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Abstract. In this text explicit forms of several higher precision order kernel func-
tions (to be used in the differentiation-by-integration procedure) are given for several
derivative orders. Also, a system of linear equations is formulated which allows to
construct kernels with an arbitrary precision for an arbitrary derivative order. A
computer study is realized and it is shown that numerical differentiation based on
higher precision order kernels performs much better (w.r.t. errors) than the same
procedure based on the usual Legendre-polynomial kernels. Presented results may
have implications for numerical implementations of the differentiation-by-integration
method.
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1 Introduction

Derivative, if exists, can be expressed in an alternative way

1
(@) lomze = lim DI, (f) |2 = lim 71/ k() f (zo + ht)dt,  (1.1)
h—0 =0 h J_4
where k is an appropriate kernel function and d indicates the derivative order.
The method is known as “differentiation by integration” (DbI) and an example
was first published by Cioranescu [2]. Later, Lanczos [12] studied a version of
(1.1) with kernel

k(t) = —2t (1.2)
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and his name became associated with this type of differentiation'. Dbl has some
interesting features because it generalizes the ordinary derivative in several
aspects. It may be used in situations where the latter does not exist, or, when
generalized to higher orders, it can be (in some cases) seen as a way to define
a fractional-order derivative [3,15]. The Dbl also attracts attention for its
potential applications in numerical analysis [9,10,11,17,22].

In published texts [1,6,8,14,18,20,21] two dominant ideas (closely related
to each other [5]) can be seen:

e The least-squares property: the derivative as defined by the Lanczos’
formula (1.1)—(1.2) behaves as the slope parameter of a line which is
in the least-squares manner adjusted to the function f on the interval
[0 — h,zo + h]. The idea was further generalized to higher derivatives
in [1] where the kernel functions are based on the Legendre polynomials.
This property is to be seen as very closely linked to the Savitzky—Golay
filter [19] and the related way of numerically computing a derivative from
discrete data sets.

e Orthogonality approach: if one assumes a function f is analytic? at
with the radius of convergence R¢ > h, one can expand it into the Taylor
series

l/k@ﬂ%+wﬁ=zfywwww/k@W@ (1.3)
-1 “— nl .

and search for a function k£ orthogonal to desired powers of t" so as to
make vanish all terms except those which we are interested in. For in-
stance, to extract the dth derivative one can use a polynomial orthogonal
to all t" for n < d (e.g. the Legendre polynomial L;). If one then mul-
tiplies the resulting expression by an appropriate power of h, the limit
h — 0 makes disappear all higher terms n > d and isolates the one with
the dth derivative. This approach can provide large generalizations (as
presented in [6]).

An universal procedure for constructing a kernel function which does not
rely on a power expansion was for the first derivative presented in [10], a full
generalization to all derivative orders was given in [13]. A function k is a valid
kernel function for computing the dth derivative if and only if

—w(t), (1.4)

where w is a weight function satisfying

/lwuyu=1, (1.5)
dm m

—w () ljme1 = —
dtm ®)] dtm
1 “Generalized Lanczos derivative” is to be seen as an alternative label to “DbI”.

2 S0 f can be expressed as a power series, which are known to be uniformly convergent
inside the radius of convergence.

w(t)|t=41 =0 forall 0 <m < d, (1.6)
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assuming that all appearing integrals and derivatives exist. The dth derivative
is then computed as

d 1
F D) |y, = lim DY (f) |2, = lim (_1> / E(t) f (zo + ht)dt. (1.7)
h—0 h—0 h 1
In the standard finite-difference approach is a large emphasis (in relation
to numerical applications) given to the accuracy order in the discretization-
parameter (h) expansion. It is known that the higher-order approaches perform
much better than the lower-order ones®. Systematic study of these effects is
somewhat missing with respect to the Dbl methods, yet higher accuracy orders
lead (as demonstrated later) to a largely improved overall numerical precision.
In existing literature, formulas with higher accuracy order can be found (e.g.
formula (4.1) in [6]), however explicit kernel function forms which could be
directly used as a recipe for an immediate implementation are missing. One
also lacks a numerical study of performance of such higher-order methods. The
aim of this text is to

e provide explicit expressions for kernel functions for first few orders in
precision and derivative (Section 2 and Appendix C). Further, we want
to

e give an explicit formulation of a linear system which, when solved, leads
to kernel functions for any derivative order and any order in precision
(Section 2 and Appendix B). We also want to

e perform a numerical study of the higher accuracy order approach (Sec-
tion 3).

