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Abstract. The nonhomogeneous boundary value problem for the stationary Navier-
Stokes equations in 2D symmetric multiply connected domain with a cusp point on
the boundary is studied. It is assumed that there is a source or sink in the cusp
point. A symmetric solenoidal extension of the boundary value satisfying the Leray-
Hopf inequality is constructed. Using this extension, the nonhomogeneous boundary
value problem is reduced to homogeneous one and the existence of at least one weak
symmetric solution is proved. No restrictions are assumed on the size of fluxes of the
boundary value.
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1 Introduction

Mathematically a point source is a singularity from which flux or flow is em-
anating. Although such singularities do not exist in the observable universe,
mathematical point sources/sinks are often used as approximations to reality
in physics and other fields. Point sources/sinks are often used as simple mod-
els for driving flow through a gap in a wall. In oceanography, point sources
are used to model the influx of fluid from channels and holes. Another exam-
ple: a nuclear explosion can be treated as a thermal point source in large-scale
atmospheric simulations.
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This paper is devoted to the famous problem for stationary Navier-Stokes
equations in the domain with multiply connected boundary. In fact, this prob-
lem arose in the pioneering Leray work (1933). Up to now, this problem is not
solved for the general three dimensional case. But it has the positive solution
for two dimensional (plane and axially symmetric) flows (see [7] and references
there).

In this paper we consider the stationary Navier-Stokes equations with the
nonhomogeneous boundary condition

—vAu+ (u-V)u+Vp=0 in {2,
diva=0 in {2, (L.1)
u=a on o2\ {0}

in a two-dimensional multiply connected symmetric! cusp domain 2 = 24UG,
where O = (0,0) is a cusp point, 29 = {x € 2: 29 > H} and G = {z € R? :
|z1] < @(22),0 < xo < H} with the function ¢ = ¢(x2) satisfying the Lipschitz
condition

lp(t1) — @(t2)| < Llty —ta|, ti1, to < H, L — Lipschitz constant.

Moreover, ¢(t) > 0 for t > 0 and ¢(t) — 0, ¢'(t) — 0 as t — 0. The domain
20 has the form 2y = Go\UY,G;, where Gg and G, i = 1, ..., N, are bounded
simply connected domains such that G; C Gy and G;, NG, = (. Each bound-
ary I; = 0G,, i =1, ..., N, intersects the x5 - axis at two points. The boundary
912 is composed of the inner boundaries I7,..., Iy and the outer boundary
002\ UN. I = T, i.e., the outer boundary I" encloses the inner boundaries
I, ...,y (see Figure 1).

Figure 1. The domain (2.

In (1.1) the vector-valued function u = u(z) is the unknown velocity field,
the scalar function p = p(x) is the pressure of the fluid, v > 0 is the constant
viscosity of the fluid, while the vector-valued function a = a(z) denotes the
given boundary value.

! Domain {2 is symmetric with respect to the zo-axis (see (2.1)).
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We assume that the support of the boundary value a € W'/22(902) is
separated from the cusp point O = (0, 0), i.e.,

suppa C AU (UYL, I3),

where A C I' N 0y is a connected set. Let
Flout) :/a-ndS, gl :/ a-ndS, i=1,..,N,
A I

be the fluxes of the boundary value a over the outer and the inner boundaries,
respectively. Here n is a unit vector of the outward normal to 9f2. Since the
fluid is incompressible, the total flux has to be zero (the necessary compatibility
condition) and we have:

/ u-ndS =—(F" 4 F) 0 <R<H,
o(R)

where F(n7) = Ef\il Fi(mn) and o(R) = (— ¢(R),¢(R)) is a cross section of
G by the straight line parallel to the x;-axis.

