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1 Introduction

Currently, the study of contact problems involving thermo-elastic materials re-
mains an active research area. Due to the intrinsic coupling between mechanical
and thermal energy, these materials has attracted the attention of industry and
engineering researchers. For this reason, a considerable effort has been made in
its modelling and numerical simulations of contact problems, and the literature
concerning this topic is rather extensive. For instance, we can see [2,3,4,6,7,8]
for general thermoelastic models and their analysis, [9,14,15,16,21,22] for the
mathematical treatment of optimal control for a system governed by varia-
tional equations and inequalities. Moreover, we refer to [1,11,12,13,17,19,20]
and more recently [5,18] for some comprehensive references on analysis optimal
control problems arising from contact models.

The aim of this paper is to deal with a model describing the static process of
frictional contact between a thermo-elastic body and a deformable foundation.
After proving the unique weak solvability of the contact problem, as well as
a convergence result of the solution with respect to the data, we consider an
optimization problem related to our contact problem, for which we provide un-
der some smallness conditions, the existence of a minimizer and a convergence
result.

The paper is organized as follows. In Section 2, we introduce the thermoe-
lastic frictional contact model, we list the assumptions on the data and derive
its variational formulation, which is given as a coupled system for the displace-
ment and the temperature fields. In Section 3, we state and prove the main
existence and uniqueness result, Theorem 1. In Section 4, we prove the con-
tinuous dependence of the weak solution on the set of constraints with respect
to the data and prove a convergence result, Theorem 2. Finally, in Section 5,
we introduce a class of optimization problems related to the contact model
and provide their solvability, Theorem 3. In addition, we give two examples of
optimization problems that illustrate our results.

2 A frictional thermoelastic contact problem

The physical setting of our contact problem is described as follows: we consider
a thermoelastic body occupying, in its reference configuration, a bounded do-
main 2 C R?, d = 2,3 with a sufficiently regular boundary I". The boundary
I' is partitioned into four disjoint measurable parts Iy, I's, I's and Iy, such that
meas(I) > 0. The body is clamped on I'y and is subjected to a given volume
force fy and heat source qg in 2. Moreover, it is acted upon by a given surface
traction fo on I and a null variation of temperature on I3 U I'5. Finally, the
body could come in frictional contact with two obstacles over I'3 and I.

To derive the mathematical model describing the previous physical setting,
let u(x), o(x), 8(x) and gr(z) represent the displacement field, the stress tensor
field, the temperature field, and the heat flux vector field, respectively. In what
follows, to simplify the notation, we do not indicate explicitly the dependence
of various functions on the spatial variable x € 2 U I', that is, we write,
for example, o instead of o(xz). Moreover, the summation convention over
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repeated indices is used and the index that follows a comma indicates the partial
derivative with respect to the corresponding component of the independent
variable, e.g. u; ; = Ou;/0x;.

Let $¢ be the space of second-order symmetric tensors on R, or equiva-
lently, the space of symmetric matrices of order d. We define the inner products
and the associated norms on R¢ and $¢ as follows

w-v =i, o] =@ -v)?2, Yu,veR?
0T = 04Tij, |7l =(r-7)%, Vo,res

Let v denotes the unit outward normal to the boundary I'. Then, the normal
and tangential components of the displacement vector v € R? and the stress
tensor o € $¢ on I" are given by

v, =0V, Vp=v—vV; o,=(0V) v, 0 =0V—0,.

Under these notations, the frictional thermoelastic contact problem can be
formulated as follows.

Problem [P]. Find a displacement u : £2 — R? and a temperature 6 : 2 — R
such that

o=Fe(u)—M0 in £, (2.1)
gr =—-KV8 in {2, (2.2)
Divo+ fo=0 in 2, divgr =qo in £, (2.3)
u=0 on Iy, ov=/fy on Iy, #=0 on I[}UI5, (2.4)
o, = -8,
lo-ll < 5, on I: (2.5)
||aT|| <S = u, =0, & '
-5 IIZTH = 3IAN>0 u, = Ao,

qr -v="kr(u, —g) (0 —0r) on I3, (2.6)
Oy = _pv(uu - ) (0 - gF)
lorl| < pr(uy — g) hr (0 — 9F>a

on Iy, 2.7
ol < pr(u — 9) e (60— 6r) v @D
or = —pr(uy — g) hr (0 eF)\ ] lf UT#O
—qr-v<0, (0—0p)<0, (¢qr-v)(@—0p)=0 on Iy (2.8)

Equations (2.1)—(2.2) represent the thermo-elastic constitutive law of the ma-
terial in which F = (fijx), M = (m;;) and K = (k;;) are the elastic, the
thermal expansion and thermal conductivity tensors, where e(u) = (g;5) =
(2(ui,j +uj;)) is the linearized strain tensor. Equations (2.3) are the equilib-
rium equations for the stress and the heat flux fields where Div and div denote
the divergence operator, respectively for tensor and vector valued functions.
The relations (2.4) are the mechanical and thermal boundary conditions. Con-
ditions (2.5) represents Tresca’s contact model, i.e., a nonpositive normal stress
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—S is imposed on given contact surface and the tangential stress is bounded
by prescribed friction bound S, so if such a limit is not attained, sliding does
not occur. Equation (2.6) represents the heat flow between a body and heat
conductor foundation, where g is the gap function between the body and the
foundation on the contact interface I's or Iy, 0 € R is the temperature of
the foundation, kr is the coefficient of heat exchange between it and the body,
and ¢y, is the truncation function defined for a given large constant L > 0 by

s if |s| <L, 59
PLls) = Ly i [s|> L. (2:9)

Note that ¢, is L-bounded and 1-Lipschitz continuous function. Relations (2.7)
describes the normal compliance contact condition coupled with Coulomb’s
friction law over Iy, where p, is a prescribed nonnegative function depending
on the relative temperature  — 0 and vanishing for negative arguments, p, is a
given function depending on u, —g, and h, > 0 is the coefficient of friction which
depends on § — 6p. Finally, Equation (2.8) denotes temperature dependent
Signorini’s law. It means that the heat flux is assumed to be unilateral from
the foundation to the body, and then the body temperature does not exceed
the foundation’s temperature 6 on the contact parts.

In order to derive a weak formulation of Problem (P), we introduce the
following spaces

H = LQ(Q)d, H1 = Hl(Q)d, H = {7’ = (Tij); Tij = Tji S L2(Q)},

which are real Hilbert spaces for the following inner products and their associ-
ated norms

(u,v)H:/Quivi dz, (u,v)g,=(u,v)g + ((u),e(v))n, (J,T)H:/QO'Z'jTij dx.