We close the text by providing summary, conclusions and outlook (Section 4).

2 Higher order formulas

Different strategies can be adopted when constructing higher precision order
kernels. Orthogonality approach is certainly a valid option and we briefly
investigate it in Appendix A. Yet, we prefer to chose a different strategy which
stems from basic principles (1.4)—(1.6). We adopt the most natural choice
and search for kernels in form of least-degree polynomials. This minimalist
approach is allowed by a “brute force” computation which provides us with the
full control over coefficients and leads to explicit relations between them.
A general polynomial respecting (1.6) is written as

w(@)=N(1-2° Zan (2.1)

n=0
2d 1
- N ;2{1+(—>}0d,m Zanw

3 A simple forward difference is over-performed by the central difference, which is on its
turn over-performed by, for example, the five-point rule.
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where N is normalization, d is derivative order and C,; represents binomial
coeflicient (';) Formally appearing non-integer powers in the last line are

canceled by the 14 (—1)? term. The two sums can be multiplied
N+2d
(0) =N 3 2,
n=0

where

"1 e e
3 §HkHN,k{1+(—1) k}Cd’(n,k)/z(—l)( M2 (2.2)

k=n—2d
0, ifi<0, .
with H indicating a step function H; = {1 111 The condition (1.5)
, else.
implies the normalization
~1
L(N+2d)/2]
QQZn
= 2.
N 2n+1 ’ (2:3)
n=0

where symbol |...| stands for the floor function. For the needs of formula (1.4)
one has to compute higher-order derivatives

N+d
k() =w @) =N ) w{%ﬁt”. (2.4)
n=0 ’

Expanding a function f into Taylor series and plugging (2.4) into (1.7) one
gets4

1 N+d S 00
Dy (f) = <—1> / N Z ant” Z 'hmf(m)tmdt Z mi (m)
N+d
oy ] a2 ()
X{§n+m+l[l+( 2 }}h » On =T Qntd, (2.5)

where one controls the accuracy order by adjusting the coefficients in front
of the powers of h. The series formally contains also negative powers (for
m < d), formula (1.7) however implies that their coefficients are identically
zero. Further more, formula (1.7) also implies® that the overall coefficient in
front of the constant term (h°) is f(¥). The interesting terms are so those with
m > d.

An important observation is that the odd powers of h are controlled only
by odd-indexed coefficients a1, as, as, . ... It can be verified in an explicit way,

4 We assume the analyticity of f on an open interval containing [xo — h,zo + h] and we

omit its argument (which is implicitly assumed to be the point of differentiation zg).
5 Both statements can be verified in an explicit computation (but do not need to be).
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that the index of 2 has the same parity as the power of h (symbol ~ means
conservation of index and power-related properties)

N+d o, [1 4 (_1)m+n} N+d .
B S Ea aunied DU s WV [EHCE

n=0 n=0
N+d N+d N+d
_ 2 : hm+n7Z"QZn |:1+ (71)m+n:| -~ § : hzhLiZ"QZn: E thJrQ[%ﬁZn]QZn’
n=0 n=0 n=0

where the factor 1 + (—1)™"" allows only for even-valued sums of the two
numbers m+n = 2i. The expression for 7 is, on its turn, given only by terms
whose coefficients a; have an index of the same parity as Z:

i1~ > {1 n (—1)”“"“} (—)BHR2 0 o<k < N
k=n—2d

~ Xn: {1_|_(_1)1+k}(_1)(21+1—k)/2a

k=n—2d

If £ is even, then 1 + k is odd and 1 + (—1)1+k is zero for all related ag
terms. Therefore (9;11 depends only on the odd-index a; coefficients. This
being established, in what follows we will study only the even-index based
weight functions®, i.e. even functions of z on the interval [—1,1]. Even-indexed
coeflicients, controlling the even powers of h, cannot be set all to zero because
one needs to fulfill the normalization condition (1.5).