Since, the velocity u has a nonzero flux in the cusp point, it has to be
singular: u(xz) ~ 1/meas(o(r)) = ¢/p(r) — +o0o as r — 0. Moreover, the
velocity u has infinite Dirichlet integral [, [Vu|?*dz = 400 (infinite dissipation
of energy). Therefore, it is necessary to look for the solution in a class of
functions with infinite Dirichlet integral. Notice that the above formulated
problem has similarities with boundary value problems for the Navier—Stokes
equations in domains with paraboloidal outlets to infinity (the paraboloidal
outlet to infinity in 2D has the form {z € R? : |z;| < p(x2), 22 € (H,+00)},
where lim;_, 1 o ¢(t) = +00). Thus, the structure of such outlet is similar to the
structure of the cusp point with the difference that ”singularity” is at infinity.

In multiply connected domains with outlets to infinity the solvability of non-
homogeneous boundary value problem for the stationary Navier-Stokes equa-
tions is proved either assuming the smallness condition of the fluxes over the in-
ner boundaries (see, for instance, [3,5,12,13]) or under the certain symmetry as-
sumptions on the domain and the boundary value (see, for instance, [1,6,10,11]).
In [9,14] O.A. Ladyzhenskaya and V.A. Solonnikov proposed a method (so
called Saint-Venant’s estimates method) which allowed to prove the existence
of solutions having infinite Dirichlet integral in domains with outlets to infinity.
In the present paper we use these ideas in the case of a source or sink in the
cusp point and prove the existence of a solution to problem (1.1) for arbitrarily
large fluxes F("") and F(°¥) The most important part in this prove is to con-
struct the vector field which satisfies so called Leray-Hopf’s inequalities (see

(3.4)).

2 Main notation and auxiliary results

We will use the letter “c” for a generic constant which numerical value or

07

dependence on parameters is unessential to our considerations; ”¢” may have
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different values in a single computation. Vector valued functions are denoted
by bold letters while function spaces for scalar and vector valued functions are
denoted in the same way.

Let D be a domain in R™. C*°(D) denotes the set of all infinitely differ-
entiable functions defined on {2 and C§°(D) is the subset of all functions from
C>(D) with compact supports in D. For given non-negative integers k and
q > 1, LY(D) and W*4(D) denote the usual Lebesgue and Sobolev spaces;
Wh=1/9:9(9D) is the trace space on 92 of functions from W*4(D). J5°(D) is
the set of all solenoidal (div u = 0) vector fields u from C§°(D).

We say that {2 is a symmetric domain with respect to the xs-axis if the
following condition is valid:

(581,562) c s (—$1,$2) c (. (21)

The vector function u = (ul, uQ) defined in {2 is called symmetric with respect
to the zg-axis if u; is an odd function in z; and us is an even function in xq,
i.e.,

ur(z1,22) = —ur(—x1,22), uz(z1,x2) = ua(—x1,T2). (2.2)

For any set V({2) consisting of functions defined in the symmetric domain 2
(satisfying (2.1)), we denote by Vg(£2) the subspace of symmetric functions
(satisfying (2.2)) from V(£2).

Let {2 be a domain with a cusp point defined in Introduction. Let us
introduce a family of domains 25, with Lipschitz boundaries:

2, = 2,1 U {ﬂf S R2 : ‘.’K1| < QD(I’Q),I’Q c (hk,hk—l)} =_1 U wg,

where

P(hi-1)
2L

We write u € Wj4(2) if u € Wha(82;,) for Vk.
Let M be a closed set in R%2. By Ax(z) we denote Stein’s regularized

distance from the point = to the set M. Notice that Axq(x) is an infinitely

differentiable function in R? \ M and the following inequalities

ho=H, hy=hp_1— Jk=1,2,....

ardp(z) < Ap(@) < agdpa(z),  [D*Ap()] < asdiy ! (2),

hold, where daq(x) = dist(x, M) is the distance from x to M. The positive
constants aj, as and ag are independent of M (see [16], Chapter VI, Sections
1 and 2, 167-171, Theorem 2).

We shall use the well known results which are formulated in the lemmas
below.

