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Abstract. The aim of this work is to show an abstract framework to analyze the
numerical approximation by using a finite element method in space and a Backward-
Euler scheme in time of a family of degenerate parabolic problems. We deduce suffi-
cient conditions to ensure that the fully-discrete problem has a unique solution and to
prove quasi-optimal error estimates for the approximation. Finally, we show a degen-
erate parabolic problem which arises from electromagnetic applications and deduce its
well-posedness and convergence by using the developed abstract theory, including nu-
merical tests to illustrate the performance of the method and confirm the theoretical
results.
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1 Introduction

We will call degenerate parabolic equation an elliptic-parabolic equation of the
form ( [20, Chapter III], [22, Section 44], [16]):

d
5 u(®)) + A(t)u(t) = f(t), (1.1)
Copyright © 2022 The Author(s). Published by Vilnius Gediminas Technical University
This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original author and source are credited.


https://doi.org/10.3846/mma.2022.12846
mailto:rmacevedo@unicauca.edu.co
mailto:christiancamilo@unicauca.edu.co
mailto:blopezr@unal.edu.co
http://creativecommons.org/licenses/by/4.0/

Fully-Discrete Approzimation for a Family of Degenerate... 135

where R is a linear, bounded and monotone operator independent of time and
(A(t))teo,r) is a family of linear and bounded operators. They arise in several
applications, for instance in the study of eddy currents in electromagnetic field
theory (see [5,13,24]).

Results about existence and uniqueness of solutions for some degenerate
parabolic equations have been widely studied. In [11] Kuttler and Kenneth
show results concerning existence, uniqueness and regularity of equations of the
form (1.1), where R is non-invertible and A is a linear operator independent
of the time. Sufficient conditions to ensure the existence and uniqueness of
solutions of (1.1), even when R depends on the time, are shown by Showalter
[20] (see also [19]). Moreover, the existence and uniqueness of the solutions
for the case of the family of operators A can be non-linear, has been analyzed
in [10,12,14].

Among the numerical methods found in the literature to compute the ap-
proximated solution of classical parabolic partial differential equation, the finite
element method (with some time-stepping scheme) is one of the more extended.
We can cite the book by V. Thomée [21] as a classical reference about this topic.
Moreover, books dedicate to the finite element approximation for partial dif-
ferential equations, devote at least one chapter to the analysis of the numerical
approximation of parabolic equations (see, for instance, [9] and [17]). In fact,
the developed theory for the approximation of parabolic equations by the finite
element method, is mainly presented for a general heat-like equation, i.e., to
approximate the solution of a general parabolic problem of the form:

% + Lu = f,
with £ is a coercive differential operator of the second order.

The mathematical analysis for the numerical approximations by finite ele-
ment methods, including existence and uniqueness of the discrete solutions and
quasi-optimal error estimates, has been only performed for particular degen-
erate parabolic equations. For instance, Zlamal [24] has studied the approxi-
mation of solution for a two-dimensional eddy current problem in a bounded
domain, MacCamy and Suri [13] have proposed a FEM-BEM coupling for the
formulation analyzed in [24], and a formulation for an axisymmetric eddy cur-
rent problem was studied by Bermudez et al [5]. The formulations studied in
all these references can be expressed as particular cases of problem (1.1). Nev-
ertheless, to the best knowledge of the authors, there is not an abstract general
theory that allows to deduce the mathematical analysis of these approximations
as particular applications of that theory.

The main goal of this article is precisely to provide a general theory for
the mathematical analysis of a fully-discrete finite element approximation for
an abstract degenerate parabolic equation. To this end, we consider a fully
discrete approximation for a Cauchy problem associated to equation (1.1), by
using a finite element method in space and a Backward-Euler scheme in time.
We show sufficient conditions for the spaces and the family of operators, to
guarantee existence and uniqueness of the fully-discrete solutions by assuming
that the time step is sufficiently small. Furthermore, we prove quasi-optimal
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error estimates for this fully discretized scheme by adapting the approxima-
tion theory for classical parabolic equations to the abstract degenerate case.
Moreover, since a good discrete approximation for the time-derivative of the
solution is relevant for the applications, we prove that this time derivative can
be approximated with quasi-optimal error estimates.

The outline of the paper is as follows: Section 2 is devoted to show some con-
cepts about spaces for evolutive problems and the abstract framework for de-
generate parabolic equations and their well-posedness are recalled in Section 3.
The corresponding analysis for the fully-discrete approximation of problem by
using finite element method in space and a backward Euler scheme in time, is
presented in Section 4 and the results ensuring the quasi-optimal convergence
of the approximation method are shown in Section 5. Furthermore, the appli-
cation of the theory to an eddy current model is studied in Section 6, where
we deduce its well-posedness and theoretical convergence by using the devel-
oped abstract theory. Finally, we show some numerical results that confirm the
expected convergence of the method according to the theory.

2 Hilbert functional spaces for evolutive problems

Let us first review some basic concepts about functional analysis which are
useful in dealing with time-dependent functions. A complete and detailed pre-
sentation of the concepts that we indicate in this section can be founded, for
instance, in [23, Sections 23.2-23.6]. More precisely, we need to introduce
spaces of functions defined on a bounded time interval (0,7") (where T > 0 is
a fixed time) and with values in separable Hilbert space X. We will denote by
Il llx, (,-)x and (-,-)x, the norm, the inner product and duality pairing in
X. We use the notation C°([0,T]; X) for the space consisting of all continuous
functions f : [0,7] — X. More generally, for any k € N, C*([0, T]; X) denotes
the subspace of C°([0, T]; X) of all functions f with (strong) derivatives of order
at most k in C°([0,T7]; X), i.e.,
’ 0 &f o ’
CO.ThX) = {feCO.TEx) G 0T, 1<k},

A classical result of functional analysis states C*([0,7]; X) is a Banach space
with the norm
&’ f

k
fllerqorr = s 3 |5 -
X

t€[0,T] =0

We also consider the space L2(0, T’; X) of classes of functions f : (0,T) — X
that are Bochner-measurable whose norm in X belongs to L2(0,7), i.e.,

T
Hﬁﬁmwy=AHﬂm@ﬁ<+w

The space L?(0,T; X) is a Hilbert space with the norm || - ||r2¢0,7;x). Further-
more, the dual space of L2(0, T’; X) can be identified with the space L2(0,T; X’)
as shown in the following result.
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Proposition 1 [Dual space of L2(0,7T;X)]. Let X be a separable Hilbert
space. For any f € L(0,T; X)’ there exists a unique vy € L2(0,T; X") satisfy-
mg

<f,w):/T (vp(t),w(t)) y dt, Yw € L2(0,T; X).
Moreover, the map f I—S v¢ 1S a linear bijection which preserves the norm, i.e.,
||fH(L2(O,T;X))' = ||’UfHL2(O,T;X')’ Vf € (L2(O7T§X)),-
Proof.  See, for instance, [23, Proposition 23.7]. O

The analysis of evolutive differential problems require functional spaces in-
volving time-derivatives. Let X and Y be two separable Hilbert spaces such
that X C Y with continuous and dense embedding. Let X’ the dual space of
X with respect to the pivot space Y. More precisely, Y will be identified with
its dual Y’ by the Riesz map and we have X — Y < X’ with the identity

(w,v)x = (w,v)y YweY cCc X WveX.
We will denote by W12(0,T; X, X') the functional space given by

d
Wh2(0,T; X, X') := {v e L*(0,T;X) : dit’ e L*0,T; X’)} ,

dv
where I is the generalized time-derivative of v characterized by

T T
/0 <(Z(t)7w>x<p(t)dt _ —/O (w(t), w)y ' (dt Y € X Vi € C3(0,T).

