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1 Introduction

The theory of control problems for a system of ordinary differential equations
and for a system of integro-differential equations in partial derivatives, with
parameters, is rapidly developing and used in various fields of applied mathe-
matics, biophysics, biomedicine, chemistry, etc. Control problems, also called
as boundary value problems with parameters and parameter identification prob-
lems for systems of ordinary differential and integro-differential equations with
parameters, are intensively studied by many authors [3,4,8,9,17,18,19,20, 24,
25]. To find solutions to these problems, methods of the qualitative theory of
differential equations, variational calculus and optimization theory, the method
of upper and lower solutions, etc. were used. Note that the problems of de-
termining effective criteria for unique solvability and constructing numerical
algorithms for finding optimal solutions to control problems for systems of or-
dinary differential and integro-differential equations with parameters are still
relevant.

In this article, we extend the methods and results of [14,15] to a boundary
value problem for integro-differential equations with parameters. The solvabil-
ity conditions for boundary value problems for a system of integro-differential
equations with parameters are established. A numerically approximate method
for solving the investigated boundary value problem is constructed, and its con-
vergence, stability, and accuracy are investigated.

Consider the boundary value problem for the integro-differential equation
with a parameter

d T

d—f:A(t)x—k K(t, T)x(t)dr+Ao(t)u+f(t), z € R", p€ Rt € (0,T), (1.1)
0

Bop + Bx(0) + Cx(T) =d, dec R"™. (1.2)

Here the (n x n) matrices A(t) and K (t, ) are continuous on [0, 7] and [0, T] x
[0, T, respectively; the (n x [) matrix Ag(t) is continuous on [0, 77, the n vector
f(#) is continuous on [0, 7.

Let C([0,T], R"™) be the space of continuous functions « : [0,7] — R™ with

the norm ||z||; = ma x(t)|| = max max |x;(t)|.
lelly = mase [l2(2)] = max mas |i(0)

Solution to problem with parameter in Equations (1.1)—(1.2) is a pair
(x*(t), u*), where the function z*(t) € C([0,T], R") is continuously differen-
tiable on (0,7, the parameter u* € R!, satisfies integro-differential equation
(1.1) and boundary condition (1.2). Based on the parameterization method
[16], the solvability and unique solvability criteria for problem (1.1)—(1.2) with-
out a parameter are set in [11,12,13,16]. Algorithms for the parameterization
method for solving this problem are proposed in [14, 15].

The aim of this paper is to construct approximate and numerical meth-
ods for solving the problem with parameter in (1.1)—(1.2) and to ensure their
convergence, stability, and accuracy.

Section 2 is devoted to a loaded differential equation with a parameter.
By the Simpson formula, the integral term of Equation (1.1) is replaced by
the integral sum, and problem (1.1)—(1.2) reduces to the problem for a loaded
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differential equation with parameter. A new approach to the general solution
of a loaded differential equation with a parameter is proposed. A new d,,(0)
general solution exists for all loaded linear nonhomogeneous differential equa-
tions with parameter and depends on the m 4+ 1 arbitrary vectors A\, € R™. We
study the properties of §,,(6) general solution and obtain solvability criteria for
loaded differential equations with a parameter. The condition for the existence
of a classical general solution is also established. Numerical and approximate
methods for compilation of the d,,(0) general solution are proposed.

The employment of the d,,(0) general solution for solving the problem with
a parameter for a loaded differential equation is given in Section 3. Substituting
the expressions of the d,,(0) general solution into the boundary condition (1.2)
and the continuity conditions for solutions at loaded points, we obtain a system
of linear algebraic equations with respect to A, € R™, r = 1, m + 1. Invertibility
of Q«(6m(0)), the matrix of the compiled system, is equivalent to the well-
posedness of the problem with a parameter for the loaded differential equation.
The coefficients and the right-hand sides of this system are constructed through
solutions to the Cauchy problems for ordinary differential equations on the
subintervals [0,_1,0,], 7 = 1,m. Algorithms for solving the problem with a
parameter for the loaded differential equation are proposed.

The interrelation between the unique solvability of the initial boundary
value problem and the unique solvability of the approximate boundary value
problem is established in Section 4. Estimates for the differences between their
solutions are given.

Section 5 presents methods for solving the problem with parameter (1.1)-
(1.2). The interval [0, T is divided into 2N parts with a step h > 0: 2Nh =T.
Equation (1.1) is replaced by a loaded differential equation, and problem (1.1)—
(1.2) is approximated by a problem with a parameter for a loaded differential
equation.

The results of Section 4 and the continuity of the kernel K (¢,7) on [0, 7] x
[0,7] give uniform convergence of approximate solutions of the problem to
the solution of problem (1.1)—(1.2) on [0,7] as h — 0. It is shown that the
convergence is of the fourth order with respect to h if data of problem (1.1)—
(1.2) are sufficiently smooth.

For an approximate problem with a parameter, a system of linear algebraic
equations with respect to arbitrary vectors of a new general solution is com-
posed. It is shown that the conditionality number of this system increases
linearly relative to 2N if the approximate problem with the parameter is well-
posed. This property of the system guarantees its stable solution. Cauchy
problems for ordinary differential equations on subintervals are the main aux-
iliary problems in the proposed methods. If we choose an approximate method
for solving these problems, we obtain an approximate method for solving the
problem with parameter (1.1)—(1.2).

Numerical methods for solving Cauchy problems give numerical methods
for solving the problem with parameter (1.1)—(1.2).
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2 Approximate loaded linear differential equation with
parameter: new general solution and its properties

Replacing the integral term of Equation (1.1) by a suitable integral sum, we
obtain the loaded differential equation with parameter

m—+1

CZ = Alt)z + ZK 0j-1) + Ao(t)p + £(1), (2.1)

where t € (0,T), z € R", u € R!, the (n x n) matrices K;(t), j = I,m + 1,
are continuous on [0,7] and 0 =6y < 61 < ... <01 <0, =T.

