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Abstract. We present the most general at this moment results on the discrete mixed
joint value-distribution (Theorems 5 and 6) and the universality property (Theo-
rems 3 and 4) for the class of Matsumoto zeta-functions and periodic Hurwitz zeta-
functions under certain linear independence condition on the relevant parameters,
such as common differences of arithmetic progressions, prime numbers etc.
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1 Introduction

In analytic number theory, one of the most interesting and popular subjects is
the so called universality property of various zeta- and L-functions in Voronin’s
sense (see [27]). In particular the mixed joint universality is a rather hot topic
today. Recall that the first results in this direction were obtained by J. Sander
and J. Steuding (see [25]) and independently by H. Mishou (see [24]). They
proved that the pair of analytic functions is simultaneously approximable by
the shifts of the Riemann zeta-function ((s) and the Hurwitz zeta-function
((s,a) with certain real « (as it is well-known the function ((s) has the Euler
type product expansion over primes, while the function (s, a) in general does
not; from this facts the term “mixed joint” arises).
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In the series of previous works by the authors (see [9,10,11,12]), the tu-
ple consisting from the wide class of the Matsumoto zeta-functions ¢(s) and
the periodic Hurwitz zeta-functions ((s, ;%) is considered in the frame of
the studies on the value distribution of such pair, as well as the universality
property and the functional independence.

Let s = 0 + it be a complex variable and by P,N,Q,R and C denote the
set of all prime numbers, positive integers, rational numbers, real numbers
and complex numbers, respectively. Suppose that o, 0 < a < 1, is a fixed
real number. Recall the definitions of both the functions under our interest
— the Matsumoto zeta-functions ¢(s) and the periodic Hurwitz zeta-functions
(s, ;B).

For m € N, let g(m) € N, f(j,m) € N, 1 < j < g(m). Denote by p,,
the mth prime number, and let aﬁﬂ) € C. Assume that g(m) < Cip%, and
\a§£)| < pfn with positive constant C; and non-negative constants « and (.
Define the zeta-function @(s) by the polynomial Euler product

oo g(m) _
as) =TT II (1 - a@pmefom)
m=1 j=1

The function @(s) converges absolutely in the region ¢ > o+ 8 + 1, and, in
this region, it can be written as the Dirichlet series

o0 ~

~ _ Ck

Ps) =D totars
k=1

with coefficients ¢, such that ¢ = O(k”‘+5+5) if all prime factors of k are large
for every positive £ (for the comment, see [11]).
For brevity, denote the shifted version of the function ¢(s) as

o0 o0

~ Ek Ck
ps) =Pls+a+8) =3 roem =D
k=1 k=1

with ¢, := ¢k~ P. This series is convergent in the half-plane o > 1.
Suppose that the function ¢(s) satisfies the following conditions:

(i)  (s) can be continued meromorphically to o > o¢, where 3 < 0y < 1,

and all poles of ¢(s) in this region are included in a compact set which
has no intersection with the line o = oy;
(ii) for o > 09, p(o +it) = O(|t|?) with a certain Cy > 0;

(iii) it holds the mean-value estimate
T
/\¢%+ﬁWa:0@y
0

We call the set of all such functions ¢(s) as the class of Matsumoto zeta-
functions and denote by M.
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Now, for Ny := N U {0}, let B = {b,, : m € Ny} be a periodic sequence
of complex numbers b, with minimal positive period | € N. The periodic
Hurwitz zeta-function ((s, ;B) with parameter @« € R, 0 < o < 1, is given by
the Dirichlet series

C(s,:%8) =Y

m=0

_bm for o> 1.

(m+a)

It is known that the function ((s, «;9B) is analytically continued to the whole
complex Plane7 except for a possible simple pole at the point s = 1 with residue
b= %Zn::lo by If b= 0, then ((s,a;B) is an entire function.

It is possible to prove functional limit theorems for the whole class M,
but it is difficult to prove the denseness lemma which is necessary to prove
the universality theorem. Therefore in the proof of the universality we use
an assumption that the function ¢(s) belongs to the Steuding class S defined
below. _

We say that the function ¢(s) belongs to the class S if the following condi-
tions are satisfied:

(a)  there exists a Dirichlet series expansion ¢(s) = >.°°

ey a(m)m™* with
a(m) = O(m?) for every € > 0;

(b) there exists o, < 1 such that ¢(s) can be meromorphically continued to
the half-plane o > o, and is holomorphic except for a pole at s = 1;

(c) forevery fixed o > o, and € > 0, the order estimate ¢(o+it) = O(|t|“*+*)
with C3 > 0 holds;

(d) there exists the Euler product expansion over primes, i.e.,

l
o) =TT (0 as@)p) "

p€eP j=1

(e) there exists a constant £ > 0 such that
lim —— 3" Ja()? = &
T—00 71'(1‘) ’
psT
where 7(z) denotes the number of primes p up to .
For ¢(s) € S, let o* be the infimum of all oy such that
1 (T

— it)|2dt ~
5T _T|s0(0+Z )l mzijl

la(m)|?

m20’

holds for any ¢ > o;. Then % < o* < 1, and we see that Sc Mif oo =0%+¢

is chosen. Note that the class S is not a subclass of the Selberg class!
To formulate mixed joint discere limit theorems and universality property
for the tuple (gp(s), C(s, o sB)) and further results, we need some notation. For
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572 R. Kacinskaité and K. Matsumoto

any compact set K C C, denote by H¢(K) the set of all C-valued functions
defined on K, continuous on K and holomorphic in the interior of K. By
H§(K) denote the subset of H¢(K) such that, on K, all elements of H¢(K) are
non-vanishing. Let D(a,b) = {s € C: a < o < b} for a,b € R, a < b, and we
denote by meas{A} the Lebesgue measure of the measurable set A C R. For
any set S, B(S) denotes the set of all Borel subsets of S, and, for any region
D, H(D) denotes the set of all holomorphic functions on D.