We are now in the situation, where we need to adjust the even-indexed
coefficients ag, as, a4, ... appearing in

w3 Cl o S et [y ] Lt 2

n=0
:DZ (f) = fD 4 coh? + esh* + cgh® +

so as to make chosen ¢; coefficients vanish. Let us denote the highest even-
power h term which is meant to be set to zero (together with all lower terms)
by h?'. For achieving that we need to match i (even-indexed) coefficients and
formulate i equations. In a compact form the jth equation can be written
(1<j<i)

2i+d

Qp (aOa ceey ClN) [ 2j+d+n
E,;: — T 2|1 -1 =0 2.7
J T;)n-l-?j-i-d-i-l +(=1) ’ 27)
where one can fix the value of some coefficients
1, ifk=0,
ar =40, if1<k<2iandk is odd, (2.8)
0, if 27 <k,

6 Aiming the highest accuracy order, we have no motivation to keep or study odd-h-power
terms. We directly set them all to zero.
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and equality

N =2i (2.9)
is assumed in all expressions. Here, without loss of generality, we set the
first coefficient to one ag = 1. Initially a general number, N (as an unspecified
number of polynomial terms) can be cut to 2i (it comprises all coefficients, odd-
indexed included) and is so determined only by the accuracy order. Once the
system is solved and a; coefficients are found, one computes the normalization
N from (2.3) and constructs the weight function (2.1). The kernel function is
given as its dth derivative (1.4). An example solution of the system is presented
in Appendix B.
We will note w?l] and k?z] those functions, which provide dth derivative
with order of precision O (h2i+2)

Dg (f, k([fi]) _ f(d) L0 (h2z’+2) _

This notations reflects the fact that the highest even-power term which is an-
nihilated is h%. Since the next one is also zero (because has an odd power),
the first nonzero term corresponds to the power 2i 4 2. Solutions of the system
(2.7) for all cases with 1 < d < 4 and 2 < 2¢ < 10 are listed in Appendix C. The
cases with 2¢ = 0 are omitted because they correspond to the known Legendre-
polynomial based kernels” (e.g. formula (1.2)). Four selected weight functions
and the corresponding kernel functions (d < 2 and 2i < 4) are depicted in
Figure 1.

60

I L
40 1 1 2 2

20 f

200y / A i v

-40

-60

Figure 1. Selected weight functions (a) and corresponding kernel functions (b).

3 Numerical investigations

The topic under consideration is, from the perspective of a numerical study®,
rather large and multidimensional. One could by interested in the dependence

7 Our approach represents a generalization which includes previously known results as spe-
cial cases.

8 Numerical analysis was done with the GNU Octave [7] software 5.1.0 configured for
“x86_64-suse-linux-gnu”. The quadl function was used for numerical integration. The
full code used to reach the results presented in this section can be downloaded from http:
//147.213.122.82/~andrej/LanczosHO/numExperiment.m. Author also greatly profited
from the WxMaxima tools [16].
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Table 1. The absolute error E (formula (3.1)) for 4 derivatives orders (d), two kernel-
function types (higher order HO vs. least-squares LS) and three test functions with fixed
test points. The discretization parameter h is tuned to an optimal value for one of the
methods (in bold), the result of other method is shown also.