Then, we consider the sets of admissible displacements and temperatures, de-
fined by
V={veH, v=0on I}, Q={(c H (), £€=0 on INUIL},
W={€Q, £<0r on Iy}
Over the spaces V and @, we consider the following inner products and asso-
ciated norms

(wo)y = (e(w), e, ully = (wu)/*, Vu,veV,

(0,80 = (VO,VE)m , [0lo=(0.0)g", ¥0,€€Q.

Since I3 is on non-zero measure, the following Korn and Friedrichs-Poincaré
inequalities hold, for some positive constants ¢, and c,, depending only on {2
and I such that

le@)lln = ek vllm,, YveV, (2.10)
IVEIH > ey €y, VE€Q. (2.11)
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Hence (V, ||-||v) and (@, ||-||@) are real Hilbert spaces. Moreover, by the Sobolev
trace theorem, there exists positive constants ¢; and c¢o depending only on (2,
Ih, I'. =I5 or Iy such that

[ollz2(rye < ellvllv, VveV, (2.12)

€2y < 2 lléllg, Y€€ Q. (2.13)

To study of the mechanical problem (P), we need the following hypotheses

(H1) The elasticity tensor F = (fijrr) : £2 x $¢ — 8¢ and the thermal con-
ductivity tensor K = (k;;) : 2 x R? — R? satisfy the following usual
properties fijr = fjikt = firiy € L>°(02), kij = kj; € L>(£2) and there
exists a nonnegative constants mx and mg such that

fijkl(x) Thi Tij > mr ||’7'||27 V1= (Tij) S Sd a.e. T € Q,
k‘ij(l‘) (:1 Cj > mi H(Hz, VC = (Cz) S R? a.e. T € (2.

Let Mz = sup | fijrillL=(2), Mx = sup||ki;||ro=(o) be the norms of F
i,7,k,l ,J
and KC.
(H2) The thermal expansion tensor M = (m;;) : 2 x RY — R? satisfies
mi; = my; € L*(62). Let |[M]| = sup [[mj||=(o) be the norm of the
iy

V)

thermal expansion tensor M.

(H3) The compliance function p, : I'y x R = Ry (r = v, 7) satisfies
(a)3 M, > 0 such that |p,(z,u)| < M,, for all u € R, a.e. x € Iy,
(b)Vu € R,  — py(z,u) is measurable on I'; and is zero for all u <0,

(¢)3 Ly, >0,Vur,uz € R, |pr(z,u1) — pr(z,u2)| < Ly, |us—uz| a.e. z€ly.
(H4) The function h, : Iy x R — Ry (r = v, 7) satisfies the properties
a) 3 My, > 0 such that |h,(z,0)] < My, for all € R, a.e. z € I},

(
(b)V0 € R,  — h,(z,0) is measurable on Iy,
(

C) EILhT > 07V91,02 c R, |hr($,01) — hr($,92)| < Lhr\ﬂl — 92| a.e.
x € I}y,

(Hs) The thermal conductance kr : I's x R — Ry satisfies

(a) I My, > 0,Vu € R, |kp(z,u)| < My, ae x € I3,
(b)Vu € R,  — kr(z,u) is measurable on I3,

(C) EILkT > 0,Yui,us € R, |]<IT(ZL',U1) — kT({E,Ug)| < LkT|U1 — U9
a.e. r € I3.

(Hg) The body forces, traction and heat source densities satisfy

fO S Lz(n)dv f2 S Lz(FQ)dv q0 € LQ(Q)
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(#H7) The friction bound, the gap function and temperature of the foundation
satisfy

S>0ae xvely, g>0ae xelzUly, Op cRY,
S e L*(I3) and g€ L*(I3UTlY).

Now, we use the Riesz representation theorem to define f € V and ¢ € Q by

(f,v)v=[ fo-vdx+ fa-vda— S-v,da, VvevV,
9] I I3

(q7§>Q:/qu£dx, VeeQ.

We introduce the two mappings js: V — Rand [ : V x Q x Q — R defined by

js(v) = ; Slvrllda, 1(u,8,§) = : kr(w, —g)pr(0 —O0p)§da. (2.14)

We also introduce the functionals j,, j, and j defined on V' x @ x V as follows
Ju(u, 8,v) = / pu(uy, — g) hy (6 — 0F) v, da, (2.15)
Iy

500 = [ by = 9) 10~ 65) [ da
Iy
J(u,8,v) =7, (u,0,v) + jr(u,0,v). (2.16)
Then, we deduce that the variational formulation of Problem (P) is as follows.

Problem [PV]. Find a displacement field u € V' and a temperature field 6 € W
such that

(Fe(u),e(v) = e(u))y — (MO, e(v) — e(u))n
-l-js(’l)) _jS(u) +j(u7evv> _j(u79ﬂu) > (f>'U _U)V7 YoeV,
(KV0,VE — V0) +1(u, 0,6 — 0) > (4,6 — 0)g, V& W. (2.18)

(2.17)

Problem (PV) is formulated in terms of displacement field v and tempera-
ture field 8, and once the two fields v and 6 are known, the stress tensor ¢ and
the heat flux vector gr can be deduced by using the equations (2.1) and (2.2).
The analysis and the unique solvability of Problem (PV) will be provided in
the next section.

3 The unique solvability of Problem (PYV)

First, we consider the two following nonnegative constants

mr

1 cica .2\’
max(%p, 52, 1)

mic
Lr=

L =

max (i, az c2)

Next, the unique solvability of Problem (PV) is provided by the below theorem.
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Theorem 1. Assume the hypotheses (Hi)—(Hz7) hold. Then, Problem (PV)
has at least one solution (u,0) € V. x W. Moreover, if the following conditions
hold

M| + LLyy + Lp, My, + Ly, My, + Ly My, + Ly, M, < LF,

(3.1)
||MH + LLICT + MkT + th,Mp,/ + th—MPT < .L]C7

then, Problem (PV) has a unique solution.

The proof of Theorem 1 will be carried out in several steps. First, we introduce
the two product spaces X = V x Q and Y = Q x L?(I'y)? x L?(I}3), which
are real Hilbert spaces for the following inner products and their associated
Euclidian norms || - ||x and || - ||y

(x,y)X = (w,v)v + (0,8)q,
(1,¢)y = (m,¢1)q + Z (17, Gi)r2(ryy + (1as Ca) L2 (1)

7=2,3
for all x = (u,0), y = (v,§) € X and n = (n;)s, ¢ = ()i € Y. For a given
n=(n); €Y, we cons,lder functionals 57 : V — R and ¢ : Q — R defined by
70 =is)+ [ mosdat [ o] da (32)
F4 F4
0© = [ meda (33
I3

Then, we can now introduce the following intermediate problem.

