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Abstract. In this paper, we are concerned with the uniform regularity estimates
of smooth solutions to the isentropic compressible magneto-micropolar system in T3.
Under the assumption that 0 < µ, ζ, µ̃ < 1, 0 < λ+ µ, λ̃+ µ̃ < 1, 0 < 1

C0
≤ ρ0 ≤ C0,

and by applying the classic bilinear commutator and product estimates, the uniform
estimates of solutions to the isentropic compressible magneto-micropolar system are
established in Hs(T3) space, s > 5

2
.
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1 Introduction

In this paper, we consider the following isentropic compressible magneto-micro-
polar system [9]:

∂tρ+ div (ρu) = 0, (1.1)

∂t(ρu) + div (ρu⊗ u) +∇p− (µ+ ζ)∆u− (λ+ µ− ζ)∇div u

= 2ζrotw + rot b× b, (1.2)

�
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∂t(ρw)+div (ρu⊗ w)−µ̃∆w − (λ̃+µ̃)∇divw+4ζw = 2ζrotu, (1.3)

∂tb+ rot (b× u) = ∆b, (1.4)

div b = 0 in T3 × (0,∞), (1.5)

(ρ, u, w, b)(·, 0) = (ρ0, u0, w0, b0)(·) in T3. (1.6)

Here the unknowns ρ, u, w and b stand for the density, velocity, micro-rational
velocity, and magnetic field, respectively. The pressure p := aργ with positive
constants a and γ > 1. The parameters µ, λ, ζ, µ̃ and λ̃ are constants denoting
the viscosity coefficients satisfying

µ, ζ, µ̃ > 0, 2µ+ 3λ− 4ζ > 0 and 2µ̃+ 3λ̃ ≥ 0.

We have the well-known vector identities:

rot (b× u) = u · ∇b− b · ∇u+ bdiv u, rot b× b = div

(
b⊗ b− 1

2
|b|2I3

)
,

where the symbol b ⊗ b denotes a matrix whose (i, j)th entry is bibj and I3 is
the identity matrix of order 3.

We will assume the following natural compatibility conditions:

∇p(ρ0)−(µ+ ζ)∆u0−(λ+ µ− ζ)∇div u0−2ζrotw0−rot b0 × b0=
√
ρ0g1,

(1.7)

− µ̃∆w0 − (λ̃+ µ̃)∇divw0 + 4ζw0 − 2ζrotu0 =
√
ρ0g2 (1.8)

for some (g1, g2) ∈ L2.

When ζ = 0 and w = 0, (1.1), (1.2), (1.4) and (1.5) reduce to the isentropic
compressible MHD system. Xu-Zhang [12] and Zhu-Chen [14] showed some
regularity criteria with (1.7). Fan-Zhou [3] proved the local well-posedness of
strong solutions without (1.7).

When ζ = 0 and b = 0, (1.1) and (1.2) reduce to the isentropic compressible
Navier-Stokes system. Gong-Li-Liu-Zhang [4] and Huang [5] proved the local
well-posedness of strong solutions without (1.7).

Wei-Guo-Li [10] and Wu-Wang [11] studied the long-time behavior of smooth
solutions when inf ρ0 > 0. Zhang [13] showed the local well-posedness (without
proof) and a blow-up criterion with inf ρ0 = 0 and (1.7)–(1.8).

The aim of this paper is to prove uniform regularity estimates. We will
prove

Theorem 1. Let 0 < µ, ζ, µ̃ < 1, 0 < λ + µ, λ̃ + µ̃ < 1, 0 < 1
C0
≤ ρ0 ≤

C0, ρ0, u0, w0, b0 ∈ Hs(T3) with s > 5
2 and div b0 = 0 in T3. Let (ρ, u, w, b) be

the unique local smooth solutions to the problem (1.1)–(1.6). Then

‖(ρ, u, w, b)(·, t)‖Hs ≤ C in [0, T ]

holds true for some positive constants C and T0 (≤ T ) independent of λ, µ, ζ, λ̃
and µ̃.
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To prove Theorem 1, we will rewrite (1.1) as follows.

1

γp
∂tp+

1

γp
u · ∇p+ div u = 0. (1.9)

We define

M(t) : = 1 + sup
0≤s1≤t

{
‖(ρ, u, w, b, p)(·, s1)‖Hs + ‖∂tu(·, s1)‖L2

+‖∂tw(·, s1)‖L2 + ‖1/ρ(·, s1)‖L∞ + ‖1/p(·, s1)‖L∞
}
.

