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Abstract. A hybrid convergent method of tenth-order is presented in this work for
directly solving fifth-order boundary value problems in ordinary differential equations.
A unique direct block approach is obtained by combining multiple Finite Difference
Formulas which are derived via the collocation technique. The proposed method is
fully analyzed and the existence and uniqueness of the discrete solution is established.
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provided by existing works in the literature. The comparison shows the good perfor-
mance of the present method over some cited works in the literature, confirming the
competitiveness and superiority of the new numerical integrator.
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1 Introduction

This paper considers the direct numerical solution of fifth-order BVPs of the
form 

y(5) = f
(
x, y, y′, y′′ y′′′, y(4)

)
, x ∈ [a, b]

y(a) = α0, y(b) = β0,
y′(a) = α1, y′(b) = β1,
y′′(a) = α2.

(1.1)
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where α0, α1, α2, β0 and β1 are real constants, and f is assumed to be a
continuous function on a prescribed domain of interest. Problems of this na-
ture usually arise in the mathematical modelling of viscoelastic flows, induction
motor and different aspects of mathematical, physical and engineering sciences
(see, [5, 16, 18]). The theorems that provide the conditions for existence and
uniqueness of solutions of the boundary value problems of type (1.1) are ex-
tensively discussed in [1].

As it is usually difficult or impossible to obtain exact solutions for this type
of problem, the approximation is made by applying semi-analytical methods
such as Adomian decomposition, spline method, variational iterative method,
septic spline method, Legendre-homotopy method and others (see, [2, 3, 5, 13,
14, 15, 16, 18, 19]). Caglar et al. [3] presented a method for solving fifth-order
boundary value problems where they adopted an approximation by a sixth-
degree B-spline function and exhibited a first order convergence. Wazwaz [18]
applied Adomian and modified Adomian decomposition methods to deal with
it, while Siddiqi and Akram presented a sixtic spline method with second or-
der convergence. Zhang [19] proposed a variational iteration method as an
improvement over Adomian and six-degree B-spline methods in [3] and [18].

In this work, a tenth-order block method for directly solving a fifth-order
boundary value problem which is assumed to have a unique solution within
the integration interval is presented. To develop the method, the solution is
sought on an interval of the form [xn, xn+2], with inclusion of two intermediate
points. To further improve the order and the stability of the method, we
have considered sixth derivative terms. This resulted into a method that is
of uniform tenth theoretical order which is capable of handling directly the
solution of equations of the type in (1.1).

The rest of this paper is arranged as follows: in Section 2, the development
of the proposed method is presented. The characteristics of the method are
discussed in Section 3, while in Sections 4 and 5, the implementation details and
some numerical examples are reported. Finally, some conclusions are presented
in Section 6.

2 Development of the method

The usual practice in many numerical methods for obtaining an approximate
solution for the equation of type (1.1) is to assume that its solution y(x) can
be approximated by a polynomial p(x). The discrete numerical approximation
of the problem is considered on an interval [a, b] with a set of grid points
{a = x0 < x1 < · · · < xN = b}, and a constant step size h = xi+1 − xi, i =
0, 1, . . . , N − 1. To derive the method, let us consider a generic two-block
subinterval [xn, xn+2] and assume that the theoretical solution to (1.1) is ap-
proximated here by a polynomial of the form:

y(x) ≈ p(x) =

14∑
r=0

arx
r, (2.1)



On Fifth-Order BVPs 269

where ar, r = 0, 1, . . . , 14, are parameters to be determined. These parameters
are uniquely obtained by imposing the following conditions:

p(i)(xn) = y(i)
n , i = 0, 1, 2, 3, 4, (2.2)

p(5)(xn+ ī
2
) = fn+ ī

2
, ī = 0, 1, 2, 3, 4, (2.3)

p(6)(xn+ ī
2
) = gn+ ī

2
, ī = 0, 1, 2, 3, 4, (2.4)

where fj , gj are respectively the approximations at the corresponding grid

points of f
(
x, y, y′, y′′, y′′′, y(4)

)
and g(x, y, y′, y′′, y′′′, y(4)) =

df(x,y,y′,y′′,y′′′,y(4))
dx .

The successive derivatives of (2.1) are obtained to be

y′(x) ≈ p′(x) =

14∑
r=1

D1,r arx
r−1, y′′(x) ≈ p′′(x) =

14∑
r=2

D2,r arx
r−2, (2.5)

y′′′(x) ≈ p′′′(x) =

14∑
r=3

D3,r arx
r−3, y(4)(x) ≈ p(4)(x) =

14∑
r=4

D4,r arx
r−4,

y(5)(x) ≈ p(5)(x) =

14∑
r=5

D5,r arx
r−5, y(6)(x) ≈ p(6)(x) =

14∑
r=6

D6,r arx
r−6,

where Dj,r =
j−1∏
s=0

(r − s), j = 1, 2, . . . , 6. We impose the conditions given in

(2.2)–(2.4) using the approximations in (2.1) and (2.5).This leads to a system
of linear equations that can be expressed in matrix form as

WA = F, (2.6)

where

W =



1 xn x2
n x3

n x4
n x5

n x6
n . . . xkn

0 1 2xn 3x2
n 4x3

n 5x4
n 6x5

n . . . D1,kx
k−1
n

0 0 2 6xn 12x2
n 20x3

n 30x4
n . . . D2,kx

k−2
n

0 0 0 6 24xn 60x2
n 120x3

n . . . D3,kx
k−3
n

0 0 0 0 24 120xn 360x2
n . . . D4,kx

k−4
n

0 0 0 0 0 120 720xn . . . D5,kx
k−5
n

...
...

...
...

...
...

...
...

...

0 0 0 0 0 120 720xn+2 . . . D5,kx
k−5
n+2

0 0 0 0 0 0 720 . . . D6,kx
k−6
n

...
...