Solution to Equation (2.1) is a pair (z*(t), u*), where the function z*(t) €
C([0,T], R™) is continuously differentiable on (0,7), the parameter p* € R'
satisfies the equation for all ¢ € (0, 7).

Equation (2.1) is also referred to as a differential boundary equation. Loa-
ded differential equations frequently are used in the applied mathematics. Par-
ticularly, in [21]- [22], they are used to describe the problems of long-term fore-
casting and control of groundwater level in the soil moisture. Various problems
for these equations and methods for solving them are studied in [1,2,5,6,18,23].
The Fredholm integro-differential equation with a parameter has several fea-
tures that should be considered when methods for research and solving prob-
lems with Equation (1.1) are created. The existence of an unsolvable Fredholm
integro-differential equation with a parameter is one of such features. Another
feature is that the Cauchy problem for Equation (1.1) can be unsolvable, al-
though the problem with parameters for this equation has a unique solution.
These features are also the characteristics of loaded differential equations with
a parameter.

Suppose (z(t, ¢), p(c)) is a solution to Equation (2.1) for all ¢ € R™, and each
solution (Z(t), u(c)) of Equation (2.1) coincides with the function (z(t, ¢), u(c))
for a unique ¢ = ¢. Then the pair (z(t,c¢), u(c)) is said to be the classical
general solution of the loaded linear differential equation with parameter (2.1)
if it exists for all f(t) € C([0,T], R™). General solution is one of the main
tools for research and solving problems for differential and integro-differential
equations. Since there are unsolvable loaded linear differential equations, the
classical general solution also exists not for all equations (2.1). Therefore, we
propose a new concept for the general solution of a loaded differential equation
with a parameter.

Let C([0,T],0, R™) denote the space of function systems z[t] = (x1(t),

x2(t), ..., 2m(t)), where z, : [0,_1,6,) — R"™ are continuous and have finite
left-side limits \ hm Oxr( ) for all » = 1, m, with norm
—6,
[2[]llz = max  sup [z, (2)].

r=1,mte[0,_1,0,)

Let (x(t), u) be the solution of the loaded differential equation with parame-
ter (2.1), and z,.(t) be the restriction of the function z(¢) to the sub-interval
0r-1,0,), i.e. z.(t) = z(t), t € [#r—1,0,), r = 1,m. Then the pair (z[t], u),
where the function system z[t] = (z1(¢), z2(t), ..., zm(t)) belongs to
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C([0,T],0,R™™), u € R' and satisfies the system of loaded differential equa-
tions with parameter:

d;” _ xT+ZK V2505 1) + Kony1 (02(0m) + Ao+ F(£),  (2:2)

where t € (0,-1,0,), 7 = 1,m, ©(0,,) is the value of function z(t) at the end-
point of interval: ¢t =0,, =T.

A triple (3[t] 5(0,). 1) with 7t = (@1(0) 3a(0). -, 7
and Z(0,,) € R", and p € R' that satisfies Equation
to Equation (2.2).

We introduce the parameters A\, = 2,.(6,_1), r = 1,m, and A\ppy1 = (),
and Aj,10 = p. We also introduce an unknown functions u, : [0,-1,6,) — R",
r = 1,m. By substituting u,(t) = z,(t) — A, at every rth interval [6,_1,80,.),
we obtain a system of ordinary differential equations with parameters

(t)) € C([0, 71,0, R™™),

(2.2) is called a solution

d . m—+1
CZ = A (ur+\y) +jle DA+ Ao (O)Amia+ f(), tE€ (Br1,0,), (2.3)

and the initial conditions

up(0r_1) =0, r=1,m. (2.4)

For any fixed A = (A1, A2, .-+, A1, Amaz) € R+ and r = T m, the
Cauchy problem (2.3)-(2.4) has a unique solution u, (¢, A) on the subinterval
[0,_1,0,), and the function system w[t, \] = (uy (£, A), uz(t, N, ..., um(t, A)) be-
longs to C([0,T7],6, R™™). The function system ult, \] is called the solution to
the Cauchy problem (2.3)—(2.4) with A = A. The system of loaded differential
equations with parameter (2.2) is equivalent to Cauchy problem with parame-
ters (2.3)—(2.4) in the following sense.

Let the triple (Z[t] = (T1(¢), Z2(t), ., Tm(t)), Z(Om ) i)

Equation (2 2). Choose the parameters X =T, (0,— 1) =1,m, and )\m+1
Z(0m), and Ama+2 = fi. Then the function system ult, | = (ul(t ), ua(t, N), .
Um (t, N)), where u,(t,\) = Z(t) — )\r, r = 1,m, is a solution to the Cauchy
problem (2.3)—(2.4) with A = 2= ()\1,)\2,... )\m+1,)\m+2) e Rr(m+D+ - And
vice versa, if the function system w[t, \*] = (uq (¢, A*), ua(t, \*), ..., um (£, A*)) €
C(]0,T),0, R™™) is a solution to the Cauchy problem (2.3)—(2.4) with A = \* =
(N5 NS oy A1y A ys) € RMMHDH then the triple (2*[t] = (23 (t), 25(2),. . .,
arsi‘n(t))7 x*(O0n), 1) with 3 (t) = Ay +ur(t, X)), 7 = 1,m, and 2*(0,,) = Ay, 1,
and p* = Ay, o is a solution of Equation (2.2).

Next, a new concept of a general solution of a loaded differential equation
with a parameter is introduced.

DEFINITION 1. Let ult, \] = (u1(¢, A), ua(t, N, ..., um(t,\)) be a solution to the
Cauchy problem (2.3)-(2.4) with A = (A1, A2, ..o, A1, Amaz) € RMMEDHL
Then the pair ((9,,(0), A, t), 1(0,,(0), X)), where the function x(d,,(0), A, t) and
the parameter p(d,,(6),\) are given by the equalities

e a solution of

(0m(0), A, t) = A +up(t, A) for ¢t €[0,-1,6,), r=1,m,
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and (6, (0),\,T) = Ant1, 1(0m(0), A) = Ao is called a §,,(0) general solu-
tion for a loaded differential equation with parameter (2.1).