We can prove

Theorem 2. For any t ∈ [0, T0) (T0 ≤ 1), we have that

M(t) ≤ C0(M0) exp(tC(M)) (1.10)

for some nondecreasing continuous functions C0(·) and C(·).

It follows from (1.10) that [1, 2, 7]:

M(t) ≤ C.

In the following proofs, we will use the bilinear commutator and product
estimates due to Kato-Ponce [6]:

‖Λs(fg)− fΛsg‖Lp ≤C(‖∇f‖Lp1 ‖Λs−1g‖Lq1 + ‖g‖Lp2‖Λsf‖Lq2 ), (1.11)

‖Λs(fg)‖Lp ≤C(‖f‖Lp1‖Λsg‖Lq1 + ‖Λsf‖Lp2‖g‖Lq2 ) (1.12)

with s > 0, Λ := (−∆)
1
2 and

1

p
=

1

p1
+

1

q1
=

1

p2
+

1

q2
.

We only need to show Theorem 2.

2 Proof of Theorem 2

First, testing (1.1) by ρq−1, we see that

1

q

d

dt

∫
ρqdx =

(
1− 1

q

)∫
ρqdiv udx ≤ ‖div u‖L∞

∫
ρqdx,

and thus
d

dt
‖ρ‖Lq ≤ ‖div u‖L∞‖ρ‖Lq ,

which gives

‖ρ‖Lq ≤ ‖ρ0‖Lq exp

(∫ t

0

‖div u‖L∞dτ

)
.

Taking q → +∞, we get

‖ρ‖L∞ ≤ ‖ρ0‖L∞ exp(tC(M)). (2.1)
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It follows from (1.1) that

∂t
1

ρ
+ u · ∇1

ρ
− 1

ρ
div u = 0. (2.2)

Testing (2.2) by (1/ρ)
q−1

, we find that

1

q

d

dt

∫ (
1

ρ

)q
dx =

(
1+

1

q

)∫ (
1

ρ

)q
div udx ≤

(
1+

1

q

)∥∥∥∥1

ρ

∥∥∥∥q
Lq
‖div u‖L∞ ,

and therefore
d

dt

∥∥∥∥1

ρ

∥∥∥∥
Lq
≤
(

1 +
1

q

)∥∥∥∥1

ρ

∥∥∥∥
Lq
‖div u‖L∞ ,

which gives ∥∥∥∥1

ρ

∥∥∥∥
Lq
≤
∥∥∥∥ 1

ρ0

∥∥∥∥
Lq

exp

((
1 +

1

q

)∫ t

0

‖div u‖L∞dτ

)
and we have ∥∥∥∥1

ρ

∥∥∥∥
L∞
≤
∥∥∥∥ 1

ρ0

∥∥∥∥
L∞

exp(tC(M)) (2.3)

by sending q → +∞. (2.1) and (2.3) give

‖p‖L∞ + ‖1/p‖L∞ ≤ C0(M0) exp(tC(M)). (2.4)

It is easy to verify that

d

dt

∫
|u|2dx = 2

∫
u∂tudx ≤ 2‖u‖L2‖∂tu‖L2 ≤ C(M),

which implies
‖u‖L2 ≤ C0(M0) exp(tC(M)). (2.5)

Similarly, we have
‖w‖L2 ≤ C0(M0) exp(tC(M)). (2.6)

Testing (1.4) by b, we derive

1

2

d

dt

∫
|b|2dx+

∫
|∇b|2dx = −

∫
(u · ∇b− b · ∇u+ bdiv u)bdx

= −
∫ (

1

2
|b|2div u− b · ∇u · b

)
dx ≤ C‖∇u‖L∞‖b‖2L2 ≤ C(M),

which leads to

‖b‖2L2 +

∫ t

0

∫
|∇b|2dxdτ ≤ C0(M0) exp(tC(M)). (2.7)