...
...

...
...

...
...

...

0 0 0 0 0 0 720 . . . D6,kx
k−6
n+2



,

A =
(
a0, a1, a2, a3, a4, a5, . . . , ak

)T
,

F =

(
yn, y

′
n, y

′′
n, y

′′′
n , y

(4)
n , fn, fn+ 1

2
, . . . , fn+2, gn, gn+ 1

2
, . . . , gn+2

)T

,

being k = 14. Now we proceed by solving (2.6) to get the parameters ar’s using
Gaussian elimination with the aid of the CAS Mathematica. These values are
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then substituted into (2.1) and after some simplification yields a continuous
representation of the approximating polynomial in the form:

p(x) =

4∑
ī=0

αī(x)y(̄i)
n hī + h5

4∑
ī=0

βī(x)fn+ ī
2

+ h6
4∑

ī=0

γī(x)gn+ ī
2
, (2.7)

where αī(x), βī(x) and γī(x), ī = 0(1)4, are continuous coefficients and h
is the fixed step-size. We do not present here these coefficients as they are
cumbersome expressions, and can be easily obtained with a CAS.

2.1 Main formulas

We obtained the main members of the tenth-order block method by substituting
the values of αī(x), βī(x), γī(x), i = 0(1)4 in (2.7) and evaluating p(xn + īh

2 )

to get approximations for y(xn + īh
2 ), ī = 1, 2, 3, 4. The resulting formulas

are as presented in Table 1 alongside the additional formulas.

2.2 Additional formulas

In order to obtain the necessary additional formulas to form the block method,
we consider the first, second, third and fourth derivatives of p(x) in (2.7) and

then evaluate p(i)(xn+ īh
2 ) to get approximations for y(i)(xn+ īh

2 ), ī = 1, 2, 3, 4.
A total of sixteen additional formulas are obtained which shall be combined as
a block for numerically solving BVPs of the type in (1.1). All the formulas are
schematically presented in Table 1 below.

3 Characteristics of the method

3.1 Local truncation error and order

Suppose y(x) is a sufficiently differentiable function which is the true solution
of (1.1). The linear difference operators associated with the formulas in Table 1
are given as

L i
2

[y(x);h] ≡ y(x+
i

2
h)−

[ 4∑
m=0

αm(x+
i

2
h)y(m)(x)hm

+ h5
4∑

m=0

βm(x+
i

2
h)y(5)(x+

i

2
h)+h6

4∑
m=0

γm(x+
i

2
h)y(6)(x+

i

2
h)
]
, (3.1)

where i = 1(1)4. The Taylor’s series expansion of (3.1) around x yields the
truncation errors of the form
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4
5
5

h
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0
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h

2
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h

2
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1
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h
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h
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0

0
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h

2

8
9
6
0

6
8
1
3
h
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3
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h
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0

0
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1
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h

6
3
5
3
h

2
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h
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h
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h
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h
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0

0
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+
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0
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L i
2

[y(x);h] = č0y(x)+č1hy
′(x)+č2h

2y′′(x)+ . . .+čjh
jy(j)(x) +O

(
hj+1

)
,

where čj are constants. If the first p + 5 constants are equal to zero, which
means that č0 = č1 = č2 = . . . = čp+4 = 0, and čp+5 6= 0, this implies that

L i
2

[y(x);h] = čp+5h
p+5yp+5(x) +O

(
hp+6

)
,

where p and čp+5 are respectively known as the order and local principal error
constant of the corresponding formula (see [4, 6, 9, 10]). The local truncation
errors and the principal error constants of the main formulas are obtained to
be:

L 1
2

[y(x);h] = 107831
257099242143744000 y

(15) (x)h15 +O
(
h16
)
,

L1 [y(x);h] = 11
713276928000 y

(15) (x)h15 +O
(
h16
)
,

L 3
2

[y(x);h] = 1773
16793993216000 y

(15) (x)h15 +O
(
h16
)
,

L2 [y(x);h] = 193
490377888000 y

(15) (x)h15 +O
(
h16
)
.

For the additional formulas, the local truncation errors can be obtained in a
similar manner. It results that the formulas are of theoretical order p = 10.

3.2 Convergence analysis

In this section, the convergence analysis of the proposed method, which will be
named in short BDM5, is addressed.

Definition 1. (see [11]) Let y(x) be the theoretical solution of (1.1) and
{yj}j∈J be the approximate solution at the grid points obtained by adopt-

ing BDM5, that is yj ' y(xj). BDM5 is to be of pth− theoretical order of
convergence if for h sufficiently small, there exists a constant k independent of
h such that

max
j∈J
||y(xj)− yj || ≤ khp.

This implies that

max
0≤j≤N

||y(xj)− yj || → 0 as h→ 0.

The convergence of the proposed method will be established by expressing the
main and additional formulas in matrix form adopting the following notations.
Let M̄ be a 10N × 10N matrix defined as

M̄ =


m11 m12 m13 m14 m15

m21 m22 m23 m24 m25

m31 m32 m33 m34 m35

m41 m42 m43 m44 m45

m51 m52 m53 m54 m55

 ,

where
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m11 =



1 0 0 0 0 0 0 0 . . . 0 0 0 0
0 1 0 0 0 0 0 0 . . . 0 0 0 0
0 0 1 0 0 0 0 0 . . . 0 0 0 0
0 0 0 1 0 0 0 0 . . . 0 0 0 0
0 0 0 −1 1 0 0 0 . . . 0 0 0 0
0 0 0 −1 0 1 0 0 . . . 0 0 0 0
0 0 0 −1 0 0 1 0 . . . 0 0 0 0
0 0 0 −1 0 0 0 1 . . . 0 0 0 0
...

...
...

...
. . . . . .