The symbols %, Oyv and v" will be used indistinctly along the text to denote
the generalized time-derivative of v. It is well known that W12(0, T; X, X')
endowed with the norm

dv
dt

lohes 00 1= Bolloiny |
L2(0,T;X")

is a Banach space and W2(0,7; X, X’) < C°([0,T);Y) with a continuous

embedding (see, for instance, [23, Proposition 23.23]).

Let k € N. The generalized time-derivative of order k of v € L2(0,T; X),
k

v
denoted by prE can be defined inductively. Hence, we can consider the space
J

d
H*(0,T; X) := {v e L*0,T;X) : EE‘] cL*0,T;X), j = 1,...,k},

which is a Banach space with the norm

k
HUHHk(o,T;X) = Z ‘
=0

Furthermore, the embedding H*(0,7; X) C C*~1([0,T]; X) is continuous for
any k € N.

@
dti

L2(0,T;X)
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3 The degenerate parabolic problem

Let X and Y be two real separable Hilbert spaces such that X C Y with
continuous and dense embedding. We denote by (-,-)x and (-,-)y the inner
products on X and Y respectively and || - ||x, || - ||y the corresponding norms.
Furthermore, (-,-)x and (-, -)y denote respectively the duality paring of X and
Y and their corresponding dual spaces. Let R:Y — Y a linear and bounded
operator. Let T' > 0, for any ¢t € [0,T], let us consider a linear and bounded
operator A(t) : X — X’ such that

t€[0,T] — (A(t)v,w)x € R is measurable, Yv,w € X

M > 0 constant s.t [|A(t)||rx,x) < M, Vtel0,T].

For any function w : [0,7] — X we will use the following notation
Ruw(t) := R(w(t)), At)w(t) = A(t)(w(t)).

Then, given f € L2(0,T;X’) and ug € Y, the degenerate parabolic problem
can read as follows.
Problem 1. Find u € L2(0,T; X) such that:

L Ru(t), )y + (A@u(t),v)x = (F(B),0) g, Vo€ X,

dt
(Ru(0),v)y = (Rug,v)y, Yvev.

The first identity in Problem 1 is given in the space of the distributions
D'(0,T), i.e., this equation is equivalent to

T T T
f/ mmmwydwﬁ+/ mwmmwxmmﬁ:/ (F(t), 0)y olt)dt
0 0 0

for all v € X and ¢ € C§°(0,T). Moreover, Problem 1 can be formulated as
any of the following two equivalent problems.

Problem 2. Find u € L2(0,T; X) such that

jAuhuwwuwMMﬁfA@«wuuxva»xw=1}fuxwwxxm+«Rumvm»y,

for all v € L2(0,7; X) N H(0,T;Y) with v(T) = 0.
Problem 3. Find u € L2(0,T; X) satisfying

G Ru() + AQu() = £() i 12(0,7:X),
Ru(0) = Ruy in Y'.

Remark 1. The first equation in Problem 3 implies that Ru(-) € H*(0,T; X’),
consequently the function ¢ — Ru(t) is absolutely continuous in X’ and in
particular Ru(0) € X’'. Moreover, since the inclusion X C Y is dense and
continuous, the inclusion Y’ C X’ is also dense and continuous and therefore,
by recalling that Rug € Y’, the initial condition given by the second equa-
tion of Problem 3 has meaning, which is equivalent to the second equation of
Problem 1.
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Remark 2. Problem 1 allows some arbitrariness in the initial data ug. More
precisely, if ug is replaced by ug + z, where z is an arbitrary element of ker R,
the initial condition given by the second equation in Problem 1 does not change
and therefore neither does the solution of this problem.

In order to obtain the well-posedness result for Problem 1 (and equivalently
for Problem 2 and Problem 3), we need to recall the following definition; see [20,
Section III.3].

DEFINITION 1. Let Z be a real separable Hilbert space and G := {G(t) : Z —
Z' .t € [0,T]} be a family of linear and bounded operators. G is called
monotone if (G(t)v,v), > 0 for any v € Z and for any t € [0,T]. G is called
self-adjoint, if (G(t)u,v), = (G(t)v,u), for any u,v € Z and for any t € [0,T].
Similarly, G is called regular if for each u,v € Z the map t — (G(t)u,v),
is absolutely continuous on [0,7] and there exists a function &k : (0,7) — R
belongs to L'(0,T), which satisfies

d

pn (G(t)u,v) 4| < k@) |ullz|lv]z, Yu,v € Z ae. te[0,T].

The following result shows sufficient conditions to obtain the existence and
uniqueness of solution for Problem 1 and its proof can be founded in [20,
Proposition I11.3.2 and III1.3.3].

Theorem 1. Assume that the operator R is monotone, self-adjoint, and there
exist constants A > 0 and o > 0 such that

MRu,v)y + (A(t)v,0) x > allvlk, YveX, Vte[0,T)]. (3.1)

Then, there exists a solution of Problem 1 and it satisfies

1
2
lullizo.7sx) < € (17122020 + (Ruoy o)y ) (3:2)

for some constant C' > 0. Furthermore, if A(t) is a regular family of self-adjoint
operators, then the solution of Problem 1 is unique.

4 Fully-discrete approximation for degenerate parabolic
problem

In this section we present the fully-discrete approximation for the degenerate
parabolic problem which was introduced in the previous section. For this pur-
pose, we assume that the family of operators A(t) and the operator R satisfy
the sufficient conditions given in Theorem 1 to guarantee the existence and
uniqueness of solution of Problem 1.

The fully discrete approximation will be obtained by using the finite element
method in space and a backward-Euler scheme in time. Let {Xp}n~0 be a
sequence of finite-dimensional subspaces of X and let ¢, := nAt, n=0,..., N,
be a uniform partition of [0, 7] with a time-step At :=T/N.

Math. Model. Anal., 27(1):134-160, 2022.
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o —gn—1
At ’

For any finite sequence {#" : n = 0,..., N} we denote 90" :=
n=1,...,N.

Let ug, € Xp, and assume that f € CY([0,7]; X’), then the fully-discrete
approximation of Problem 1 reads as follows.

Problem 4. Find up € Xp,, n=1,..., N, such that

(RIupy,v)y + (Altn)up,v)x = (f(ta),v)x, Vv € Xn,
’U/% = UQ,h-
We can easily check that in each step n =1,..., N, uy is computed as the
solution of the following problem: find uj € X} such that

Ap(up,v) = F,(v), Yve Xp,
where A,, and F,, are defined by

Ap(v,w) := (Rv,w)y + At (A(ty)v,w)x, Yv,w € Xy,
Fy(v) == At (f(tn),v)x + (Rup ™" v)y, Vo€ Xp.