Applying Λs to (1.9), testing by Λsp, using (1.9), (1.11) and (1.12), we
compute

1

2

d

dt

∫
1

γp
(Λsp)2dx+

∫
ΛspΛsdiv udx =

1

2

∫
(Λsp)2
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×
[
div

(
u

γp

)
− 1

γp2
∂tp

]
dx−

∫ (
Λs
(

1

γp
∂tp

)
− 1

γp
Λs∂tp

)
Λspdx

−
∫ (

Λs
(
u

γp
· ∇p

)
− u

γp
· ∇Λsp

)
Λspdx ≤ C‖Λsp‖2L2

×
∥∥∥∥div

(
u

γp

)
− 1

γp2
∂tp

∥∥∥∥
L∞

+ C‖∂tp‖L∞
∥∥∥∥Λs( 1

γp

)∥∥∥∥
L2

‖Λsp‖L2

+ C

∥∥∥∥∇ 1

γp

∥∥∥∥
L∞
‖Λs−1∂tp‖L2‖Λsp‖L2 + C‖∇p‖L∞

∥∥∥∥Λs( u

γp

)∥∥∥∥
L2

‖Λsp‖L2

+ C

∥∥∥∥∇ u

γp

∥∥∥∥
L∞
‖Λsp‖2L2 ≤ C(M) + C(M)‖∂tp‖L∞ + C(M)‖Λs−1∂tp‖L2

≤ C(M) + C(M)‖u · ∇p+ γpdiv u‖L∞
+ C(M)‖Λs−1(u · ∇p+ γpdiv u)‖L2 ≤ C(M). (2.8)

Here we have used the estimate [8]:

‖Λs1/p‖L2 ≤ C(M)‖Λsp‖L2 ≤ C(M).

It is obvious that∫ t

0

∫
|∂tu|2dxdτ ≤ t sup

∫
|∂tu|2dx ≤ tC(M). (2.9)

Applying Λs−1 to (1.2), testing by Λs−1∂tu, using (1.11) and (1.12), we
obtain

µ+ ζ

2

d

dt

∫
|Λsu|2dx+

λ+ µ− ζ
2

d

dt

∫
(Λs−1div u)2dx+

∫
ρ|Λs−1∂tu|2dx

=2ζ

∫
Λs−1rotwΛs−1∂tudx+

∫
Λs−1

(
(b · ∇b)− 1

2
∇|b|2

)
Λs−1∂tudx

−
∫
Λs−1∇p · Λs−1∂tudx−

∫
Λs−1(ρu · ∇u) · Λs−1∂tudx

−
∫

[Λs−1(ρ∂tu)− ρΛs−1∂tu]Λs−1∂tudx ≤ C‖w‖Hs‖Λs−1∂tu‖L2

+ C‖b‖2Hs‖Λs−1∂tu‖L2 + C‖ρ‖Hs−1‖u‖2Hs‖Λs−1∂tu‖L2

+ C‖Λsp‖L2‖Λs−1∂tu‖L2 + ‖∂tu‖L∞‖Λs−1ρ‖L2)‖Λs−1∂tu‖L2

+ C(‖∇ρ‖L∞‖Λs−2∂tu‖L2

≤C(M)‖Λs−1∂tu‖L2 + C(M)(‖Λs−2∂tu‖L2 + ‖∂tu‖L∞)‖Λs−1∂tu‖L2

≤C(M)‖Λs−1∂tu‖L2 + C(M)

(
‖∂tu‖

1
s−1

L2 ‖Λs−1∂tu‖
s−2
s−1

L2 + ‖∂tu‖L2

+‖∂tu‖
s−1−n

2
s−1

L2 ‖Λs−1∂tu‖
n

2(s−1)

L2

)
‖Λs−1∂tu‖L2

≤C(M)‖Λs−1∂tu‖L2 + C(M)(‖Λs−1∂tu‖
s−2
s−1

L2

+ ‖Λs−1∂tu‖
n

2(s−1)

L2 )‖Λs−1∂tu‖L2 ≤ 1

2

∫
ρ|Λs−1∂tu|2dx+ C(M),

Math. Model. Anal., 26(4):519–527, 2021.
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which gives ∫ t

0

∫
|Λs−1∂tu|2dxdτ ≤ C0(M0) exp(tC(M)). (2.10)

Similarly to (2.9), we infer that∫ t

0

∫
|∂tw|2dxdτ ≤ tC(M).