...
0 0 0 0 0 0 0 0 . . . −1 1 0 0
0 0 0 0 0 0 0 0 . . . −1 0 1 0
0 0 0 0 0 0 0 0 . . . −1 0 0 1
0 0 0 0 0 0 0 0 . . . −1 0 0 0



,

m12 = h



0 0 0 0 0 0 0 0 . . . 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0
0 0 0 − 1

2
0 0 0 0 . . . 0 0 0 0

0 0 0 −1 0 0 0 0 . . . 0 0 0 0
0 0 0 − 3

2
0 0 0 0 . . . 0 0 0 0

0 0 0 −2 0 0 0 0 . . . 0 0 0 0
...

...
...

...
. . . . . .

...
...

...
...

0 0 0 0 0 0 0 0 . . . − 1
2

0 0 0
0 0 0 0 0 0 0 0 . . . −1 0 0 0
0 0 0 0 0 0 0 0 . . . − 3

2
0 0 0

0 0 0 0 0 0 0 0 . . . −2 0 0 0



,

m13 = h2



0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 − 1

8
0 0 0 0 . . . 0 0 0 0 0

0 0 0 − 1
2

0 0 0 0 . . . 0 0 0 0 0
0 0 0 − 9

8
0 0 0 0 . . . 0 0 0 0 0

0 0 0 −2 0 0 0 0 . . . 0 0 0 0 0
...

...
...

...
. . . . . .

...
...

...
...

...
0 0 0 0 0 0 0 0 . . . − 1

8
0 0 0 0

0 0 0 0 0 0 0 0 . . . − 1
2

0 0 0 0
0 0 0 0 0 0 0 0 . . . − 9

8
0 0 0 0

0 0 0 0 0 0 0 0 . . . −2 0 0 0 0



,
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m14 = h3



− 1
48

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
− 1

6
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0

− 9
16

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
− 4

3
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 − 1
48

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 − 1

6
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 − 9
16

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 − 4

3
0 0 0 0 . . . 0 0 0 0 0

...
...

...
...

. . . . . .
...

...
...

...
...

0 0 0 0 0 0 0 0 0 . . . − 1
48

0 0 0 0
0 0 0 0 0 0 0 0 0 . . . − 1

6
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . − 9
16

0 0 0 0
0 0 0 0 0 0 0 0 0 . . . − 4

3
0 0 0 0



,

m15=h4



−1
384

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
−1
24

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
−27
128

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
−2
3

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 −1

384
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 −1
24

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 −27

128
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 −2
3

0 0 0 0 . . . 0 0 0 0 0
...

...
...

...
. . . . . .

...
...

...
...

...
0 0 0 0 0 0 0 0 0 . . . −1

384
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . −1
24

0 0 0 0
0 0 0 0 0 0 0 0 0 . . . −37

128
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . −2
3

0 0 0 0



,

m23 = h



0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 − 1

2
0 0 0 0 . . . 0 0 0 0 0

0 0 0 −1 0 0 0 0 . . . 0 0 0 0 0
0 0 0 − 3

2
0 0 0 0 . . . 0 0 0 0 0

0 0 0 −2 0 0 0 0 . . . 0 0 0 0 0
...

...
...

...
. . . . . .

...
...

...
...

...
0 0 0 0 0 0 0 0 . . . − 1

2
0 0 0 0

0 0 0 0 0 0 0 0 . . . −1 0 0 0 0
0 0 0 0 0 0 0 0 . . . − 3

2
0 0 0 0

0 0 0 0 0 0 0 0 . . . −2 0 0 0 0



,
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m24 = h2



− 1
8

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
− 1

2
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0

− 9
8

0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 − 1

8
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 − 1
2

0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 − 9

8
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 −2 0 0 0 0 . . . 0 0 0 0 0
...

...
...

...
. . . . . .

...
...

...
...

...
0 0 0 0 0 0 0 0 0 . . . − 1

8
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . − 1
2

0 0 0 0
0 0 0 0 0 0 0 0 0 . . . − 9

8
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . −2 0 0 0 0



,

m33 =



1 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 1 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 1 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 1 0 0 0 0 . . . 0 0 0 0 0
0 0 0 −1 1 0 0 0 . . . 0 0 0 0 0
0 0 0 −1 0 1 0 0 . . . 0 0 0 0 0
0 0 0 −1 0 0 1 0 . . . 0 0 0 0 0
0 0 0 −1 0 0 0 1 . . . 0 0 0 0 0
...

...
...

...
. . . . . .

... . . . .
0 0 0 0 0 0 0 0 . . . −1 1 0 0 0
0 0 0 0 0 0 0 0 . . . −1 0 1 0 0
0 0 0 0 0 0 0 0 . . . −1 0 0 1 0
0 0 0 0 0 0 0 0 . . . −1 0 0 0 1



,

m34 = h



− 1
2

0 0 0 0 0 0 0 0 · · · 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
− 3

2
0 0 0 0 0 0 0 0 . . . 0 0 0 0 0

−2 0 0 0 0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 − 1

2
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 −1 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 − 3

2
0 0 0 0 . . . 0 0 0 0 0

0 0 0 0 −2 0 0 0 0 . . . 0 0 0 0 0
...

...
...

...
. . . · · ·

...
...

...
...

...
0 0 0 0 0 0 0 0 0 . . . − 1

2
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . −1 0 0 0 0
0 0 0 0 0 0 0 0 0 . . . − 3

2
0 0 0 0

0 0 0 0 0 0 0 0 0 . . . −2 0 0 0 0



,
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m44 =



−1 1 0 0 0 0 0 0 0 . . . 0 0 0 0 0
−1 0 1 0 0 0 0 0 0 . . . 0 0 0 0 0
−1 0 0 1 0 0 0 0 0 . . . 0 0 0 0 0
−1 0 0 0 1 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 −1 1 0 0 0 . . . 0 0 0 0 0
0 0 0 0 −1 0 1 0 0 . . . 0 0 0 0 0
0 0 0 0 −1 0 0 1 0 . . . 0 0 0 0 0
0 0 0 0 −1 0 0 0 1 . . . 0 0 0 0 0
...