We will use the Lax-Milgram Lemma to deduce the existence and uniqueness
of solution of Problem 4 for each n =1,..., N. Since F,, is linear and bounded
and A, is bilinear and bounded, we need to prove that A, is elliptic in Xj. In
fact, if we assume that 0 < At < 1/, for any v € X}, we have

A (v,v) = (Ru,v)y + At{A(tp)v,v) x > At [M(Rv,v)y + (A(tn)v,v) 5],
then, from (3.1) it follows that
A, (v,v) > adt|v||%, Yve X,

Consequently, we have the following result about the existence and uniqueness
of solution for the fully-discrete Problem 4.

Theorem 2. Assume that the family of operators A(t) and the operator R
satisfy the sufficient conditions given in Theorem 1 to guarantee the existence
and uniqueness of solution of Problem 1. If the time-step At is small enough
(e.g., 0 < At < 1/X), the fully-discrete Problem 4 has a unique solution uj €
Xy foreachn=1,...,N.

Remark 3. As in the continuous case (see Remark 2), the fully-discrete Prob-
lem 4 allows some arbitrariness about the choice of the discrete initial data
ug,p- In fact, if 2z, € Xp, Nker R, we obtain the same discrete solution uj
(n=1,...,N) in both cases: by taking as discrete initial data either ugj or
Uo,n + 2h-

5 Error estimates for the fully-discrete approximation

In this section, we will deduce some error estimates for the fully-discrete ap-
proximation. To do this, from now on we assume the assumptions of Theo-
rems 1 and 2. Moreover, we assume that the solution to Problem 1 satisfies
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u € HY(0,T; X). Furthermore, we consider the orthogonal projection operator
I, : X — X}, defined by

Ihyw e Xy, : (th,v)X:(w,v)X, Yv € Xy,
clearly, ITj, is well-defined and satisfies

lw— Hyw|x < 1er§ lw—v|x, YweX. (5.1)
v h

In order to obtain the error estimates results with a regularity assump-
tions for the solution according to the degenerate parabolic problems, we will
introduce some notations and show some relevant results.

Firstly, let us consider the Riezs isomorphism Ay : Y — Y’. Then by
defining R := A;lR and following the lines of [15, Section 4], we can observe
R:Y — Y is a monotone, linear and bounded self-adjoint operator. Thus,
the operator R admits a unique square root R'/? which is also a monotone,
linear and bounded self-adjoint operator (see [18]). Let Y; := ker R, Yy be
the orthogonal space of Yy and Y_&/ % be the completion of Y, with respect the
topology induced by the norm ||v||; := |[|[RY/2v]|y.

We consider now the orthogonal projection operator Py : Y — Y, defined
by

Rv=R(Pyv), YveY. (5.2)
Therefore, Py € L(Y,Y,) (where Y} is endowed with the norm of Y) and we
can easily notice that

(Ro,v)y = |RY?0]|5 = |RY?Poolly = | Poolf, VoeY.

On the other hand, if we assume that v € H'(0, T; X), then u€H(0,T;Y") and
by recalling that P, eL(Y,Y,), we obtain P u € H(0,T;Y,) C HY(0,T;Y)
and 9;Pru = Pydu in L2(0,T;Y,). Hence, since R € L(Y,Y”), it follows
RPyu € HY(0,T;Y") and 9;(RPyu) = RO, (Pyu) in L2(0,T;Y"). Furthermore,
by noticing

Rv = RP;v, Yo ey, (5.3)
we have Ru = RP,u and hence 0;(Ru) = ROy (Pyu). In summary, if u €
H(0,T; X) then

P,uc HY0,T;Y,) Cc HY(0,T;Y), (5.4)
615(Ru) = 6t(RP+U) = Rat(P+U) = RP+(9tu (55)

in L2(0,7;Y").
Next we want to show that the linear operator Ry, : Y, — Y’ can be

extended to a linear continuous operator R : Y_i/ >5Y'. In fact, since the op-
erator R is monotone and self-adjoint, it satisfies the following Cauchy-Schwarz
type inequality

|(Rv, w)y| < (Rv,v)y/*(Rw, w)/?, Vo,we Y. (5.6)
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Consequently,
'l
(R, w)y] < Bl yyo ol llolly, WoeYe, vVwev,
hence
1
[Rvlly: < IRIZyynllvll+, VoeYs.

Therefore, the restriction linear operator Ry, : Yy — Y’ can be extended in

an unique way to a linear continuous operator R : Yi/ 2y by means of an
standard argument of continuity and density.

_ Moreover, by recalling (5.4) it follows Pyu € H'(0,7;Y,) and since R and
R coincide in Y,, we have R(Pru) = R(Pyu). Besides, since the embedding
Y, C Yj/z is continuous, we see that P,u € H'(0,T; Yi/z). From this and the
fact that R € L(Y}/?,Y"), it follows that R(Pyu) = R(Pyu) € H'(0,T;Y").
Therefore, if Pyu € C1([0,T]; Y}/?) then

R(Piu) = R(Pyu)  in CH([0,T];Y),
di(RPyu) = ROy (Pyu) in C°([0,T];Y") c C°([0,T); X). (5.7)

Consequently, by assuming that the solution of Problem 1 satisfies u €
HY(0,T; X) and Pyu € Cl([O,T];YJi/Q), from (5.5) and (5.7) it follows

9;(Ru) = ;(RPyu) = RO(Pyu) in C°([0,T];Y").
Hence, the first equation of Problem 1 implies
(R(D:(Pyu) (1), v)y+{A(t)u(t), v)x=(f(t),v)x, Yo € X, Yt € [0,T]. (5.8)

Furthermore, by using (5.3) the first equation of Problem 4 yields

(R(O(Pyup)),v)y + (Altn)up,v)x = (f(t),v)x, YoeXn  (5.9)

forn=1,..., .