Lemma 1. Let D C R? be a bounded domain with Lipschitz boundary 0D,
L C 0D, meas(L) > 0. Then for any w € WH2(D) with w|z = 0 the following
inequality
2d
w < c/ \Vw|2da (2.3)
p dz(z) D

holds (see [8], Chapter V, Section 4, 129-150).
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Lemma 2. Let D C R? be a bounded domain with Lipschitz boundary 0D,
L C 0D, meas(L) > 0. Assume that the vector field h € W'/22(9D) satisfies
the conditions fﬁ h-ndS =0, supph C L. Then h can be extended inside D
in the form

_ (Ox(z,e)E(z))  O(x(z,¢)E(x))
A(m,a) o ( 8$2 ’ 81?1 ),
where E € W22(D), (8;395(:),—6?7(?)”8,3 =h and x = x(z,¢e) is Hopf’s type

cut-off function, i.e., x is smooth, x(x,e) =1 on L, supp x is contained in a
small neighborhood of L and

The constant c is independent of € > 0 (see [8], Chapter V, Section 4, 127-128).

3 Solvability of problem (1.1)

DEFINITION 1. A symmetric weak solution of problem (1.1) is a solenoidal vec-

tor field u € Wllof 5(£2) satisfying the nonhomogenous boundary condition

u|89\{o} = a and the integral identity

1// Vu: Vndz — / (u-V)n-udr =0, Vne J5s(92). (3.1)
Q Q

Let us reduce the nonhomogeneous boundary conditions to homogeneous ones.
To do this, we need to construct a suitable extension A of the boundary value
a. Since we are looking for the symmetric solution, A has to be symmetric.
Moreover, it has to be solenoidal and to satisfy the condition A|s; = a. When
A is constructed we can look for the solution u of problem (1.1) in the form

u(z) = A(z,¢e) + v(z), (3.2)

where v € I/Vllof 5(£2) is a new unknown solenoidal velocity field which satisfies
the homogeneous boundary condition v = 0 on 012\ {O}.
Putting (3.2) into (3.1) we get the integral identity for v :

V/vi:v”dzifn((Aij).v)n.vdxf/n(v-V)n-Adx .

= / (A-V)n- Adx — u/ VA :Vndx, Vne JS?S(Q).

Q Q
The existence of v satisfying (3.3) could be proved using the ideas proposed by
O.A. Ladyzenskaya and V.A Solonnikov ( [9,14]). Actually, in order to get the

desirable a priori estimates, the important step is to construct the extension A
satisfying so called Leray-Hopf’s inequalities:

‘/ (W~V)W~Ad1“ §5/ |VW|2dx,

’/ (W-V)W~Adl“ SE/ ‘Vw’zdx,
Wi W
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for any solenoidal w € Wllof 5(2), w=0o0n 022\ {O}.

As soon as we have a suitable extension A of the boundary value a, the
method of Saint-Venant’s estimates can be applied and the existence of the
solution can be proved. The detailed existence proof for a simply connected
cusp domain can be found in [4]. This proof remains valid for the problem

considering in this paper. Therefore, we just formulate the existence theorem.

Theorem 1. Suppose that 2 C R? is a multiply connected symmetric with
respect to the xo-axis cusp domain and each Iy, i = 1,...,N, and I' intersect
the xo-axis (see Figure 1). Assume that the boundary value a is a symmetric
vector field in W1/2’2(8Q) such that the support of a is separated from the cusp
point O. Then problem (1.1) admits at least one weak solution u = A+v which
satisfies the following estimate

dl‘g

H
g (e I
/Qk wi/z2(00) wi/z200) he ©3(22)

where the constant c is independent of k.