As follows from Definition 1, the 6,,(f) general solution depends on the m + 2
arbitrary vectors A\, € R", r = I,m + 1, A\nyo € R', and satisfies the loaded
differential equation with parameter (2.1) for all ¢t € (0,7)\{6,,p = 1I,m — 1}.
Let X,.(t) be the fundamental matrix of the ordinary differential equation

dz

dt

Then the unique solution to the Cauchy problem (2.3)-(2.4) can be written as

A( ) te [07"—1707'}7 7‘=1,m.

) / X (r)(A(r) + Ko (7)dr,

m+1

+ Z X ( / X, () Kj(r)drAj + Xr(t)/e XU Ao(T)dT A2
Ji/r 'r 1 r—1
+ X (1) / XNV f(r)dr, te by 1,6,), r=T,m. (2.5)

Therefore, from (2.5) we obtain the following representation of the d,,(0) gen-
eral solution:

m—+1
(O Z (6 N + a2(6m(0), D) Ams2 + Br(m(0),1),
te [0,»_1,9,), r=1,m, (2.6)
2(0m(0), A\, T) = A1, (2.7)
1(0m (0),A) = Am2, (2.8)

with

0r_1
te0r_1,0,), T=1,m, (2.9)
(0 (0), 1) = Xr(t) Gt X M) K (r)dr,
te 01,0 ;ilm—i—l j#T (2.10)
a2(5,,(), / X (r)dr, te€[0,._1,0,), r=T1,m, (2.11)

ﬂr(ém(ﬂ),t):Xr(t)/ XY f(r)dr, te,1,0,), r=Tm, (212)

where [ is the identity matrix of dimension n.

The (n x n) matrices a,;(0,,(6),t), 7 =1,m, j=1,m+1, the (n x 1)
matrices a2(8,,(0),t), r = 1,m, and n vectors B3.(6,,(0),t), r = 1,m, are
called the coeflicients and right sides of d,,(#) general solution, respectively.

Math. Model. Anal., 26(1):34-54, 2021.



40 E.A. Bakirova, A.T. Assanova and Zh.M. Kadirbayeva

Theorem 1. Let a pair (Z(t), 1), where the function Z(t) is piecewise continu-
ous on [0, T] with possible discontinuity pointst = 0,, r = 1, m and the parame-
ter i € R', be given, and the pair (v(8,,(0), A\, ), 11(6m (0),\)) be the 6, (0) gen-
eral solution to Equation (2.1). Suppose that the function Z(t) has a continu-
ous derivative and satisfies Equation (2.1) for all't € (0,T)\{bp,p =1,m —1}.
Then there is a unique = (/\17 )\2 , )\m+1, )\m+2) € RMm+U+L guch that the
equality x(6,(0), X, ) = Z(t) holds for allt € [0,T) and p(6:m,(0), ) = [i.

Proof. Let a pair (Z(t), 1), where the function Z(¢) is piecewise continuous on
[0, T, the parameter fi € R!, be given, and Z[t] = (Z1(t),Z2(t), ..., Tm(t)) be
a function system of restrictions of the function Z(t) to [0,—-1,6,), 7 = 1,m.
Under the conditions of the Theorem, the triple (Z[t],Z(6:m), £) is a solution
to Equations (2.2). Assign the parameter A = (A, A2..., Amit, Amiz) €
Rr(m+D+ with )\, = T (0r_1), 7 = 1,m, and Xm+1 = 7(6,,), and Xerg = I,
for the pair (Z(t), i1).

We solve Cauchy problem (2.3)-(2.4) with A = X and find ult, ] = (uy(t, \),
U (t, N), ..., um (t, X)) Then, due to the relations between the solution of Equa-
tion (2.2) and the solution of the Cauchy problem (2.3)—(2.4), we obtain:

() = (t) = A+ up(t, ) = 2(6m (0), M 1), t € [0,_1,0,), r =T, m,
(1) =2(0m) = Xm-i-l = x(57n(0)7X7T)7 p= X771-&-2 = U(‘Sm(e)vx)-

To show that X is unique, suppose that A* = ( f e A Al ) € RUmADH
is another parameter such that Z(¢t) = x(6,,(0), \*,t) for all ¢ € [0,T], and
i = 1o (6), ).

Then, according to Definition 1, we have Z(t) = Z,.(t) = Af + w.(¢, \*)
for t € [0,-1,0,), r = 1,m, Z(T) = A5y, L = A}, 4o, where the function
system u[t, \*] = (uq (¢, \*), ua(t, \*), ..., um(t, A*)) is a solution to the Cauchy
problem (2.3)-(2.4) with A = A* € R*"("+)+! Now, using the initial conditions
(2.4) and the way of choosing A € R™ ™D+ we get N, = Z,(6,_1) = \F +
Up(0r—1, \*) = X5, r =1, m, and )\m+1 =2(0m) = 2(T) = Ay, 1, and /\m+2
o= Ay ia Theorem 1is proved. O

Corollary 1. Let a pair (z*(t), u*) be a solution to Equation (2.1), and a pair
(@(8m(0), A, 1), 11(6m(0), A)) be a 6., (0) general solution to Equation (2.1). Then
there exists a unique A* = (A}, A3, ..., A5y 1: Aoy o) € R0+ such that the
equality x(d,,(0), \*,t) = 2*(t) holds for all ¢t € [0,T] and 1(0,,(0), ) = p*.