Problem [PV"]. Given 1 = (1;)i=1,.4 € Y, find 2" = (u",0") e U =V x W
such that
(Fe(u),e(v) —e(u))n (Mm, (v) —e(u"))n
+ ") =" (W) > (f,v —u")y, Vv eV,
(KVOT,VE =NV g +L7(—0") > (¢,6 —0")g, VE € W. (3.5)

(3.4)

To prove the unique solvability of Problem (PV"), we consider the operator
A: X — X, the element F" € X and the functional J"7 : X — R defined by

(Az,y)x = (Fe(u),e(v))n + (KVO,VE)n, (3.6)
(Fﬁ7y) (va)V + (q f)Q + (M7717 ( ))7—[; (37)
JM(y) = 5"(v) +£7(¢), (3.8)

where 2 = (u,0), y = (v,€) € X. Then, we have the following Lemma
Lemma 1. For any given 1 € Y, we have the following results
1. The couple " = (u",0") is a solution of Problem (PV") if and only
if
(Az? y—a")x +J7(y) =T (z") = (F",y—a")x, Vy=(v,;§) €U. (3.9)
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2. The problem (PV7) has unique solution " = (u",0") e U=V x W.

3. The mapping n — (u",67) is Lipschitz continuous on Y.

Proof. Let 2" = (u",0") a solution of Problem (PV"), we add the two in-
equalities (3.4) and (3.5), and we use (3.6)—(3.8) to obtain (3.9). Conversely, if
™ = (u",0") € U satisfies the elliptic inequality (3.9), we take y = (u7,€) in
(3.9) where ¢ is an arbitrary element of W, to obtain (3.5), and for an arbitrary
v eV, we take y = (v,67) in the inequality (3.9) to get (3.4), which concludes
the first part of Lemma 1.

For the second part of Lemma 1, it follows from the definition (3.6) and the
hypothesis (H;) that for all x1 = (u1,6;1) and x5 = (ug,02) of X, we have

(Axy — Ao, 21 — x2)x = (Fe(ur) — Fe(us), e(ur) — e(u2))n
+ (KVOy — KV02,V01 — Vo2) g > mz|uy — us|l3 + mic||01 — 02[3)
> min(mz, mi) ||lz1 — 22| /%. (3.10)
=ma
Moreover, for all 1 = (uq1,01), z2 = (ug,602) and y = (v,€) of X, we have
(A1 — Aza,y)x = (Fe(ur) — Fe(uz),e(v))n + (KVO — KV, VE) i
Then, we conclude

(Azy — Azz,y)x < Mrllur — uz|lvljvllv + Mkl|61 — 02l|qlIll
< (MF + M) |71 — 22l x|yl x - (3.11)
—————

=My

From (3.10)—(3.11), we conclude that the operator A is strongly monotone and
Lipschitz continuous on X. Moreover, using the definitions (3.2), (3.3) and
(3.8), it is easy to verify that the function J” is continuous. Keeping in mind
that U is a nonempty closed convex subset of X and the element F" € X,
it comes from standard arguments on variational inequalities that the elliptic
inequality (3.9) has unique solution z" = (u",0") € U. Hence, Problem (PV")
has unique solution z”7 = (u",0"), which finishes the second part of Lemma 1.
For the last part of Lemma 1, we consider n = (;); and 7 = (7;); two elements
of Y, and let 2”7 = (u",0") and 27 = (u7,0") denote their corresponding
solution of Problem (PV™), respectively. Therefore, the inequality (3.9) implies
that, for all y = (v,€) € U, we have

(Az",y —a")x + J"(y) = J"(z") = (F",y — 2")x,
(A$ﬁ7y - mﬁ)X + Jﬁ(y) - Jﬁ(xﬁ) Z (Fﬁvy - xﬁ)X

Taking y = 27 in the first inequality and y = " in the second inequality, and
add the two obtained inequalities to obtain

(Az" — A2 2" — 2 x < (F" — F7 27 — 2 x + J"(z")

) o (3.12)
— (@) + T () — T (7).

Math. Model. Anal., 26(3):444-468, 2021.
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From the definition (3.7) of functional F7 and the assumption (#z), we get

(F" = F7,2" —a)x = (M — Mij,e(u") — e(u”))

M B .
< Wy iy — . 3.03)

P

< [IM[llm = 7 ll L2 () llu™ = ™|y
Next, using the definitions (3.2), (3.3) and (3.8), we obtain
JN (&) — J(x") 4+ J(x") — J(27) = / (2 — 7i2) (u — ") da
Iy

[ =) 2l = o+ [ (=)@ — 07

I3
< e llne = a2y Iw™ — u"llv + c1 lIns — isll L2y [ — w|lv

+ 2l = all ey 107 = 07 g < (21 + c2) [ —dilly a” — 27|x. (3.14)
Finally, we combine (3.12)—(3.14) and (3.10) to deduce

1(u,67) = (u,6M) ]| x < clln—lly,

\MH)

where ¢ = ((2¢1 + ¢2) + | /ma >0, and hence Lemma 1 is proved. O

In the next step, we consider the operator A:Y — Y defined as follows

A(n) = (A1(n), A2(n), A3(n), Aa(n)), (3.15)

Ai(n) = 0", Az(n) = py(u) — g) hu (0" — OF),

As(n) = pr(w) — g) he(0" = 0r),  As(n) = kr(u) —g) oL(07 = OF),
where (u”,6"7) is the unique solution of Problem (PV") corresponding to 7. We

will prove that the operator A has fixed point and to this end, we consider the
following closed convex subsets

Ei={€Q, &l <k}, Ex={weL?(Iy), |wlrer) < ka},
Es ={we L*(Iy), |wllrzry < kst Es={ne€ L*I3), [Inllzry) < ka},

where the nonnegative constants ki, ko, k3 and k4 are given by

ki = (lallg + c2ka)/mic, ka2 = My, My, meas(I'y)?,
ks = M, M, meas(Iy)?, ks = My, Lmeas(Is)?.

4
Then, we consider a nonempty, convex and closed subset E = [ E; of Y.
i=1

Lemma 2. The operator A defined by (3.15) has at least one fized point.