4 Construction of the extension
The extension A of the boundary value a will be constructed as the sum
A = B(inn) + ]?’(out)7

where B("") extends the boundary value a from the inner boundaries U, I’;
and B(") extends the modified boundary value from the outer boundary I

Indeed, in order to construct B we “remove” the fluxes Fi(mn), i=1,...,N,

to the outer boundary I'. After this step we have the flux 3% | F™™ 4 plout)
on I'. Then by “removing” it to the cusp point and extending the modified
boundary value from I" into {2 we construct the extension B(°“). The vector
fields B(") and B(°¥) are constructed to satisfy Leray-Hopf’s inequalities
which allow to obtain a priori estimates of the solutions for arbitrarily large
fluxes Fi(mn), i=1,...,N, and F(ou),

Notice that the symmetry assumption is crucial for the construction of
B satisfying Leray-Hopf’s inequalities. In general case Leray-Hopf’s in-
equalities cannot be true for the vector field B Indeed, if the fluxes over
connected components of the boundary do not vanish, there is a counterexample
(see [17]) showing that in general bounded domains Leray-Hopf’s inequalities
can be false whatever the choice of the solenoidal extension is taken. However,
such extension is possible for symmetric bounded domains (see [2]).

4.1 Construction of the extension B("")

In order to construct B(") satisfying the Leray-Hopf inequalities, we follow

the idea of Fujita [2] for bounded symmetric domain.
We start with the construction of some auxiliary functions. Let 0 < k < 1/2
be a parameter. Then we introduce non-negative functions S, (t) : R — R with
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the following properties:

~+ | =

ﬂn(t) S C(C))O(*ooa +OO)7 ﬂﬁ(*t) = 6n(t)v vt € R, Bn(t) S

B.(8) = {0, 1> 1,

for 0 < t < +o0,

1t, &<t <1/2.

Define y,, = fjocf B (t)dt. Due to the properties of S, (t), we see that

+o0 1 % 1
Y = B (t)dt = / B (t)dt > 2/ n dt = +00 as k — +0.
—1 K

—00

Let § be a small positive number. Define a smooth non-negative function
1 t
s(t) = s(t,0, k) = ﬁﬂ(g).

Obviously, s(t) € C§°(—o0,+00) and supp s C [—4, J].

Moreover,
+o00 )
/ s(t)dt:/ s(t)dt = 1.
—00 -4
Indeed,

/ :” stoar = [ *: Loa(G)a=t [ :" 5e(£)d(r3) = o =1
Furthermore,

1
éz— for t # 0.

0<s(t) < :
bl yxlt]

1
Yro
Therefore, we have that

lim,;—, 4o sup, |¢[s(t, d, &) = 0.

Let us choose a small number § so that the straight line 1 = § cuts each
of I;, i =1,...,N at only two points. For each I, ¢ =1,..., N, the x-axis
intersects I; at the point (0, X;) and (0, X}), where X; > X*. Fori=1,...,N
we define the thin strips: ¥; = [—4, ] x [X; — wi, Xo + po], where p; and pg are
small positive numbers and (0, X) is the point where the outer boundary I’
intersects the xzo-axis. Notice that the points (0, X; — p;) and (0, Xo + p9) are
outside the domain {2 and (0, X; — p;) lies in G;, i = 1,..., N (see Figure 2).

In every strip ;N 2, i =1,..., N, we define the vector field bgmn) by the
formula

b (z) = (0, —F " s(21)).

Notice that bgin") defined on 7} N £2 can be extended by zero into the whole
domain f2. It is possible because the bottom of each 7; is outside the domain

Math. Model. Anal., 26(1):55-71, 2021.
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Figure 2. The strip 7;.

2 (inside G;). For the sake of simplicity we keep the same notation bgmn) for
the extension and set

b(mn)(x) _ (07 _Fz'(mn)s(xﬂ) in 7; N2,
' ~1(0,0) in 2\ 7.

Let us take a part of 7; N {2 which we denote by IN”Z-, i.e., the boundary of T, is
the union of I; N7Y;, [—6,8] x (X; + ) and the lines 21 = 4, 1 = —§. Here p

is a small positive number. Then since the vector field bl(-m”) is solenoidal, we
obtain
0= / div b{""™ dz = / b\ . nds
7, T,

= / b\ . ndS + / b{"™ e, dS
;NY; [75,5]><(X1+p.)