If a pair (z(t), 1) is a solution of Equation (2.1), and z[t] = (z1(t), z2(t), .. .,
Zm(t)) is a function system consisting of restrictions of the function z(t) to the
sub-intervals [0,_1,0,), r =1, m, then the following equations hold:

t—{lm Oxp(t) = xp'i‘l(ep)? p= 17m - 1a (213)
tilgo T () = (). (2.14)

These equations are called continuity conditions for solution of Equation (2.1).
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Theorem 2. Let the triple (z[t],x(0,), n) with z[t] = (x1(t), 22(t), .., Tm(t))
€ C([0,7),6, R"™) and z(0,,) € R", and p € R' satisfy Equation (2.2) and
continuity conditions (2.13)—~(2.14). Then the pair (x*(t), u*), where the func-
tion x*(t), given by the equalities x*(t) = x.(t) fort € [0,-1,0,), r=1,m,
and 2*(T) = x(0,,), and p* = pu, is a solution of the loaded differential equation
with parameter (2.1).

Proof. Equations (2.13) and (2.14) yield the continuity of the function z*(¢)

n [0,7]. Since the triple (x[t],z(0,,), 1) satisfies Equation (2.4), the pair
(x*(t), p*), where the function z*(¢) has a continuous derivative and satisfies
Equation (2.1) for all t € (0,7)\{6p,p = 1,m — 1}, and p = p*. The existence
and continuity of #*(¢) at the points t = 6,, p = 1,m — 1, follow from the
following relations:

m—+1
t—lier:l—ox'*(t) = A(ep)x*(ep) + ; Kj(ep)x*(ej—l) + AO(HP)M* + f(ep)
= lim &*(t), p=1,m—1. (2.15)

t—0,40

Relations (2.15) mean that the pair (z*(¢), u*) satisfies the loaded differential
equation with parameter on the interior loaded points of [0,7]. Theorem 2 is
proved. O

It is clear that the boundary value problem might be considered only for solv-
able loaded differential equations with a parameter. Thus, we apply the 6,,(0)
general solution to establish the solvability criteria for Equation (2.1). Sub-
stituting the appropriate expressions from (2.6) and (2.7) into the continuity
conditions (2.13) and (2.14), we obtain the system of mn linear algebraic equa-

tions with respect to the m + 2 unknown vectors A\; € R", j = I,m+1,
)\m+2 S R
m+1
Z i (0 (0), 00N —(I = ri1 (0 (0), 0,:)) A1 + 2 (3, (0), ) Ao
JE
=—B:(0m(0),0,), 7=1,m. (2.16)

Let D, (6,(0)) denote the nm x (n(m + 1) + ) matrix corresponding to the
left-hand side of (2.16). We rewrite (2.16) in the form:

Di(0m(0))A = =B (6m (0), f), (2.17)
where B, (3m (0), £)=(B1(5m(0),61), B2(6,(6),02), - . .. B (3 (0), Or) ) ER™™.

Theorems 1, 2 and well-known statements of linear algebra lead to the
following assertion.

Theorem 3. A loaded linear differential equation with parameter (2.1) is solv-
able if and only if the vector B.(6;m(0), f) is orthogonal to the kernel of the
transposed matriz (D, (6,(0))), i.e. iff the equality
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is valid for Vn € Ker(D.(0,,(0)))’, where (-,) is the inner product in R™™.

Equation (2.17) and properties of the general solution allow us to obtain the
following statement on the existence of a classical general solution to Equa-
tion (2.1).

Theorem 4. A loaded linear differential equation with parameter (2.1) has a
classical general solution if rank D, (0,,(0)) = mn.

Proof. Consider the system of mn linear algebraic equations (2.17). By as-
sumption, the matrix D,(0,,(0)) has mn linearly independent columns. We
denote by D§(,,(6)) the mn x mn matrix consisting of these columns, and by
Di(6,,(0)) denote the mn x (n+1) matrix consisting of the remaining columns.
We rewrite system (2.17) in the form:

where \g € R™™ and \* € R"* are the vectors composed of the coordinates
of the vector A € R™™+D+ corresponding to our decomposition of matrix
D, (0:,(0)). Since the matrix D§(,,,(0)) : R™™ — R™™ is invertible, the vector
Ao € R is uniquely determined by (2.18):

Ao = (D5 (6 (0))) ™ (=B (6m (8), ) — Di(3m (0))N"). (2.19)

Let us take A\* as an arbitrary vector ¢ € R"* and by (2.19) we define all ele-
ments of the vector A = (A1, A2, .. ., Mg 1, Ama2) € R+ through ¢. Sub-
stituting the corresponding expressions of A\, r = 1, m + 2, into the right-hand
side of (2.6), (2.7), and (2.8) we obtain the function Z(c,t) = x(0:,(0), A(c),t)
defined on [0, 7] and fi(c) = p(0m(8), A(c)). It follows from Theorems 1, 2, and
3 that the pair (Z(c,t),i(c)) is a classical general solution to Equation (2.1).
Theorem 4 is proved. O

Formulas (2.9)—(2.12), which determine the coefficients and the right-hand sides
of the 6,,,(#) general solution, contain the fundamental matrices X,.(t), r = 1, m.
As arule, the construction of fundamental matrices for systems of ordinary dif-
ferential equations with variable coefficients fails. Therefore, below we propose
numerical and approximate methods for constructing a d,,(6) general solution.
To do this, we consider the Cauchy problems for ordinary differential equations
on sub-intervals:

d

CT: = A+ P(t), v(B,_1)=0, te[br_1,0,], r=Tm,  (2.20)

where P(t) is a square matrix or a vector of dimension n continuous on [0, 7.
Denote by a,.(P,t) the unique solution to the Cauchy problem (2.20). It is

clear that

a-(P,t) = X,.(t) /(: X Yr)P(r)dr, t€f,_1,0,], r=T1,m. (2.21)



A Problem with Parameter for the IDEs 43

Now, taking into account (2.21), we can determine the coefficients and the
right-hand sides of the §,,(6) general solution from the equations:

arp (6 (0),1) =I + ar(A + Ko, ), (071, 06;], r=ILm, (2.22)
arj (Om (0), 1) =ar (K, 1), €0r—1,0,],r #j, j=Lm+1, (223)

o, (0m(0),t) =ar (Ao, 1), €[0r-1,0;), r=ILm, (2.24)
Br(6m(0),t) =ar(f,1), (071, 6,], r=Lm. (2.25)

In the following numerical method for constructing the d,,(6) general solution,
we use the fourth-order Runge-Kutta method to solve the Cauchy problems for
ordinary differential equations on sub-intervals. Divide each interval [0,_1, 0, ]
into N, parts with step h, = 6, — Or— 1)/Npy v = 1,m. Suppose that the
variable ¢ takes only discrete values: ¢ = 6,1, ¢t = 0,1 + hyy .., £ = 01 +
(N, — Dh,, t = 6,, 7 = 1,m, and denote by {#,_1,6,} the set of such values of

t.