...
...

...
. . . . . .

... . . . .
0 0 0 0 0 0 0 0 0 . . . −1 1 0 0 0
0 0 0 0 0 0 0 0 0 . . . −1 0 1 0 0
0 0 0 0 0 0 0 0 0 . . . −1 0 0 1 0
0 0 0 0 0 0 0 0 0 . . . −1 0 0 0 1



,

where m11 = m22, m14 = m25, m24 = m35, m34 = m45, m44 = m55. This
reduces the matrix M̄ to an upper triangular matrix with mij = 0, i > j. We
note that the above matrices are related with the coefficients of the formulas
given in Table 1. Similarly, let N̄ be defined as a 10N × (4N + 2) matrix of the
form

N̄ =

(
n11 n21 n31 n41 n51

n12 n22 n32 n42 n52

)T

,

where the entries are obtained from Table 1 similarly as was done for M . It
should be noted that ni1 and ni2, i = 1, 2, . . . , 5 are 2N × (2N + 1) non-zero
matrices. The entries of the submatrices mij and nij are the coefficients of
the formulas in Table 1. Let define the following vectors corresponding to the
exact values y(x) and its derivatives

Ȳ =
(
y(x 1

2
), y(x1), . . . , y(xN− 1

2
), y′(x 1

2
), . . . , y′(xN− 1

2
), y′′(x 1

2
), . . . , y′′(xN ),

y′′′(x0), y′′′(x 1
2
), . . . , y′′′(xN ), yiv(x0), yiv(x 1

2
), . . . , yiv(xN )

)T
,

F̄ =
(
f(x0, y(x0), y′(x0), y′′(x0), y′′′(x0), yiv(x0)), f(x 1

2
, y(x 1

2
), y′(x 1

2
), y′′(x 1

2
),

y′′′(x 1
2
), yiv(x 1

2
)), . . . , f(xN , y(xN ), y′(xN ), y′′(xN ), y′′′(xN ), yiv(xN )),

g(x0, y(x0), y′(x0), y′′(x0), y′′′(x0), yiv(x0)), g(x 1
2
, y(x 1

2
), y′(x 1

2
), y′′(x 1

2
),

y′′′(x 1
2
), yiv(x 1

2
)), . . . , g(xN , y(xN ), y′(xN ), y′′(xN ), y′′′(xN ), yiv(xN ))

)T
,

where Ȳ is a 10N−vector and F̄ is a (4N + 2)−vector. Putting the above
notation into account, it is possible to write

M̄10N×10N Ȳ10N + h5N̄10N×(4N+2)F̄4N+2 + C10N = L(h)10N , (3.2)

which represents the exact form of the system that approximates (1.1). C10N
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is a vector which contains the known values, defined as

C10N =
(
− y0 −

h

2
y′0 −

h2

8
y′′0 ,−y0 − hy′0 −

h2

2
y′′0 ,−y0 −

3h

2
y′0 −

9h2

8
y′′0 ,

− y0 − 2hy′0 − 2hy′′0 , 0, . . . , 0,−y′0 −
h

2
y′′0 ,−y′0 − hy′′0 ,−y′0 −

3h

2
y′′0 ,

− y′0 − 2hy′′0 , 0, . . . , 0,−y′′0 −
h

2
y′′′0 ,−y′′0 − hy′′′0 ,−y′′0 −

3h

2
y′′′0 ,

− y′′0 − 2hy′′′0 , 0, . . . , 0
)T
,

while L(h)10N represents the local truncation errors of the formulas in Table 1
which are given as

L(h)10N =
(

107831
257099242143744000y

(15) (x0)h15 +O
(
h16
)
, 11

713276928000h
15

× y(15) (x0) +O
(
h16
)
, 1773

16793993216000 y
(15) (x0)h15 +O

(
h16
)
,

193
490377888000 y

(15) (x0)h15 +O
(
h16
)
, 107831

257099242143744000 y
(15) (x1)h15 +O

(
h16
)
,

11
713276928000 y

(15) (x1)h15 +O
(
h16
)
, 1773

16793993216000 y
(15) (x1)h15 +O

(
h16
)
,

193
490377888000 y

(15) (x1)h15+O
(
h16
)
, . . . , 193

490377888000 y
(15) (xN−2)h15+O

(
h16
)
,

601043
128549621071872000 y

(15) (x0)h15 +O
(
h16
)
, . . . , 437

490377888000 y
(15) (xN−2)h15

+O
(
h16
)
, 8939

218621804544000 y
(15) (x0)h15 +O

(
h16
)
, . . . , 127

81729648000y
(15) (xN−2)

× h15 +O
(
h16
)
, 20869

82403603251200 y
(15) (x0)h15 +O

(
h16
)
, . . . ,

1
502951680 y

(15) (xN−2)h15 +O
(
h16
)
, 551

643778150400 y
(15) (x0)h15 +O

(
h16
)

, . . . , 1
502951680 y

(15) (xN−2)h15 +O
(
h16
) )T

. (3.3)

Let defined the system that approximates (1.1) as

M̄10N×10N
¯̄Y10N + h5N̄10N×(4N+2)

¯̄F4N+2 + C10N = 0 (3.4)

where Ȳ10N is approximated by vector ¯̄Y10N ,

¯̄Y =
(
y 1

2
, y1, . . . , yN− 1

2
, y′1

2
, . . . , y′N− 1

2
, y′′1

2
, . . . , y′′N , y

′′′
0 , y

′′′
1
2
,

. . . , y′′′N , y
iv
0 , y

iv
1
2
, . . . , yivN

)T
and ¯̄F4N+2 is given as ¯̄F4N+2 =

(
f0, f 1

2
, . . . , fN , g0, g 1

2
, . . . , gN

)T
.