- / b . ndS + / (0, —F'™ s(2)) - (0,1) " day
; -5

7

. , 5 . |
:/ bgmn) ndS — Fz‘(mn)/ s(x1) dxq = / bf’”") ‘ndS — Fi(”m).
r s .

Notice that the vector n denotes the unit outward normal to 92 on I5, while

the vector e; denotes the unit normal to 97; on [—6,6] x (X; + p), vectors n
and e; have opposite directions. Therefore,

/ b{"™™ . nds = F/",
r;

Moreover,

[ b s = [ 5=
I 0, 7#4 j=1,...,N.

J
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Notice that for j > ¢ vector field bgmn) vanishes on I'; (by construction) and

for j < i the flux of b{""™
Let us set

across I'; cancel each other.

bl (z) = S, b (x).

The vector field b("™ is symmetric and solenoidal. Moreover, for i = 1,..., N
we have

/( _ b)Y . nds = / b{™™) . nds = FO™ — F — o (4.1)

Here we have used that b(m") vanishes on I'; for ¢ # j.

Since condition (4.1) is Vahd, according to Lemma 2, there exists a solenoidal
extension b"™™ of (a — b(mm)| | ~ 1, such that the support of b{"™™ is con-
tained in a small neighborhood of uN . I, b(m")|uN = (@a=bimm)| x Ay

and b(()”m) satisfies the Leray-Hopf inequality:

(w-V)w - b(()i"")dx‘ < ca/ |Vw|?dz,

‘ 2y 2

where w € Wllof 5(£2) is a solenoidal function with w|go = 0.

Notice that bgm”) is not necessary symmetric. However, since the bound-
ary value (a — b)) | v p, is symmetric, b(m") = (b(()f?"),béfgn)) can be sym-
metrized. We define b (i) _ (b(mn) b(mn)) by the formula

~in 1/ (inm )
B (@) = 5 (463" (@1, 2) = 85" (—a1,20)), @ € 2
by (z) = By (b (z1,72) + by 5 (—xl,xg)), x € (2.

Finally we define

B is a symmetric extension of the boundary value a from UY, I7.
It remains to prove that B("™) satisfies the Leray-Hopf inequalities.

Lemma 3. Let a € W/22(00) be a symmetric vector-valued function. Then
for ¥e > 0 there exists a symmetric solenoidal extension BU™™) in 0 satzsfymg
the Leray-Hopf inequality, i.e., for every symmetric solenoidal w € VVZOc (£2)
with w|gn = 0 the following 65tzmate

/ (w-V)w - Bz
2

Sce/ |Vw|2dz (4.3)
2
holds.

Math. Model. Anal., 26(1):55-71, 2021.



64 K. Kaulakyté and N. Kloviené

Proof. Indeed, it is enough to prove that each bgin"), 1 = 1,..., N, satisfies
(4.3). To do this we use the identity

1 2 8U2 8U1
Vu=-z g ) (- . 44
(u-V)u 2V|u| + <8x1 s (—u2,u1) (4.4)
Let w = (w1, wy) € W,22(R2), wlag = 0, be a symmetric and solenoidal vector
field. Then due to (4.4) we obtain 2
inn znn ow ow
[ vV b = >|/ 2 S () lde
2 1,02 | 071 Oy
6UQ 8Hﬂ 1
— | —= — — | |w1|—|x1||s(z1)|dx
[ |G = G| ol (o)
i 3u@ auq |UM|
<|F"™™ | sup (|a1|s(x /
—| (] | xlp (‘ 1‘ ( 1)) Tim axl 8.T2 |:L'1|

a’wz 8w1

6321 (9%2

2 1/2 2 1/2
dx (/ \w1|2 dx) .
holal?] |1]

dex < 2/ |Vw|2dz.
(o

< |F,-(mn)|sup (\x1\8($1)) (/T -
T i

Notice that
/T,i ne

By Hardy’s type inequality, since the component w; vanishes on z; = 0 (due
to the symmetry), we get

2
/ |w1|2 dx < c/ |Vw|2dz < c/ \Vw|?dz.
N2 |71 holar] 2

(’)wz 8w1 2

8501 8%2

Therefore,

(w-V)w- b(mn dm‘ < c|F(mn)|sup (|z1]s (961))/ |Vw|dz.

