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1 Introduction

Let us consider the following singularly perturbed convection-diffusion parabolic
problem,

(z,t) € D=10,1] x [0, 1], .
y(0,t) =y(1,t) =0, te[0,1], (1.1)
y(x,0) = yo(z), =z €]0,1],

where Ly = —02y(z,t) +p(z,t)0.y(z,t) +q(x, t)y(z,t) +Oy(z,t) and 0 < e <
1, is perturbation parameter and p(x,t), q(z,t), f(x,t) are sufficiently smooth
functions such that, p(z,t) > a > 0,q(z,t) > 8 > 0, and N (y(z, t)) is nonlinear
differential operator. Problem (1.1) with the above-mentioned conditions is of
a unique solution y(x,t) with boundary layer behavior, in which the boundary
layer width is O(e In(1)) at neighborhood x = 1, see [22]. SPCDPPs have sev-
eral applications in various fields of science; for example, the fluid dynamics,
electromagnetic field problems, semiconductor device modeling, and meteo-
rological, biological and chemical applications [6, 12,18, 20, 23,24, 30]. Some
applications of the RKM and singularly perturbed problems are introduced
in [14,16,26,28]. In addition, we can observe applications of the RKM method
to solve fractional problems in [1,2,3,4,5,9,27,29].

In this study, the RKM is utilized without the Gram-Schmidt orthogonal-
ization process, which was primarily introduced by Wang et al., [32, 33, 34].
The strategy developed in order to solve these problems with layer behavior is
explained in three steps. The first step is splitting the region into two regions,
so that one of them would contain a boundary layer behavior; the second step
is shifting the layer region to another region, and as the final step, a proper
set of collocation points is also required for the boundary layer and regular
regions. Since the RKM is a powerful numerical method, if these three steps
are properly applied to the problem, this technique will be able to provide an
appropriate approximation of the solution, even with severe singularities.

Remark 1. Problem (1.1) with two regions, such that one of the regions contains
a boundary layer behavior, therefore D = Dy U Dy, where Dy = [0,1—p] % [0, 1]

and Dy = [1 — p, 1] x [0, ] Since, the RKM does not provide an approximate
solution for the right layer region, it is essential to shift region D5 to another
region, such as D3 = [—1,0] x [0, 1]. Further details are provided in [34].

2 Main idea

2.1 Preliminaries and notations

Definition 1. W¥'[a,b] = {u(z)[u™~Y(z) is absolutely continuous ,u(™ (z) €
L?[a,b],u(a) = u(b) = O} The inner product and norm in W3[a,b] are given
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as follows,

m—1 ) ) b
< up (), u2(T) >wpiap= Z ugz)(a)ug)(a) —|—/ ugm)(x)ugm) (z)dz,
i=0 a

[u@)lwpan = /< u>wpee,  wa(x),uz(z) € Wy'la, b].

87n+n Qu(:v t)

Definition 2. W™ (D)=Wy[a, b] @ Wi [c, d] = {u(z, )| Gm=gm=t is com-

. . 87n+n t
pletely continuous in D %miua(ﬁl)eLQ(D), u(a, t)=u(b, t)=u(z,c)=0}.

The inner product and norm in W(m’n)(D) are given as follows,

n gt o o
<U1(Z‘,t),U2(l‘,t) W(m n)(D Z/ |:8tn8$iul(a,t)atnami7l2(a,t) dt
i=0 V¢

o7
i Z <3tﬂ e 2t C)>w;n[a,b]

m a"l 67)’7, 6"L
/ / (@, 0) 5 ),

||u(:c,t)||w§m,n)(p) = \/< Uy U >y () (s up(x,t),uz(x,t) € ng’") (D).

Remark 2. Reproducing kernel for spaces W3[0, 1 — u], W3[0, 1] and W3[—1,0]
are given as follow,

o oy Rlzm), x<n, gttt P’
Ry(@) _{ R(n,z), 1>, Rfw,m) = 120 24 T 12 TTg T
R(t,€), t<E, &t
Rs(t):{ 7%&5 % §>i R(t,€) = ——+—+5t
7 (z) = 7?(.’1;,77), z <, R((E - _7775 B n5(p5 B 172;55 B nxS
"E Ry, x), > T 120 T 187200 468 96
A A S LL . . S S
21 " 12 468 | 234 3 96 3 ' 96

2.1.1 Reproducing kernel spaces for regular region
D; =[0,1— p] x [0,1]

Consider reproducing kernel spaces W§3’2) (Dy) and Wél’l)(Dl) where their
reproducing kernels are given as K, ¢(z,t) = R, (v)Re(t) and ky¢(z,t) =
7 (x)7¢(t), respectively.