Now, we introduce the standard terms to obtain the error estimates for
parabolic problems. To this aim, from now on v and u} (n=1,...,N) denote
the solutions of Problem 1 and Problem 4, respectively. We define the error
and consider its splitting

ey = u(ty) — uy = pj, + oy, n=20,...,N, (5.10)
where
pn(t) == u(t) — Hpu(t), pp = pu(tn), op = Iyu(t,) — up. (5.11)

Finally, by assuming P,u € C'([0,T];Y.,'") (see (5.2)) we denote

no._ Pyu(t,) — Pru(t,_1)

At — 8tP+u(tn): 5(P+U(tn)) — 8tP+u(tn), (512)

T
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forn=1,...,N. Note that 7 € Yi/Q, but in general 7" ¢ Y. Moreover, we
can easily check that

Oy Pru(ty) — O(Prup) = (Pyep) — 7" = d(Pyp) + (Pyoy) — " (5.13)
forn=1,...,N.
Lemma 1. If u € H'(0,T; X) with Pyu € Cl([O,T];Yi/Q) then there exists a
constant C' > 0, independent of h and At, such that

(Rojy,of)y + At Y llokllx
k=1

N
< C{<R02702>Y + Aty IR+ 10k 1% + Iokl% ) |- (5.14)
k=1

Furthermore, if ug € X and for each t € [0,T)] the operator A(t) is monotone
and there exists a constant C > 0 such that

(A (tyw,0) < Clulxllolx, YwweX, Ve,  (5.15)

then, there exists a constant C > 0, independent of h and At, such that

At Z(Rgaﬁ,go;’wy + (A(ty)op, o) x
k=1

N
< c[|a2|§<+||p2||%<+pm&mtz {||T’“||i+ap£§<+||pﬁ||%<}] . (5.16)
k=1

Proof. Letne{l,....,N}, ke {l,...,n} and v € X}. From (5.8) and (5.9)
it follows

<R (B:(Pyu)(te) — B(Pyuk)) ,v>Y 4 (A(t)ek, v)x =0, Vo e Xp,

for k =1,...,n. Then, using (5.13) we obtain

(RO(Pyof).v) + (Alti)of v)x
— (RT*,v)y — <R§(P+p§),u>y Atk v X, Yo € Xp
Therefore, by recalling R(Pyv) = R(Pyv) = Ru for all v € Y, it follows

(ROo},v)y + (A(tp)ok,v) x
= (R7*,v)y — (ROp},v)y — (A(ty)pk,v)x, Vv € Xp,. (5.17)

By testing this previous identity with v = U,’f € Xy, we have
(RAory, oh)y + (Altr)og, of) x

= (Rr*,o})y — (ROp}, of)y — (A(ty)phi oh) x - (5.18)

Math. Model. Anal., 27(1):134-160, 2022.
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Using the fact that R is monotone and self-adjoint, the first term of the left-
hand term in the previous identity satisfies

<R50’}]§v 0£>Y [<RUI]§’U}]§>Y - <RU}]§71’ 0}571>Y} )

1
>
— 2At
by recalling (3.1), there exist A, &« > 0 such that

(A(ti)oy, o) x > allog |k — MRoy, oh)y,

thus, replacing in (5.18), it follows that

—_

o [(Rak, ob)y — (Rol ™, ok~ y] +alloflk — Mok, ob)y
< (Br*,of)y — (ROp}.ok)y — (A(t)pf of) x. (5.19)

Now, from inequality (5.6) we can deduce the following inequality by using
an standard argument of continuity and density

|(Ro,w)y| < [[v]| (Rw,w)y/?, VoeY!? vweY,

hence, by recalling that 7% € Yi/Q (see (5.12)), we obtain

[(RT*, ah)y| < {Ray, o)y + 713 (5.20)

>~ =

Besides, from (5.6) we have
_ 1 _
|<Rap2,02>y| < 1<RJ}I§7J}I§>Y + <Rap27apZ>Y'

On the other hand, by using the uniform continuity of the family of opera-
tors A(t), we can notice that

1

M2 %1% 5.21
S M2 Nkl (5.21)

(67
(A(t)Phs i) x| < S llonlk +

Therefore, by replacing (5.20)—(5.21) in (5.19) and using the fact that R is
a bounded operator and X C Y is a continuous embedding, we deduce

(Roy;, o3)y — (Roy ™' oy + adt|og %

< (L+20)At(Rof, of )y + CAt {772 + 9o 1% + 1ok ]% } -

Hence, by summing over k, we obtain

n
(Rojy,of)y — (Raj, of)y +adty_ |ofl%
k=1
n n

< (1+420)At > (Rof,of)y +CAt Y {IT"I3 + 19051% + lleklIX } -
k=1 =1



Fully-Discrete Approzimation for a Family of Degenerate... 145

Then, if At is small enough such that (1 4+ 2X)At < 5, we have

1
2

n—1

1
5(R02,0h> +aAtZ||ah||X (142X Atz Rolk of)y
k=1 k=1

+(Rop, o)y +CA Y {713 + 18ohI1% + oI5} (5.22)
k=1

which implies

(Rajy, o)y < 2(Ray}, o)y
n—1 n

+2(1+20)At > (Rof,of)y + CAt Y [I7*11% + 190k 1% + ek 1%] -
k=1 k=1

Therefore, by using the discrete Gronwall’s Lemma (see, for instance, [17,
Lemma 1.4.2]), we obtain for n € {1,...,N}

n
(Royy,oh)y < C{@US,G?L)Y + Aty {1+ 190515 + Ionlk )
k=1

Hence, by using this inequality to estimate the first term in the right-hand term
of (5.22), we deduce (5.14).
Next, we want to prove (5.16) by assuming that each A(t) is monotone and
(5.15) holds true. In fact, by taking v = dof € X}, in (5.17), we obtain
<R50’£,50’§>y + <A(tk)(fﬁ,502>x
= (Rr*,00})y — (ROpy,, of)y — (Alty)pri, 00f) x. (5.23)

Now, since each operator A(t) is monotone and self-adjoint, it follows

— 1
(Alt)ok,Bof)x = oo (Ao, ob)x — (Aol ok}
and therefore
— 1
(Alt)ok,Dok)x =5 [(Alt)ok, ob)x — (Altx1)ok " oh )]

1 e / k—1 k—1
_Mt<< tklA(t)dt)ah ) (5.24)

On the other hand, a straightforward computation shows that

(Ao, Bok)x = o [ o) — (Al o )]

-~ (awdek. ot - / Ao )k )
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Hence, by using (5.24) and (5.25) in (5.23), we have

(ROo};, doy)y + A [(A(tr)or, of)x — (Alte—1)or ' o ) x]

1 b 1
te)Opk, ar ! +<< A'tdt)( Ly 2ok 1>,ak1>
< (A(ty) Ph )x Al - (t) Ph 2% h .

L = 1

+ <RT}€,30;’§>Y*<RC{9P§,30;’§>Y*E [(A(tr)oh, o) x —(Altk-1)py op Hx] s

then, recalling that the family of operators A(t) is uniformly bounded and that
the operator R is also bounded, using (5.6), (5.20), (5.15) and X C Y is a
continuous embedding, it follows that

1, — . = 1 _ _

1 _
< [(Atr)pk, of)x — (Alte—1)p)y oY) x]
+ C{lloy % + 17513 + 100k 1% + o~ %]

then, multiplying by 2A¢, summing over k and using the fact that

1
(At ) pks oi) x| < (Altn)oh, ph)x + 7 (Alta)o, oh) x

we obtain
L 1
At (Rdoy,dop)y + S (Altn)oi, on)x < (A(0)(2p) + 1), o) x
k=1
+ 2(A(tn) Pk, Ph) x + CAtZ {lor =" 1% + 17512 + 19k 1% + llon 1%} -

Finally, using (5.14) to estimate the sum involving [|o} | x and recalling A(t)
is uniformly bounded and monotone, we deduce (5.16). O

Our next goal is to prove the error estimates.