’ 2% 2%

Since sup,,, (|z1]s(z1,0,x)) — 0 as k — +0, we can choose x so small that
sup,, (|z1|s(x1,d, k)) is less than the given e. Therefore,
’ / (w-V)w - bgi"")dz‘ < ce| FU™™)| |Vw|?da.
2%

02

Notice that the integral over wy is equal to zero since b@(mn) =0inwg. O

4.2 Construction of the extension B(°ut)

After the construction of the extension B of the boundary value a from
the inner boundaries I, ..., I'v, we need to construct an extension B(°*") which
extends the modified boundary value a — b("™) from I".

2 Since bgmn) is solenoidal, it is L? - orthogonal to the first term of the right hand side of
(4.4).
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Let us define 2T ={zx € 2:2, >0}, 't ={z € : 2 >0},

At ={zeA:2; >0}, Gt ={zecG:2 >0}, 2 ={xec:z, >0}

We start with the construction of the vector field bgf“t) in the domain £27.
Take any point 7 € A+ and introduce a smooth simple curve y* = I+ U~
where [T = {z; =0:0 < 2o < H} and 7 C £2f connects the line I* with the
point . The curve v does not intersect any inner boundary I7, ..., I'y (see
Fig.3).

Figure 3. The curve 7.

We define a cut-off function £ by the formula:

A () > |

Apoi\a+ ()

£ (x,e) =W <z—: In

where ¥ is a smooth function:

Lemma 4. The function £+ (x,€) vanishes at those points x € 2+ \ {0} where
Ay (x) < Apor\a+ (), while the curve v \ {O} is contained in this set.
The function {*(xz,e) = 1 at points x € 2\ {O} where Aggi\a+(z) <
e_l/sAﬁ (z). Moreover, the following inequalities

¢t (2, ¢)
axkaml

ce ce

96* (z,¢)
' axk

(4.5)

a A69+\A+ (x)’ B A%Q+\A+ ()

hold with the constant ¢ independent of €.

Math. Model. Anal., 26(1):55-71, 2021.
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Proof. The first statement follows directly from the definition of the function
¥ (t). Estimates (4.5) follow by direct computations using the properties of the
regularized distance and the fact that supp V&t is contained in the set where
Agora+ () < Ayt () (see for details the proof of Lemma 2 in [15]). O

Since the curve v+ divides 27 into two parts, we define £ (z,¢) = £ (2, €)
for points laying on the right hand side of the curve y* and ¥ (x,¢) = 0 for
points laying on the left hand side of the curve vT. Then we introduce the
vector field bgfmt) in the domain 27:

bS?Ut)(x)E) _

F(znn) +F(OUt) (8g+($,6) _ag+(9€75)) (4 6)

2 8.132 ’ 61‘1

Lemma 5. The vector field bsrout) is solenoidal, infinitely differentiable in £2+\
{0}, vanishes near 027\ {AT U{O}} and on the curve v \ {O}. Moreover,

ou F(mn) F(out)
/ b ndS =
A+ 2

and the following estimates

CE‘F(in”) 4 F(out)|

b (z,€)| < e e e 07\ {0}, (47)
(out) c(g)|F(inn)+F(out)‘
’ = 4.
by (z,e)| < ) , 48)
ou cle F('Lnn)+F(out) L
|Vb5r D(z,e)| < (e)l e |’ zeGT\ {0},

B (z,6)| + [VBE" (z,)| < c(e)[F™ + FO9| wef  (49)
hold with the constant ¢ in (4.7) independent of €.