2.1.2 Reproducing kernel spaces for shifted boundary-layer region
D3 =[-1,0] x [0,1]

Consider reproducing kernel spaces 1/\/2(‘3 (D3) and W21 1)(D3) where their
reproducing kernels are given as, K, ¢(z,t) = R, (x )Rg( ) and k, ¢(z,t) =
n(x)re(t), respectively. See [11].
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2.2 Reproducing kernel method

Consider L : W2(3’2)(D1) — Wz(l’l) (D) for the regular region in equation (1.1)
where £ is a invertible bounded linear differential operator, and N (y(z,t)) is a
continuous nonlinear differential operator, and y(x,t) is an unknown function.

The functions K, ¢ (z,t) and k, ¢(, t) are reproducing kernels of W23’2) (D1) and

W2(1’1) (D7) respectively. Now we choose a countable dense points {(w4,;)}55-4
on the region D; and define,

Gij (2, 1) = hne (@, )| (ne)=(orty)s Wi (@,1) = L5, 1),

where L£* is adjoint operator of L. It is clear that,
Vij(2,8) = Lo eKn e (@,D|ro)=wity)s 21 (1) = Ko (@, D) .0 (o0.t5)

are complete functional systems for reproducing kernel space W2(3’2) (D;) where
i,7=1,2,...,[32,33,34].

Theorem 1. Suppose that the inverse of the linear operator L exists. The exact
solution of the equation (1.1) can be represented as,

y($7t) = ZQ@‘P@(xat)v (21)
(=1

where {(z;,t;)}55_1 are countable dense sequence of points on the Dy and ¢
are the unknown coefficients that must be determined and ¢ =1, j.

Proof.  See [34]. O

Therefore by truncating the series (2.1), we can provide an approximate
solution for the SPCDPP (1.1)

n
y’fl,n(xat) = ng,fl,n@[(aj)t)a n= 1727"'7 (22)
{=1

where n is the number of iteration for nonlinear term N (y(z,t)), and n must
be sufficiently large. 7 is the number of collocation points to apply the present
RKM in the regular region Dy and ny X no =n. £ =14,j, wherei =1,2,...,m
and j = 1,2,...,n9. Based on the general technique for nonlinear problem, it
is clear that the nonlinear problem (1.1) turns to a sequence of iterations to
solve a linear problem in the form, £(¢;, n(z,t)) = N (9n.n—1(z,t))+ f(x,t). For
n = 1 we choose the initial function ¢y, o(x,t) such that satisfies in the regular
region conditions and for each iteration n = 2,3, ... we obtain N (¢, n—1(z,t)).
Now we determine the unknown coefficients ¢, , by using the fundamental
concepts of the Galerkin method. Consider the following equation

Rn(xat) = [’(yn,n(xvt)) - N(yh,n—l(xat)) - f(d?,t), (23)

such that <Rh($,t), @g($,t)>wés,2)(D1)
and j = 1,2,...,n9 and Ny X ng = n. Using equations (2.2) and (2.3) it is

=0 for £ = ¢,5 where i = 1,2,...,n4

Math. Model. Anal., 26(1):116-134, 2021.
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easy to see that we have the following system of algebraic equations to obtain
coefficients ¢ s n:

Z 00,0 Lo )| (2 0)=(2i,t;) = N (Gin—1(2, ) (@ t)=(as t,) + F(Ti,15),
=1 (2.4)

n=1,2..., i=1,2,...,01 j=1,2,...,0 f Xy =n.

2.3 Implementing RKM for SPCDPP
Consider the regular region (z,t) € D1 = [0,1 — u] x [0, 1]

,t) (CL‘ t) + 8ty(x’t)

—8(922/(3j t) + p(x, 1)0.y(2,t) + q(x
t) S Dl,

N(y(z, ))+f(33 t), (=,
y(0, t) 0, telo,1],
y(z,0) :yo(x), z €[0,1— pul.

(2.5)

Now homogenize the equation (2.5) and solve it by using the RKM in the space
W§3’2)(D1). In the right layer region  (z,t) € Do = [1 — p, 1] x [0, 1] we have

—682,@(% t) 4+ p(x,t)0py(x,t) + q(z, t)y(z, t) + Opy(x, 1)

N(y(z,t) + f(2,t), (z,t) € D2,
y(1, )*0 (1* Wy )1S known, t € [0,1], (2.6)
y(z,0) = yo(x), ze€[l—pll.

Suppose that x = pz + 1 and y(z,t) = u(z,t) such that d,u(z,t) = pudyy(x,t)
and 02u(z,t) = p202%y(x,t) therefore the equation (2.6) turns into,

— 1
02u(z, t)—l—;p(uz + 1,8)0.u(z, t)+q(pz + 1, t)u(z, t)+0wu(z, t)

(u(z, )+ f(pz+1,1), (2,1) € D3 =[-1,0] x[0,1], (2.7
t) =0, wu(—1,¢)is known, ¢€]0,1],
u(z,0) = up(z), z€[-1,0].