Similarly to (2.10), applying Λs−1 to (1.3), testing by Λs−1∂tw, using (1.11)
and (1.12), we have

µ̃

2

d

dt

∫
|Λsw|2dx+

λ̃+ µ̃

2

d

dt

∫
(Λs−1divw)2dx+

∫
ρ|Λs−1∂tw|2dx

+ 2ζ
d

dt

∫
|Λs−1w|2dx = 2ζ

∫
Λs−1rotu · Λs−1∂twdx

−
∫
Λs−1(ρu · ∇w)Λs−1∂twdx−

∫
[Λs−1(ρ∂tw)− ρΛs−1∂tw]Λs−1∂twdx

≤ C‖Λsu‖L2‖Λs−1∂tw‖L2+C(‖ρu‖L∞‖Λsw‖L2+‖∇w‖L∞‖Λs−1(ρu)‖L2)

× ‖Λs−1∂tw‖L2 + C
(
‖∂tw‖L∞‖Λs−1ρ‖L2 + ‖∇ρ‖L∞‖Λs−2∂tw‖L2

)
× ‖Λs−1∂tw‖L2 ≤ C(M)‖Λs−1∂tw‖L2 + C(M)

(
‖∂tw‖L∞ + ‖Λs−2∂tw‖L2

)
× ‖Λs−1∂tw‖L2 ≤ C(M)‖Λs−1∂tw‖L2 + C(M)

×

(
‖∂tw‖

s− 5
2

s−1

L2 ‖Λs−1∂tw‖
3

2(s−1)

L2 + ‖∂tw‖
1
s−1

L2 ‖Λs−1∂tw‖
s−2
s−1

L2

)
‖Λs−1∂tw‖L2

≤ C(M)‖Λs−1∂tw‖L2 + C(M)

(
‖Λs−1∂tw‖

3
2(s−1)

L2 + ‖Λs−1∂tw‖
s−2
s−1

L2

)
× ‖Λs−1∂tw‖L2 ≤ 1

2

∫
ρ|Λs−1∂tw|2dx+ C(M),

which implies ∫ t

0

∫
|Λs−1∂tw|2dxdτ ≤ C0(M0) exp(tC(M)). (2.11)

Applying Λs to (1.2), testing by Λsu, using (1.1), (1.11) and (1.12), we have

1

2

d

dt

∫
ρ|Λsu|2dx+ (µ+ ζ)

∫
|Λs+1u|2dx+ (λ+ µ− ζ)

∫
(Λsdiv u)2dx

+

∫
Λs∇p · Λsudx =

∫
(Λs(b · ∇b)− b · ∇Λsb)Λsudx

− 2ζ

∫
Λsw · Λsrotudx+

∫
b · ∇Λsb · Λsudx−

∫
1

2
Λs∇|b|2 · Λsudx

−
∫

(Λs(ρ∂tu)− ρΛs∂tu)Λsudx−
∫

(Λs(ρu · ∇u)− ρu · ∇Λsu)Λsudx
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≤ Cζ‖Λsw‖L2‖Λs+1u‖L2 + C‖∇b‖L∞‖Λsb‖L2‖Λsu‖L2 +

∫
b · ∇Λsb · Λsudx

+ C‖b‖L∞‖Λs+1b‖L2‖Λsu‖L2+C(‖∇ρ‖L∞‖Λs−1∂tu‖L2 + ‖∂tu‖L∞‖Λsρ‖L2)

× ‖Λsu‖L2 + C(‖∇u‖L∞‖Λs(ρu)‖L2 + ‖∇(ρu)‖L∞‖Λsu‖L2)‖Λsu‖L2

≤ C(M)ζ‖Λs+1u‖L2 + C(M) +

∫
b · ∇Λsb · Λsudx+ C(M)‖Λs+1b‖L2

+ C(M)(‖Λs−1∂tu‖L2 + ‖∂tu‖L∞) ≤ C(M) +

∫
b · ∇Λsb · Λsudx

+
1

16
‖Λs+1b‖2L2 + ‖Λs−1∂tu‖2L2 +

ζ

8
‖Λs+1u‖2L2 . (2.12)

Applying Λs to (1.3), testing by Λsw, using (1.1), (1.11) and (1.12), we have

1

2

d

dt

∫
ρ|Λsw|2dx+ µ̃

∫
|Λs+1w|2dx+ (λ̃+ µ̃)