Step 1. Solve the Cauchy problems

dv
dt

and find a~ (A + K., 1), t € {0,_1,0,}, r =1, m.
Step 2. Solve the Cauchy problems

@:A(t)v—f—Kj(t), v(0r—1) =0, t€[0,_1,0;], j#r, r=1,m, j=1,m+1,

dt
(2.27)

= Al + [A() + K. (D], v(0,-1) =0, t€ [0r_1.0,], (2.26)

and determine a’ (Kj, t),t€{6,_1,0,}.

Step 3. Solve the Cauchy problems

dv

dt

and find al~ (Ao, 1), t € {0,_1,0,}, r=T1,m.
Step 4. Solve the Cauchy problems

‘f; = A+ f(t), v(0_1) =0, te 01,0, (2.29)

and find alr (f,1),t € {0,_1,0,}, r=T,m.
Then in accordance with (2.22)—(2.25), the numerical ,,(#) general solution
of Equation (2.1) is defined as follows:

= A(t)v + Ao(t), v(0r_1) =0, te 8, 1,0,], (2.28)

m—+1
2" (6 (0), 6, 2) = (I + a7 (A+ Ko DA+ Y alr(Kj, D))
Jj=1,j#r
aﬁr(AOaE))‘m—&-Q + a "(f1), te{0—1,0.1\{6,}, r=T,m,
zhm (6m(0)a T, /\) = >\m+1a ﬂ(ém(o)a )‘) = >\m+2~

Using the Lagrange polynomial [9] with functions w, ;(t) = w},(t)/w?,

)4 T

wivi(t) = (t — tr—l,O)(t — tr—l,l) N (t — tr—l,i—l)(t — tr—l,i—i—l)-"(t — tr—l,Nr)a
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wil:(trq,z‘—trfl,o)(trfu—frfl,l) vt —temrim) (o1 — tre1ig1)
X (tr—l,i - tr—l,Nr)a

where t,; = 0,_1+ih,,r =1,m,i=0,1,..., N,, we get an approximate d,,(6)
general solution of Equation (2.1). We determine the approximate coefficients
and right-hand sides by the equalities:

N’V‘
’Gv,?'(A + Kr, t) = Z af}" (A —+ KT, tr,l,i)wm(t),
=0

N,
- Z aﬁT(Kja tr—l,i)wﬂi(t)a ] 7é r,

N
" (Ao, 1) Za (Ao, tr—1 z)wr i(t), ﬁf’“(f, t) = Zaﬁr(ﬁ tr—1,5)wri(t),

=0

r= 1,m, j=1,m+1, te[b._1,0,]

Then, the approximate d,,(f) general solution of Equation (2.1) has the
form:
m+1
ih((sm(a)atv)‘) [I—l—a "(A+ K )]\ + Z K t))\
Jj=1j#r
A (Ao, ) Aman + @ (fit), tE€[0ro1,0,), r=T,m,
Th(0m(0), T, A) = Amg1,  (m(0), A) = Ao

Similarly, solving the Cauchy problems for ordinary differential equations
(2.27)—-(2.29) by an approximate method, we obtain an approximate d,,(0) gen-
eral solution of Equation (2.1). The accuracy of the coefficients and the right-
hand sides of the numerical and approximate §,,(0) general solutions depends
on the accuracy of the method used to solve Cauchy problems for ordinary
differential equations (2.20).

3 Algorithms for solving a problem with a parameter for
a loaded differential equation

The §,,(0) general solution allows us to reduce the solvability of problem (2.1),
(1.2) to the solvability of a system of linear algebraic equations with respect to
Ar € R™, r = 1,m + 2. Substituting the appropriate expressions of the d,,(9)
general solution into the boundary condition (1.2) and the continuity conditions
(2.13) and (2.14), we obtain the system of linear algebraic equations:

BO)\m-‘rQ + B/\l + C/\m-i-l = d7 de Rn+l7 (31)
m—+1

Z Qrj (6m (6), HT)/\j_[I_arrJrl (6m (0), 9,)])\T+1+a2 (6m(0), 0r) A2
=141

= B (6m(0),0,), r=T,m. (3.2)
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Denote by Q.(6,,(0)) : MM+ Rr(m+D+ the matrix corresponding to
the left-hand side of system (3.1)—(3.2) and rewrite the system as follows:

Q*((;m(a)))‘ =—FrL (6m(0))’ A€ Rn(m+1)+l’ (33)

where F.(6,,(0)) = (—d, B1(5,n(0),61), - .., Bm (0 (0), 0,,)) € RP(mTDHL,

Using the properties of the d,,(0) general solution, it is easy to prove that
the solvability of the problem with parameter (2.1), (1.2) is equivalent to the
solvability of system (3.3).

DEFINITION 2. A problem with parameter (2.1), (1.2) is called well-posed if
for any pair (f(t),d) with f(t) € C([0,T], R") and d € R™*| it has a unique
solution (z*(t), u*), and the inequality

max(f|a* (|1, [la*[1) < xmax (|| f]l1. [|d]])

holds, where x is a constant independent of f(t) and d.

The number y is called the constant of the well-posedness of the problem with
parameter (2.1), (1.2).

From the well-known statements of linear algebra the following two state-
ments follow.

