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Abstract. In this paper, we are concerned with the uniform regularity estimates
of smooth solutions to the isentropic compressible magneto-micropolar system in T3,
Under the assumption that 0 < 41, (i < 1,0 < A4+, A+ < 1,0 < C%) < po < (o,
and by applying the classic bilinear commutator and product estimates, the uniform
estimates of solutions to the isentropic compressible magneto-micropolar system are
established in H*(T?) space, s > 5.

Keywords: compressible, magneto-micropolar, uniform regularity.

AMS Subject Classification: 35Q35; 35M41; 35B40; 76A35; T6N15.

1 Introduction

In this paper, we consider the following isentropic compressible magneto-micro-
polar system [9]:

Op + div (pu) =0, (1.1)
O¢(pu) 4+ div (pu @ u) + Vp — (p + ) Au — (A + p — () Vdivu
= 2¢rot w +rot b X b, (1.2)
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Ay (pw)+div (pu ® w)—jdw — (A1) Vdivw+4Cw = 2¢rotu, (1.3
Ob + rot (b x u) = Ab, (14
divb =0 in T? x (0,00), (1.5
(p,u,w,b)(+,0) = (po, uo, wo, bo)(-) in T3, (1.6

Here the unknowns p, u, w and b stand for the density, velocity, micro-rational
velocity, and magnetic field, respectively. The pressure p := ap” with positive
constants a and v > 1. The parameters u, A, ¢, it and \ are constants denoting
the viscosity coefficients satisfying

1y Coft > 0,20 +3X—4¢ >0 and 2/ + 3\ > 0.

We have the well-known vector identities:
1
rot (bxu)=u-Vb—>b-Vu+bdivu, rotbxb=div <b®b— 2b|2113> )

where the symbol b ® b denotes a matrix whose (7,7)th entry is b;b; and I3 is
the identity matrix of order 3.
We will assume the following natural compatibility conditions:

Vp(po)—(1 + ) Aug— (A + p — ¢)Vdiv ug—2¢rot wo—rot by x bo=+/pog1,
(1.7)

— fiAwo — (X + 1) Vdiv wg + 4wy — 2¢rot ug = /poga (1.8)

for some (g1, ¢g2) € L%

When ¢ =0 and w =0, (1.1), (1.2), (1.4) and (1.5) reduce to the isentropic
compressible MHD system. Xu-Zhang [12] and Zhu-Chen [14] showed some
regularity criteria with (1.7). Fan-Zhou [3] proved the local well-posedness of
strong solutions without (1.7).

When ¢ =0and b =0, (1.1) and (1.2) reduce to the isentropic compressible
Navier-Stokes system. Gong-Li-Liu-Zhang [4] and Huang [5] proved the local
well-posedness of strong solutions without (1.7).

Wei-Guo-Li [10] and Wu-Wang [11] studied the long-time behavior of smooth
solutions when inf py > 0. Zhang [13] showed the local well-posedness (without
proof) and a blow-up criterion with inf pg = 0 and (1.7)—(1.8).

The aim of this paper is to prove uniform regularity estimates. We will
prove
Theorem 1. Let 0 < j1,¢,i < 1,0 < A+ A+ < 1,0 < &= < pp <
Co, po, o, wo, by € H*(T3) with s > g and divby = 0 in T3. Let (p,u,w,b) be
the unique local smooth solutions to the problem (1.1)—(1.6). Then

100, w, w, B)(, )| zs < € im [0, T

holds true for some positive constants C' and Ty (< T) independent of A, u, C, A
and [i.
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To prove Theorem 1, we will rewrite (1.1) as follows.