Theorem 3. If u € H'(0,T; X) with Pru € H*(0,T; Yjﬂ), then there exists
a constant C > 0, independent of h and At, such that

N
max (R(u(ta) = uf),ulta) = upy + At > [ult) — il
- n=1

<C {(R(uo —Ug.p), U0 — Uo,n)y + onax [ inf |lu(t,) — 11||§(] (5.26)

T
+/ inf [|0pu(t) — v||% dt+(At)2/ ||attp+u(t)||2+dt}.
0 vEXh 0
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Furthermore, if for each t € [0,T] the operator A(t) is monotone and (5.15)
holds true, then there ezists a constant C > 0 independent of h and At, satis-

fying

N
AR 104(Pr) 1) = TP+ i (A () = ) ) — ) x

< c{||u<o> o

2 : 2
f —
X +  max, Llenxh l[u(tn) vllx}

T T
s [ g o) ol de+ (7 [ Joupiu ). 21
0 vEXn 0
Remark 4. The first term on the right hand side of (5.26) is

(R(up — uo,n), uo — Uo,h)Y -

We can easily check that this term does not change if uy and wgj are re-
spectively replaced with ug + z and wug p + 25, for any 2z € X Nker R and any
zn € Xp Nker R, respectively. This property is very convenient in view of
the “freedom of choosing” the continuous and the discrete initial data (cf. Re-
mark 2 and Remark 3).

Remark 5. The initial condition of the problem is Ru(0) = Rug, then u(0) and
up can be different. Therefore, the term ||u(0) — ug || x which appears on the
right hand side of (5.27) is not an actual a priori error estimate, because u(0)
is not a data of the problem. At the end of this section, we will show some
conditions to bound this norm in terms of the initial data error ||ug — uonl/x-

Proof. First of all, we notice that (5.11) and (5.1) imply

lohllx = llon(ta)llx < € inf fu(tn) — 2] x. (5.28)

Moreover, the regularity assumption about w implies 0, ITpu(-) = I, (Oyu(-))
and consequently

T T
| 1am@lsde<c [t o) -+l .
0 0o #€Xn

Hence, it is easy to check that
N N
S (A = A S
k=1 k=1

N tr T
<> [ 1amOde<c [ it (o) - ol dr
k=1"Ytk—1 o v h

1 [t 2
5 | Gt

th—1

X

On the other hand, by combining a Taylor expansion with the Cauchy-
Schwarz inequality, we obtain

N N 2

1
SIE=Y
k=1 k=1

T
+ < At /0 100 Pa(t)]. dt.

tr
/ (th—1 — )0y Pyu(t) dt

th—1

+
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Now, by writing 02 = 62 - pg and using the fact that R is self-adjoint and
monotone’, from the second equation of Problem 1, it follows that

<RO’2, 02>y < 2<R(UQ — uo,h),uo — ’LLo,h>y + 2<Rp2,p2>y. (529)

By using inequalities (5.28)—(5.29) and Lemma 1, (5.26) follows from the fact
that u(t,) — ul = py + o5 (see (5.10)) and the triangle inequality.
Next, we need to deduce (5.27). From (5.13) it follows that

10 (Pyu)(tr) = Py up |3 < C [(ROoy, dop)y + 10p41I5 + 713 ] -

Consequently, (5.27) follows by using (5.16), by proceeding as in the proof of
(5.26) and noticing that

o0 < 211u(0) — uonlly +2]A% % -
N

. B 2 < |: . . 2 '
A3 inf ulta) = ol <7 max, [ ing fu(t) - ol

a

Remark 6. To end this section, we will discuss around the term [Ju(0) — uo 5| x
which appears in the estimate (5.27) (see Remark 5). We start by proving that
under some assumptions about the solution and the data of the problem, u(0)
is uniquely determined by Rug and f.

Let Xy := X Nker R and assume that f € C°([0,T]; X’). By using (3.1), we
can easily check that for any v € X there exists a unique £v € X such that:

Ev —v e Xy, (A(0)Ev,w) x = (f(0),w) y, Yw € Xo. (5.30)

The operator £ : X — X satisfies £2 = £. Moreover, if the initial data vy € X
and the solution u of Problem 1 satisfies u € C°([0,7]; X) then u(0) = Eug.
Consequently, if ug € X and the assumptions of Theorem 3 hold true, then

H’LL(O) — Uo,h ‘X = ||gU() — uo,h||X. (531)

In the same manner we can define a discrete version of the operator £. In
fact, if we denote Xo ;, := X Nker R, the operator &, : X;, = X}, characterized
by (for any vy, € Xp):

Envy, — v € Xoh (A(O)&Lvh,wh)X = (f(0), wh>X , Ywn € Xop (5.32)

is well defined and satisfies £ = &,. Furthermore, for any v € X and v, € X},
the following estimate holds true for some C' > 0 independent of h:

[Ev = Epvnllx < Cllv—wvnllx + inf [[(Ev—v) —wpllx ] (5.33)

wp€Xo,n

! Notice that if R is self-adjoint and monotone, we have (R(v + w),(v + w))y <
2[(R(v),v)y + (R(w),w)y] for any v,w € Y.
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On the other hand, by testing the first equation of Problem 4 with wy, € Xq p,
it follows

<A(tn>u27 wh>X = <f(tn>7wh>X ) th S XO,h
forn =1,..., N. Therefore, then we could choice up , € X such that
(A(0)uo,n, wn) x = (f(0),wn) x , Ywy, € Xon,

which implies ug 5, = Epuo.p. Hence, by using (5.31) and (5.33) we obtain

[u(0) = uonllx =[Euo = Enuo,nllx

(5.34)

[(Euo — uo) — wnll x

S C HU()—UQ}L”X‘F lnf
0,h

wp €X,
This estimate shows that if Eug — ug € X can be satisfactorily approximated
in Xop, then ||u(0) — ugnl|x goes to zero if h — 0 when the initial error
luo — uo,n |l goes to zero. Moreover, if Problem 1 is equivalently formulated
by considering the new initial data @y := ug + z with z := Eug — ug € X (cf.
Remark 2), then the new initial data g satisfies 49 = Eug = u(0) and therefore
from (5.34) it follows

[[w(0) — uo,nllx= [ltio — uo,nllx- (5.35)

6 Application to the eddy current problem

The eddy current model is obtained by dropping the displacement currents
from Maxwell equations [7, Chapter 8]) and it provides a reasonable approxi-
mation to the solution of the full Maxwell system in the low frequency range
(see [2]). This model is commonly used in many problems in science and in-
dustry: induction heating, electromagnetic braking, electric generation, etc
(see [1, Chapter 9]). The purpose for the eddy current problem is to deter-
mine the eddy currents induced a three-dimensional conducting domain £2,
by a given time dependent compactly-supported current density J. The eddy
current problem can be read as follows.

Problem 5. Find the magnetic field H : R3 x [0, 7] — R? and the electric field
E: R? x [0,7] — R3 satisfying

Oy (uH) + curlE =0, curlH=J+0E,
div(eE) =0, div(uH) =0,

where p, o and e represent the physical (scalar) parameters respectively called
magnetic permeability, electric conductivity and electric permittivity.