Now again homogenize the equation (2.7) and solve it by using the RKM in
the space W2(3’2)(D3).

2.4 Convergence analysis

Lemma 1. Suppose Q = {ypn(z,t)] Hyh’n(m,t)ﬂwés,z)wl) < ¢}, then Q is
compact set in space C(D1), where ¢ is a constant andn =1,2,....

Proof.  See [21,25,32]. O

Theorem 2. Suppose §pn(z,1),y(x,t) are the approximate solution in space
W£3’2)(D1) and the exact solution for the problem (1.1) respectively, and
{(zi,tj)}7521 are dense points on the region D1 then §p n(7,t) — y(x,t) when
1 — 00.
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Proof.  First, we need to show that |9, (z,t) — y(2,?)[,,2 — 0 when
2

n — oo then we prove that 9, ,(z,t) uniformly convergent to y(z,t) using
the reproducing properties. See [25]. O

Corollary 1. Similar to Theorem 2 we have 0¥y n(x,t) — Oyy(z,t) when,
n — 00.

3 Error analysis

3.1 Preliminaries and notations for the boundary layer region

Suppose y(z,t) is exact solution for the problem (1.1) with a boundary layer
behavior and Y, (z,t) is approximate solution as following form,

V(1) = { Uin(z,1), @€ Dy =1[0,1-p)x[0,1],

AT Uin(x,t), o€ Dy=[1—p,1]x][0,1],
where ¢, (z,t) and §;(z,t) are approximate solutions that obtained from the
present method in the regions D and Ds, respectively. Number of collocation
points throughout the region D is N and 7,7 are number of collocation points
on Dy and Do, respectively and N = n + n.

Theorem 3. Suppose the problem (1.1) as linear form which has homogeneous
initial-boundary conditions and f(x,t) is sufficiently smooth function such that
the following conditions are satisfied

ot f(x,t)

1,0)=0 =
F(1,0) ’ Oxkot™  |(x,t)=(0,0)

)

where k+2m < 3, then we have the following bound for solution of the problem
(1.1),
—p(1—u)

oty (x, t
W&fn’) SC(1+5_ke N )7 (J,‘,t)ED, k:O’l’ k+m§2

Proof.  See [10,31]. O

Corollary 2. According to Theorem 3 upper bound for derivative of y(x,t) rel-
ative to x is infinite when ¢ — 0 and z — 1,

li .
x~>11,n’51~>0 8my(x, t) >

Corollary 3. According to Theorem 3 upper bound for derivative of y(x,t) rel-
ative to t is independent of the negative powers of the € and therefore it is
finite.

We know that the solution of problem (1.1) and its derivative relative to x
(0zy(x,t)) has the boundary layer behavior. Moreover, in the boundary layer
region, the derivative of the solution relative to z is of great value, see Figure 7

Math. Model. Anal., 26(1):116-134, 2021.
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(Appendix). Therefore, in order to solve problem (1.1) region D is split into
two regions, so that one of them would contain a boundary layer behavior and
uses a proper variable change in this region. It should be remarked that the
present method is employed only to approach the solution of problem (1.1) and
is not applicable to the approximate derivative of the solution, since on the
boundary layer region, the value of the solution derivative (0,y(z,t)) is very
high.

Remark 3. In summary, since the derivative of solution (1.1) relative to « has
the boundary layer behavior and its value is large, the present method is not
appropriate to approach the derivation of the solution according to Corollary 2

Remark 4. According to Remark 3, error analysis theorems are valid if, in the
process of proving theorems, we do not use the derivative of the approximate
solution (059 n(x,t)). Accordingly, in the present work the proof process for
the error analysis theorems are provided without using the derivative of the
approximate solution (0¥ n (2, %)), but using the 09y, n(x,t), instead. (Theo-
rems 6, 7).

Remark 5. Since in the process of proving error analysis theorems, uniform
convergence to the exact solution is required, the approximate solution is il-
lustrated, and its derivation relative to ¢ (0;y(z,t)) is uniformly convergent in
Theorem 2 and Corollary 1.

3.2 Error estimation

Theorem 4. Suppose Y, n(2,t) is the approzimate solution of the problem (2.5)
in space W( ’ )( Dy) and y(x,t) is the exact solution, if y(x,t) € W(3 2)( D)
then,

ly(z,t) = gin (@, )[|oc < Crhe + Cah,

where (x,t) € Dy and ||gin(2,t) — y(2,t) |00 = max(g pnep, [9a(z,t) — y(z,1)]
and Cy,C2 are positive constants, hy, = maTi<i<p,|Tiy1 — |, and hy =
Mari<j<p,|tj+1 — tj]. 1 = f1 X Ny are number of collocation points in re-
gion D1.