Subtracting equation (3.4) from (3.2) yields

M̄10N×10N H̄10N + h5N̄10N×(4N+2)

(
F̄ − ¯̄F

)
4N+2

= L(h)10N , (3.5)

where

H̄10N = Ȳ − ¯̄Y = (e 1
2
, e1, . . . , eN− 1

2
, e′1

2
, . . . , e′N− 1

2
, e′′1

2
, . . . , e′′N ,

e′′′0 , e
′′′
1
2
, . . . , e′′′N , e

iv
0 , e

iv
1
2
, . . . , eivN )T
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is a vector containing the errors associated with the solution and the derivatives
at the mesh points. By the Mean Value Theorem, for i = 0, 1

2 , 1,
3
2 , 2, . . . , N

the following identities are valid

f
(
xi, y(xi), y

′(xi), y
′′(xi), y

′′′(xi), y
iv(xi)

)
− f

(
xi, yi, y

′
i, y
′′
i , y
′′′
i , y

iv
i

)
=
(
y(xi)− yi

)∂f(ci)

∂y
+
(
y′(xi)− y′i

)∂f(ci)

∂y′
+
(
y′′(xi)− y′′i

)∂f(ci)

∂y′′

+
(
y′′′(xi)− y′′′i

)∂f(ci)

∂y′′′
+
(
yiv(xi)− yivi

)∂f(ci)

∂yiv
,

g
(
xi, y(xi), y

′(xi), y
′′(xi), y

′′′(xi), y
iv(xi)

)
− g
(
xi, yi, y

′
i, y
′′
i , y
′′′
i , y

iv
i

)
=
(
y(xi)− yi

)∂g(c̄i)

∂y
+
(
y′(xi)− y′i

)∂g(c̄i)

∂y′
+
(
y′′(xi)− y′′i

)∂g(c̄i)

∂y′′

+
(
y′′′(xi)− y′′′i

)∂g(c̄i)

∂y′′′
+
(
yiv(xi)− yivi

)∂g(c̄i)

∂yiv
,

where ci, c̄i are intermediate points on the line segment joining(
xi, y(xi), y

′(xi), y
′′(xi), y

′′′(xi), y
iv(xi)

)
to
(
xi, yi, y

′
i, y
′′
i , y
′′′
i , y

iv
i

)
. Therefore,

F̄ − ¯̄F = J̄(4N+2)×10N H̄10N .

J̄(4N+2)×10N =

0 . . . 0 0 . . . 0 0 . . . 0 ∂f(c0)
∂y′′′ 0 . . . 0 ∂f(c0)

∂yiv 0 . . . 0
∂f(c 1

2
)

∂y . . . 0
∂f(c 1

2
)

∂y′ . . . 0
∂f(c 1

2
)

∂y′′ . . .
...

...
∂f(c 1

2
)

∂y′′′ . . . 0 0
∂f(c 1

2
)

∂yiv . . . 0
...

. . .
...

...
. . .

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

0 . . .
∂f(c

N− 1
2

)

∂y 0 . . .
∂f(c

N− 1
2

)

∂y′ 0 0 0 0 . . . 0 0 0 . . . 0

0 . . . 0 0 . . . 0 0 ∂f(cN )
∂y′′ 0 0 . . . ∂f(cN )

∂y′′′ 0 0 . . . ∂f(cN )
∂yiv

0 . . . 0 0 . . . 0 0 . . . 0 ∂g(c̄0)
∂y′′′ 0 . . . 0 ∂g(c̄0)

∂yiv 0 . . . 0
∂g(c̄ 1

2
)

∂y . . . 0
∂g(c̄ 1

2
)

∂y′ . . . 0
∂g(c̄ 1

2
)

∂y′′ . . .
...

...
∂g(c̄ 1

2
)

∂y′′′ . . . 0 0
∂g(c̄ 1

2
)

∂yiv . . . 0
...

. . .
...

...
. . .

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

0 . . .
∂g(c̄

N− 1
2

)

∂y 0 . . .
∂g(c̄

N− 1
2

)

∂y′ 0 0 0 0 . . . 0 0 0 . . . 0

0 . . . 0 0 . . . 0 0 ∂g(c̄N )
∂y′′ 0 0 . . . ∂g(c̄N )

∂y′′′ 0 0 . . . ∂g(c̄N )
∂yiv



.

It should be noted that in view of the boundary conditions we have e0 =
y(x0)−y0 = 0, eN = y(xN )−yN = 0, e′0 = y′(x0)−y′0 = 0, e′N = y(xN )−yN = 0
and e′′0 = y′′(x0) − y′′0 = 0. With these results, Equation (3.5) can further be
written as M̄10N×10N H̄10N + h5N̄10N×(4N+2)J̄(4N+2)×10N H̄10N = L(h)10N .

Let M10N×10N =
(
M̄10N×10N + h5N̄10N×(4N+2)J̄(4N+2)×10N

)
. Assuming

that M is invertible for a sufficiently small value of h, therefore we can write

H̄10N =
(
M
)−1

10N×10N
L(h)10N . (3.6)

Consider the maximum norm ||H̄|| = maxi |ei| in R10N which of course will

induced matrix norm in R10N×10N . By expanding
(
M
)−1

10N×10N
in series in

powers of h, it is easy to see that ||
(
M
)−1

10N×10N
|| = O

(
h−5

)
, which happens

as a result of the growth in the uniform norm of inverse of M like h−5. With
this in mind and assuming that y(x) has bounded derivatives in [a, b] up to the
necessary order, it is obvious from Equations (3.3) and (3.6) that

‖H̄10N‖ = ‖
(
M
)−1

10N×10N
L(h)10N‖

≤ ‖
(
M
)−1

10N×10N
‖ ‖L(h)10N‖ = O

(
h−5

)
O
(
h15
)

= O
(
h10
)
.
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Thus, the new method BDM5 is tenth-order convergent.