Proof. For n = (n;); € E given, let (u,607) denote the unique solution of
Problem (PV") corresponding to 1. Then, it comes from assumptions (H3)(a),
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(H4)(a) and (Hs)(a) that

lpw (u = g) b (07 = 0| 21y < My, My, meas(Iy)? = ks, (3.16)
pr(u = g) he (07 — 0F) | 12(ry) < My, My, meas(I'y)? = ks, (3.17)
Ik (u? — g) 010" — 0r) || L2(ry) < Myy Lmeas(I3)% = ky. (3.18)

On the other hand, we take £ = 0 in the inequality (3.5) to obtain
KV, VO g +0"(07) < (¢,0)q. (3.19)
Using the definition (3.3) of the mapping ¢", we have

[7(07)] < callnall L2 () 1107l - (3.20)

We combine the hypothesis (H;) and the inequalities (3.19) and (3.20) to get

micll0"1% < llallello"llQ + callnallzacry 1167l

which leads to the following inequality
1
167l < —(llqllq + c2ka) = k1. (3:21)
mi

From (3.16)—(3.18) and (3.21), we deduce that A is an operator of E into itself.
We recall that E is a nonempty convex and closed subset of a reflexive space Y.
Then, E is weakly compact. Using the continuity of p,, p-, hy, b+, k7 and ¢r,
and Lemma 1, we deduce that A is weakly continuous. Then, by Schauder’s
fixed point theorem, the operator A has at least one fixed point. 0O

Now, we have all the ingredients to provide the proof of Theorem 1.
Existence. Let n* be the fixed point of A, we denote by z* = (u*,0*), the
solution of Problem (PV") for n = n*. The definition (3.15) of the operator A
implies that * = (u*, 6*) satisfies Problem (PV) and that leads to the existence
part of Theorem 1.

Uniqueness. Let (u1,61) and (us,02) denote two solutions of Problem (PV).
Then, it follows from (2.17) that, for all v € V', we have

(Fe(ur),e(v) —e(ur))n — (Mb1,e(v) — e(ur))n
+ Js(v) = js(u1) + j(ur, 01, v) — j(ur, b1, u1) > (f,0 —w)v,

(Fe(uz),e(v) — e(u2))n — (Mbz,e(v) — e(uz))n
+js(v) = js(u2) + j(uz, 02,v) — j(ua, 02,u2) > (f,v —u2)v.

(3.22)

(3.23)
After taking v = ug in (3.22) and v = u; in (3.23), we add the two obtained
inequalities to get

(Fe(ur) = e(ug), e(ur) — e(ug))p < (M1 — MO, e(ur) — e(uz))n

‘ . . ‘ (3.24)
+ j(u1, 01,u2) — j(ur, 01, u1) + j(ug, 02, ur) — j(uz, O, uz).

Math. Model. Anal., 26(3):444-468, 2021.
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In addition, it comes from the inequality (2.18) that for all £ € W, we have

(KV01,VE=V01) g+ 1(u1,601,§ — 61)
(KV0,VE = VO2) g + l(uz, 02,& — )

(¢,€ = 1) (3.25)
(4,€ = 02)q- (3.26)

>
>
Taking & = 05 in (3.25), £ = 6; in (3.26), we add obtained inequalities to find
(KVO1 — KV 03,V — Vo) g < l(uz, 01,02 — 61) — l(ug, 02,02 — 601). (3.27)
Therefore, we combine the two inequalities (3.24) and (3.27) to conclude
(Fe(uy) —e(ua),e(ur) —e(uz))y + (KVO — KV, VO, — Vo) g < M, (3.28)
where the constant M = M7 + My 4+ M3 is defined by the following expressions

M1 = (Mel - M927E(U1) — E(UQ>)7.[7
My = l(uq,01,02 — 01) — l(uz, 02,02 — 01),
Mz = j(uy,01,u2) — j(u1, 01, u1) + j(uz, Oz, ur) — j(ug, 2, uz).

Using the assumption (H3) and the Friedrichs-Poincaré inequality (2.11) to
obtain

My < [[MOy — M0Oso||3le(u1) — e(uz)|n

1 1
< — M| |01 = Ozl lur — uzllv < THMH(H@l — 0% + llur — uzlly)-
Cp Cp

Keeping in mind that ¢y is L-bounded and 1-Lipschitz function, we use the
definition (2.14), the assumption (Hs) and the Sobolev trace inequalities (2.12)
and (2.13) to deduce

M,y = A (kT(uh, — g) - kT(u2u - g)) @L(el - 0F)(92 - 91) da

+ [ hrun, = 9) (o101 — 0r) — o162 — 07)) (02 — 01) da
I3

<crea L Ly [Jur = usllv]|1 — Oallq + €3 My, 1|61 — 6217,

(3.29)

ciC
< 122 L Liy. (lur = u2ly + 161 — 02113) + 3 My 161 — 6215

Similarly, we use (2.12)—(2.13), (2.15)—(2.16) and assumptions (H3)-(H4) to get

My < 1Ly, My, |[ur — w2l + crcaln, My, [|61 — 02| qlur — uallv

+ Ly, My, |lur — sl + crcaln, My, |61 — 02l qllur — uzllv

C1C
uy — uply + %LhuMpu (llugr — w2l + 161 — 62]13)

< ciLy, My, (330

C1C
+ G Ly, My, |lug — usl3 + %LhTMpT (llur — ual3 + (161 — 6213)-
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Now, we combine inequalities (3.28)—(3.30) and assumptions (1) to deduce

mr|lur—uz|[3 + muc||6r — b2[I3
1 cic

(50 55 d) (Ll —uall} -+ Lal|61~02] ),
P

where the two nonnegative constants L, and Lo are given by
L, =(|M| + LLy, + Ly, My, + L, My_+ Ly, M,, + L, M, ), (3.31)
Ly = (M| + LLy, + My + Ly, My, + Ly, M, _). (3.32)
Recalling the smallness conditions (3.1), we conclude
l[ur — uall3 + 1|61 — 6213 <0,

which implies u; = uo and 61 = 65. Thus, the uniqueness part is proved.

4 Convergence results

In this section, we deal with the continuous dependence of the solution of Prob-
lem (PV) on the data. To this end, we assume (H1)—(H7) and the smallness
conditions (3.1) holds. Then, according to Theorem 1, Problem (PV) has a
unique solution (u, §). Since the solution (u, ) depends on the data fo, f2, qo,

Sv GF and g, we denote it by ('LL, Q)Z(U(foa f2; q0, Sv ngg)ﬂ 0(f07 f27 qo0, Sa 6F7 g))
Moreover, we consider in the sequel, a perturbation fon, fon, qon, Sn, 0F, and
gn of the elements fy, f2, qo, S, OF and g, respectively.