Proof. From [7,8,13,19], and in each [z;, zi41] X [tj,tj41] C D1 we have,

I£7 R, oo = ly(2,8) = gm (2, 1)l

e AT TN EA S AN RO e M I
By expansion of y(z,t) at the point (x;,t;) we have,
y(@,t) = y(wit ) [(z — ) Owy(@i, ty) + (t — t7) Oy (i, 1)
ly(z, t) — y(zi, t; | x — ;) 0y (2, t; |+|t7t )0y (s, t )|
since y(z,t) € (3 2)( D), constants Cy,Cy exist such that, V(z,t) € Dy

(
|0 y(x,t)] < C and |8,y(z,t)| < Cy and we have,

ly(z,t) = y(@i )]0 < Crha + Cahy, (3.2)
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moreover, we can write

Unn (Tisty) — Ynn(x,t) = / OsUn,n (s, t; ds—/@wynnazw

|yn n(a:z,t ) ynn z, t ‘ </ |35yn n(S t |d$+/ |awyn n(m w)‘dw
since §pn(z,1) € W2(3’2)(D1), constants C’l, (s exist such that, |0zYn.n(x,t)] <
Ci and |09, n(z,t)| < C2 and therefore we have,

”yn n($u ) Un, n(l' t)”oo < Clh + Czht (3.3)

From Theorem 2 we have ¢, ,(x,t) — y(z,t) when n — oo , therefore for
sufficiently large 7, |9n.n(2i,t;) — y(2s,t;)] < €1 and by combining the above
inequalities equations,

| Riv(2, )]l oo < Cihy + Cohyy  |ly(x,8) = Givn(@,)|lso < Cihy + Cahy.

O

Theorem 5. Consider assumptions of the Theorem 4 then,
10cy (2, t) — Ot n (2, )|l co < K1he + Kahy,

where (x,t) € D1 and ||0Jin(2,t) — Oiy(,1)| 00 = maxy 4)ep, |0tln,n(,t) —
Owy(x,t)| and Ky, Ko are positive constants.

Proof.  Similar to Theorem 4 and in each [z;, z;11] X [t;,t;41] C D1 we have,

1L 0 R (2, )]l oo = [10y(2,t) — Ophivn (2, 1) |l oe = [10ky (2, t) — Opy(wi, t;)
+ 8tyn n(xn ) 8tyn n(x t) + aty(xu ) atyn n(-rza t])” (34)

By expansion of 0;y(z,t) at the point (x;,t;) we have,

O*y(wi, t;)

%y (i, tj)}
OxOt ’

+(t =)
(3,2) : 2 %y(z,t) -
since y(z,t) € W, (Dl) there exists constant K such that, %55 | < K7,
||8ty('r7t) - aty(xutj)noo S thw + klhtv (35)
moreover, we can write

OYnn (i, t5) — Ol n(z, 1) / 01t0sUrn (8, ;) dsf/ 6wynn z,w)

and since gy, (2, t) € W2(3’2)(D1) there exist constants K1, K where
1010305, (2, 8)] < K1, |0295,n(z,t)] < Ky and therefore we have,

Hatyn n(xm ) atyn n(m t)”oo < th +K2ht (36)

Math. Model. Anal., 26(1):116-134, 2021.
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From Theorem 2 and properties of reproducing kernel we have 0;9, »(z,t) —
Owy(x,t) when 1 — oo , therefore for sufficiently large n, [0y n(2i,t;) —
Ory(xi,tj)| < €2 and by combining above equations,

10:Ri ()| oo < K1ha + Kohy,  ||0y(z,t) — Ot (%, 1)l oo < Kihy + Kohy.
O

Now, in order to obtain error estimation between i »(z,t) and y(z,t) on the
region Ds, first provide some essential preliminaries, so consider equation (2.6)
as follows [15],

—e03y(x,t) + p(e, t)dpy(x,t) + q(@, t)y(z,t) + dpy(,t)

Nyl 0) + f@.1). (2.1) € D .
( ):0 y(]‘*uat):yh,n(lfﬂvt)v te [0’1]3 ’
y(@,0) =yo(x), ze€[l—pll

Consider following assumptions and change region Ds into D3, . = uz + 1
and y(z,t) = u(z,t) such that 9,u(z,t) = pdyy(z,t) and O2u(z,t) = p20%y(z,t)
therefore the equation (3.7) turns into,