3.3 Existence and uniqueness of the discrete solution

The existence and uniqueness of the discrete solutions made available by the
system in (3.2) is confirmed by the following result. Remember that the con-
vergence analysis deals with the manner in which the errors grow when the
step-size h is relatively small. We can see that ||H̄|| → 0 as h→ 0. Hence, the
following result will be achieved by assuming that h < 1.

Theorem 1 [ see [7]]. If f(x,V) verifies a Lipschitz condition on the variable
V =

(
y, y′, y′′, y′′′, y(4)

)
with Lipschitz constants Li > 0 for each component,

it holds that the system (3.2) has a unique solution whenever

h < 1/
(
10L2ū2(b− a)

) 1
9 ,

where

L = max
i=0,1,2,3,4

{Li} , ū = max
i=1,...,10N

j=1,...,4N+2

{|Uij |} with U = (M̄)−1N̄ |h=1.

Proof. Consider function R10N −→ R10N which is defined as

W(µ) =
(
(−M̄)−1C− h5(−M̄)−1F̄ (µ)

)T
,

where µ = (µ1, . . . , µ10N ) ∈ R10N and F̄ (µ) denotes the vector upon substitut-

ing Ȳ → µ in the terms fj , f
′
j , f

′′
j , f

′′′
j and f

(4)
j . By setting µ = Ȳ , the system

in (3.2) takes the form µ = W(µ). Hence, the existence and uniqueness of so-
lution of the systems in (3.2) is the same as µ = W(µ). Consider the maximum
norm

||µ|| = max
1≤i≤10N

{|µi|} ∈ R10N .

We have

|(W(µ))i − (W(µ∗))i| = |h5
[
M̄−1N̄

(
F̄ (µ)− F̄ (µ∗)

)]
i
|

≤ h5ū

10N∑
j=0

L|µj − µ∗j |, (3.7)

where
L = max

i=0,1,2,3,4
{Li} , ū = max

i=1,...,10N

j=1,...,4N+2

{|Uij |}

and Uij the entries of matrix U = (M̄)−1N̄ |h=1. Applying the Cauchy-Schwartz
inequality to (3.7) yields

|W(µ)−W(µ∗)| = max
1≤i≤10N

{|(W(µ))i − (W(µ∗))i|}

≤ h5ūL
√

(10N)‖µ− µ∗‖ = h5 ūL

√(
10

(
b− a
h

))
‖µ− µ∗‖ = k̄‖µ− µ∗‖

with k̄ = h5 ūL
√

(10 (b− a) /h). As long as k̄ < 1, W will become a contraction
map, which end the proof according to the Banach’s Fixed-Point Theorem. ut
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4 Implementation

The systems in (3.2) is solved by adopting the Newton’s iteration method
enhanced by the FindRoot[] command in Wolfram Mathematica. For the
method to show good convergence, the initial guess has to be chosen close
enough to the root. To achieved this, averaged values of the given variables are
considered as the initial guesses. These are obtained as

y j
2

=
(y(a)−j h

2 y′(a)−j(j−j)y′′(a))+(y(b)−(4N−j) h
2 y′(b)−(4N−j) h

2 y′′(b))

2 ,

j = 1, . . . , (4N − 1),

y′j
2

=
y′(a) + y′(b)

2
, y′′j

2

=
y′(b)− y′(a)

Nh
, j = 1, . . . , (4N − 1),

y′′′j
2

=
y′′(a)

Nh
, y

(4)
j
2

= 1, j = 0, . . . , 4N. (4.1)

The following algorithm explains the computational procedure for the imple-
mentation of the proposed method.
ALGORITHM

Input: Integration interval → [a, b]
Number of steps → N
Boundary values, → ya, y

′
a, y

′′
a , yb, y

′
b

Output: sol → Discrete approximate solution of
the BVP (1.1).

1. Define the following Let n = 0, 2, . . . , (N − 2), x0 = a, xN = b,
h = b−a

N , y0 = ya, y
′
0 = y′a, y

′′
0 = y′′a ,

yN = yb, y
′
N = y′b.

2. Solve solve for Ȳ with the method whose formulas
are reported in Table 1.

3. Discrete solution Obtain sol= {(xi, yi)}i=0,1,...,N.

4. End

5 Numerical examples

In this section five numerical examples are presented to demonstrate the per-
formance of the derived method, BDM5. In each of the examples considered,
the absolute errors are obtained as err(n) = |y(xn)− yn|. The computational
time in seconds used by BDM5 denoted as CPU are measured, NA denotes
“data Not Available”. The computational work has been done on a personal
computer with configuration i7-7500U, 2.70 GHz using double precision arith-
metic.

Example 1. The boundary-value problem

y(5)(x)− y(x) = − (15 + 10x) ex, 0 ≤ x ≤ 1,

y(0) = y(1) = y′′(0) = 0, y′(0) = 1, y′(1) = −e,

whose theoretical solution is y(x) = x(x − 1)ex is considered as our first test
problem. This particular problem has appeared in virtually all literature that
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Table 2. Comparison of observed maximum absolute errors on Example 1 with h = 1/10.