For each n € IN,; we consider the subset W,, of @ given by
Wn:{£EQ> §S0Fn on F4}7
functionals js, : V = R, j, : VX Q@ xV =R, [, : V xQ xQ — R defined by

s = [ Sullolda (4.1)
1o (1,0, €) = / b, — gL (6 — 01, )€ da, (4.2)
ju(u,0,v) = /F Doty — ga ) (0 — O, vy da (43)
=jnv (u,0,v)
+ /F Pt — gn)he (0 — 65, )J0r | da (4.4)
=Jnr(u,0,v)

and the elements f,, and g, defined for all v € V and £ € @ by

(fan)V:/ fOn'Ud-/E'i_ f2n~vda—/ Sn'vuda7 (45)
n I I3

(ang)Q = /Q qoné dx. (46)

Then, we introduce the following perturbation of Problem (PV)
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Problem [PV,]. Find (uy, 0,) € V x W, such that
(Fe(un),e(v) —e(un))p — (Mbn,e(v) — e(un))n + Jjs, (v)
— JSn (un) + ]n(un; On, U) - jn(una Ons Un) > (fna v — Un)V VoeV,

(Kven, V§ - van)H + ln(un70na§ - an) Z (Qn;g - an)Q Vf € Q (48)

(4.7)

As done to prove Theorem 1, we can get that for each n € IN, Problem (PV,,)
has a unique solution (u,,8,) € V x W,,, that we can also write as follows

(un7 on) = (Un(f()nv fan, Gon, S, anagn)a an(fOna fon, qon, S, 9F7,,7gn))-

Now, we state the main convergence result of this section.

Theorem 2. Assume that the following convergences hold

fon = fo in L*(R)", (4.9)
fon = fo in L*(I3)", (4.10)
qon — qo in L*(2), (4.11)
S, =S in L*(I3), (4.12)
gn =g in L*(I3UTy), (4.13)
0p, — 0p in R. (4.14)

Then, the solution (un,68,) of Problem (PV,) converges to the solution (u,6)
of Problem (PV), i.e.,

Up —u in 'V, 60,—0 in Q. (4.15)

The convergence result in Theorem 2 is important from the mechanical point of
view, since it shows that the weak solution of the contact Problem (P) depends
continuously on the data. The proof of Theorem 2 will be carried out in several
steps. We start by considering the following intermediate problem.

Problem [PV,]. Find (@n,0,) € V x W such that for all (v,£) € V x W, we
have

(Fe(@n),e(v) = e(@n))u — (MO, e(v) — (@)
+an (U) - an (ﬂn) +jn(ﬂn;§nav) - jn(ﬂn7§n7ﬂn) Z (fn,'v - ﬂn)V;

(4.16)

(Kvgm Vf - van)H + ln(ﬂnyenaé - an) > (Qnaf - gn)Q- (4'17)
The difference between the two previous problems is that, in Problem (PV,),
we are looking for 0, € W, while in Problem (PV,,), we search for 6, € W,.
Note that the solvability of Problem (PV,,) is a consequence of Theorem 1.
Moreover, we have the following result.

Lemma 3. Let (u,0), (un,0,) and (@n,0,) be the solutions of the problems
(PV), (PVy) and (PV,,), respectively. Then, we have
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1. For any n € N, there exists a constant § > 0 such that

lunlly +18nllQ < 8, [anllv + [0nlle < 0.

2. The sequence {(T,,0,)} converge weakly to (u,8) in V x Q, that is

Uy —u in 'V, 0,—0 in Q.

3. The sequence {(Tn,0,)} converge strongly to {(u,0)} in V x Q, that
18
Up —u in 'V, 0,—0 in Q.

4. The sequence {(tn, 0,) — (un,0,)} converge strongly to zero in V x Q,
i.e.,
[n — unllv + [|0n — Onllq — 0.

Proof. Let n € IN, after taking v = 0 in (4.7) and £ = 0 in (4.8), we add the
obtained inequalities. Recalling js, (0v) = jn(tn, 0, 0v) = 0, we find

(.Fc?(Un),E(Un))’H + (K:venv vtgn)H S (fnvun)V + (anen)Q
- an (un) - ]n(unaenaun) - ln(un7 afru en) + (Menyff(un))’f-t
The definitions of jg, and j,, imply js. (u,) > 0 and jur (un, 0n, urn) > 0. Then

(.Fs(un),s(un));_[ + (]Cvena vgn)H S (fna un)V + (Qn, an)Q
- jny(un7 Gnyun) - ln(unyena an) + (Manys(un))ﬂ

Using the definition (4.5) of f,, and the inequalities (2.10) and (2.12), we find

(4.18)

1
(fnvUTL)VSaHfOnHL?(Q)dHun||V+cl||f2nHL2(Fz)d||U7L||V+ClHSTLHLQ(Fs)HunHV'
(4.19)
Next, it follows from (4.9), (4.10) and (4.12) that sequences {fo,} C L?(£2)%,

{fon} C L?>(I%)? and {S,,} C L%(I3) are bounded, i.e., there exist nonnegative
constants 61, do and d3 such that

Il fonllz2(2ye <61, N fonllr2(rye <62, 1Snll2(my) < 0. (4.20)

Then, we combine the two previous inequalities (4.19) and (4.20) to deduce
1
(Frun)v < (2201 €105 + 103) [[unlv- (4.21)

Similarly, the convergence condition (4.11) implies that {gon} C L?(2) is a
bounded sequence. Then, there exists a nonnegative constant §; which does
not depend on n, such that

I gon | 22y < 1. (4.22)
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Using the previous inequality, the definition (4.6) of ¢, and (2.11), we find

01
(@n,0n)q < llgonllL2(2)[10nllL2(2) < . 10nlq-
P

The definitions (2.9), (4.2) of ¢, and [,,, assumption (Hs5) and (2.13) imply

i (tny Oy 0)| < LMipmeas(I3) % |0l 22(r,)
< ey LMy, meas(I3)? |6, o-

In addition, the hypotheses (H3), (H4) and inequality (2.12) lead to

. 1
|G (U, Oy un )| < My, My, meas(I'y)? ||un||L2(F4)d

< clMpuMhumeas(Dl)% |lten|v-
Also, it comes from assumption (H2) and (2.11) that
(MO e(un))r < MOl lle(un)l

1 1
< —[IM|[I0nll@llunllv < TIIMH(H%II?; + Jun|3).- (4.23)
Cp Cp

Next, we combine (4.18) and (4.21)—(4.23) with the inequality below
(Fe(un),e(un))u + (KVO0,, VO, ) g > mJ—'HunH%/ + m’CHGnH%

to find that there exist two constants ¢; > 0 and ¢y > 0 such that

N|=

1 1 ~
(e = e MUl + (i = 5 [MI) 160, < (@10, My, meas(T)
Cp 2¢,
~ 1
Ffalv)llually + (€L Mizmeas(I3)2 + [lanllQ)[10n ]l o- (4.24)

Recalling condition (3.1), we have mz — z— [ M|| > 0 and mx — 5 M| > 0.
P P
Then, it comes from (4.24) that there exists a constant ¢ > 0 such that

I + 1100113 < ¢ (lunllv + l16n]lQ)-

Hence, this inequality combined with the fact (a+b)? < 2(a?+b?) for two reals
a and b, we conclude that there exists a nonnegative constant § such that

[unllv + 10nllq < 6.
In addition, using the same technique, we also deduce
[@nllv + 0allQ < 6.