Proof. The first statement follows directly from the definition of the vector
field bﬂf““ and Lemma4. Since div bgf"t) = 0 and due to properties of £T, we
have

/ bgf"t)~nd5:—/ b . nds
A+ ot (R)

_ /*“R)(_F“”"MF“"”) Ot (w,e) O (we) ()
o 0 2 axg ’ 3%1 .

F(znn) +F(out) /cp(R) 854-(1,78)
a 2 0 6%‘1

F(znn) +F(out)
B 2

d.’El

F('Lnn) + F(out)

(£ (e(R). Roe) = €°(0.Re)) = ——
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Using estimates (4.5) and definition (4.6), we derive

|bg-out)(x’€)| < |Flnm) 4 plout)) ((g{:*)? + (a€r>2) 1/2

0
| o2 1 (4.10)
C€|F(znn) + F(out)‘ - CE|F(Znn) + F(Out)|
Asgiar(x) 7 dagr\a+(x)
and
| A S A
) (g, 0] < [ 4 o) -
| + ($7€)| — | + | (8$18$2> * ( 6.1‘28%‘1)
| | (4.11)
CE|F(znn) + F(out)‘ - CE‘F(””Z) + F(Out)|
o A%Q+\A+ (z) B d%(ﬁ\/ﬁ ()

Since for points x € supp b(fm) we have 6_1/5A7+ () < Apon\at@) < Ay (2),
we obtain (using the properties of the regularized distance)

c1p(x2) < dyon\a+ () < cap(w2), (4.12)

where ¢ and c¢o are positive constants. Finally, the estimates (4.8) and (4.9)
follow from (4.10), (4.11) and (4.12) (see [4] for details). O

Lemma 6. For any solenoidal w € Wllof(m) with w|po+\ (03 = 0 the follow-
ing inequalities

/ (w-V)w - b(fm)dx < ec|FUinm) 4 plout)) / \Vw|?dz,
o 2

/ (w-V)w - b$ut)dx < ec|Flinm) 4 plout)) \Vw|*dz,
wt +

k Wi

hold, where 2 = {x € 2 : x1 > 0}, w = {z € wg : 11 > 0}. The constant c
is independent of € and k.

Proof. Applying the Hoélder inequality and estimates (4.7), (2.3) we obtain

1/2
< / |Vw|2dz / |w~bg_out)|2dx
oF oF
1/2 . 2 1/2
F(znn) F(out)
< / |Vw|?dx / |w|? <C€| + |> dx
of of do+\a+ (@)

< ce|Flinm) —|—F("“t)|/ |Vw|?dz.
oF

1/2

/ (w-V)w - bgf"t)dx
of

The same argument proves the Leray-Hopf inequality in w,j. a
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Notice that Lemma 6 is also valid for the domains {2, and w,, where 2, =
{re:2, <0}, wy, ={re:2, <0}

Let us extend the vector field bgfmt) = (b(fﬁt)7 b(ffét)) into the domain 2~ =
{z € 2: 21 <0} and define:

bW (2. ¢) bgfﬁt)(xl,x275)7 bfgt)(xh@,a)), x € 0T,
x,&) = ou ou —_
—bEhlt)(—.’L‘l,xg,E), bg_72t)(—l‘1,.’1,‘2,5)>, T e N,

Then b is symmetric, solenoidal, satisfies the Leray-Hopf inequalities and
/ b(out) .ndS = F(znn) + F(out).
A

On 0f2 we define a vector field

h(z,e) = (a(m) _ plinm) _ b("“t)) ]A,

Then, by construction,

/h-ndsz/a.ndS—/b@“n).ndS—/b<°"f>.nd5:F<°“f>
A A A A

_ / b(znn) .ndS — (F(znn) + F(out)) _ _/ b(znn) .ndS — F(znn)
A A

(4.13)

