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1 Introduction

Many physical processes, such as the vibration of strings, the interaction of
atomic particles, electrodynamics of complex medium, combustion in the cham-
ber of a liquid propellant rocket engine, aerodynamics, polymer rheology or
the earths free oscillations yields the second-order eigenvalue problems (see
[7,8,10,25]). Using the method of separation of variables to solve some kinds
of second order partial differential equations require us to solve equation

—u""(t) + q(t)u(t) = Mu(t), (1.1)

where the real-valued function ¢ € C[0,1]; A = s? is a complex spectral param-
eter and s = x +y; x,y € R.
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In this study we shall investigate nonlocal eigenvalue problems which consist
of Sturm-Liouville equation (1.1) on [0, 1], with one classical (local) boundary
condition

u(0) =0, (1.2)

another Bitsadze—-Samarskii type nonlocal boundary condition

u(l) =~u(§), §€(0,1), (1.3)

where v € R.

In some of problems of mathematical physics, biology and biotechnology
subsidiary conditions are imposed locally. Asymptotic formulas for eigenvalues
and eigenfunctions for these kinds of Boundary-Value Problems (BVPs) (the
case v = 0) are obtained in [1,2,9,13,14,16,19,26,27]. Asymptotic formulas for
eigenvalues and eigenfunctions for BVPs which contains a spectral parameter
in the local (classic) boundary conditions except from the differential equation
obtained in [9,19].

There has been an increasing interest for spectral analysis of nonlocal bound-
ary value problems (NBVPs) in the last decades. NBVPs are widely used for
mathematical modelling of various processes of physics, ecology, chemistry and
industry, when it is impossible to determine the boundary or initial values of
the unknown function. For example, problems with feedback controls such as
the steady-states of a thermostat, where a controller at one of its ends adds
or removes heat, depending upon the temperature registered in another point,
can be interpreted with a second-order ordinary differential equation subject to
a nonlocal boundary conditions. The bibliography on the subject of NBVPs is
very extensive and we refer to the list of the works in [6, 22,23, 24]. We should
also note that an eigenvalue problem with the nonlocal boundary conditions is
closely linked to boundary problems for differential equations with the nonlo-
cal boundary conditions [3,4,5,11,12,18]. However, until this time, there was
no work investigating asymptotic properties of eigenvalues and eigenfunctions
of the second order nonlocal boundary value problems with potential function
¢(z) in differential equation.

The paper is organized as follows. In Section 2, notation and definitions
used in the paper are stated. Also, we write the general solution of the (1.1)
corresponding to the initial conditions and prove the simplicity of eigenval-
ues. In Section 3, we investigate the distribution of eigenvalues and obtain
asymptotic formulas for eigenvalues and eigenfunctions of the boundary-value
problem (1.1)—(1.3). Later on, in the same section, we obtain more exact for-
mulas for eigenvalues and eigenfunctions under the condition ¢ € C'*[0, 1]. Also,
we calculate normalized eigenfunctions for the problem (1.1)—(1.3).

2 Fundamental solutions and simplicity of eigenvalues

In this section, first, we write the initial-value problem (1.1), (2.1) in terms
of equivalent integral equation and then construct structure of the solutions
of the initial-value problem (1.1), (2.1) and the space of these solutions. We
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see that any two solutions of the initial-value problem (1.1), (2.1) which are
linearly independent on [0, 1] form a fundamental system of solutions.
Let ws(t) be a solution of Equation (1.1) satisfying the conditions

we(0) =0, w.(0)=—1. (2.1)

According to [14, Theorem 1.1 in Chapter I], the initial conditions (2.1) deter-
mine a unique solution of Equation (1.1) on [0, 1]. The function w(t, s) = ws(t)
is an analytic function of s.

Remark 1. In this article s € C5 := R, UCF UC;, where Rs := Ry URF URY,
Ry ={s=z+weC:2=0y >0}, RF:={s=2+weC:2>0,y=0}
RO:={s=0},Cf={s=a24+weC:a2>0y>0}and C; = {s =
r+w€C: x>0, y<0}. Then a map A = s? is the bijection between C,
and Cy := C [24].