We assume that these parameters are piecewise smooth real valued functions
satisfying:

Emax = E(X) > €min >0 a.e. in fZC and £(X) = emin  a.e. in R3 \507
Omax = 0(X) > omin >0 a.e. in f)c and o(x)=0 a.e. in R3 \EC,

Mmax = (X)) > fmin > 0 a.e. in fZC and  p(X) = fimin  a.e. in R3 \Ec
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Different formulations for the eddy current model ( [5,13,24]) can be analyzed
as a degenerate parabolic problem of Section 3 and the mathematical analysis
of their numerical approximation by using finite element methods can be ob-
tained with the theory performed in Sections 4 and 5, however we only focus in
the formulation studied in the first of that references. Other formulations for
the eddy current problem on a moving domain can be found in [3,4]. These for-
mulations lead to parabolic degenerate problems more general than problems
studied in Section 3 because the operator R in that case is time-dependent.

Zlamal [24] (see also [25]) has proposed a solution of a particular case of the
eddy current Problem 5 by solving the following two-dimensional degenerate
parabolic problem, for a given data source J, : R? x [0,T] — R.

Problem 6. Find u : R? x [0,7] — R such that

ou (1
O’E = le <MVU> —+ JD? (61)

where the physical parameters o and p are independent of x3.

The following result shows the relationship between the eddy current Problem 5
and the degenerate parabolic equation Problem 6.

Proposition 2. If u : R? x [0,T] — R is an enough regular solution of Prob-
lem 6 and the electric permittivity € is independent of x3, then

ou 1/ 0u ou
E = g H.=- (2 9t 2
<0,0, 8t> and p ((‘hg’ axl,()) (6.2)

are solutions of problem Problem 5 with J := (0,0, J,).

Proof. Let u be aregular solution of Problem 6 and assume that J := (0,0, J;,).
Let us define E and H as in (6.2). Therefore,

0 (OJu 0 (Ju 0

and the first equation of Problem 5 follows. Furthermore, the second equation
of Problem 6 is obtained by noticing that

0 1 Ou 0 1 Ou
curl i = (0’0"% (m) " o (;w))

= <0,0, —div (IVU)> =J+oF.
I

Next, by recalling that v and ¢ are independent of x3, it follows the third
equation of Problem 5. Finally, the last equation of Problem 5 follows by using
the regularity of u. 0O
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6.1 Well-posedness for the eddy current formulation

Let 2 C R3 be an open, bounded and simply connected set containing QC and
Supp J, with J as in Proposition 2. In order to obtain a weak formulation for
Problem 6, we have to consider the projection of both sets 2 and the conducting
domain f}c onto the plane zix5, that will be denoted respectively as {2 and
2. We can notice that in this case 2, C £2. Therefore, given u? € L*(£2,)
and J, € L2(0,T;L%(£2)), by multiplying equation (6.1) with v € H}(£2) and
integrating by parts over {2, we obtain the following weak formulation for the
Problem 6.

Problem 7. Find u € L2(0,T; H§(£2)) such that

1
— ouw+ [ —Vu-Vv= / Jov, Vv e Hj(90),
dt Jo, QK Q

u(0)|o, = u? in 2.

The analysis of existence and uniqueness of solution for the previous problem
is obtained by using Theorem 1. For this purpose, in order to fit Problem 7
in the abstract structure of Problem 1, we have to define X := H}(§2) and
Y := L?(R2), with their usual inner products. Furthermore, we define the
operators R: Y — Y’ and A: X — X’ given by

1
(Av,w) = / —Vu - Vuw, Yo, w e X, (6.3)
oK
(Rv, w)y ::/ ovw, Yo, w €Y. (6.4)
02

[e]

We can notice that in this case the family of operators A(¢) in Problem 1 is
constant with respect of ¢ and the functional spaces and operators satisfy the
corresponding properties of Section 3. Moreover, it is easy to check that

Rv = IX0s RY2y = 01/2)(9011, Yo €Y :=L1L2%(0),
where x ¢ is the characteristic function of 2. Furthermore,
Y2 =v, ={vel?(2): vlyg =0F = L2402
+ =Yy =gveE ()-”|Q\QC* = L7(02)

and Pyv = X0V forallveY.
Additionally, we need to define the function f € L2(0,T; X’) given by

(f(t),v) y = / Jp(t)v, Yo e X. (6.5)
[0
Finally, we should notice that the initial condition of Problem 7 is equivalent

to Ru(0) = Rug in Y, where ug := a2 € Y is the extension by zero of u? to
the whole (2.

Theorem 4. There exists a unique solution u of Problem 7 satisfying
0
||U||L2(0,T;H5(Q)) = C{HucHL?(QC) + ”JD”LZ(O,T;V(Q))} )
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Proof. The operator R is clearly monotone and self-adjoint. Furthermore, the
following Garding-type inequality holds true for all v € X:

1
(Rv,v>y+<Av,v>X:/ a|v\2+/ = |vul?
2, oK (6.6)

1 2 Cp 2
> /Q Vol 2 = o o).

o :umax max

where Cp is the positive constant given by the Poincaré inequality in Hj(2).
Consequently, Theorem 1 shows that Problem 7 has at least a solution. More-
over, since the family of operators A is independent of time, it is trivially a
regular family and consequently the solution u of Problem 7 is unique. Finally,
by using (3.2) and noticing that

<RU0,U0>Y = /_Q g ‘UO‘Z < Omax ||ug||i2(gc) s
(¢}

we conclude the proof. O

Remark 7. 1t is easy to see that
1
o — div (NW> =J, inL*0,T;H}(2)),
consequently ocdyu € L2(0,T; H}(£2.)') and it is given by

1
<aatu7so>=/ JDso—/ LVu-ve,  Veemioy).
2 o, K

C

Therefore u|g_ belongs to the space Wh2(0, T H'(£2,), Hy(£2.)").

6.2 Error estimates for the fully-discrete degenerate formulation

The fully-discrete approximation for the degenerate Problem 7 is obtained by
using a finite element subspaces to define X} which is the corresponding family
of finite dimensional subspaces of X (see Section 4). For this purpose, in what
follows we assume that (2 and (2, are Lipschitz polygonal. Let {7}, be a
regular family of triangles meshes of {2 such that each element K € 7j, is

contained either in 2. or in 24 := 2 \ ﬁc. As usual, h stands for the largest
diameter of the triangles K in 7Tp.

We define X}, using the standard Lagrange finite element subspace of H} (£2),
i.€.,

Xy, = {v, € C°(2) 10| € P1(K)} NH(£2),

where C?(2) is the space of scalar continuous functions defined on 2 and Py
is the set of polynomials of degree not greater than 1. Then, the fully-discrete
approximation for the degenerate parabolic formulation is given by Problem 4,
by using the notation (6.3)—(6.5). More precisely if J, € C([0, T]; L?(£2)) and
ug,n, € Xp, the fully-discrete approximation of Problem 7 can be read as follows.
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Problem 8. Find up € Xp, n=1,..., N, such that

n n—1
up, — up, /1 n 7/
ol *+—2— v+ —Vuy - Vo = Jo(tn)v, Yv € X,
/9 ( At > am " 7] (tn) "

c
Ru% = RUo,h.