=£0%u(z,t) + p(uz + 1,t)0,u(z,t) + q(uz + 1, t)u(z, t) + dpu(z, t)
= N(u(z0) + f(uz + 1,8, (2,8) € Dy = [-1,0] x [0,1],
) =0, u(—1,t)=9pn(l—pt), te [0,1},

u(z,0) =ug(z), =z¢€][-1,0].
(3.8)

Now by homogenizing the initial and boundary conditions of problem (3.8)
with function u(z,t) = u(z,t)+ H1(z,t) such that Hy(z,0) = ug(z) = yo(pz+1)
and Hy(—1,t) = ysn(1 — p,t), therefore we have following equation,

(Gert) < Tz 1), (18) € Dy = [1,0] % 0.1].
ﬂ(ovt) = 07 7(_ ) - 0 le [07 1]7
u(z,0) =0, ze€ [—1,0].
(3.9)

Suppose u(z,t) is the approximate solution of the problem (3.9) that has
been obtained using RKM in space W§3’2) (D3), therefore

(1) = u((x = 1)/p,t) + Hi((z = 1)/p,t).
Consider the following equation,

—562 (z,t) + p(x,t)0pv(z, t) + q(z, t)v(z, t) + O (z,t)
( ( 7t)) + g(CE,t), ('Tvt) € D2; (3 10)
( ) 0, U<1_U7t):y(1_ﬂvt)7 te[ovl]a .
v(z,0) =vo(z), z€[l—pl.

It is clear that the solution of the problem (3.10) is y(x, t) where (x,t) € Ds.
By using the following variable change, + = pz + 1 and v(z,t) = v(z,t) such
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that 0,v(z,t) = ud,v(z,t) and 92v(z,t) = p?0%v(x,t), we have shifted problem
(3.8) to the problem (3.10),

2 020(z, 1) + Lp(uz + 1,0)0.0(2,1) + q(uz + 1,40 (z,t) + Oz, 1)
= N(v(z,t) + g(uz + 1,t), (2,t) € D3 =[-1,0] x [0,1],

v(0,t) =0, w(=1,t) =y(l —p,t), te0,1],
v(z,0) =w(z), =ze€[-1,0].
(3.11)
Therefore we homogenize obtained problem (3.11), with 1/( t) =7(z,t) +
Hjy(z,t) such that Ha(z,0) = vp(2) = vo(puz + 1) and Ha(—1,t) = y(1 — p, 1),
therefore problem (3.11) turns to,
%ag (z,t) + p(uz+ 1,0)0.7(2,t) + q(pz + 1,)7 (z,t) + 9,7(2, 1)
?(O,t)zo, (_ ) )_Oa tE[OJL
7(z,0)=0, =z¢€][-1,0],
(3.12)

and suppose v(z,t) is the approximate solution of the problem (3.12) that has
been obtained using RKM in space W2(3’2)(D3).

Theorem 6. Suppose u(z,t) is the approximate solution of the equation (3.9)
and U(z,t) is the solution of the equation (3.12) and p(uz+ 1,t),q(pz +1,t) €
C?(D3) then,

lu(z,t) — T(2,t)||cc < Mihy + Mahy,

where (14,t;) € D3 and ||u(z,t) — 7(2,1)|lc0 = max, ¢)ep, = [u(2,t) — U(z,1)]
and Ml,Mg are constants, hy = maxi<i<i, |Tiy1 — x|, and hy = MAT1<j<iro
[tit1 —t;|. Number of collocation points in region D3 are fv = iy X fia.

Proof.  Since u(z,t), 7(z,t) are approximate solutions of the equations (3.9)
and (3.12), respectively, therefore we have

[ Rii (2, ) loo = [|Lu(2,t) — ‘Cv('%t)”OO:H‘C@(Z?t)_?(Mz +1,t)+ ?(MZ +1,)
By using Theorems 4 it is clear that ||[Lu(z,t) — f(pz + 1,t)||oc max(, 1yep, =

|Cu(z,t) — f(uz + 1,t)| < Myhgy + Mohy. From problem (3.8) and u(z,t)
u(z,t) + Hi(z,t) we have,

_ - 1
Fluz +1,t) = M—jafﬂxz,t) Pz 4 L 00 H(2,) + gz + 1) Ha 2,1
+ 8tH1(Z,t).
Using the problem (3.11) and v(z,t) = U(z,t) + Ha(z,t) we have,
— 1
gluz+1,1) = Mffa,sz(z, B+ pluz + 1,8)0:Ha(z,8) + g(pz + 1, ) Ha(z,1)
+ 8tH2(Zat)7
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it is easy to see that homogenization functions Hi(z,t), Ha(z,t) can be de-
fined in the from, Hy(z,t) = a(z, t)uo(z) + b(2, )Y n(l — p,t) and Ho(z,t) =
a(z,t)vg(z) + b(z, t)y(1 — u,t) such that a(z,0) = 1,b(z,0) =0 and a(—1,t) =
0,b(—1,t) = 1 therefore we have,