Lemma 1. Let wy(t) be a solution of Equation (1.1) with the initial conditions
(2.1). Then the following integral equation holds:

ws(t) = — ésin(st) + E /0 sin (s(t — 7)) q(7)ws (7)dr. (2.2)

S

Proof. Following [14], it is enough to substitute s?w,(7) + (ws)”(7) instead of
q(T)ws(7) in the integral in (2.2) and integrate by parts twice. O

Lemma 2. Let s € C,. Then there exists qo > 0 such that for |s| > 2qg one
has the estimate

ws(t) =O(s Lelvlt) (2.3)
and more precisely
ws(t) = — s L sin(st) + O(s2ellt). (2.4)
These estimates hold uniformly for 0 <t < 1.

Proof. Put wy(t) = ell*F(t). Then from (2.2) we obtain

F(t) = — ésm(st)efly\t + % /O sin (s(t — 7))e MEg(r)F(r)dr.  (2.5)

Let u = maxo<,<1 |F(7)| and g := fol |q(7)|dr. Then it follows from (2.5) that
p< sl + pls| ™ go-

So, we get
p< s 71— [s] 7 q0) (2.6)

under the condition that the denominator is positive. Namely, if |s| > 2¢go then
we get (2.3). Now, substituting (2.3) into the integral of (2.2) we obtain the
estimate (2.4). O

Math. Model. Anal., 26(2):253-266, 2021.



256 E. Sen and A. Stikonas

Lemma 3. Let s € C,. Then there exists qo > 0 such that for |s| > 2qo one
has the estimate

wi(t) =0(elvI") (2.7)
and more precisely

Wl (t) = — cos(st) + O(stelvlty. (2.8)

S

These estimates hold uniformly for 0 <t < 1.

Proof. Taking derivative with respect to ¢ in (2.2) we get
t
wi(t) = — cos(st) + / cos (s(t — 7)) q(7)ws (7)dr. (2.9)
0

Let us take qo = fol |g(T)|dT as in the previous lemma. If |s| > 2¢o then
1—|s|7tgo > |s|71qo, and we have (see (2.6))
e W wy(m)] < g5
Then from (2.9) we obtain
e It (1) = — e~ Wl cos(st)

+ /0 cos (s(t — 7'))e_|y|(t_7)q(7')e_|y|7ws(T)dT =0(1).

Namely, if |s| > 2go then we get (2.7). Now, substituting (2.3) into the integral
of (2.9) we obtain the estimate (2.8). O

Theorem 1. [see, Theorem 11.2.2 in [17]] In order that the functions wl(t) and
W2(t), solutions of the initial-value problem (1.1), (2.1) be linearly dependent

S
on [0,1] it is necessary and sufficient that

R

The algebraic multiplicity of the eigenvalue is its multiplicity as a root of
the characteristic polynomial.

We will say that geometric multiplicity of an eigenvalue of a boundary
value problem is the maximum number of linearly independent eigenfunctions
associated with the related eigenvalue. By the definition of eigenvalues and
eigenfunctions, geometric multiplicity of an eigenvalue is equal or greater than
one because each eigenvalue has at least one eigenfunction.

Theorem 2. The geometric multiplicity of eigenvalues of the problem (1.1)-
(1.3) is one.
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Proof. Let A\ = s? be an eigenvalue of the problem (1.1)-(1.3) and v4(t) be
corresponding eigenfunction. From (2.1) we have

vs(0) ws(0)
vi(0) wi(0)]

Thus, according to Theorem 1, the functions v, (t) and ws(t) are linearly de-
pendent on [0, 1]. Hence wy(t) is an eigenfunction for (1.1)—(1.3), too. O

0 0

Wvs, ws](0) = vs(0) -1

=0.

3 Spectral asymptotics for eigenvalues and eigenfunctions

In the case ¢(t) = 0, the spectrum of the Sturm-Liouville problem (1.1)—(1.3)
has countably many eigenvalues and all eigenvalues are positive for |y| < 1.