Let us now, show that the sequence {(un,0,)} converge weakly to (u,6). It
follows from the first part of Lemma 3 that {(%pn,0,)} is bounded sequence in
V x Q. Therefore, there exists an element (%,0) € V x @ and a subsequence
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of {(tin,0,)}, denoted again {(@,,0,)}, such that {(@,,0,)} converge weakly
to (w,f) in V x Q, i.e.,

U, —u in V, 6,—6 in Q. (4.25)

Using compactness result of the embedding of H'(2) — L?(2) [10, Theorem
16.1], we get that { (T, 0,)} converge strongly to (u,f) in L2(£2)% x L?(£2), i.e.,

U, —w in L*(2)%, 6,—0 in L*(). (4.26)

Since the trace map v, : V — L2(I') and 75 : Q — L?(I") are compacts, then
the weak convergence (Ty,, 0,) — (u,0) in V x Q leads to the strong convergence
(Wn,0,) — (w,0) in L2(I')4 x L3(I), i.e.,

U, —u in LAY, 0,—0 in L*I). (4.27)

To prove that (@, 0) = (u, ), we recall that V x W is a nonempty closed convex
subset of space V x Q and {(,,0,)} C V x W. Hence, the convergence (4.25)
implies that (@,0) € V x W. Then, we take v = % in (4.16) and & = @ in (4.17),
and after adding the two obtained inequalities and using the definition (3.6) of
the operator A, we obtain

(AT, ), (@n, ) — (@, 0)) x <(fu, T =) v +(gn, On 9)Q+Js (@) —Js,, (@)

+jn(ﬂmgnau) Jn(umo ) - ln(umonve 5) ( (un) - E(E))
(4.28)

Moreover, we use the definitions (4.5), (4.6) of f,, and ¢, to deduce
(fn,ﬂn—ﬂ)vz/ fon - (@n —W)dz+ [ fon - (Un —u)da
02 I

_ Sy, (ﬂyn — E,,)da < ||f0n||L2(Q)d ||ﬂn — ﬂ”LQ(Q)d
I's
+ | fonll2(roye [@n — @l L2(ryye + 1SnllL2 () 1@ — @l £2(1y)4,

(Qn,gn _g)Q = /QQOn (gn —5) dx < ||quHL2(Q)||§n _gHLZ(Q)'

From the conditions (4.20), (4.22) and the convergences (4.26)-(4.27), we get
(fr:Tn =)y =0,  (gn,0n —0)g — 0. (4.29)
From the definitions (4.1)—(4.3) and assumptions (H3z)—(Ha), we have

G5 (@) = Js, (@n) < |1SnllL2(r) 1@ = nll 2 (e (4.30)

L (s O, Oy — 0) < My Lmeas(I3)% |8, — 0| 121, (4.31)

jn(ﬂna On, ﬂ) - ]n(ﬂn; gna ﬂn) < Mp,,Mh,,meaS(F4>% ||ﬂ - UnHL2(F4)d (432)

+ MpTMhTmeas(E;)% ||ﬂ — ﬂn‘|L2(F4)d.
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Therefore, the convergence condition (4.27), combined with (4.20) and (4.30)—
(4.32), leads to

js, (@) = js, (@n) — 0, (4.33)
jn(ﬂmgmi) - jn(a’rugnaﬂn) — 0, (4.34)
ln(ﬂn,g 9, 9) — 0. (4.35)

The operator ¢ is linear, then £(w,) — () in H, and by boundedness of the
sequence {0, }, we get

(MBy, e(tn) — e(w)z — 0. (4.36)
Then, we use (4.28), convergences (4.29) and (4.33)—(4.36) to obtain
lim sup(A(tn, 05), (Tn, 0n) — (@,0))x < 0. (4.37)

The inequality (4.37) combined with (3.11) implies that A is a pseudomonotone
operator. Thus, for all (v,&) € V x @, we have

hmlnf(A(Hnagn) (un» ) (U 5)) ( (U,§)7 (ﬂag) - (U,f))X

Therefore, we add the two inequalities of Problem (PV,,) and use the definition
of the operator A to get

(A(anzgn)7 (ﬂn7§n)_(U7€))X§(fn7ﬂn - U)V—i_(Q’m?n_g)Q +an (U>_jsn (Hn)
+jn(ﬂn7§naU)_jn(ﬂnvgnyﬂn)_ln(ﬂnagnagvz_€)+(M§7us(ﬂn)_e(v))?{a
(4.38)

for all (v,£) € V x W. The inequality (4.38) can be reformulated as follows

(AT, 0n), (ﬂmgn) - (v,9))x
< (far T=0)v + (fo, T = W)y + (¢n, 0 = §)q + (4n, On — )
+ s, (v) = s, (@) = (s, (@n) = js, (@) + jn(@n, On, v)
= Jn(@ns O, @) = (G (@ns O Tn) = G (T 0,0)) = U (W, O, 0 = )
Un(Un, 00y 00 — 0) + (MO, e() — e(v))3 + (MO, e(Tn) — ()3

Then, by passing to the limit, we get that for all (v,£) € V x W, we have

=
=
=
—~
BN
—
S
>
S
N
—
S
S
|
3
~—
[
—
<
™M
-
=
>
IN
—
)

=)y +(¢,0 — &)q + js(v)
_jS(H) +j(ﬂ>§7v> - ](ﬂ,g,ﬂ) - l(ﬂagag 5) (M9 5( ) (’U))H,

(A@.0), (@,0) - (v,§))x < (fa—v)v + (0.0 - &)q
+jS(U) _JS(U') —|—j(U,§, 7)) —j(ﬂ7§7ﬂ) - l(ﬂ7§7§_ 5) + (Ma,&‘(ﬂ) - E(U))H'
Then, for all (v,£) € V x W, we have
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Now, we take successively £ = @ and v = 7 in the previous inequality to get

(Fe(@),e(v) — e(@)n — (M8, e(v) — e(@))n
+s(v) — js(@) + (@, 0 j(u, 0
(KVO,VE -V g +1(u,0,6 —0) > (¢, —0)g, VEEW.

It means that (@, 0) is also a solution of Problem (PV), and from the uniqueness
of the solution of Problem (PV), we conclude that (@,6) = (u,6). Then, the
sequence {(T,,0,)} converge weakly to (u,6) in V x Q.