Opt. sin (z), zo =1 exp(z), zo =7 In(z), z0 = 5
fi
or hP*  Epo Ers h°Pt  Exo Ers hePt  Epo ELs
HO 1072 1.62x107'% 540 x1076 1072 6.64 x 10713 231 x 107* 1072 8.53 x 107*% 1.60 x 10~°
LS 107° 1.32x 107" 1.39x10°'' 107° 7.73x 107" 4.26x1071° 1075 237x107'' 1.57 x 10~1°

d

1

, HO 107! 7.82x107'2 6.00 x 10~* 107! 210 x 10710 1.65 x 1072 1072 2.60 x 1071 6.86 x 10~*
LS 107* 574x1077 1.41x10°% 107* 1.11x107°> 426x10~7 107* 513x1077 4.23x 108
3 HO 107! 247x107'' 3.00 x 1074 10! 4.26 x 10710 1.29 x 10?2 1072 1.20 x 1078  4.27 x 1072
LS 1073 1.63x107° 6.08x10°7 1073 358x107° 6.82x10"%¢ 1073 7.56x107%  4.35x 1075
, HO 107! 4.08 x 1071 3.82x 107* 107 7.77 x 1078  1.05 x 1072 1072 1.39 x107% 349 x 1072
LS 1072 167x107* 1.87x107% 1072 149x10~3 1.31x10°% 1073 1.32 8.53 x 10~3

of results on the size of the discretization parameter h, or on the derivative
order of the kernel function, or on the choice of the test functions.

To reduce the complexity, we opt for our purposes only for the O (h6) pre-
cision kernels k£12224]. Next, the optimal size of the discretization parameter is
analyzed. For that we select three test functions with fixed points of differen-
tiation xg

sin () with g =1; exp (z) with 2y = 7 and In (z) with 2o = 0.5.

Using these settings we scan 8 orders of magnitude in the discretization
parameter 1078 < h < 107!, changing the step in a geometrical progression
with factor 10. We determine the absolute errors

d d
E =9 (@) = 152 (@) [amso, (3.1)

where "anal.” refers to the evaluation of the analytic derivative of f at zg
and "DbI” represents the results of the Dbl evaluation based on the step size
h. For comparison purposes we evaluate, in addition to the results based on
higher-order (HO) precision kernels, also the results from the least-squares (LS)
approach (i.e. kernels constructed from a single Legendre polynomial.)

As seen from the error summary Table 1, the optimal h for higher precision
order methods is 1072 < h < 1071, for the LS methods it is systematically
smaller? 107* < h < 1073, The important observation is that the HO kernels
significantly over-perform the LS kernels (if each method uses its own optimal
value of h). If the HO kernels are used with an h-size that is optimal for the
LS methods, the HO results remain competitive.

Fixing the discretization parameter size to near-optimal values h7¢ = 10~2
and h%% = 1073, we study the error behavior on a whole interval: [—m,7] for
sin (z), [—2,2] for exp (z) and [0.1,2] for In (z). Results (i.e. pointwise errors
defined by formula (3.1)) are shown in Figure 2 and provide a straightforward
conclusion: when interested in absolute errors, the HO differentiation provides
several orders of magnitude more precise results than the LS methods.

9 This behavior is also observed in finite-difference methods when comparing formulas with
different accuracy order.



Higher Accuracy Order in Differentiation-by-Integration 311
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Figure 2. Absolute errors of the HO approach (full line) and LS-based methods (dotted
line) for 3 functions (in columns) and 4 derivative orders (rows).

4 Summary, conclusions and outlook

In the finite difference methods, the higher precision approach is a well estab-
lished standard. Despite clear advantages, such approach was not well studied
for the DbI up to now. Using straightforward calculations we constructed a
system of linear equations (2.7) which leads to arbitrary precision order ker-
nel functions for arbitrary derivative in the DbI procedure. Numerical tests
show that these kernels significantly over-perform (with respect to precision)
standard least-squares kernels based on the Legendre polynomials, which were
most widely used and discussed up to now.

The here-presented results are formulated in terms of continuous functions,
a discrete formulation may represent an interesting topic. The appropriate
tools and methods for the discretization of the Dbl procedure have already
been presented in several texts (see e.g. [4]).