If |7] < 1 then all eigenvalues are algebraically simple. A unique negative

eigenvalue exists for v > % and A = 0 is eigenvalue if and only if v = %

Complex eigenvalues may exist for |y| > 1 [21].
Substituting ws(t) into (1.3), we get the characteristic equation

ws(1) = yws(€) = 0. (3.1)

We introduce a function
H(s) = —s(ws(1) — yws(€)). (3.2)

The set of eigenvalues of boundary-value problem (1.1)—(1.3) coincides with the
set {A: A =52 —H(s)/s = ws(1) — Yws(€) = 0}. The function H(s) is actually
an analytic function of s. Substituting (2.2) into (3.2) we get

H(s) =sins — /0 sin ((1 = 7)s)q(7)ws(T)dr
&
- fy<s1n(§$) - /0 sin ((€ — T)S)q(T)wS(T)dT). (3.3)

So, we have
H(s) =sins — ysin(£s) + O(sLel¥l). (3.4)

Remark 2. The formula
H'(s) = cos s — v cos(€s) + O(s~ eVl

is valid.

Theorem 3. The real eigenvalues of the problem (1.1)—(1.3) are bounded below.

Proof. Set H(\) :=*H(s). Let s =1y, y > 0. Then

H(-y?) =e¥(1— e 2 — 7el67D¥ 4 ye=(EFDY) 12 1 O(yLev).

It is clear that lim, .., H(—y?) = co. Then there exists a yo > 0 such that
H(—y?) # 0 for y > yo. Therefore we get H(\) # 0 for A < —y3. Accordingly,
A>—y¢. O
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Corollary 1. The number of negative eigenvalues of the problem (1.1)—(1.3) is
finite (maybe zero).

Theorem 4. The problem (1.1)~(1.3) has infinitely many (countable) positive
eigenvalues for |y| < 1.

Proof. 'We consider s = z, 0 < z € R. We have |ysin(éz) + O(z71)| < 1 for
large 2. The function sin z takes its local maximum points at My, = (2k—3/2)m,
k € N, and its local minimum points at my = (2k — 1/2)m, k € N. Thus, from
Intermediate value theorem at least one root of the function H(z) lies in each
interval ((k —1/2)m, (k+1/2)7), K < k € N for large K. So, we have infinite
(countable) number roots of equation H(z) =0. O

Corollary 2. The function H has at least one positive root in the interval ((k —
1/2)m, (k+1/2)x).

Remark 3. The function h has the same property, but the root in the interval
((k —1/2)7, (k + 1/2)x) is unique for |y| < 1 [24]. We can write the roots of
(3.6) as x, = xx(vy) = mk + fr(7) where the analytic function fi () is bounded
(Ifk(| < 7/2) and £;,(0) = 0.

Let us consider the equation
—u"(t) = Au(t) (3.5)

with the boundary conditions (1.2)—(1.3). The characteristic equation of Equa-
tion (3.5) is
h(s) :=sins — ysin(&s) = 0, (3.6)

where A = s?, s € C,. This equation was investigated in [15,21]. For |y| < 1,
Equation (3.6) has infinite (countable) number positive simple roots zy, k € N.
These roots we can find by solving equation

h(z) =sinx —ysin(fx) =0, z€eR. (3.7)

Between two roots of this equation there exists point & € (z, 2x+1) such that
B (Zr) = 0, i.e. the root of equation cosz — v& cos(&x).

Lemma 4. Let |[y| <1,0< ¢ <1, >0. Ifsinx — &P sin(éx) = 0 then there
exists k > 0 such that | cosz| — |7y|| cos(€x)| > k > 0.

Proof.  Let take p such that 0 < p < 1 (for example, we can take p = 1/2). If

a:=+/1—p? then 0 < @ < 1.

We will consider three possible cases:

1) sinz = 0;
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2) |sinz| > p or equivalently |cosz| <
3) 0 < |sinz| < u or equivalently |cosz| > a.

Case 1. If sinz = 0 then we have |cosz| = 1. Thus we obtain that
|cosz| — ||| cos(éx)| > 1 — |y| =: k1 > 0.