Theorem 5. The problem with parameter (2.1), (1.2) is solvable if and only
if the wvector F,(6,(0)) is orthogonal to the kernel of the transposed matrix
(Qu (8, (0))), i-e. iff the equality (F.(6,,(0)),¢) =0 holds for

V¢ € Ker(Qy(6,,(0))), where (-,-) is the inner product in R™MM+D+L,

Theorem 6. The problem with parameter (2.1), (1.2) is well-posed if and only
if the matriz Q. (6,,(0)) is invertible.

To solve the problem with parameter (2.1), (1.2), we propose

Algorithm A:

I. Construct a d,,(6) general solution (z(6,,(0),t, ), (1(6:m(0), A)) using the
formulas (2.9)—(2.12);

II. Form Equation (3.3) by substituting the corresponding expressions of
the d,,(6) general solution into the boundary and continuity conditions;

III. Solve Equation (3.3) and find A}, r =1,m + 2;

IV. Substitute A3, » = 1,m + 2, into the general solution and obtain a
solution to problem (2.1), (1.2).

Theorems 5 and 6 allow us to establish the solvability of the boundary
value problem (2.1), (1.2). If the problem is solvable, then using Algorithm A
we will find its solution. Moreover, the §,,(0) general solution and estimate
[1[Q+ (6, (0))] 71| allow us to determine the constant of the well-posedness of
problem (2.1), (1.2). Suppose that the matrix Q.(d,,(0)) is invertible, and
there exists a constant k(d,,(6)) such that

Qe (3m O] < £(6m (6)). (3.4)

In this case, Equation (3.3) has a unique solution
N = =[Qu(6m (0))] T Fi(0m(9)),
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and the pair (x*(t), p*), where the function z*(t) = (0,,(0), A*,t) and the
parameter p* = p(dm,(0), \*), is the unique solution to the problem with pa-
rameter (2.1), (1.2). Equalities (2.9)—(2.12) and the relations

/ [ x:mp@ar - / " P(ry)dn / LA /6 jllp(fz)d@dn

/ ATl / AT2 / P7'3 dngTQdT1+

(see (14) in [11], p.1152) lead to the estimates:

28

swp [l (6n(6).0)] < [1+ [ " 1 ()] exp § | 1A} -

te(0,-1,0,) 0,_1 0,1
r=1,m, (3.5)
0,

Sup ey (0 (6), 1)) < /:T 1K5ldresn { [ Jamar},

te(0r—1,0,) 0,_1
j?é'f', ]:]—am+1’ Til,m,

0,

sup [a2(6,(6).0)] < [ " o(r)ldrexs { | 1amar}, - =T,

te(0,—1,0r) 0r_1

6, 0,
sup (80,001 < [ Ilareso{ ["1a@lar}. e =T (6)

te(0,_1,0)

The right-hand side of Equation (3.3) can now be estimated as follows:
| F (0 (0)) | < max(1, bo) mase 1], 1] (3.7)
(28
bp = max (0, — 6,_1) exp {/ ||A(7')||d7'}.

r=1m

r—1

Inequalities (3.4), (3.5)—(3.6) and (3.7) lead to the estimate:

m—+1

[
ol < max 1+Z/ 15 ( ||d7'+/ HAO(T)HdT)

ol [ HA(T)HdT}fl}HA*IH max / I aress { [ aGlar)]

r=1 ,m

< max(1,bo) [ (co = 1+ Koco + loco) (6 (9)) + 1| max (111, lal]),
(3.8
1271 < (6 (8)) max (1, bo) max (111, 141, (3.9)
where ¢ = mﬁexp{f? \|A(7’)||cl7'}7 E max fo || K (7)||dT,
r=1,m r—1 j=1

0.
lo = r{lilingr,l |[Ao(7)l|dT.
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From (3.8) and (3.9), we have

max([|a* ||y, [l (1) < xmax (|| f]l1, 1],

where y = max(1,b) max[(co — 1 + koco + loco) k(6 () + 1, k(6 (6))].
Thus, the problem with parameter (2.1), (1.2) is well-posed with constant Y.
As was noted in Section 2, for Equation (2.1) with the variable matrix A(t),
in most cases, the construction of the d,, () general solution in the explicit form
fails. Therefore, we propose another way to solve problem (2.1), (1.2). This
method is based on compilation of a system of linear algebraic equations (3.1)—
(3.2) and does not require the construction of the d,,(0) general solution. Using
relations (2.22)—(2.25), we solve problem (2.1), (1.2) using the following

Algorithm B:
Step 1. Solve the Cauchy problems for ordinary differential equations

% =A(t)v+ [A®t) + K, ()], v(0.—1)=0, tc[0_1,6], r=T1m,

% =At)v+K;(t), v(0r—1) =0, t € [0p_1,0;], j#7r, 7=1,m, j=1m+1,
% =At)v+ Ag(t), v(r—1)=0, te€[0_1,0,], r=T1,m,

% =At)v+ f(t), v(l_1)=0, telb,_1,0,], r=1m,

and find a,(A + K,,0,), a,.(K;,6;), ar(Ao, 6;) and a,.(f,6,).

Step 2. Form a system of linear algebraic equations

BoApmt2 + BA\ + Chp1 = d, (3.10)
[I + ap(A + K, ep)])‘p - [I — ap(Kpt1, ep)])‘p+1
m—+1
+ Z ap(Kj,0p)Aj + ap(Ao, Op) Amto= — ap(f,0p), p=1,m. (3.11)
i=1
jipj,j#pﬂ

Step 3. Solve system (3.10)-(3.11) and find A* = (A}, A3, ..., A% i1, A p0) €
RMm+D+L Note that the elements of \* are the values of the function z*(t) at
the loaded points of [0,T]: Ay = 2*(0,—1), r =1,m+ 1, and A}, 5, = p*. Here
the pair (z*(¢), #*) is a solution to problem (2.1), (1.2).

m—+1
Step 4. Compose the function Fi(t) = > K;(t)A\; + Ao(t) A, 10 + f(1)-
j=1

Solve Cauchy problems for ordinary differential equations

dz
i A(t)x + Fi(t), z[0r—1] = AL, tef_1,0,]
and determine the values of the solution x*(t) at the remaining points of

[07“717 07“]7 r= 17m'
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In Algorithm B, Cauchy problems for ordinary differential equations on
subintervals are the main auxiliary problems. Using approximate methods
for solving these problems leads to approximate methods for solving problem
(2.1), (1.2). Numerical methods used for solving Cauchy problems for ordinary
differential equations lead to numerical methods for solving the problem (2.1),
(1.2).