O2H,(z,t) =a1(z,t) + Gin (1 — p, £)02b(2, t),
0:H1(z,t) =az(2,1) + Yan(l — p1,t)0:b(z, 1),
OcHy(2,t) =a3(2,t) + Gnn(l — 1, t)0b(2, ) 4+ b(2, 1) O n (1 — u, t),
02 Ha(2,t) =a1(z, 1) +y(1 - uvt) 92b(2, 1),
0,Hs(z,t) =as(z,t) + y(1 — pu, t)0,b(z, 1),
OcHa(z,t) =as(z,t) + y(1 — p, t)0:b(2,t) + bz, t)Opy(1 — u, t),
also [p(pz + 1,t)| < ma, |g(pz + 1,t)| < mg and we can write,

I1f (k2 +1,6)=g(uz+1,) oo < oz 02 H (2, 1) 02 Ha (2, t)||oo+ =0 Hy (=, )

— 0:Hs(2,t) |0 + m2||H1(th) — Hy(z, 1)l + [|0:H1 (2, 1) — 5tH2(Z,t)||oo,
where,
[ Hi(2,t) — Ha(2,t)]|oo = [la(z, t)uo(2) — alz, t)ro(2) + b(2, £)in (1 — . t)
—b(z, t)y(1 — p, ) [loe < llalz, t)uo(2) — alz,t)ro(2)ll
+ 11602, ) Gan (1 — p1,1) — b(z,)y(1 — p1,8)[|lso < Myhy + Mohy. (3.14)
Similar to equation (3.14) and using Theorems 4, 5 we have, I f(pz+1,t)—
g(pz + 1,t)]|c0 < Myh, + M3hy, and therefore we have
1Bz, )lloc = ([ L0z, ) = L5(2,1)l|oo < Mih + Mahy
and from Theorem 4 it is clear ||u(z,t) — U(z,t)||co < Mihy + Mohs. O

Theorem 7. Suppose Jin(x,t) is the approzimate solution of the problem (2.6)
in space WS (D3) and y(z,t) is the exact solution, if y(z,t) € W(3 2)( D) then,

||y(x7t) - yn,n(xut)”oo S thx + C4ht7

where (x;,t;) € D3 and ||y(z,t) — in(z, )]0 = max(, ep, = ly(x,t) —
Uin(x,t)| and C3,Cy are constants, hy = mazi<i<i,|Tiy1 — |, and hy =
Maz1<;j<i,|tj+1 — tj|. Number of collocation points in region D3 are i =
’Fll X 7.;1/2.

Proof.  From mentioned preliminaries, u(z,t) is approximate solution of equa-
tion (3.9) and y(z,t) is exact solution of equation (3.10) and s ,(x,t) =
u(z,t) + Hi(z,t), y(z,t) = v(z,t) + Ha(z,t) where z = ””7*1 therefore we have,

Hy(x7t) - yﬁ’ﬂ(‘%t)noo = H@(zﬂt) + Hl(zat) —?(27(‘,) - HQ(th)”OO
< lu(z, ) = v(2, )]loo + [[H1(2,t) — Ha(2,1)]| oo,
(3.15)

using Theorem 6 the proof is completed. O
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Theorem 8. Suppose Yn.n(x,t) is the approximate solution of the problem

(1.1) that has been obtained using RKM in space W£3’2) and y(x,t) is the
ezact solution, if p(x,t),q(z,t) € C*(D) and D = [0,1] x [0,1] then,

||yN,n(557t) —y(,t)][o0 = (g)aé(D |yN,n(33vt) —y(z,t)| < Crhy + Cihy,

where (x;,t;) € D and C,,Cy are constants, hy, = mazri<i<n|Tit1 — x;|, and
hy = mazi<j<n|tj+1 — tj]. Number of collocation points in throughout region
D is N, and N =n + .

Proof. By using Theorems 4 and 7 and definition of Yy ,(x,t) on the region
D,

| Gan(z,t) (x,t) € Dy,
yN,n(xvt) - { yﬁ,n<x7t) (.’lj,t) € Do,

and the proof is completed. 0O

4 Numerical results

We consider the following numerical examples [17],

Ezample 1. —ed2y(z,t) + (1 + x — 2%)0,y(z, t) + Opy(z,t) = fi(x,t).

Example 2. —ed2y(x,t) + (—2% +x + 1)0,y(z, t) + Opy(z, t) + V@ = fo(x,t).