Now let us assume that sinz # 0. Then we have sin(€x) # 0 and v # 0. So,
we have 0 < [sinz/sin(éz)| = [y[€# =1 —¢, where ¢ := 1 — |y[¢F, 0 < e < 1.
Therefore, we obtain sin® z = sin®(¢x)(1 — £)? or

cos? & = cos?(&x) + (2 — ¢) sin®(€x) > cos?(éx) + esin?(Ex). (3.8)
By (3.8), it follows that |cosz| > | cos(éx)| and the following inequalities
0 < |cosz| — |cos(éx)| < |cosz| — ||| cos(§x)] (3.9

are valid for Case 2 and Case 3.
Case 2. Let us take ko := eu?/3 > 0. Since 0 < ko < 1 and |sin(éx)| >
| sin x|, then we get

esin?(&x) > esin® x > ep® = 3ky > 2Ky + K3 > 2k cos(éx)| + K3, (3.10)
Thus, by (3.8) and (3.10), it follows that
cos? & > cos?(€x) + 2ka| cos(éx)| + k2 = (| cos(Ex)| + ko)?

or |cosz| > |cos(éx)| + k. So, we have | cosz| — |cos(éx)| > k2 > 0. Thus, by
(3.9), we prove |cosz| — ||| cos(éx)| > ke > 0.
Case 3. Let us denote k3 := (1 — |y])a. By (3.9), it follows that

[cosa| - 7| cos(€)| > (1 — |7])] cos| > g > 0.

Consequently, if we choose k£ = min{x1, k2, k3} > 0 then we have | cosz| —
[v||cos(x)| > k> 0. O

Since |cosxzy — yEcos(Exy)| > |cosap| — ||| cos(€xk)| we get the following
corollary.

Corollary 3. Let xy be a root of Equation (3.7). Then there exists k£ > 0 such
that | cosxy — y€ cos(€xy)| > k > 0 for all k € N.

Lemma 5. Let |y| <1,0< &< 1, 3>0. Ifcosz —vEP cos(éx) = 0 then there
exists k > 0 such that |sinz| — |v||sin(z)| > & > 0.

The proof of this lemma is similar to the proof of Lemma 4. From inequality
|sinz — ysin(éx)| > |sinz| — ||| sin(€x)| we get the following corollary.

Corollary 4. Let Zy be a root of equation cosx — v€ cos(§x) = 0. Then there
exists & > 0 such that |sinZy — vsin(£Zg)| > & > 0 for all k.

Remark 4. Lemma 4 and Lemma 5 are valid for 8 = oo (in this case &% = 0).

Math. Model. Anal., 26(2):253-266, 2021.
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Corollary 5. Let © = ay, :== (k+1/2)7, k € N (in this case cosar = 0). Then
there exists % > 0 such that |sinag| — ||| sin(€ax)| > & > 0 for all k.

Let us denote Dy, = {s : |z| < ar = (k + 1/2)7,|y| < ax}, Dj = D NCq,
k € N, and a contour I} = 9D, N C,. Then we have |s| > 37/2 on I, k € N.
The corresponding contour I'; in the the plane Cy will be the boundary of the
domain D;.
Lemma 6. Let |y| < 1. Then there exists ¢1 > 0 such that all eigenvalues of
the problem (1.1)~(1.3) in the domain {s € Cy: |s| > q1} are positive.

Proof.  On the vertical part of contour s = ax + 1wy, y € [—ax, ax], Reh(s) =
sin ay, cosh y — v sin(€ay ) cosh(€y). We estimate

|h(s)| >|Reh(s)| > |sinay|coshy — |v||sin(&ax)| cosh(&y)
> (|sinax| — || sin(€ax)]) coshy.

Using Corollary 5 we get |h(s)| > &coshy > Ajel¥!| where A; > 0. On the
remaining part of contour y = +ay, 0 < x < ai. From formulas

|sins| = \/sinhzy +sin® x = \/cosh2y —cos?z

we have
|sins| > sinh|y|, |sinh(&s)| < cosh(&y).