Math. Model. Anal., 26(2):304-317, 2021.



312

A. Liptaj

Acknowledgements

The work was supported by VEGA grant No. 2/0153/17.

References

(1]

2]
3]
(4]

[5]

(6]

(9]

[10]

[11]

[12]
(13]

(14]

[15]

N. Burch, P.E. Fishback and R. Gordon. The least-squares property
of the Lanczos derivative.  Mathematics Magazine, 78(5):368-378, 2005.
https://doi.org/10.2307/30044192.

N. Cioranescu. La généralisation de la premiere formule de la moyenne. Enseign.
Math., 37:292-302, 1938.

E. Diekema. The fractional orthogonal derivative. Mathematics, 3:273-298, 2015.
https://doi.org/10.3390/math3020273.

E. Diekema. The fractional orthogonal difference with applications. Mathematics,
3(2):487-509, 2015. https://doi.org/10.3390/math3020487.

E. Diekema. The fractional orthogonal derivative for functions of one and two
variables. PhD thesis, 2018. Available from Internet: https://pure.uva.nl/
ws/files/29401750/Thesis.pdf.

E. Diekema and T.H. Koornwinder. Differentiation by integration using orthog-
onal polynomials, a survey. Journal of Approximation Theory, 164(5):637-667,
2012. https://doi.org/10.1016/j.jat.2012.01.003.

J.W. Eaton, D.Bateman, S. Hauberg and R. Wehbring. GNU Octave ver-
sion 5.1.0 manual: a high-level interactive language for numerical computations,
2019. Available from Internet: https://www.gnu.org/software/octave/doc/
v5.1.0/.

A H. Galeana, R.L. Vazquez, J.L.-Bonilla and L.-I. Pigcoran. On the Cioranescu
- (Haslam - Jones) - Lanczos generalized derivative. Global Journal of Advanced
Researchon Classical and Modern Geometries, 3(1):44-99, 2014.

C.W. Groetsch. Lanczos’  generalized  derivative. The
American Mathematical Monthly, 105(4):320-326, 1998.
https://doi.org/10.1080/00029890.1998.12004888.

D.L. Hicks and L.M. Liebrock. Lanczos’ generalized derivative: Insights and
applications.  Applied Mathematics and Computation, 112(1):63-73, 2000.
https://doi.org/10.1016/S0096-3003(99)00048-X.

X. Huang, Ch. Wu and J. Zhou. Numerical differentiation by integration. Mathe-
matics of Computation, 83(286):789-807, 2014. https://doi.org/10.1090/S0025-
5718-2013-02722-6.

C. Lanczos. Applied analysis. Prentice-Hall Mathematics, Englewood Cliffs,
N.J., 1956.

A. Liptaj. Maximal generalization of Lanczos’ derivative using one-dimensional
integrals. arXiv e-prints, p. arXiv:1906.04921, June 2019.

D.-Y. Liu, O. Gibaru and W. Perruquetti. Differentiation by integration
with Jacobi polynomials. Journal of Computational and Applied Mathematics,
235(9):3015-3032, 2011. https://doi.org/10.1016/j.cam.2010.12.023.

D.-Y. Liu, O. Gibaru, W. Perruquetti and T.-M. Laleg-Kirati. Frac-
tional order differentiation by integration and error analysis in noisy envi-
ronment. IEEE Transactions on Automatic Control, 60(11):2945-2960, 2015.
https://doi.org/10.1109/TAC.2015.2417852.


https://doi.org/10.2307/30044192
https://doi.org/10.3390/math3020273
https://doi.org/10.3390/math3020487
https://pure.uva.nl/ws/files/29401750/Thesis.pdf
https://pure.uva.nl/ws/files/29401750/Thesis.pdf
https://doi.org/10.1016/j.jat.2012.01.003
https://www.gnu.org/software/octave/doc/v5.1.0/
https://www.gnu.org/software/octave/doc/v5.1.0/
https://doi.org/10.1080/00029890.1998.12004888
https://doi.org/10.1016/S0096-3003(99)00048-X
https://doi.org/10.1090/S0025-5718-2013-02722-6
https://doi.org/10.1090/S0025-5718-2013-02722-6
https://doi.org/10.1016/j.cam.2010.12.023
https://doi.org/10.1109/TAC.2015.2417852

Higher Accuracy Order in Differentiation-by-Integration 313

[16] Maxima. Maxima, a computer algebra system. version 5.34.1, 2014. Available
from Internet: http://maxima.sourceforge.net/.