1 1
—0Op+ —u-Vp+divu =0. (1.9)
P P
We define
M(t): = 1+ sup {Il(p,%w,b,p)(', 1) ms + [ Orul-, 51)|| 2
0<s1<t

FFsw (- s)llze + 111/ 51l e + 111/p( 51) ] o }
We can prove
Theorem 2. For any t € [0,1p) (T < 1), we have that
M(t) < Co(Mp) exp(tC(M)) (1.10)
for some nondecreasing continuous functions Co(-) and C(-).
It follows from (1.10) that [1,2,7]:
M(t) < C.

In the following proofs, we will use the bilinear commutator and product
estimates due to Kato-Ponce [6]:

14°(£9) = FA%gllLe <CUIV Lo 14 gllza + llgllzes |4 fllze),  (1.11)
14°(f9)lle <CUIfllLe [[A°gl[Lar + 147 Il Lr2 [ gl Loz ) (1.12)

1 1 1 1 1 1
with s >0,4:=(-A)z2 and - = — + — = — + —.
P1 @1 P2 G2
We only need to show Theorem 2.

2 Proof of Theorem 2

First, testing (1.1) by p?~!, we see that

1d 1
-— | pldz = <1 - > /pqdivudx < ||div u|| e /pqu,
qdt q

and thus d
qlellze < [[divullLe=lpll s,

which gives
t
lollze < llpoll e exp ( / ||diVu||L°°dT> .
0

Taking ¢ — +00, we get
l[ollzoe < llpol| o exp(tC(M)). (2.1)

Math. Model. Anal., 26(4):519-527, 2021.
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It follows from (1.1) that

1 1 1
O = +u-V=— —divu =0. (2.2)
p PP

Testing (2.2) by (1/p)?"", we find that

1d 1\? 1 1\? 1\ || 1]]%
-— () dz = (H—) / () divudz < (l—l—) H ||div u|| e,
g dt p q P a/) lpllLe
and therefore 41 ) .
3= (- e
dt |[p||Lq q/) llpllLe
which gives
1 1 1\ [t
H < ’ —1| exp ((1 + ) / ||diV’LL||LoodT>
PllLa Po || La q 0
and we have )
H < ‘ LIl espiecan) (2.3)
Pl Lo || 00
by sending ¢ — +o00. (2.1) and (2.3) give
[Pl + 11/pll 1o < Co(Mo) exp(tC(M)). (2.4)

It is easy to verify that
d
T / lul?dz = 2/u8tudx < 2||u|| 2| Oeull 2 < C(M),

which implies

[ull L2 < Co(Mo) exp(tC(M)). (2.5)
Similarly, we have

[w][L2 < Co(Mo) exp(tC(M)). (2.6)
Testing (1.4) by b, we derive

1d

2 dt
1

= —/ <2|b|2divu —b-Vu- b) dz < C||Vul|p=||b]|2. < C(M),

/|b\2dx+/\Vb\2dx: —/(u-Vb—b~Vu+bdivu)bdx

which leads to
t
(16172 +/ /|Vb|2dxd7 < Co(Mp) exp(tC(M)). (2.7)
0

Applying A° to (1.9), testing by A®p, using (1.9), (1.11) and (1.12), we
compute

1d 1 5 \2 S0y AS A 71 51)2
5 %(A ) dg;+/A pA dlvudx—2/(/1p)
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1 1 1
X [div (u) ——0p dx—/ (/18 (8tp> —Asatp) A’pdx
P P ] p p
- / (AS =. w) -2 Wp) A*pdz < C[|4°p]3
p p
div <u> — %@p A? (1>
P P p 2

- s sf U

14 8yl el 4%l 22 + Cpllz |4 (w)

LOC
14°pl|72 < C(M) + C(M)||0;pl| o + C(M)|| A~ 9yp|| 2
1oe

14°pl| 2

+ Cll0:pl| -

[,

[4°p| 2
L2

1
refv

+CHV“
< C(M) + C(M)|u - Vp+ 7pdiv ul|

+ C(M) A= (- Vp + ypdivu)|| 2 < C(M). (2.8)

Here we have used the estimate [8]:

[A4°1/pll 2 < C(M)||A%pllL2 < C(M).
It is obvious that

¢
/ /|8tu|2dxd7' < tsup/ |0ul?dx < tC(M). (2.9)
0

Applying A°~! to (1.2), testing by A*~10;u, using (1.11) and (1.12),

obtain

H;FC d /\AS |2d + )\Jr,;t Cjt /(Asfldivu)zdx+/,0\/18713tu\2d93

1
:2§/A3_1r0t wA 1 Oudx + //18_1 ((b -Vb) — 2V|b|2) A1 0,udx

- //1571Vp - A5 Quda — /Asfl(pu - Vu) - A5 0puda

AL 2

Hs

— /[Asfl(pé)tu) — pAST10,u] A Opuda < C|lw|

A7 0l 2 + Cllp re—r Jul|Fs | A%~ Opu| 12
|2 1457 Ol 2 + [|0pul| oo | A% pl 2) | A5 Dpu]| 2

2
Hs

+ C|b]|3-
+ C||A%p
+C([Vpl Lo 452 8pul| 2

C(M)|| A~ dpul 2 + C(M)([|A°2Bgul| 2 + [|Opu| <) | A% Byul| 2

I s=2
12 1457 0| 27 + [[0pul| 2

C(M) | A By 2 + C(M) (

s— 1—7

ol AT 0 T ”) 1A Dy

<O A" Dyl 2 + COM)(|
1
A ]| 5T A g < / Pl A dyulda + C (M),
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which gives

/Ot / | A5~ 0,ulPdadr < Co(Mp) exp(tC(M)). (2.10)

Similarly to (2.9), we infer that

t
/ /|6tw|2dxd7§tC(M).
0

Similarly to (2.10), applying A°~! to (1.3), testing by A°~*0,w, using (1.11)
and (1.12), we have

Atjid . _
2dt/|As |2dz + 2Iudt (/1S*1d1vw)2d:v+/,0\/1S 19,w|?da

—|—2C /\AS Law|? da:—2C/AS Yrotu - A~ 19pwdzx

— /Asfl(pu - Vw) A opwdr — /[Asfl(pé'tw) — p A o] A5 9 wd

< Ol A% 2| A° 7 dpw]| L2 +-C (|| pul | Lo [ A%w ] 2+ (| Ve || o< | A° 7 (pu) [ £2)

< 4510w 2 + C (90wl e 145 pll 1 + |V pll oo 45200 2)
x| A Q| 2 < C(M)[|A° T Dpw]| 2 + C(M) ([|0pw]| oo + | A°20pw]| 12)
X ||AS—1atw||L2 <C(M \\As—latwnm + C(M)

X < ||/15 18tw||

|| ) ||A5_13tw||L2
3 s—=2
< COD A Bl 12 + C(M) (uAs-latwn T 4 G )
1
<4 Bl < 5 [ plA* 0w + CO),

which implies

t
/ /|A5718tw|2dxd7' < Co(My) exp(tC(M)). (2.11)
0
Applying A® to (1.2), testing by A%u, using (1.1), (1.11) and (1.12), we have
1 d s s+1
BT plAfuPde + (u+¢) | AT uPde + N+ pu —¢) [ (A%divu)ide
+ /ASVp - Audx = /(As(b -Vb) = b- VA D) Audx
fQC/ASw'Asrotuder/b«VASb'ASudx—/%ASV\bF~A5udz

- /(As(patu) — pA°Oyu) NPudz — /(As(pu -Vu) — pu - VA u) Audx
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< C¢||A%w|| g2 | A5 )| 12 + C|| V|| poe || A%D|| 2 || A 12 + /b -VA%h - Audx

+ Clbll [ 4°F10] 2 [ A%ul| L2+ C(IV pl e |47 Deul| 12 + 0l L= [|4° ] 2)
X (| A%ul[ 2 + C(|[Vull L= |47 (pu) | 2 + [V (pu)l| oo [ A%ul| £2) | A% ul| L2