So,
[h(s)] = sinh |y| — 1| cosh(€y) > sinh |y| — cosh(&y).

Consider a function f(y) := (sinh |y| — cosh(&y))e Y, for y € [0,+00). It
easy to see, that exist y.(¢) > 0 such that f(y) > 1/4. So, |h(s)| > el¥!/4 for
ly| > y.. Finally, taking A = min{A;,1/4}, we have |h(s)| > Ael¥! on I}, for
sufficiently large k.

From formula (3.4) H(s) = h(s) + ho(s) where ho(s) = O(s~'el¥l). Hence,
we have |ho(s)| < c1]s|7tel¥l < Ael¥l < |n(s)| on the contours I, for sufficiently
large k. Therefore, by Rouché theorem it follows that the number of zeros of
H = h+ hg and h are the same inside [}, for sufficiently large k.

In the domain between contours I'x_1 and [} there is exactly one positive
root of the function h (see Remark 3). The function H has one root in this
domain for sufficiently large k. But interval ((k—1/2)7, (k+1/2)7) belongs to
this domain. So, the single root of H in this domain is positive (see Corollary 2).
O

We can enumerate the zeros of H as si, k € N. The first zeros can be
complex numbers or not simple. From Lemma 6 we have that s; are positive
for sufficiently large k. Now we will investigate the distribution of these pos-
itive eigenvalues of the problem (1.1)—(1.3) and we leave out the note about
sufficiently large k.

Now we consider only real positive s = > 0. In this case formula (3.4)
may be rewritten in the form

H(s) =h(s) + O(s7'), h(s)=sins — ysin(¢s) (3.11)
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and
H'(s) = cos s — & cos(€s) + O(s™ ). (3.12)

Since zy, sk € ((k—1/2)7, (k +1/2)7), we have
sp ~ x ~ 7k (as k — 00).

Let us denote §, = s — x. The functions H and h are analytic. So, from
(3.12) and H(s) = 0 we have

sp=ar+o(l) or & =o(l) (ask — 00).

From (2.4) we get the equality

ws(t) = + O(s72). (3.13)
Theorem 5. Let ¢ € C[0,1] and |y| < 1. For eigenvalues A\, = si and eigen-

functions uy of the problem (1.1)—(1.3) the asymptotic formulas

sin(zyt)

sp=ap +OY), wp(t) = +O(k™?)

Tk
are valid for sufficiently large k.
Proof. Substituting sy = xj + 5 into (3.12) we obtain
sinay, — ysin(€ay) + (cosay, — € cos(€ay)) ok + O(6;) = O(k™).
Since sinxy — ysin(€xy) = 0 we rewrite this equality as
(coszy, — € cos(éxy) + O(6y)) 0 = O(k™H).

Thus, by Corollary 3 we get 0, = O(k~1).
Substituting s, = xzx + dx into equality (3.13), we find the asymptotic
formula

_ sin ((fk + 5k)t)

up(t) = wa, () = Y Ok™)
_ snlot) _ awteostant) = sml) s 4 o(62) + 0k
T Ly,
- _ M + O(k72).
Tk

0

Remark 5. Normalized eigenfunctions are
vp(t) = V2sin(zgt) + O(E™1).
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Under the condition that ¢ € C1[0,1] the more exact asymptotic formulas
may be obtained. In this case the following formulas

/ q(7) cos(2s7)dr = O(s71), / q(7)sin(2s7)dr = O(s™1) (3.14)
0 0

are valid for t € [0,1] [14]. Let Q(t) = %fot g(T)dr. It is obvious that the
function Q(¢) is bounded for 0 < ¢ < 1.
Substituting the expression (3.13) into the integrals in (2.2) we have

ws(t) = — %Sin(st) + W

~ cos(st)

5 / cos(2s7)q(t)dr
0

_ sin(st)

5 /0 sin(2s7)q(t)dr + O(s™?).