Ezample 8. —ed?y(x,t) + (=22 + 2 + 1)0py(x, )y(z,t) + Owy(x,t) + e¥@H =
fg(l‘, t).

Example 4. —ed%y(z,t)+(2—22)0,y(z, t)+ay(z, t)+0y (2, t) = 10t%e~ta(1—2).

For Examples 1, 2 and 3, the exact solution is, y(x,t) = e’t(x (1 — e’l/e)
—e" T+ e~ V¢) where yo(z) = z (1 —e~Y/¢) — e"= + e /¢ and for Exam-
ple 4 the exact solution is not known and yo(z) = 0. See Figure 1 for Ex-
ample 1, Figure 2 for Example 2, Figure 3 for Example 3, and Figure 4
for Example 4 which they show the maximum absolute error for various e.

If perturbation parameter is not too small (¢ = 1,107?), then nonuniform
collocation points are (1 — (=1)%, L 1), in throughout region D where
nit+3 na2+3

i=1,2,..,n1 ,7 =1,2,...,np. Otherwise (¢ = 10=%~6:=8-) nonuniform col-

location points for boundary layer region, are ( - (++1)2, %) throughout
ni+3 na+5

D3 where i = 1,2,...;71 ,j = 1,2, ..., iz, and collocation points for the regular

region are (1 — (7.“:%)27 (hzié)Q) throughout D;, where i = 1,2,...,0; ,j =

1,2,...,79. Examples 1, 2 and 3 have the same exact solution, see Figure 5 for

different values of €, and Figure 6 for Example 4. All present numerical results

are obtained using Wolfram Mathematica 10 software.

Remark 6. For solving problem (1.1), first we divided D to regular region
D; = [0,1 — p] x [0,1] and boundary layer region Dy = [1 — pu, 1] x [0, 1]
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and we shifted region Dy into D3 = [—1,0] x [0,1] and obtain the reproduc-
ing kernels K, ¢(z,t) and K, ¢(,t) for regular and shifted boundary layer re-
gions, respectively. Then we construct complete functional systems p;;(x,t) =
Ko, )l t5) 4 9452 1) = Ko () (.61~ (ar1y) for reproducing ker-
nel spaces W2(3’2)(D1) and WQ(B’Q)(Dg) respectively. For regular region D1,
n=n1 X ng where ¢ =1,2,...,n7 and j = 1,2,...,n5. For shifted boundary
layer region D3, i = fi; X fig where ¢ = 1,2,...,77 and j = 1,2,...,75 and
¢ =14,j. Therefor we solve problem (1.1) in the regular and shifted boundary
layer region such that approximate solutions are as following form,

Yinn(2,t) = Zgznnw:vt Girn (@, 1) = dennapext

where we obtain coefficients g, and o¢ 5., by solving following system of
algebraic equations

Z 00, LP(T, )| (2,0 =(wi,t,) =N Winyn—1 (T, 1)) (@,0)=(as t,) + [ (@05 T5),
(=1

n
> 00imLoe(@, )l 0)=@ity) =N i1 ) @0)=(i,ty) + f (i 15),
=1

where n = 2,3,... is number of iterative for nonlinear term N (s n—1(z,1))
and N (45, n—1(x,t)) with initial functions g, o(x,t) and §; 0(z,t) for n = 1
respectively.

Remark 7. According to Corollary 3 and Remark 3 we compared maximum
absolute errors for derivative of the approximate solutions relative to ¢
(E2YNn (@) = Max |0, VN n(x,t) — Opy(x,t)|) and =

(E%YNn(@) = Max [0, YN n(,t) — Opy(x,t)|) throughout D. We presented
results in Table 3.

Remark 8. According to error analysis Theorems errors ratio for approximate
solution Yy ,(z,t) throughout D must be about 0.5. We showed errors ratio
in Tables 1 and 2 for all numerical examples.

5 Conclusions

Hereby, a technique is introduced based on RKM to solve SPCDPPs. One of
the advantages of this technique is that it could be used to solve SPCDPPs,
so that SPCDPPs would not be easily solved employing common numerical
methods or numerical commands in mathematical softwares that are available
for free. Numerical examples demonstrated that the present method has higher
precision compared to other methods. That is in account of the fact that the
Gram-Schmidt process is removed.
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Appendix: tables and figures