Now, we move to prove that {(T,,0,)} converges strongly to (u, ) in V x Q.
We take v = w in (4.16) and £ = 0 in (4.17) and add the obtained inequalities
to get

(Fe(@n), e(@n) — e(w))p + (KVOn, VO, — VO 1

< (frnﬂn - U)V + (QHaan - G)Q +an (u) - an (ﬁn) +]n(ﬂna§nau)
- ]n(ﬂnvgnaﬂn) - ln(ﬂnagnagn - 9) + (Ménag(uﬂ) - E(U’»H’

S (f'ruﬂn - u)V + (qn7 en - Q)Q +an (u) - an (ﬂn) +]n(ﬂnu§nau)
- ]n(anvgnyﬂn) - ln(ﬂ'mgnaan - 9) + (M5n76(ﬂn) - 5(”))71
— (Fe(tn),e(@,) —e(u))y — (KVO,V0, — V) g.

(4.39)

Recalling that the sequence (u,,, #,) converges weakly to (u,6) in V' x @, then
by the same techniques used to find (4.29) and (4.33)—(4.36), we deduce

(Fe(tn),e(tpn) —e(u))y — 0, (KVO,V0, —VO)g — 0, (
(fr,Un —w)y =0, (gn, 0, —0)g — 0, (4.41
38, (W) = G5, (@n) = 0, G (Tns Ony w) = Gin(Tns Oy Wn) — 0, (
(U, Ony 0 — 0) =0, (M0, (W) — e(u))y — 0. (

Next, we combine (4.39), (4.40)—(4.43) and assumption (H) to find

. — 2 n 2
Tim (@, —ullf, + [0, — 0]3) <0.

Hence, {(%y,0,)} converges strongly to (u,6) in V x Q.
Let us now prove (|[@y, —tn ||y +]|0n—0x]|@) — 0. We consider a nonnegative
real a,, = 0p/0F,. Using the definitions of W and W, it is easy to deduce
anlbp €W, 0,/an, € W,,
where (u,,,0,), (@, 0,) are the solution of Problem (PV,,) and Problem (PV,,),
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respectively. We take v = -7, in (4.7) and v = a,u, in (4.16), then we get

! 1 o1
(Fe(un), (=—Ttn) = (un))r — (MO, &(—T0n) = £(un))e + js,, (—Tn)
. . 1 ) 1
~ JSn (un) +‘7"(u"’ On,s ;ﬂn> - ]n(uruenaun) > (fn’ ;ﬂn — un)V,

(Fe(@n), e(anun) — e(Un))u — (MOp, e(anuy,) — e(Tn))wn + js, (Qnin)

- ]Sn(ﬂn) +jn(ﬂn7§naanun) - ]n(unvgnaﬂn) 2 (fnvanun - ﬂn)V~

Next, we add the two previous inequalities to obtain

(Fe(un), &) — (— )t + (Fe(Tn),e(Tin) — e(antun))

n

< (1 - an)(fn,un)\/ + (]— - ain)(fnvﬂn)V + (an - ]-)]Sn (un)

1 . L 1 . _
+ (7 - I)JSn (un) + (Oén - I)Jn(uvu onyun) + (I - 1).7n(una 9n7un)

+]n(an79naun) _jn(ﬂnaenaun) +]n(un79naﬂn) _jn(unaenvun>

(1= o) (MBr, () + (1 — O%)(Men,g(an))ﬁ

+ (MByy — Mb,, () — £(un))a. (4.44)

Using the assumption (H1), it comes from the previous inequality that

(Fe(utn),=(um) = () + (Fe(in), () — (an )

n

= (.F&(un) - ]:E(ﬂn)aa(un) - 5(611))7{ + (1 - an)(]:‘g(ﬂn)’e(un))ﬂ

+(1— i)(}"g(un),s(ﬂn));u-[ > mz||u, — U3

Qn

(4.45)

1
= 1= an| Mz @]l l[unllv = 1 = —[ Mz [@nllv[[unllv-
n

Remembering that f,, Sy, Tn, Un, 0, and 6, are all bounded, we use hy-
potheses (H1)—(Hs) and inequalities (4.44) and (4.45) to get that there exists
a nonnegative constant ¢; such that

m||un — [
<1 (11 = @+ (0 )+ G ) = (0, B ) (1.46)
+ Gn Uy Oy T) = Gin (U, Oy ) + (MO, — MO,y () — (1)) 3¢
Moreover, by the same arguments used to prove (3.30), we can deduce that
i (@ Ons tn) = G (W Oy T ) + i (U O i) = i (s O )|
< ALy, My [T = wnlly + =52 L, M, ([T = wall} + 18 = 0a113) (4 47)

_ C1C2 _ -
+ C%LprhT Hun - un”%/ + TLhTMpf (Hun - un”%/ + Hen - 971”%2)
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Hence, by combining (4.46)—(4.47) and assumption (Hz), we get

mr [[un — HHH%/

- 1 _
<a (‘1 - O‘n‘ + |1 - OTD +C%LpuMhy||un - “nH%/
n

cc _
+ %LhVMpu (Hﬂn —up [ + 160 — 0n||2Q) + C%L:DTMhT [ — unllf

Cci1C 0
+ =5 L M, ([T = wnll¥y + 10 — 62112)

1 - _
+T||M||(‘|9n_9n|‘é+”un_unH%/)' (4.48)
Cp

Now, we take £ = a0, € W and £ = al—ngn € W, in (4.17) and (4.8), respec-
tively, to obtain

1 _— 1 1 -
(’Cvena ?ven - Ven)H + Zn(un; Gna ?en - en) 2 <Qna ;Hn - Hn)Q;

(Kvgna anvan - van)H + ln(ﬁnagna angn - gn) Z (qna O‘nen - gn)Q
Then, we add the two previous inequalities to deduce

1 _
(KV 0, V0 = — V8,11 + (KV00, VO, = 0 V0,) s

< (1= ) (@ Bn) + (1 ainan,en)@

(4.49)
+ (an — 1) 1n (W, O, 00) + (ain — 1) 1y (U, O, 0,)
+ 1y (U Oy Oy — 01) — 1y (U, Oy 0 — 0,).
In addition, it comes from the hypothesis (1) that
(KV0,,V0, — ainvén)H +(KV0,,V0, —a,V0,)u
= (KV0, — KV0,,V0, — V0, g + (1 —a,) (KV0,,V0,) g
+(1- ain) (KV0,,V0n)u
> i = Bally = (11 = | + 11 = =) Mc[Ballo 60 o
By the same arguments as used to find (3.29), we can get
ln(tny Oy O, — 0) — Ly (U, 0, O, — 6,,)]
(4.50)