S S

Using the formula (3.14) formulas we derive

Q(t) cos(st)

2

we(t) = —% sin(st) + +0(s7?). (3.15)

Then we have asymptotic formula

Q1) cos s — yQ(&) cos(&s)

S

H(s) =sins — ~ysin(s§) — +0(s72). (3.16)

Let us denote

Q(1) cos's — 1Q(€) cos(€s)

Quls) = @(s7:8) 1= = e

. For eigenvalues N\, = s3 and

Theorem 6. Let ¢ € C'[0,1] and |y| < 1
.3) the asymptotic formulas

eigenfunctions uy, of the problem (1.1)—(

sk = o + Q1) + O(k™?),

sin(zyt) cos(zyt)

+(Q(t) — tQ1 (x4)) —5— + O(k™?) (3.17)

Tk Ty

up(t) =
are valid for sufficiently large k.

Proof. Substituting sy = xj + J5 into (3.16), we have
Q(1) cos v, — yQ(€) cos(Exy)

xy,
+ (cosag — € cos(Exy) + (Q(1) sinzy — ¥EQ(E) sin(Exy) )y, ')k
+O(2) = O(k2).

sin g, — ysin(€xy) —

Since sinzy — v sin(£xy) = 0 we rewrite this equality as

(COS T — ,chos(gxk) + O(kfl))ék _ Q(l) COS Tk _w’lQ(f) COS(ka) + O(kiz)
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or

Q1) cosai Q) costEme) | gy 2y _ Qulrn)

6 =
F zp (cosxy — vE cos(Ex)) Tk

+O(k™3).

Now, we are ready to obtain a sharper asymptotic formula for the eigenfunc-
tions. Substituting sx = x + Jdx into (3.15), we have

_ sin(zxt) n Q(t) cos(xxt)  tcos(wxt)

) E=3).
Tk z3 Tk kO™

uk(t) =
Since 8y = Q1 (zx)zy, " + O(k~2) we derive (3.17). O

Remark 6. To obtain this asymptotic expansion for the normalized eigenfunc-

tions vg(t) = —a; ug(t) let us consider the integral
1 1t
a; :/ ui(t)dt = 72/ sin? (zpt)dt
0 Ty Jo

1 1
+i4/ cosz(a;kt)(Ql(a;k))Zt?dt+mig/ Q1 (zp)tsin(2zt)dt + O(k™)
0 k J0

L,

1 1 . _
:%(1 T sin(2zy,) + O(k™?)).

Thus, the normalizing coeflicients
1
ol = \@zk(l + —sin(2zx) + O(k™?)).
4:L‘k
Then we have

cos(zxt)

o (t) =V2(sin(zxt) — (Q(t) — tQ1(z1)) T O(k~2))
x (14 73111452’“) +O(k72)).

So, normalized eigenfunctions are

v (t) =V2sin(zt)
V3 0.25 sin(2zy,) sin(zt) — (Q(t) — tQ1(wk)) cos(zyt)

T,

+O(k™?).

Remark 7. Assuming that ¢ € C?[0, 1], one can prove a more precise asymptotic
formula

Sp = Tk + Ql(l‘k)l‘lzl + Qg(xk)m,f + O(k‘_g).
Here @5 is a bounded function.
Remark 8. In the case of v = 0 we get the classical case and for sufficiently
large k, again, under the condition that ¢ € C[0, 1] we have the formulas

sin(kmt)

sp=kn 4+ O™, ur(t) = -

+O(k™?),

Math. Model. Anal., 26(2):253-266, 2021.



264 E. Sen and A. Stikonas

and under the condition that ¢ € C'[0,1] we have the formulas

sp = km+ % +O(k™?),
_ sin(kmt)

km

cos(kmt)

k27T2 + O(k73)

uk(t) = +(Q(t) —tQ(1))

for eigenvalues and eigenfunctions, respectively [14].

4 Conclusions

In this paper, the spectrum and asymptotic formulas of eigenfunctions for
Sturm-Liouville problem with one Bitsadze—Samarskii type nonlocal boundary
condition was investigated. The results obtained in this work can be extended
to differential equations with retarded argument [20]. Furthermore, asymp-
totics of eigenvalues and eigenfunctions of the same differential equation but
with different boundary conditions such as integral boundary conditions can
be also investigated.