4 Interrelation between problems with parameter (1.1)—
(1.2) and (2.1), (1.2)

Let us return to the consideration of the problem with parameter (1.1)—(1.2).

DEFINITION 3. A problem with parameter (1.1)—(1.2) is called well-posed if for
any pair (f(t),d) with f(¢t) € C([0,7T],R") and d € R"*!, it has a unique so-
lution (2*(t), 4¢*), and the inequality max(||z* ||, ||*[]) < ~-max(|| [l lld]]),
where v is a constant, independent of f(t) and d, holds.

The number 7 is called the constant of the well-posedness of the problem with
parameter (1.1)—(1.2).

Consider the following problem with parameter for the loaded differential
equation:

N 25h
V—awyrY, [ K {guG - Db+ guld - Db+ gulzin)
= oG n
+ Aot + f(t), te(0,T), yeR" (4.1)

Bov + By(0) + Cy(T) =d, d<c R"™.
Set « = max ||A(?)||, 8 = max K(t,7)||, and ag = max ||Ag(t)].
s AL 8= max K7 and a0 = max Ao
The following two statements provide a connection between the original
problem with the parameter for the integro-differential equation (1.1)-(1.2)

and the approximating problem with the parameter for the loaded differential
equation (4.1)—(4.2).

Theorem 7. Suppose that the problem with parameter (1.1)—(1.2) is well-posed
with the constant v, and let the inequality

q1(h) = %ﬁTh[(a+ﬂT+ao)7+ 1] <1

be true. Then the problem with parameter (4.1)—(4.2) is well-posed with the
constant X = 3v/(3 — 28Th[(oc + BT + o)y + 1]), and

- 28Ty [(a+ BT + ap)y + 1] A
= 3-2BTh[(a+BT + ag)y + 1]

max (|| |1, [ld]]),

max ||y —a* |1, [[v* =)

where (y*(t),v*) and (x*(t), u*) are solutions to problems with parameter (4.1)-
(4.2) and (1.1)—(1.2), respectively.
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Theorem 8. Let the problem with parameter (2.1), (1.2) be well-posed with
constant x, and the inequality g2(h) = %ﬁTh[(a + BT+ ap)x + 1] <1 be true.
Then the control problem (1.1)—(1.2) is well-posed with the constant

v =3x/(3 = 28Th[(a + BT + ap)x + 1]), and

28Tx[(o+ BT + ag)x + 1]k
3—2BTh[(a+BT+ap)x+1]

max ||z —y*[|y, || =" []) < max (|| fl1. [ldl]),

where (x*(t), p*) and (y*(t),v*) are solutions to problems with parameter (1.1)-
(1.2) and (4.1)—(4.2), respectively.

Now let us approximate the problem with parameter (1.1)—(1.2) by the
problem with parameter:

N
d h
oAtz SO K2 -1)R)2[2) — DA+ 4K (E (2] — DR)2[(2] — 1]
dt 3
+K(t 2jh)z[2jh]} + Ay(to+ f(t), te(0,T), =zeR" (4.3)
Bov + B2(0) + C2(T) =d, de R" (4.4)
Assume that w(K,2h,t) = ma? | |K(t,7") — K(t,7"")| and wo(K,2h) =
7",7'”6 0,7
|7/ —7"|<2h

max w(K,2h,t).
te[0,T)

Theorem 9. Suppose that a problem with parameter (1.1)—(1.2) is well-posed
with a constant vv. Then there exists a number hy > 0 such that for all h €
(0, ho]: 2Nh =T problem (4.3)—(4.4) is well-posed with constant xo = 4, and

max (|| — 2" |l1, [lv* — p|))

< AT{ ZBl(ac+ BT o)y +1] 8y (K, 20) s max(I 11, ), (45)

where (2*(t),v*) and (x*(t), u*) are solutions to problems with parameter (4.3)—-
(4.4) and (1.1)—(1.2), respectively.

Theorem 10. Suppose that there are numbers hg > 0 and xo > 0 such that
the problem with parameter (4.3)—(4.4) is well-posed with the constant xq for
all h € (0,ho]: 2Nh = T. Then the problem with parameter (1.1)—(1.2) is
well-posed with the constant v = 4xo, and

max (|| — 2|y, | — v*])

< 2XOT{ %ﬁ[2X0(04+»3T+040)+1]h+Xowo(K7 2h)} max (|| |1, 1), (4.6)

where (x*(t), p*) and (2*(t),v*) are solutions to problems with parameter (1.1)-
(1.2) and (4.3)—(4.4), respectively.

Taking into account the properties of problem (1.1)—(1.2), the proofs of Theo-
rems 7-10 are similar to the proofs of Theorems 4.1-4.4 in [15].
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5 A numerical method for solving the problem with
parameter (1.1)—(1.2)

The methods proposed in this Section are based on approximating the prob-
lem with parameter (1.1)—(1.2) by problems with the parameter for loaded
differential equations and on the Algorithm B presented in Section 4.

Take h > 0 : 2Nh = T and introduce the notation: K;(t) = 42 K(t, (j—1)h)
for even j and  K;(t) = 2K (t, (j —1)h) for odd j, where j = 2,3, ..., 2N, and
Ki(t) = %K(t,O), Konia(t) = %K(t,T). Then the approximating problem
with parameter (4.3), (4.4) can be written as follows:

dZ 2N+1 _
Sr=AMzt ; K;(t)z[(j—1)h]+Ao(t)v+f(t), t € (0,T), z € R", v e R,
Bov + Bz(0) + C%(T) =d, de R"™. (5.2)

The loaded differential equation (5.1) is the Equation (2.1) with m = 2N,
0j—1 = (j—1)h, j =1,2N + 1. Denote by dan(h) the new general solution to
Equation (5.1).