Table 1. Max point-wise error (E¥N.n (%) = Mag |Van,n(z,1) — YN n(z,t)], (z,t) € D)

and error ratio EY2N.n /EYN.n for Example 4.
PM [17]
N 200 400 800 512 X 160 1024 x 320
I3
10  7.00x107° 1.80x10"° 8.50x 10~6 6.21 x 10~° 3.13x 10°°
0.257143 0.472222
1072 2.80x 1073 7.00x10~* 3.00 x 10* 6.07 x 10~%  3.10 x 10~
0.250 0.428571
1074  3.20x 1073 1.60 x 1073  3.40 x 10—* 8.70 x 10~% 4.39 x 10~
0.50 0.2125
1076 3.20x 1073 1.70x 1073  3.60 x 10—* 8.93x 10~% 4.48 x 10~
0.53125 0.211765
1078 3.40x 1073 1.70x 103 3.60 x 10—* 8.94 x 107%  4.49 x 10~
0.50 0.211765
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Figure 1. Max absolute error with e = 10~8 (Left: N = 200; Middle: N = 400; Right:
N = 800) for Example 1.
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Figure 2. Max absolute error with ¢ = 1076 and n = 10 (Left: N = 200; Middle:
N = 400; Right: N = 800) for Example 2.
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Figure 3. Max absolute error with ¢ = 1078 and n = 10 (Left: N = 200; Middle:
N = 400; Right: N = 800) for Example 3.
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Figure 4. Max error with e = 1076 (Left: N = 200; Middle: N = 400; Right: N = 800)
for Example 4.
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Table 2. Max absolute error (EYN.»(®Y = Maz |V, (2,t) — y(z,t)], (z,t) € D) with
n = 10 and error ratio EY2N.n /EYNn-

PM [17]
N 200 400 800 512 x 160 1024 x 320
£
Ex.1
100 1.50 x 10~* 550 x 107°  2.30 x 10—° 5.41 x 107° 2,67 x 1075
0.366667 0.418182
10—2 3.20x 1073  1.30 x 103  5.50 x 104 455 x 1073 252 x 1073
0.40625 0.423077
10—4 1.60 x 1073 8.00 x 10~*  4.00 x 10~* 5.42 x 1073 2.74 x 1073
0.50 0.50
10-6 1.60 x 1073 8.00 x 10~*  4.00 x 10~* 5.52 x 1073 2.76 x 10~3
0.50 0.50
10-8 2.00 x 1073 850 x 10~% 4.40 x 10~% 5.55 x 1073 2.77 x 1073
0.425 0.517647
Ex.2
10° 1.50 x 10~*  5.00 x 10~° 2.20 x 10—® 453 x107% 228 x 10~°
0.333333 0.440
10—2 2.60 x 1072  1.10 x 1073 4.60 x 10~ 2.83 x 1072 1.42x 103
0.423077 0.418182
10—+ 1.60 x 1073 750 x 10~%  4.00 x 10—* 3.84x1073 1.93x 1073
0.46875 0.533333
10-6 1.60 x 1073 7.50 x 10~%  4.00 x 10—* 3.92x 1073 196 x 103
0.46875 0.533333
10-8 1.80 x 1073 850 x 10~%  4.40 x 10~* 3.95x 1073  1.96 x 103
0.472222 0.517647
N=256x80 N=b512x160
Ex.3
100 1.50 x 10~% 550 x 10~°  2.20 x 10~° 2.83x 1075 1.42x107°
0.366667 0.40
10—2 2.60 x 1072  1.10 x 1073 4.60 x 10~* 521 x 1073 2.70 x 103
0.423077 0.418182
10— 1.60 x 1073 7.50 x 10~%  4.00 x 10—* 8.28 x 1073  4.17 x 1073
0.46875 0.533333
10-6 1.60 x 1073 750 x 10~*  3.80 x 10~* 8.85 x 1073  4.28 x 103
0.46875 0.506667
10-8 1.70 x 1073 8.00 x 10~* 4.20 x 10~* 8.65 x 1073 4.30 x 103
0.470588 0.525
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Table 3. Max absolute errors for derivative of the approximate solutions in Example 3.

Present Method

N = 200 N = 400 N =800
e=10"6

E2tYNn (1) 1.90 x 102 1.20 x 102 8.50 x 103

E%2YN,n (1) 2.00 x 1013 2.00 x 104 6.00 x 1013
e=10"8

E2tYN n(z:t) 3.40 x 10~2 2.30 x 10~2 1.60 x 102

E%=YN,n(2:t) 8.00 x 1022 8.50 x 1022 2.00 x 1023

<
NN
TRy

2

Figure 5. Approximate solution with N =200 and n = 10 (Left: e = 1; Middle:
e = 1072; Right: e = 10’6) for Examples 1, 2, 3.
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=77
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Figure 6. Approximate solution with N = 200 (Left: € = 1; Middle: € = 10~2; Right:
€ = 1079) for Example 4.
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Figure 7. Derivative of the solution relative to = (9zy(z,t)) throughout region D for
Examples 1, 2, 3, with £ = 1076 (Left: derivative of the solution; Right: boundary layer
behavior).
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