Thus, by using (6.6), the existence and uniqueness of solution u}} € Xj,
n =1,...,N, of the fully-discrete problem is guaranteed by Theorem 2 for a
small enough time-step.

In order to to obtain a suitable error estimate for the approximation and
according to the analysis at the end of Section 5 (cf. Remark 6), we can take
advantage of the “allowed freedom” to choice both the initial data ug to analyze
Problem 7 and the discrete initial data wugj in Problem 8 (see [4] for similar
ideas). To do this, in what follows we assume that u® € H'(£2,) (cf. Problem 7).

Let u? € H'(£2,) such that ug|a()c = ug|agc, u®|s = 0 and satisfying

1
/ —VuOD~Vv:/ Jo(0)v, Vv e Hy(2,). (6.7)
'QD ‘QD

u
Ug =
u

then uy € H{(£2) and the initial condition in Problem 7 is equivalent to Ru(0) =
Rug. Furthermore, we can notice that

Consequently, if we define

in 2,

6.8
in 2, (6.8)

Do o

Xo:=H§(2)Nker R = {7: v € H}(2,)},

where ¥ is the extension by zero of v to the whole £2, hence from (5.30) and
(6.7) it follows that ug = Eup.

We now proceed to define ug . To this end, we introduce the following
notation

Xn(2) = {vhmc Lo € Xh}, Xn(02,) = {vh|QD Lo € Xh}

and XP(02,) := X, (2,) NH{(£2,).

Let “g,h be an arbitrary function in X5 (£2.) and ug’h € Xn(£2,) such that

C D

0 _ 0 0 _ i
up, loo, = ug,loa., up, loe = 0 and satisfying

1
;Vugh Vo, = /!2 J(0)v, Yo, € XD(£2,).

25 b

We can notice that uOD_ , is the discrete finite element approximation for the so-
lution of Problem (6.7), hence by proceeding analogously to [17, Section 6.2.1],
we deduce

o_,0 < : 0 _
||uD uD,h HHl(QD) — the%f(QD) ||uD whHHl(QD)7 (69)
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where
Xi(02,) == {wh € Xn(2,) : whlog, = ughb%}.

Therefore, by defining

u? in 2,
Ug,p 1= { g’h I (6.10)
D, D?

h

then upp € Xj and it can be considered as the initial data in Problem 8.
Moreover, by recalling (5.32) it follows immediately that Epugp = ug . Con-
sequently if the solution of Problem 7 satisfies u € C°([0,7]; H}(£2)), uo and
uo,p, are given by (6.8) and (6.10) respectively, the analysis in Remark 6 (see
(5.35)) shows that

u(0) = up. (6.11)

Then, from (6.9) it follows that there exists a constant C' > 0 such that

[u(0) = wonllmye) = lluo = uonlly e

e PR T [t Y

Finally, by noticing that in this case we have

J01(Pow(t) ~ TP = [ o foru(e) - Buf*,
2

C

we obtain the following result about the error estimates for the fully-discrete
approximation of the degenerate parabolic Problem 7 (cf. Problem 8), which
is a direct consequence of Theorem 3.

Theorem 5. Let u? € H'(£2.) and u?, € X,(92.), uo € Hy(2) and ug, € Xp,
given by (6.8) and (6.10) respectively. Let u be the solution of the eddy current
Problem 7 and ujl € X3, (n=1,...,N) the fully-discrete solution of Problem 8.

If w € HY0,T; Hy(£2)) with ulo, € H*(0,T;L*(£2.)) then there ewists a
constant C' > 0, independent of h and At, such that

N N
max |[u(tn)—up|5+AL Y [lu(tn) — upllfs o) +AtY |0vu(ta) 0|

1<n<N n=1 n=1
0.0 |2 : 0 2
< C{Huc—uqh i (2 + we}(%f%) HUD_wHHl(QD)

T
. 2 . 2
o, 2 10 =l |+ 1, 1000 =l

T
+(At)2/o |Ouw(t)dt|Fagq) } where [l ;:/Q ofw]2.
C

Finally, to obtain the asymptotic error estimate, we need to consider the
Sobolev space HIT5(2) for 0 < s < 1. It is well known that the Lagrange



Fully-Discrete Approzimation for a Family of Degenerate... 155

interpolant £,v € X, is well defined for all v € H}(£2) N H*(2) and satisfies
the following estimate (see, for instance, [8])

[v = Lrvllg o) < CP°ollgireg), Yo € Hg(2) NHF*(2).  (6.12)

Consequently, we have the following result which shows the asymptotic conver-
gence of the fully-discrete approximation.

Corollary 1. Let u? € H'(£2.) and let ug € H{(£2) given by (6.8). Assume that

u € H' (0, T; Ho(2) N H'*(92)) with ulg,_ € H?(0, T; L*(£2,)).

Then, 1fu = (Ehuo)|g and wg p, is defined by (6.10), there exists a constant
C>0 mdependent of h and At, such that
al 2
) _
Jmax[ultn)—up5+A8 D lfu(tn)—uh [y o) +At Z [Osu(tn) — Dur||

n=1 n=1

2
< C{h2s [luollig+s )+ axy [utn) [ Fraee oy + 0sullLz o rm+s (2))]

+ (At)Z||attu|‘i2(0,T§L2(Qc))}

Proof. We firstly notice that since u(0) = wug (see (6.11)), the regularity of
u implies ug € H{(2) N HS(Q2) and Lrug € Xj, is well defined. Hence
ud = (Lruo)|o, € Xn(£2:) is also well defined and

[ud = ud, I ey < lluo — Lruo)l|ur (-

On the other hand, if u}, = (Lxruo)|e, then uy € Xj(£2,) and

D

inf
weX; (02

| ud — wlla o) < ud —uf, ln e, < lluo — Lauollm )
D

Consequently, the result follows from Theorem 5 and the interpolation error
estimate (6.12). O

Remark 8. If the discrete initial condition ug , is chosen as in Corollary 1 (i.e.
ul, = (Lnuo)|e,) the obtention of the error estimate can be further simplified.

There is no need to introduce u?,. It is enough to take (in lieu of (6.10))
uo,p = Lpug € Xp, what is allowed due to (ﬁhuo)\g = u on and the definition
of operator R (see (6.4)). Since ug is defined by (6 8), we have u(0) = ug
and the term ||u(0) — ug,p||x in (5.27) reduces simply to [lug — uonllu1 (o) =
luo — Lnuo |l (2

The technlque based on the introduction of u and estimate (6.9) has
a more general scope since it allows to consider an arbltrary discrete initial
condition ugh € Xn(£2.) such that lim, o+ [Jud — ugm Hi (2, = 0 and not
necessarily ugh = (Lpuo)| .- In fact, since the family of triangle meshes of {2
is regular, if we define X, (912.) := {zh|3gc . zp € Xp}, there exists a discrete
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lifting operator (see [6, Theorem 5.1]) Ry, : X1 (012,) — X (£2,) and a constant
C > 0 independent of h such that for h small enough the inequality

[Brgllr o) < Cllgllaie@oy V9 € Xn(052)

holds. Using this, it is easy to obtain that

we)i(%f%) [Jut, = wHHl(nD)
< O{ld =, I+ _ i =, Lo 6
D

The convergence (and the corresponding error estimate under the assumption
[|ul — ugh’ (2, = O(h?)) follows from Theorem 5 by using an interpolation
error estimate like (6.12) to bound the infimum in the right hand side of (6.13).