Acknowledgements

The first author was supported by the 2219 Program under the number of
1059B191700509 of The Scientific and Technological Research Council of Turkey
(TUBITAK). The authors appreciate anonymous reviewers for their construc-
tive suggestions.

References

[1] K. Aydemir and O.Sh. Mukhtarov. Asymptotic distribution of eigenvalues and
eigenfunctions for a multi-point discontinuous Sturm—Liouville problem. FElec-
tron. J. Differential Equations, 2016(131):1-14, 2016. Available from Internet:
https://ejde.math.txstate.edu/Volumes/2016/131/aydemir.pdf.

[2] K. Aydemir and O.Sh. Mukhtarov. Class of Sturm-Liouville problems with
eigenparameter dependent transmission conditions. Numer. Funct. Anal. Optim.,
38(10):1260-1275, 2017. https://doi.org/10.1080/01630563.2017.1316995.

[3] S.A. Beilin. Existence of solutions for one-dimensional wave equations with
nonlocal conditions. Electron. J. Diff. Eqns., 2001(76):1-8, 2001. Available from
Internet: https://ejde.math.txstate.edu/Volumes/2001/76/abstr .html.

[4] K. Bingelé, A. Bankauskien¢ and A. Stikonas. Spectrum curves for a discrete
Sturm—Liouville problem with one integral boundary condition. Nonlinear Anal.
Model. Control, 24(5):755-774, 2019. https://doi.org/10.15388/NA.2019.5.5.

[5] K. Bingele, A. Bankauskien¢ and A. Stikonas. Investigation of spec-
trum curves for a Sturm-Liouville problem with two-point nonlo-
cal boundary conditions. Math. Model. Anal., 25(1):53-70, 2020.
https://doi.org/10.3846/mma.2020.10787.

[6] R. Ciegis, A. Stikonas, O. Stikoniené and O. Subo¢. Stationary Problems
with Nonlocal Boundary Conditions. Math. Model. Anal., 6(2):178-191, 2001.
https://doi.org/10.3846,/13926292.2001.9637157.


https://ejde.math.txstate.edu/Volumes/2016/131/aydemir.pdf
https://doi.org/10.1080/01630563.2017.1316995
https://ejde.math.txstate.edu/Volumes/2001/76/abstr.html
https://doi.org/10.15388/NA.2019.5.5
https://doi.org/10.3846/mma.2020.10787
https://doi.org/10.3846/13926292.2001.9637157

Asymptotic Distribution of Figenvalues and Figenfunctions 265

[7] R. Courant and D. Hilbert. Methods Of Mathematical Physics, vol. 1. Inter-
science, New York, 1953.

[8] L. Crocco and S. Chang. Theory of combustion instability in liquid propellant
rocket motors. Butterworths, London, 1956.

[9] C.T. Fulton. Two-point boundary value problems with eigenvalue parameter
contained in the boundary conditions. Proc. Edinb. Math. Soc. A, 77(3-4):293~
308, 1977. https://doi.org/10.1017/S030821050002521X.

[10] F. Gesztesy and W. Kirsch. One-dimensional schrdinger operators with inter-
actions singular on a discrete set. J. Reine Angew. Math., 362:28-50, 1985.
https://doi.org/10.1515/crll.1985.362.28.

[11] G. Infante. Eigenvalues of some mnonlocal boundary-value prob-
lems. Proc. Edinb. Math. Soc. (Series 2), 46:75-86, 2003.
https://doi.org/10.1017/S0013091501001079.

[12] N.I. Ionkin and E.A. Valikova. On eigenvalues and eigenfunctions of a non-
classical boundary value problem. Matem. Mod., 8(1):53-63, 1996. (in Russian)

[13] A.G. Kostyuchenko and I.S. Sargsjan. Distribution of eigenvalues. Selfadjoint
ordinary differential operators. Nauka, Moscow, 1979. (in Russian)

[14] B.M. Levitan and I.S. Sargsjan. Sturm—Liouville and Dirac operators. Kluwer,
Dordrecht, 1991.

