using
the Legendre wavelets scheme with d = 0 and for 0 =1, 0 = 0.9 and ¢ = 0.8
respectively.

Figure 10. Self-similarity dynamic for the chaotic attractor with two scrolls generated by
the model (4.3)—(4.4) using the using the Legendre wavelets scheme with d = 0 and o = 1.
We can see a set of three similar double-scroll chaotic attractors grouped to form a
symmetry around the axis z = 0.06.

The simulations show a set of three similar double-scroll chaotic attractors
grouped to form a symmetry around the axis z = 0.06. In Figure 11, the two
scrolls seem to move way from each other compared to those of Figure 10.

Figure 11. Self-similarity dynamic for the chaotic attractor with two scrolls generated by
the model (4.3)—(4.4) using the using the Legendre wavelets scheme with d = 0 and o = 0.9.
We can see a set of three similar double-scroll chaotic attractors grouped to form a
symmetry around the axis z = 0.06 . The two scrolls seem to move way from each other
compared to Figure 10.

Such a distance is shown to increase in Figure 12 where the derivative order
o has decreased to 0.8.
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In the same way, we apply of the fractal-fractional operator (4.1) to the
system of equations (2.2) as

FEDIX(t) = Mi[X — s(T My X — 4) M) (5.1)
where we recall
R a ¢ 0 R R
M= —c a 0 |, My=T(0,f f)and M3 =" (0,1,1).
0 0 =-—e

and implement the Legendre wavelets scheme described above. Making use the
parameter values given by

1135
2727272
(a,coe, f) =(1/2,10,5,1/2).

(b17b27b37b4) - < ) 5 (8153278?”34785) = (_170a 1a273)7

Figure 12. Self-similarity dynamic for the chaotic attractor with two scrolls generated by
the model (4.3)—(4.4) using the using the Legendre wavelets scheme with d = 0 and o = 0.8.
We can see a set of three similar double-scroll chaotic attractors grouped to form a
symmetry around the axis z = 0.06 . The two scrolls seem to further move way from each
other compared to Figure 11.

Hence, for m = 2, N = 3 and ¢ = 1, we get the illustration shown in
Figure 13. Lastly, we apply the fractal-fractional operator (4.1) to the system
of equations (2.4) as

PPDIa(r) =y —W(y + 2),
FEDoy(r) = —x + by + W(z + 2) — bW (y + 2), (5.2)
FEDI2(7) = 2+ dW (z + 2) — dW (y + 2),

where we recall W (n) = 0.5%" =%v(n — i — 0.5), where v(-) represents the unit
step function and where we have set

T=t/RC, R=3k$2, C=100pF, x=u1/1V, y=wuo/1V, z=ug/1V.

We implement the Legendre wavelets scheme described above. Making use the
parameter values given by

o dwin = (555 50 (1-3) +50 (1-3))-

Math. Model. Anal., 26(4):591-611, 2021.
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R
0.08

Figure 13. Self-similarity dynamic for the chaotic attractor with five scrolls generated by
the model (5.1)—(4.4) using the using the Legendre wavelets scheme with the parameter
values
(b17b27b37b4) = (7%7 %7 %7 %)’(51352783754’ 55) = (71707 17273)7 (a7 G e, f) = (%7 10, 3, %) s
and o = 1. We can see a set of three similar quintuple-scroll chaotic attractors grouped to
form a symmetry around the axis z = 0.

Henceforth, the model (5.2) generates a chaotic attractor with seven scrolls,
as depicted in Figure 14.

R
0.08

Figure 14. Self-similarity dynamic for the chaotic attractor with seven scrolls generated

by the model (5.2)—(4.4) using the using the Legendre wavelets scheme with the parameter

values (b, d, W(n)) = (%, %, %v (n— %) + %v (n— %)) and o = 1. We can see a set of

two similar 7-scroll chaotic attractors grouped to form a double symmetry around the axis
z =0 in one side and y = 1 in the other side.

It depicts the self-similarity process for the chaotic attractor with seven
scrolls generated by the model (5.2)—(4.4) using the using the Legendre wavelets
scheme with the parameter values (b, d, W (n))=(55, 3, sv(n—3)+3v(n—13)) and
o = 1. It shows a set of two similar 7-scroll chaotic attractors grouped to form
a double symmetry around the axis z = 0 in one side and y = 1 in the other
side.
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6 Conclusions

Self-similarity processes are not only very important in image compressing and
machining but also in network traffic prediction that represents both a huge
academic problem and a concern for the industry and network performance
environment. Moreover, some of other self-similarity’s applications in real life
consist of predicting number of biological dynamics or phenomena including
bacteria growth pattern or nerve dendrite pattern. Hence, looking for alter-
native ways to reproduce and control self-similarity dynamics in a science lab-
oratory, workstation or path lab has also become fascinating for researchers,
especially since the phenomenon occurs naturally around us. Hence, we have
used three major combined concepts, namely the step series switching process,
the Julia’s technique and fractal-fractional dynamic to generate various forms
of self-similarity dynamics related to chaotic attractors which, initially com-
prise two, five and seven scrolls. The model obtained in each case has been
solved using numerical techniques and related numerical simulations have been
performed. We have noticed that the initial attractors can engage in the self-
similarity dynamics, thereby generating the exact or approximately exact copy
of themselves or part of themselves. Moreover, the dynamics of the copies have
been proved to be influenced and controlled by some of the model’s parameters
involved in the process. This work improves the preceding ones with the appli-
cation of three combined operations to generate self-similarity processes while
maintaining some important properties such as symmetry, invariance of the
number of scrolls, dynamical sense and orientation. This may then open more
doors for engineers, mathematicians and computer scientists looking for deeper
investigations in physical and mathematical concepts capable of re-generating
features that already exist naturally in our environment.
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