Remark 9. Corollary 1 shows that the fully-discrete approximation Problem 8
provides a suitable approximation for the physical variables of the eddy current
problem at each time t,,, namely the electric field E(¢,) in the three-dimensional
conducting domain (2 and the magnetic field H(¢,) in the three-dimensional
computational domain 2. More precisely, we can use the relationship (6.2), to
define

oA 1 /[ 0u ou .
E(tn) = (0,0, —atu(tn)) m QC? H(tn) = ; (({m(tn), —axl(tn)70) m .Q,
for any n =1,..., N, and propose the following approximations

E(t,) = E}l :== (0,0, —0u}) in {2,

1 /oul  Ou? A
H(t,) ~H} = - =2 ——"2 0} in .
(1) ~ H} M(awg, axl,) in

Consequently, by using Corollary 1, we deduce the following quasi-optimal error
estimates

N N
ALY E(tn) — BRIIZ + At [H(t) —HR7 5 < C [0% + (A1)°]
n=1 n=1
2 2 2 2
where |w||> := chU (w|” and [[wl]}, o =[5 % |w|”.

6.3 Numerical results

In this subsection we present some numerical results obtained with a MAT-
LAB code which implements the numerical method described in Problem 8,
to illustrate the convergence with respect to the discretization parameters. To
this end, we describe the results obtained for a test problem with a known
analytical solution.

We consider {2 with _OC and their respective projection onto the plane zixs,
2:=(0,1)2\[0.5,1]? and 2 := (0.2,0.8)%\[0.4,0.8]? (see Figure 1) and T = 1.
The right hand side J, is chosen so that

—5mt

u(xy, o, t) =€ sin(mxy) sin(wxs),
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X1

Figure 1. Sketch of the domain 3D (left) and 2D (right).

Table 1.  Percentage errors for H in the L2(0,T;L2(£2))-norm, with h = 0.3687 and
At = 0.025.

h h/2 h/4 h/8 h/16 h/32 h/64
At 41.369 | 221296  12.8925  9.1603  7.9516  7.6190  7.5335

At)2 41.309 l 21.4624 ‘ 11.4341 6.8342 5.0574 4.5040 4.3546
At/4 41.445 21.3041 ’ 10.9212 ‘ 5.8293 3.5396 2.6751 2.4108
At/8 41.582 21.3044 10.7883 l 5.5072 ‘ 2.9460 1.845 1.3784
At/16 41.672 21.3307 10.7652 5.4225 l 2.7648 ‘ 1.4813 0.9115
At/32 41.724 21.3514 10.7663 5.4038 2.7172 l 1.3851 ‘ 0.7428
At /64 41.751 21.3637 10.7702 5.4008 2.7059 1.3599 0.6932

is the solution to Problem 6 in 2 with boundary condition v = 0 on 92. Notice
that u is also solution of Problem 7 with ug(x1,z2) = sin(mwxy) sin(mas) where,
in particular uy € H§(£2) N H2(£2). We have taken y = po = 4w x 10~ Hm ™,
o =0 =10°(Qm)~!in £, the magnetic permeability and electric conductivity
of vacuum, respectively.

The numerical method has been applied with several successively refined
meshes and time-steps. The computed approximate solutions have been com-
pared with the analytical one, by calculating the relative percentage error in
time-discrete norms from Corollary 1. More accurately, thanks to Proposition 2
and Remark 9, we have compute the relative percentage error for the physical
variables of interest, the magnetic field and the electric field in the conductor
domain, namely

N
AT () ~ Bl AT B () ~ BRI

;L,Q
N 2 ’ N
ALY H ()] 5 ALY B2

)

which are time-discrete forms of the square of the errors in L?(0, T; L2(£2)) and
L2(0,T;1L2(2.)) norms, respectively. )
The Table 1 shows the relative errors for H in the L2(0, T; L?({2))-norm,
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Table 2.  Percentage errors for E in the L2?(0,7;L2(§2.))-norm, with h = 0.3687 and
At = 0.025.

h h/2 h/4 h/8 h/16
At 26.3489 | 23.9703  23.6728  23.6232  23.6127
At)2 17.2551  13.4472  13.1275  13.1028  13.1006
At/4 13.7947  [7.5263] 6.9433  6.9188  6.9213
At/8 132102  4.8159  3.6233  3.5566  3.5592

At/16 13.3954 3.9628 1.9873 1.8078 1.8042

At/32 13.6309 3.8427 1.3093 0.9290 0.9082

At/64 13.7873 3.8923 1.1142 0.5144 0.4574

At/128 13.8756 3.9494 1.0886 0.3501 0.2352

At/256 13.9223 3.9870 1.0992 0.3049 0.1323

At/512 13.9463 4.0081 1.1111 0.2992 0.0927

L2(0, T5L*(€2)) L2(0, 75 L2())
102 102
—e—Percentage error in H —o— Percentage error in E
NS - - -O(h + At) convergence NS - - -O(h? + At) convergence

Percemage error
Percemage error

10°

100

107"
10! 10% 10° 10* 10° 108 10! 10° 10° 10%
Number of d.o.f. Number of d.o.f.

Figure 2. Percentage discretization error curves for H (left) and E (right) versus number
of d.o.f. (log-log scale).

namely the relative errors for u in the L2(0,7; H}(£2))-norm. We notice that
by taking a small enough time-step A¢, we can observe the behavior of the
error with respect to the space discretization (see the row corresponding to
At/64). On the other hand, by considering a small enough mesh-size h, we
can check the order convergence with respect At (see the first entries of the
column corresponding to h/64). Hence, we conclude an order the convergence
O(h + At) for H, which confirm the theoretical results given in Remark 9,
proved in Corollary 1.

The Table 2 shows the relative errors for E in L2(0, T; L2(£2,)), namely the
relative errors d;u in the L2(0,T;L2(£2,))-norm. We proceed as above, now
we can see an order the convergence O(h? + At) (see the row corresponding
to At/512 and the column corresponding to h/16), in spite of the fact that
only a linear order of convergence in h has been proved above. Hence, we have
obtained the theoretical results proved in Corollary 1, too.

Figure 2 shows log-log plots of the error of H (left) and E (right) versus
number of degrees of freedom (d.o.f). To report this we have been values of At
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proportional to h (see the values within boxes in Table 1) and At proportional
to h? (see the values within boxes in Table 2), respectively. The slopes of
the curves clearly show an order of convergence O(h + At) and O(h? + At),
respectively.
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