C1C2 _ - -
< TLL]’CT (Hun - un”%/ + |0n — an”é) + CngT”en - en”é

Recalling that gy, 0,, 0., U, and u, are all bounded, then it follows from
the hypotheses (H1) and (Hs), the definition (2.9) of ¢ and the inequalities
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(4.49)—(4.50) that, there exists a nonnegative constant é; such that

_ 3 1 _
myc||On — 0n||2Q <6 (ll —ap|+ |1 - a7|) + CngrHen - 971”%2
" (4.51)

C1C2 — n
+ =5 L Ly ([ln = a3 + 8 = 0al17)-

Next, we combine (4.48) and (4.51) to conclude that there exists a constant
¢3 > 0 such that
— 12 9 2 1
m |un — Unlly + mi||0n — en”Q <C3 (‘1 — o[+ 11— OTD

C1C2
2

_ 1 cice _
,3) Ly [[up — T3 + max(s—, 3, =) L2 [0 — 0,13,

+ max(
max(—-
e, 2¢,” > 2

P

where the constants L; and Ly are previously defined (see page 12). Keeping
in mind conditions (3.1), then there exists a nonnegative constant ¢ such that

_ 1
[|un — ﬂn”%/' + 10, — enHQQ sc (|1 —ap|+[1— OTD (4.52)

0
Finally, from (4.14), we get o, = G—F — 1, and then (4.52) leads to
P

which concludes the proof of Lemma 3. O

Now, we have all the ingredients to provide the proof of Theorem 2. Let n € IN,

we denote by (u, ), (un,0,) and (@, 0, ), the solutions of the problems (PV),

(PV,,) and (PV,,), respectively. We know that
[un = ullv + 100 = 0llq < [lun —Tnllv + [@n — ullv + 1100 = Onllq + [10n — Ollo-

Hence, it follows from Lemma 3 that (4.15) holds, and thus ends the proof of
Theorem 2.

5 Optimization problem

In the previous section, we have seen that for given loading functions fy, fa,
qo, 9, S and 6, Problem (PV) has a unique solution (u, ). So, each of these
quantities could play the role of controlling the inequalities of this Problem.

Now, we would like to study an optimization problem which is described by
the following construction. Let 8 and ¢ be one or a part of the problem’s data
such that

,8052@, BU(S:{f07anQO7g7S79F}'

To guarantee the conditions of Theorem 2, we assume that 5 € T and 6 € T’,
where T and T are subsets of two appropriate Hilbert spaces Z and Z’. For
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a given §, we want to act through a good choice of 8, and then the solution of
Problem (PV), which of course depends on the data 5 U d, is now considered
as function of 8. Hence, we denote it in what follows by (u(8),60(8)). Next,
we consider a the cost functional £ : X — R, and the following minimization
problem.

Problem [PO]. Given 6 € T", find 8 € T such that
L(u(57), 0(87)) = min L{(u(B), 0(B)). (5.1)

We note here that for a given § € T’, the mapping 8 — (3,0) is linear con-
tinuous for the strong topologies, and then it is also continuous for the weak
topologies.

The main result of this section is stated as follows.

Theorem 3. We assume that the following hypotheses hold,

T is a bounded weakly closed subset of the space Z, (5.2)

L:X =R is a lower semicontinuous function. (5.3)

Then, for each 6 € T', Problem (PQO) has at least one solution * € T.

Proof.  For § € T' given, we consider ¥ = énfTﬁ(u(ﬁ), 0(B)) and (B,,) C T the
€

minimizing sequence for the functional £. Then, it comes from the definition
of L that
From hypothesis (5.2), T is bounded subset in Z, and hence (8,,) is a bounded
sequence in Z. Thus, there exist 5* € Z and a subsequence of (), still
denoted (), such that

Bn— B in Z (5.5)

Moreover, since T' C Z is weakly closed, the convergence (5.5) implies
greT. (5.6)

Then, using the regularity (5.6), the convergence (5.5) and Theorem 2, we
obtain

(u(Bn),0(Bn)) = (u(8*),0(8%)) in X.
Keeping in mind hypothesis (5.3), we deduce

liminf £(u(Bn), 0(8n)) > L(z(B*,5)). (5.7)
Next, we combine the previous inequality (5.7) and (5.4) to get
0 > L{u(B"),0(67)). (5.8)
In addition, it follows from (5.6) that
9= inf L(u(B),6(8)) < L(u(B"),6(5")). (5.9)
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Finally, we use (5.8) and (5.9) to see that (5.1) holds, and thus concludes the
proof. O

We could as well consider various examples of cost function in which we can
obtain analogous results without any additional difficulties. For instance, we
take two examples of optimization problems for which the existence results
provided by Theorem 3.

Ezample 1. A first example of Problem (PO) can be obtained by taking

B=(f25,9,0r), 6= "(fo,q0)
Z = L3 ()" x L*(I3) x L* (I3 UTy) xR, Z'=L*(2)* x L*(0),
T:{ﬁEZ, ||6HZSC}7 T/:Zlv

where C' is a nonnegative constant, and the following cost function

Lv,€) = /Q (oo, )2 + lar©IP) dz ¥ (0,6) €V x Q.

where o(v,&) = Fe(v) — M¢E and qr(€) = —K€. The mechanical interpretation
is the following; given a contact process of the form (2.1)—(2.6), with the data
(fo,q0) € T', we are looking for a traction fj, a friction bound S*, a gap
function ¢g* and a foundation’s temperature % such that the corresponding
stress in the body and heat flux are as small as possible.

We note that 7" is a bounded weakly closed subset of Z and hence it satisfies
condition (5.2). Moreover, since the function £ : X — R is continuous, it is
a fortiori lower semicontinuous function, and then, it satisfies condition (5.3).
Therefore, Theorem 3 guarantees the existence of solutions to the corresponding
optimization problem.

Ezample 2. In second example of Problem (PO), we consider

5:]027 5Z(f03Q07g79F)a
Z=1%I)%, 7' =L*02)? x L*(2) x L*(I3UT}y) xR,
T={BecZ |Bllz<C}, T'={6€Z',go<g<g1 et Oy <Op <O},

L(v,§) = /F (Ilvy = uall® + 1€ = 6all*) da, V¥ (v,€) € V x Q,

where C, go, g1, 8o and 61 are nonnegative constants such that gy < g1, 6y < 64,
ug € L?(I'y) and 04 € L?(I;) are given. We want to find the surface traction
fo acting on I which leads to the desired displacement field uy and desired
temperature 6, on the part 1.

It easy to see that T is a bounded weakly closed subset of Z, and hence
it satisfies the condition (5.2). In addition, since £ : X — R is continuous,
it is a fortiori lower semicontinuous, and then it satisfies condition (5.3). Fi-
nally, Theorem 3 guarantees the existence of solutions to the corresponding
optimization problem.
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