[17) T.J. McDevitt. Discrete Lanczos derivatives of noisy data. In-
ternational Journal of Computer Mathematics, 89(7):916-931, 2012.
https://doi.org/10.1080/00207160.2012.666348.

[18] S.K. Rangarajan and S.P. Purushothaman. Lanczos generalized derivative for
higher orders. Journal of Computational and Applied Mathematics, 177(2):461—
465, 2005. https://doi.org/10.1016/j.cam.2004.10.016.

[19] A. Savitzky and M.J.E. Golay. Smoothing and differentiation of data by sim-
plified least squares procedures. Analytical Chemistry, 36(8):1627-1639, 1964.
https://doi.org/10.1021/ac60214a047.

[20] J.  Shen. On the generalized “Lanczos’ generalized deriva-
tive”. The American Mathematical Monthly, 106(8):766-768, 1999.
https://doi.org/10.1080,/00029890.1999.12005116.

[21] G.R.P. Teruel. A new class of generalized Lanczos derivatives. Palestine Journal
of Mathematics, 7(1):211-221, 2018.

[22] Z. Wang and R. Wen. Numerical differentiation for high orders by an integration
method. Journal of Computational and Applied Mathematics, 234(3):941-948,
2010. https://doi.org/10.1016/j.cam.2010.01.056.

Appendix A: Orthogonal polynomial approach

The approach based on the properties of orthogonal polynomials can be demon-
strated on a kernel made up of two Legendre polynomials P,

P (t) = OéPd (t) + ﬁPd+2 (t) s

which is meant to extract the dth derivative (o and [ are real coefficients). The
Pyy1(t) term is skipped for the same reasons as in the main text: this term
controls the precision at the O (hl) level and ignoring it is the easiest way for
constructing a higher-order method (which further generalizes to all Pyi9;11
terms and odd powers of h). Assuming the analyticity of f on (zg —h—€, 20+
h+€), ¢,h > 0, one can perform an expansion similar to (1.3)

(‘;)d /1 P(t) f (zo + ht)dt = « (_hl>d i %h”f(”) /_11 Py(t)t"dt

-1 n=0

N d oo 1
(R E e [ s

n=0 -

Defining a,, = f_ll P, (t)t"dt, b, = f_ll Py (t) t™dt one notices that agi112; =
bat+s+2i =0 (i =0,1,...). This follows from the fact that the term containing
aq is (by construction of the Dbl method) proportional to the derivative (which
is nonzero in general) while in higher terms the ¢" factor alternates between odd
and even parity (with P, being constant and strictly odd or even). Isolating
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few first terms in the sums and rearranging them leads to
d 1 d
-1 -1
— / P(t) f (zo + ht)dt = auadf(d)
h 1 d!

(-*
(d+2)!

+ [@@ai2 + Bbaya] K22 + O (h*).

By setting a = (—1)%d!/aq one gets the expected property of filtering the dth
derivative and by defining 8 = —aags2/bsr2 one arrives to a higher-order
method where the h? term is missing. Setting, for example, d = 3 one has
a3 = 4/35, a5 = 8/63 and bs = 16/693, from which follows @ = —105/2 and
B = 1155/4. The kernel function is then given by

105 1155 945

__°p _ 7% 5 3
5 P (t) + 1 Ps (t) > (77t° — 90t° + 21t) ,

which is equivalent to the expression of k:i[f] found in Appendix C.