∫
(Λsdivw)2d

+ 4ζ

∫
|Λsw|2dx = 2ζ

∫
Λsrotu · Λswdx−

∫
(Λs(ρ∂tw)− ρΛs∂tw)Λswdx

−
∫

(Λs(ρu · ∇w)− ρu · ∇Λsw)Λswdx ≤ Cζ‖Λs+1u‖L2‖Λsw‖L2

+ C(‖∇ρ‖L∞‖Λs−1∂tw‖L2 + ‖∂tw‖L∞‖Λsρ‖L2)‖Λsw‖L2

+ C(‖∇w‖L∞‖Λs(ρu)‖L2 + ‖∇(ρu)‖L∞‖Λsw‖L2)‖Λsw‖L2

≤ C(M)ζ‖Λs+1u‖L2 + C(M)(‖Λs−1∂tw‖L2 + ‖∂tw‖L∞) + C(M)

≤ C(M) +
ζ

8
‖Λs+1u‖2L2 + ‖Λs−1∂tw‖2L2 . (2.13)

Applying Λs to (1.4), testing by Λsb, using (1.11) and (1.12), we have

1

2

d

dt

∫
|Λsb|2dx+

∫
|Λs+1b|2dx = −

∫
(Λs(u · ∇b)− u · ∇Λsb)Λsbdx

−
∫
u · ∇Λsb · Λsbdx+

∫
(Λs(b · ∇u)−b · ∇Λsu)Λsbdx+

∫
b · ∇Λsu · Λsbdx

−
∫

(Λs(bdiv u)− bΛsdiv u)Λsbdx−
∫
bΛsdiv uΛsbdx

≤ C(‖∇u‖L∞‖Λsb‖L2 + ‖∇b‖L∞‖Λsu‖L2)‖Λsb‖L2

+

∫
1

2
|Λsb|2div udx+

∫
b · ∇Λsu · Λsbdx+

∫
Λsu · ∇(bΛsb)dx

≤ C(M) +

∫
b · ∇Λsu · Λsbdx+ C‖Λsu‖L2(‖b‖L∞‖Λs+1b‖L2

+ ‖∇b‖L∞‖Λsb‖L2) ≤ C(M) +

∫
b · ∇Λsu · Λsbdx+ C(M)‖Λs+1b‖L2

≤ 1

16
‖Λs+1b‖2L2 + C(M) +

∫
b · ∇Λsu · Λsbdx. (2.14)

Summing up (2.8), (2.12), (2.13) and (2.14), we have

1

2

d

dt

∫ (
1

γp
(Λsp)2dx+ ρ|Λsu|2 + ρ|Λsw|2 + |Λsb|2

)
dx+ µ

∫
|Λs+1u|2dx

Math. Model. Anal., 26(4):519–527, 2021.
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+ (λ+ µ− ζ)

∫
(Λsdiv u)2dx+

7

8

∫
|Λs+1b|2dx+

3

4
ζ

∫
|Λs+1u|2dx

+ µ̃

∫
|Λs+1w|2dx+ (λ̃+ µ̃)

∫
(Λsdivw)2dx+ 4ζ

∫
|Λsw|2dx

+

∫
(ΛspΛsdiv u+ Λs∇p · Λsu)dx

≤C(M) + ‖Λs−1∂tu‖2L2 + ‖Λs−1∂tw‖2L2 +

∫
(b · ∇)(Λsb · Λsu)dx. (2.15)

Notice that the last term of the LHS and the last term of RHS in (2.15) are
zeros, using (2.10) and (2.11), we have

‖Λs(p, u, w, b)‖L2 ≤ C0(M0) exp(tC(M)). (2.16)

On the other hand, it follows from (1.2) that

‖∂tu‖L2 =
∥∥∥1

ρ

(
2ζrotw + b · ∇b− 1

2
∇|b|2 + (µ+ ζ)∆u+ (λ+ µ− ζ)∇div u

−∇p− ρu · ∇u
)∥∥∥

L2
≤ C0(M0) exp(tC(M)). (2.17)

Using the following estimate [8]:

‖Λsρ‖L2 ≤ C(1 + ‖p‖L∞)σ‖f ′‖Wσ,∞(I)‖Λsp‖L2

with ρ = f(p) :=
(
p
a

) 1
γ , and

I ⊂
(

1

C0(M0)
exp(−tC(M)), C0(M0) exp(tC(M))

)
,

and σ is an integer satisfying σ ≥ s. We have

‖Λsρ‖L2 ≤ C0(M0) exp(tC(M)). (2.18)

Combining (2.3)–(2.7), (2.16), (2.17), and (2.18), we conclude that (1.10) holds
true. This completes the proof.
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