[15] V. Mityushev and P.M. Adler. Darcy flow around a two-dimensional
permeable lens. J. Phys. A: Math. Gen., 39(14):3545-3560, 2006.
https://doi.org/10.1088,/0305-4470/39/14/004.

[16] O.Sh. Mukhtarov, H. Olgar and K. Aydemir. Resolvent operator and spec-
trum of new type boundary value problems. Filomat, 29(7):1671-1680, 2015.
https://doi.org/10.2298 /FIL1507671M.

[17] S.B. Norkin. Differential equations of the second order with retarded argument,
Translations of Mathematical Monographs, volume 31. AMS, Providence, RI,
1972.

[18] S. Roman and A. Stikonas. Green’s functions for stationary problems
with nonlocal boundary conditions. Lith. Math. J., 49(2):190-202, 2009.
https://doi.org/10.1007 /s10986-009-9041-0.

[19] E. Sen and A. Bayramov. Calculation of eigenvalues and eigenfunctions of a
discontinuous boundary value problem with retarded argument which contains a
spectral parameter in the boundary condition. Math. Comput. Modelling, 54(11—
12):3090-3097, 2011. https://doi.org/10.1016/j.mcm.2011.07.039.

[20] E. Sen and A. Stikonas. Computation of eigenvalues and eigenfunctions of a non-
local boundary value problem with retarded argument. Complex Var. Elliptic
Equ., pp. 1-16, 2021. https://doi.org/10.1080/17476933.2021.1890054. (Online
First)

[21] A. Stikonas. The Sturm-Liouville problem with a nonlocal boundary condition.
Lith. Math. J.,47(3):336-351,2007. https://doi.org/10.1007/s10986-007-0023-9.

[22] A. Stikonas. Investigation of characteristic curve for Sturm-Liouville problem
with nonlocal boundary conditions on torus. Math. Model. Anal., 16(1):1-22,
2011. https://doi.org/10.3846,/13926292.2011.552260.

[23] A. Stikonas. A survey on stationary problems, Green’s functions and spectrum
of Sturm—Liouville problem with nonlocal boundary conditions. Nonlinear Anal.
Model. Control, 19(3):301-334, 2014. https://doi.org/10.15388/NA.2014.3.1.

Math. Model. Anal., 26(2):253-266, 2021.


https://doi.org/10.1017/S030821050002521X
https://doi.org/10.1515/crll.1985.362.28
https://doi.org/10.1017/S0013091501001079
https://doi.org/10.1088/0305-4470/39/14/004
https://doi.org/10.2298/FIL1507671M
https://doi.org/10.1007/s10986-009-9041-0
https://doi.org/10.1016/j.mcm.2011.07.039
https://doi.org/10.1080/17476933.2021.1890054
https://doi.org/\protect \kern -.1667em\relax 10.1007/s10986-007-0023-9
https://doi.org/10.3846/13926292.2011.552260
https://doi.org/10.15388/NA.2014.3.1

266 E. Sen and A. Stikonas

[24] A. Stikonas and O. Stikoniené. Characteristic functions for Sturm-Liouville
problems with nonlocal boundary conditions. Math. Model. Anal., 14(2):229—
246, 2009. https://doi.org/10.3846,/1392-6292.2009.14.229-246.

[25] A.L. Sherstyuk. Problems of Theoretical Physics. Leningrad. Gos. Univ.,
Leningrad, 1988.

[26] E.C. Titchmarsh. Eigenfunction expansions associated with second-order differ-
ential equations. Clarendon Press, Oxford, 1946.

[27] Z. Zheng, J. Cai, K. Li and M. Zhang. A discontinuous Sturm-Liouville problem
with boundary conditions rationally dependent on the eigenparameter. Bound.
Value Probl., 2018:103.1-15, 2018. https://doi.org/10.1186/s13661-018-1023-x.


https://doi.org/10.3846/1392-6292.2009.14.229-246
https://doi.org/10.1186/s13661-018-1023-x

	Introduction
	Fundamental solutions and simplicity of eigenvalues
	Spectral asymptotics for eigenvalues and eigenfunctions
	Conclusions
	References