x y-computed y-exact MAE in [12] MAE in BDM5

0 0 0 0
0.1 0.09946538262680828 0.0994653826268083 2.17 × 10−11 1.978 × 10−22

0.2 0.19542444130562717 0.1954244413056272 6.87 × 10−11 1.285 × 10−21

0.3 0.28347034959096065 0.2834703495909607 1.19 × 10−10 3.389 × 10−21

0.4 0.35803792743390487 0.3580379274339049 1.56 × 10−10 6.017 × 10−21

0.5 0.41218031767503204 0.4121803176750321 1.71 × 10−10 8.322 × 10−21

0.6 0.43730851209372215 0.4373085120937221 1.59 × 10−10 9.386 × 10−21

0.7 0.42288806856880007 0.4228880685688001 1.22 × 10−10 8.553 × 10−21

0.8 0.35608654855879481 0.3560865485587949 7.15 × 10−11 5.791 × 10−21

0.9. 0.22136428000412547 0.2213642800041255 2.25 × 10−11 2.106 × 10−21

1.0 0 0 0 0

CUP NA 0.234375

are available on fifth-order BVPs (see, [3, 5, 12, 15, 16, 17, 18, 19]). The exact,
computed solution and absolute errors given by the proposed method are shown
in Table 2 with the absolute error obtained with the spline-based method in [12].
Table 3 shows the maximum absolute error (MAE) for different mesh points
provided by BDM5 and the best method in [12], while the absolute errors of
the derived method presented in 2 are further compared with some methods
in [8] in Table 5.

Table 3. Comparison of maximum absolute errors (MAE) on Example 1.

Method used/h
1

10

1

20

1

40

[12] 1.71 × 10−10 1.86 × 10−13 1.61 × 10−13

BDM5 9.39 × 10−21 9.14 × 10−24 8.92 × 10−27

Table 4. Maximum absolute errors (MAE) and rate of convergence (ROC) obtained for
Example 1.

N 4 8 16 32 64

MAE 8.050 × 10−17 8.746 × 10−20 8.504 × 10−23 8.297 × 10−26 8.121 × 10−29

ROC − 9.85 10.01 10.00 9.996

N 128

MAE 8.00 × 10−32

ROC 9.987

In order to determined whether the performance of the proposed method
corresponds to the theoretical order of convergence of the method, the approx-
imate rate of convergence (ROC) of the proposed method was calculated on
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Table 5. Comparison of errors obtained with BDM5 and some methods in [8] on Example 1
with h = 1/10.

x BDM5 HPM B-spline VIM ADM ITM VIMHP

0 0 0 0 0 0 0 0
0.1 1.98e−22 3.0e−11 8.0 × 10−3 3.0 × 10−11 3.0 × 10−11 3.0 × 10−11 3.0 × 10−11

0.2 1.29e−21 2.0e−10 1.2 × 10−3 2.0 × 10−10 2.0 × 10−10 2.0 × 10−10 2.0 × 10−10

0.3 3.39e−21 4.0e−10 5.0 × 10−3 4.0 × 10−10 4.0 × 10−10 4.0 × 10−10 4.0 × 10−10

0.4 6.02e−21 8.0e−10 3.0 × 10−3 8.0 × 10−10 8.0 × 10−10 8.0 × 10−10 8.0 × 10−10

0.5 8.32e−21 1.2e−9 8.0 × 10−3 1.2 × 10−9 1.2 × 10−9 1.2 × 10−9 1.2 × 10−9

0.6 9.39e−21 2.0e−9 6.0 × 10−3 2.0 × 10−9 2.0 × 10−9 2.0 × 10−9 2.0 × 10−9

0.7 8.55e−21 2.2e−9 0.0 × 10−3 2.2 × 10−9 2.2 × 10−9 2.2 × 10−9 2.2 × 10−9

0.8 5.79e−21 1.9e−9 9.0 × 10−3 1.9 × 10−9 1.9 × 10−9 1.9 × 10−9 1.9 × 10−9

0.9 2.11e−21 1.4e−9 9.0 × 10−3 1.4 × 10−9 1.4 × 10−9 1.4 × 10−9 1.4 × 10−9

1.0 0 0 0 0 0 0 0

CUP 0.234375 NA NA NA NA NA NA

Example 1 using the relation

ROC = log2

(
MAE2h/MAEh

)
,

where MAE2h and MAEh denote maximum absolute error on the grid with
mesh sizes 2h and h respectively. See Table 4 for the results.

Example 2. Another test problem considered in this paper is the BVP

y(5)(x) + sinxy(x) = cosx(1 + sinx) + sinx(sinx− 1), 0 ≤ x ≤ 1,

y(0) = 1, y(1) = cos(1) + sin(1),

y′(0) = 1, y′(1) = cos(1)− sin(1), y′′(0) = −1,

for which the analytical solution is y(x) = cos(x) + sin(x), ( [16]). The solution
curve and the discrete approximations obtained with the proposed method,
together with the absolute errors for h = 1/20 are shown in Figure 1. The
comparison of the maximum absolute errors obtained with BDM5 and those
obtained with the non-polynomial spline method in [16] are presented in Ta-
ble 6.
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Figure 1. (a) and (b) show the solution curve and absolute errors for Example 5 taking
h = 1/20 using BDM5.
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Table 6. Comparison of maximum absolute errors (MAE) on Example 2.

Method used/h 1/10 1/20

[16] 3.1495 × 10−12 2.17160 × 10−13

BDM5 1.3697 × 10−23 1.34293 × 10−26

Example 3. The next test problem considered in this paper is the BVP

y(5)(x) + y(x) = 4ex cosx+ 2ex(1− sinx) + 5ex sinx, 0 ≤ x ≤ 1,

y(0) = 1, y(1) = e(1− sin(1)),

y′(0) = 0, y′(1) = e(cos(1) + sin(1)− 1), y′′(0) = −1,

for which the exact solution is y(x) = ex(1 − sin(x)). The problem was also
solved by the method in [16]. Table 7 shows the observed absolute errors with
BDM5 and that of the non-polynomial spline method in [16]. Table 8 shows
the maximum absolute errors of the methods at different mesh points.