< CMYC| A | 2 + C(M /b VA - Atude + C(M) | A2
+ COM)(| A 012 + |Orul| 1) < C(M /b VA Audz
1 S S— C S
+ TG”A +1b||%2 + HA 18,5’U/||2L2 + gHA +1UHL2. (212)

Applying A° to (1.3), testing by A%w, using (1.1), (1.11) and (1.12), we have

%% /p|ASw|2dx +,1/ | A w|2da + (5\+ﬂ)/(ASdivw)2d
+ 4(/ |ASw|*de = 2§//13rotu - Awdx — /(As(patw) — pA°Oyw) A wdx
- /(A‘g(pu V) = pu - VA w) Awda < CCJl A ul| 2| A%w]| 2

+C(IVpllre |4 0w L2 + [|0sw] Lo | APl 12) | A"w]| 2
+ C([[Vwl = [|4°(pu) || 2 + IV (pu) [ Lo | A7w] 2) [ A%w]| L2
< O(M)C Al 2 + C(M)([|A° 7 Bpwl| 2 + [|Opw]| ) + C(M)

<C(M) + %||AS+1u||2L2 + |45 9,w]|2.. (2.13)
Applying A° to (1.4), testing by A®b, using (1.11) and (1.12), we have

2C1t/|/1Sb|2dar+/|/13+1b|2dag— —/(As(u-Vb)—u-VASb)Adex

. /u -VA%Y - A°bdz+ /(As(b - Vu)=b- VA u)A°bdx + /b -VA*u - A%bdx
- /(As(bdiv u) — bAdiv u) A%bda — /b/lsdiv uA®bdx

< C(IVullL=[[A%0] L2 + [Vl Lo | A%ul[2)[| A%D] 12
+/%|A5b|2divudx+/b~V/lsu~Asbdx+//13u~V(bAsb)dx

< CO(M) +/b SV A*u - A%bdx 4 C|| A%ul| g2 (||b]| Lo || A* 10| L2
+ || Vb o< || A%b]| 12) < C(M) +/b SV A%y - A%bda 4+ C(M)|| A1 12

< %||AS+1b||’iZ +C(M) + /b -V A%y - A*bd. (2.14)

Summing up (2.8), (2.12), (2.13) and (2.14), we have

1d

1
L4 (L aep)2da + plAul + plA*w]? + [A%[2 ) dz + u/ AT+ y[2dg
2 dt vp

Math. Model. Anal., 26(4):519-527, 2021.
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+A4+p—20) /(Asdivu)gdx—k g / |AST1p|2da 4 %c/ | A5 |2 da
+ﬁ/|/15+1w|2dm+ (5\+ﬂ)/(A5divw)2dx+4C/|Asfw|2dx
+ /(AspAsdivu+Asz~Asu)dx
<C(M) + | A5 10|32 + || A o)) +/(b-V)(ASb-ASu)dx. (2.15)

Notice that the last term of the LHS and the last term of RHS in (2.15) are
zeros, using (2.10) and (2.11), we have

1A% (p, u, w, b)|| L2 < Co(My) exp(tC(M)). (2.16)

On the other hand, it follows from (1.2) that

19ul| 2 = H%(%rotw +b-Vb— %V\bﬁ + (it Odut (A + = O)Vdivu
—Vp—pu- Vu) HL < Cy(Mo) exp(tC(M)). (2.17)
Using the following estimate [8]:
[4%pll L2 < CQA + [Ipllze)IIf Iweee () [ AP 12

with p = f(p) := (2)%, and

a

1
1 ¢ (g SpACN). Co() expiecian))

and o is an integer satisfying o > s. We have
145l 2 < Co(Mo) exp(tC(M)). (2.18)
Combining (2.3)—(2.7), (2.16), (2.17), and (2.18), we conclude that (1.10) holds

true. This completes the proof.
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