The results of Section 2 establish the relationship between the well-posed-
nesses of problems with parameter (1.1)—(1.2) and (5.1)—(5.2). Since the uni-
form continuity of K (¢,7) on [0, 7]x [0, T] leads to ’llli% wo (K, 2h) = 0, estimates

(4.5) and (4.6) yield uniform convergence of the solution of the approximat-
ing problem with parameter (5.1)—(5.2) to the solution of the original problem
with parameter (1.1)—(1.2) on [0,7] as h — 0. In theorems of Section 4,
we only need the continuity of A(t), Ag(t), and f(t) on [0,T] and K(¢,7) on
[0,T] % [0, T], respectively. In the following statement, with greater smoothness
of these data, the accuracy of approximating the solution of the problem with
parameter (1.1)—(1.2) by the solution of the problem with parameter (5.1)—(5.2)
is obtained.

Theorem 11. Suppose the following conditions are met: a) problem (1.1)-
(1.2) is well-posed with constant ~; b) the matrices A(t), Ao(t) and the vector
f(t) have continuous derivatives A®) (t), A(IC (t) and f*)(t), k =1,3, on [0,T7;
¢) the matriz K(t,7) has continuous partial derivatives Kt( )( 7), k=1,3,
i = 1,4, on [0,T] x [0,T]. Then, there exists hy > 0 such that for all h €
(0,ho] : 2Nh =T, the problem with parameter (5.1)—(5.2) has a unique solution
(z*(t),v*), and

44T
atld (K(t Hh4
180 (t,r)e [o T ><[0 T H8T4 (t,7)

(5.3)

where (x*(t), u*) is the unique solution to the problem with parameter (1.1)-

(1.2).

max (||2" =" |y, [Jv*—p"[]) <

We construct the dan(h) general solution to the loaded differential equation



A Problem with Parameter for the IDEs 51

with parameter (5.1):

2N41
2(52N(h)7 t, )‘) = [I + ar(A + Kra t)] Ar + Z ar(Kjv t)>‘j + ar(f7 t)a
j=1jr
te[(r—1)h,rh), r=1,2N,
2(6an (R), T, X) = Xant1,  v(dan(h), A) = Xan2.

Substituting the corresponding expressions of z(dan(h),t, A) and v(dan(h), A)
into the boundary condition (5.2) and the continuity conditions for solution at
the points ty = sh, s = 1,2,...,2N, then multiplying the boundary condition
by h > 0, we obtain the system of linear algebraic equations:

hBoAant2 + hBAL + hCAan 41 = hd, (5.4)
. . 2N+1
[I + ap(A + vaph)])\p - [I - ap(Kp+17ph Apt1+ Z vah
J;ﬁp J¢p+1
+ a’P(AOaph)A2N+2 = _ap(.f7ph)7 b= 17 2N (55)

Denote by Q. (dan (h)) : RPEN+D+ _ RrN+1+ the matrix corresponding to
the left-hand side of system (5.4)—(5.5) and rewrite down the system as follows:

Q. (0an(R)A = —F.(d2x(h)), A€ RMEN+LH (5.6)

where F,(6an(h)) = (—hd, a1 (f, k), az(f,2h), ...,aan (f, 2Nh)) € RMENFDH,
Let us consider issues related to the qualitative properties of Equation (5.6).
As indicated in [7,9,10], the conditionality number is one of the important
characteristics for a system of linear algebraic equations. This number, de-
fined as the product of the norms of system’s matrix and its inverse, shows
how the variations of coefficients and the right sides of the system affect the
variation of system’s solution. To determine the conditionality number for
Equation (5.6), we must estimate ||Q.(dan(h))|| and [|[Q«(Jan(h))]71]|. Us-
ing inequalities (3.7)—(3.9) and taking into account that tg?go;] lA®)]] = «,

i

e, [ Ao ()]l = SN S K (t,7)|| = B, we have:

1Q«(S2n ()| < mfﬂLX[h(IIBoH +IBl + 1), 2

2N+1
+ max (llap(A+ Ky ph) + Y llap(Kj,ph) | + llay(Ao, p) )]
p=L2N i=1i#p
< max[h(||Bo|| + | B|| + |C), 1 + (1 + BTh + agh) exp(ah)]. (5.7)

Hence, the norm of Q. (d2n (h)) does not depend on 2N, the number of partition.

Theorem 12. Let the problem (5.1)—(5.2) be well-posed with the constant xo.
Then there exists a number hy > 0 such that for all h € (0,h1] : 2Nh =T
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the (n(2N + 1) +1) x (n(2N 4+ 1) + 1) matriz Q.(dan(h)) is invertible, and the
estimate

1Q+ (82 ()] M| < 2x0/h (5.8)

s true.

The proofs of Theorems 11 and 12 with slight modifications are similar to the
proofs of Theorems 4.1 and 4.2, respectively, in [4].

So, if problem (5.1)—(5.2) is well-posed with the constant x, then inequal-
ities (5.7) and (5.8) yield the estimate

condso Qs (92 () = [|Qx (2 (W) - [[Qx (2 ()] 7|
< ZX0 s[RI Boll + IBI + €1, 1+ (14 6Th + agh) explah)]  (5.9)
for h € (0,h1] : 2Nh = T. As can be seen from (5.9), the conditionality
number for system (5.6) increases linearly with respect to 2N if the problem
with parameter (1.1)—(1.2) is well-posed. This property ensures stability when
solving system (5.4)—(5.5) (see [7]).

In [4] we also propose a numerically approximate method for solving Cauchy
problems for ordinary differential equations on subintervals, which is illustrated
by numerical examples. The authors can present numerical results obtained
using MathCad15.
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