Since b is solenoidal, we obtain

0= / div b gy = / b . nds
T T

- / b . ndS + / bl . e, dS
ron; [—6,8] X (Xo—)

é
:/ plnm) ~ndS+/ (0, —F(m")s(:cl)) - (0, —I)Td:rl
A -0

§
= / b . nds + Fnn) / s(x1) dey = / b . nds + Flnn),
A A

—s

where 7 is a part of 7; N £2, i.e., the boundary of T is the union of I' N T,
[0, 0] x (Xo — u) and the lines 1 = 4, 1 = —94.

Notice that the vector n denotes the unit outward normal to 9¢2 on I', while
the vector e; denotes the unit normal to 07" on [—6,d] x (Xo — p), vectors n
and e; have the opposite directions. Therefore,

/ bl . nds = — plnm), (4.14)
A
From (4.13) and (4.14) we have that

4 A
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Because of [ 1 h-ndS = 0, according to Lemma 2, there exists an extension

bg"“t) of h such that supp bgmt) (x,€) is contained in a small neighborhood of
A, divbéout) = 0 and b(()out) (z,€)|a = h(z,e). Moreover, b(()out) satisfies the
Leray-Hopf inequality

/ (w - V)w - bl dz| < ec|FOmm) 4 plowt)) / IVw|2dz. (4.15)
.Q(] -QO

) is not necessary symmetric, but since the boundary value h

b(()out)

¢
However, b(()o“

is symmetric, vector field can be symmetrized as in (4.2). Denote the

symmetrized vector field by B(()O"t) = (’5(()0? t),g((f; t)). Finally, we put

B (1, £) = b (g, ) + b{"" (x,¢).

Lemma 7. The vector field Blout) ¢ Wllof (2) is symmetric and solenoidal in
2\ {0}, Bl")|, = a|, — blinn)| B(OUt)|ag\(Au{O}) = 0. For any solenoidal

symmetric vector field w € T/Vllof(ﬂ) with w|an = 0 the following inequalities

<ec|Fmm) 4 plowt)| [ | Vw|?da, (4.16)
Q4

/ (w-V)w - By
(o

<ec|Flnm) 4 plut)| [ |\ Vw|?da (4.17)

Wi

/ (w-V)w - By
Wi

hold with the constant c independent of € and k. Moreover,
IBO (2, )| + [VBC) (2,¢)| < c(e)| FUm™ + FOU | 2 € 2y,  (4.18)
c(€)|F(inn) + F(out)‘

B (x,e)| < e , (4.19)
VB (z,0)]| < C(g)IF(;n(;;L)F " e (o)

VB, 0 < claliyssion, [ H o (1.20)
B ) < cllalliaagon | H o, (421)

where the constants in (4.20) and (4.21) are independent of k.

Proof. Estimates (4.18), (4.19), (4.16), (4.17) follow from Lemma 5, Lemma 6
and the inequality (4.15). According to the fact that

[FOmm) 4 FOD) < cljall3s oy,

we derive estimate (4.20):

VB2, 0, g/ |VB<0"t>|2dz+/ VB 2 dy
Q() Qk\QO

) F(znn) F(out) 24
S/ C|F(znn)+F(out)|2dx+/ cl i‘ |*dx
20 2:\ 20 o*(w2)
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H (w2)
) d ®
_ ch(mn) + F(out)|2 (meas(ﬁo) + / 4& / dxl)
hg SD (‘x2) —W(z2)

H
. d
SC| F(Mm) F(out)|2(1+/ SIQ )
he P (72)

dl‘g

H
S C||a||%‘/1/2,2(@9) /h 303(,%2)'
K

Analogously we get the estimate (4.21). O

According to Lemma 3 and Lemma 7, the constructed vector field

A — B(vnn) + B(out)

has all the necessary properties that insure the validity of Theorem 1 formulated
in Section 3.
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