Table 7. Comparison of observed absolute errors on Example 3 with h = 1/10.

x y-computed y-exact MAE in BDM5 MAE in [16]

0 1 1. 0 0
0.1 0.994837929345443913 0.9948379293454439‘ 6.6416 × 10−23 3.5971 × 10−11

0.2 0.978747489565246898 0.9787474895652469‘ 4.1769 × 10−22 1.1782 × 10−10

0.3 0.950948253797513255 0.9509482537975132‘ 1.0580 × 10−21 2.0565 × 10−10

0.4 0.910880796870703093 0.910880796870703‘ 1.7971 × 10−21 2.7051 × 10−10

0.5 0.858282187486513235 0.8582821874865133‘ 2.3684 × 10−21 2.9465 × 10−10

0.6 0.793273134118417270 0.7932731341184172‘ 2.5345 × 10−21 2.7173 × 10−10

0.7 0.716457595595207513 0.7164575955952076‘ 2.1813 × 10−21 2.0715 × 10−10

0.8 0.629035587892216727 0.6290355878922167‘ 1.3870 × 10−21 1.1832 × 10−10

0.9. 0.532929807184232775 0.5329298071842328‘ 4.7062 × 10−22 3.5059 × 10−11

1.0 e(1 − sin(1)) 0.4309265412802028‘ 0 0

CUP NA 0.25

Table 8. Comparison of maximum absolute errors (MAE) on Example 3.

Method used/h 1/10 1/20

[16] 1.02830 × 10−10 1.10520 × 10−12

BDM5 2.53445 × 10−21 2.50707 × 10−24

Example 4. The boundary value problem

y(5)(x) = e−xy2(x), 0 ≤ x ≤ 1,

y(0) = 1, y(1) = e, y′(0) = 1, y′(1) = e, y′′(0) = 1,

for which the exact solution is y(x) = ex is also considered. This problem has
also been considered in the works by [8,15,18,19]. Table 9 displays the observed
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absolute errors obtained with BDM5 and those of the methods appeared in [8].
In particular, the errors in the last column in Table 9 are those generated
by the variational iterative method using He’s polynomial (VIMHP) of degree
fourteen.

Table 9. Comparison of observed absolute errors on Example 4 using BDM5 and the
methods in [8] with h = 1/10.

x BDM5 HPM B-spline VIM ADM ITM VIMHP

0 0 0 0 0 0 0 0
0.1 9.6 × 10−25 1.0 × 10−9 −7.0 × 10−4 1.0 × 10−9 1.0 × 10−9 1.0 × 10−9 1.0 × 10−9

0.2 6.2 × 10−24 2.0 × 10−9 −7.2 × 10−4 2.0 × 10−9 2.0 × 10−9 2.0 × 10−9 2.0 × 10−9

0.3 1.6 × 10−23 1.0 × 10−8 4.1 × 10−4 1.0 × 10−8 1.0 × 10−8 1.0 × 10−8 1.0 × 10−8

0.4 2.9 × 10−23 2.0 × 10−8 4.6 × 10−4 2.0 × 10−8 2.0 × 10−8 2.0 × 10−8 2.0 × 10−8

0.5 4.0 × 10−23 3.1 × 10−8 4.7 × 10−4 3.1 × 10−8 3.1 × 10−8 3.1 × 10−8 3.1 × 10−8

0.6 4.5 × 10−23 3.7 × 10−8 4.8 × 10−4 3.7 × 10−8 3.7 × 10−8 3.7 × 10−8 3.7 × 10−8

0.7 4.1 × 10−23 4.1 × 10−8 3.9 × 10−4 4.1 × 10−8 4.1 × 10−8 4.1 × 10−8 4.1 × 10−8

0.8 2.8 × 10−23 3.1 × 10−8 3.1 × 10−4 3.1 × 10−8 3.1 × 10−8 3.1 × 10−8 3.1 × 10−8

0.9 1.0 × 10−23 1.4 × 10−8 1.6 × 10−4 1.4 × 10−8 1.4 × 10−8 1.4 × 10−8 1.4 × 10−8

1.0 0 0 0 0 0 0 0

CUP 0.203125 NA NA NA NA NA NA

Table 10. Observed MAE of BDM5 and [15] and ROC of BDM5 for Example 5.

h MAE in [15] MAE in BDM5 ROC (BDM5)

1
8

5.06 × 10−4 5.684 × 10−16 -
1
16

3.04 × 10−5 5.741 × 10−19 9.9514
1
32

2.42 × 10−6 5.635 × 10−22 9.9927
1
64

6.75 × 10−7 5.508 × 10−25 9.9986
1

128
1.71 × 10−7 5.380 × 10−28 9.9997

1
256

4.32 × 10−8 5.000 × 10−31 10.0725

△ y computed ○ y exact
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Figure 2. (a) and (b) show the solution curve and absolute errors for Example 5 taking
h = 1

20
using BDM5.
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Example 5. We also considered the BVP

y(5)(x) = 19x cosx+ 2x3 cosx+ 41 sinx− 2x2 sinx− xy(x), 0 ≤ x ≤ 1,

y(−1) = 1, y(1) = cos(1),

y′(−1) = −y′(1) = −4 cos(1) + sin(1),

y′′(−1) = 3 cos(1)− 8 sin(1),

for which the exact solution is y(x) = (2x2 − 1) cos(x). This problem also
appeared in [15]. The solution curve and the approximate solution provided
by the proposed method taking h = 1/20 and the absolute errors presented in
Figure 2. Table 10 displays the maximum absolute error generated by BDM5
and the sextic spline solution in [15].

6 Conclusions

A method of tenth order has been derived and analysed in this work for the
direct approximation of fifth-order boundary value problems in ordinary differ-
ential equations. The derivation of the method is simple and flexible in appli-
cation to solve a variety of boundary value problems with different boundary
conditions. The theoretical analysis of the method confirmed the tenth-order
convergence while its application to some numerical examples established the
efficiency and high accuracy of the proposed method which make it competitive
with other methods in the literature.
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