The approach can be further generalized by writing
P(t) = aPy(t) + BPiy2 (t) + YPiya (t) + 6 Pays (t) + .. ..

Proceeding in a fully analogous way, it is trivial to see that by adjusting the
coefficients «, 3, 7y, ... one can build derivative filters with higher and higher
precision orders. In general a kernel function providing the precision order
@) (hQi) is (independently on the derivative order) given by a linear combination
of i Legendre polynomials (see formula (4.1) in [6]).

Appendix B: Example solution

In order to facilitate a possible implementation we present one explicit solution
of the system (2.7). To avoid the simplest case, we choose an example with the
order of precision i = 2, i.e. the highest term to be annihilated is h? = h*,
see (2.6). For this order of precision let us find the expression for the first
derivative, i.e. d = 1. The number of equations is dictated by the inequality
1 < j <1 = 2, namely we have two equation with j = 1,2. The general
expression (2.7) thus takes form

5
oy (ag,...,an) 34n 2 2 2
B Yo 20 [y ] = 2t Zag st Jas =0, (@)

) ap (ag,...,an) 5+n] 2 2 2

Ejy: ; e [1 +(=1) } =Za14 Zas+ —a5=0. (4.2)
Remembering that the numbering of coefficients stops at N = 2i = 4 (see
formula (2.9)) the rules (2.8) dictate ag = 1, a; = 0 and a3 = 0 while the
values of as and a4 remain unknown, to be determined by solving the system.
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From (2.5) and (2.2) one writes ay
2
1 _ _
a; =204 =2 kz inHszk {1 +(-1)° k} C s (—1)(2 R)/2 0
=0

— HyH, {1 + (71)2} Cy 2 (~1)*ag + HyHs {1 + (71)1} Crs (-0
+ HyH, {1 + (—1)0} Cy o (1) ay = —201,1 +2C1 90z = 2a5 — 2.
Proceeding in an analogous way one gets
as =4 Q311 = —4ag +4ay and a5 = 6 Q541 = —6ay.

Plugging these expressions into (4.1)—(4.2) one gets a system of two linear
equations

2 2 2
=(2a2 = 2) + Z (40> + daa) + 5(~60a4) =0,
Z(2 _2)+2(_4 +4 )+3(—6 )=0
7 az 9 a2 aq 11 as) =Y,
which leads to a; = —6 and as = 33/5. The polynomial w(z) from Equa-

tion (2.1) takes the form w(z) = V(1 — 2?)(1 — 622 4+ 332*). The computation
of the normalization constant (2.3) is straightforward

—1

[6/2] —1
2009, 2 2 2
_ = (20 -0 -0 =0
N ;Qnﬂ ( 0 3%t 3 4+76> ’
where we already know the values Qo = a9 — 1= -7, Q4 = a4 — as = 63/5 and

Q¢ = —aqg = —33/5. The value of Qg is

0
1 _ _
Qo = Z §HkH4—k {1 +(-1) k} Cr—ry2 (—1) M2y, = HoHyCrpag = 1.
k=2

Thus N = (2 - 4 4+ 126 %)71 = 32550 recovering the formula for witl(z).

The kernel function k(z) is obtained from w(z) as its dth derivative (Equa-
tion (1.4)).

Appendix C: List of weight and kernel functions

List of higher accuracy order weight and kernel functions. Kernel functions &
are to be used in formula (1.7), notation from the end of Section 2 is adopted.

o First derivative

W (2) = 3—2 (1-22) (1- 1a?), 42 (@) = % (72° - 5z)
OJ£4] (z) = % (1 - 112) (1 — 622 + %x‘l)’
kY (2) = —%02 (992 — 1262 + 35z) ,

Math. Model. Anal., 26(2):304-317, 2021.
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kL

T

k (8]

wgm]

I#O]

(r) =
(r) =
() =

i (@) =—

(2) =

() =

A. Liptaj

11025 143 143
—— (1-2%) (1 —112? + —at — —=2F
315 ;
512(715 — 12872° + 693z° — 105z) ,
218295 52 884 4199
1— 2 1772 78 4 PP 6 8
o5536 @) (- gt T8t - a4 mama),
3465 o : . ;
S376g (209952° — 4862027 + 386102° — 12012¢° + 1155),
2081079
1— 22
524288 ( )
3230 1615 7429
_ 2 4 6 8 10
x (1 —252” + 170z — + 3¢ 233 7 )
9009

131072(156009x11—-440895x9+461890x7

— 2187902° + 450452 — 3003x).

e Second derivative

o

(4]
2

kLY

A

k (6]

¥

(8]
2

[10]

() =
(z) =
(z) =

(z) =

5 (7)) =—

() =
() =

(z) =

o (1_1;2)2 (1—3332) W (@) = 5 (4500 = 420% +5)
AT25 (e (1= Ry 13
;;2(1001 6 — 14852* + 5672% — 35),
iiiif(147 2)? (14—13x24739x447221x6%
3465

4096(9945 8 —200202° + 128702* — 277222 + 105),

945945 2 , L 1292 o 323
262144( 2*)” (1 —202° + 102z T+ z%),

45045 0 N 6
Gonag (7461320 — 1889550° + 170170z
— 643502 4 900922 — 231),
4459455 2
1_2
To4s576 077
85 5 646 , o, 429 o 37U
- = 4 -7
x ( g+ — 646z 5 99:1:),
45045

524288(3380195x124—10296594x104—11904165x8

— 64664602° + 16409252% — 16216222 + 3003).

e Third derivative

o

(z) =

945 3o 1l oy oy, 945 5_g0,3
5 (1—2%)" (1 T ), k5 () =35 (772°—902° + 21z)

= 006 L= %)

11

10395 26 22

2 (1= Z2a? 4 132),
10395

5 (58527 — 10012 + 4952° — 63z)



Higher Accuracy Order in Differentiation-by-Integration 317

. 105105 3 323
w:[g] (x) = 39768 (1—-2%)" (1 —152° + 512" — ?xG),
45045
k9@0_4m6aW%x — 3978027 + 300302° — 85802° + 693z),
s, 2027025 o3 68 , 646 , 1202 o 7429 |
w' (@) =55 g (1707)" (1= gt =pmat = ==a 4 —=a),
135135
kf](x)::4—65536(676039x114—1865325x94k1889550x7
— 850850° + 1608752° — 9009z),

nol, 75810735 L.
ws " (*) = {g7mra1g (1= %)
95
x (1=72?+2662" — 8742° +
o]y _ 2297295

3 ()= Fooss
— 529074027 + 16166152° — 21879023 + 9009z).

10925 ¢ 6555 4,
o © )
(20648252 — 6760390z + 85804952°

e Fourth derivative

2079 13
wf] (x) = 1094 (1- x2) (1 - 3x2>

10395
K (2) = — —op (2732° — 385! 4 1350% — 7)
45045
w@@ﬂziEQZU—x%4u—1mﬁ+rmﬂ,
135135
kfi(x)::4561g7(8415m8——16380x6—%10010m4——1980m24—63L
- 225225 323 ;323
_ 1- 1— 1722
i (#) = Gaage 1 - @ )’ t5 )
135135
S () = — <igp (323323210 — 7994250° + 696150

— 2502502* + 3217522 — 693),
Wi (@) = zgizgif(1‘a2)4(17%§$2+Z§§m47}%§§x6*’2%§§I8%
K (z) = 23§;§2(4970875x124—14872858m104—16787925x8
— 8698200x° + 19675252 — 14175022 + 723),
W1 () — iﬁﬂiﬁﬁiﬁf (-2

x (1 — 3522 4 3222 — 11502° + 17252° —

43648605
1 [10] _
i+ (¥) = ~Toa8576
— 2574148525 +925879525-16166152* +1093952% — 1287).

)

(765382524 — 26842725212 4 3718214521°

10005 4,
11 "
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