The first result on the mixed joint universality of the pair (gp(s), ¢(s, a ‘B))
is the following theorem, which considers the situation when the shifting pa-
rameter is moving continuously.

Theorem 1 [Theorem 2.2, [9]]. Suppose o(s) € S, and « is a transcendental
number, 0 < a < 1. Let Ky be a compact subset of the strip D(o*, 1), K5 be a
compact subset of the strip D(%, 1), both with connected complements. Suppose
that f1(s) € H§(K1), fa(s) € HS(K2). Then, for every € > 0, it holds that

1
lim inf —meas{r € [0,T]: sup |p(s+iT) — fi(s)| <,
T—o0 T se K,

sup [¢(s + i1, a; B) — fa(s)] < g} > 0.
seKo

More interesting and complicated questions on mixed joint universality are
concerning the discrete case, when shifting parameters take discrete values.
The first result of such kind is the discrete analogue of Theorem 1, which was
proved by the authors in [10].

Let h > 0 be the shifting parameter, that is the common difference of the
relevant arithmetic progression, and put

L(a,h) :=={(logp : p € P), (log(m + «) : m € Ny), 2w /h} .

We call L(a, h) is linearly independent over Q when the relation

kalogp+ Z Im log(m + a) + a27/h =0 (1.1)

peP mENg

(where ky, Ly, a € Z and only a finite number of them are nonzero) holds if and
only if all kp,,,,a are zero.

Remark 1. In [12], we wrote the set L(«, h) in a slightly different way:
L(a, h) :=={logp : p € P} U{log(m + ) : m € No} U{27/h}.

However this notation may cause a misunderstanding, because if we choose
h = 27/log(mo + o) with a certain mg € Ny, then L(a, h) = {logp:p € P} U
{log(m + ) : m € Ny}, and even if the elements of this set are linearly inde-
pendent, the required condition on (1.1) cannot be satisfied. This matter was
pointed out by Professor Antanas Laurincikas, to whom the authors express
their sincere thanks.
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Theorem 2 [Theorem 3, [10]]. Suppose ¢(s) € S, and that the set L(a, h)
is linearly independent over Q. Let K1, Ka, f1(s) and fa(s) be the same as in
Theorem 1. Then, for every e > 0, it holds that

1
o Ch< N .
1}\r]ri>1£10fN+1#{OikiN SSSIRW(S—'—M}L) fi(s)] <e,

sup [C(s + ikh, a; B) — fa(s)| < s} > 0.
seEKo

Here and in what follows, #{A} denotes the cardinality of the set A.

In [12], we have extended our investigations and studied the case when
common differences of arithmetic progressions for both of the zeta-functions in
the tuple are different.

The aim of this paper is to show more general results than those mentioned
above. Here we prove two mixed joint universality theorems — in the cases of the
same and different common differences of arithmetic progressions. The novelty
is that a wide collection of the periodic Hurwitz zeta-functions ((s, a;; B ;) will
be constructed; here for each «; a collection of sequences Bj; is attached. This
type of general collection of periodic Hurwitz zeta-functions has been studied
in several previous articles (such as [4,11,16,22] and [7]) in the continuous
case. In the discrete case, there are papers for periodic zeta-functions (see
[18,19]). The results in the present article are discrete analogous of Theorem 4.2
from [11], but in [11] we assume the stronger hypothesis, that is the algebraic
independence of the parameters ay, ..., ;.

Suppose that I(j) is a positive integer, j = 1,...,r, and A = [(1)+---+I(r).
Foreach jand l, j=1,...r, 1 =1,..,1(j), let Bj; = {bm;i1 € C:m € Ny} be
a periodic sequence of complex numbers b,,;; (not all zero) with the minimal
period kj;. Suppose that «; be a real number such that a;; € (0,1), j =1,...,7.
Let ((s,a;;%B;;) be the corresponding periodic Hurwitz zeta-function for j =
1,..,r, 1 =1,...,1(j). Moreover, let k; the least common multiple of periods
kjl, ey kjl(j)a and

bljl b1j2 . bljl(j)
Bj = baji bajz e bajig) j=1,..r
brjji brjjz - bigjuc)

Now let a := (a1,..., ), h > 0, and let h := (hl,hgl,...,h%) for hy >0
and ho; > 0 with j = 1,..,7. Define two sets
L(a,h) ::L(p,ah...,ar,h)
={(logp:p e P),(log(m+a;):meNy,j=1,...r),2r/h},
L(Qaﬁ) ::L(paalv"'7arahlah21>"'7h2r)
={(h1logp:p e P),(hojlogim+a;):meNg,j=1,...,r),7}.
The meaning of the linear independence of these sets is similar to that of

L(a, h).
Our first new discrete mixed joint universality theorem is as follows.

Math. Model. Anal., 25(4):569-583, 2020.
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Theorem 3. Suppose that the set L(a, h) is linearly independent over Q,
rankB; =1(j), j = 1,...,r, and o(s) belongs to the class S. Let K be a compact
subset of D(c*,1), Ko5 be compact subsets ofD(%, 1),1=1,..,1(), all of them
with connected complements. Suppose that fi € H§(K1) and fo;; € H(Kaj;).
Then, for every € > 0, it holds that

1
1#{0 <k<N:sup (s +ikh) — fi(s)] <e,

lim inf
N—o0 seK1

sup  sup sup |((s+ikh,a;;B5) — fou(s)] < s} > 0.
1<5<r 1<I<I(j) s€Kaji

In Theorem 3, there appears only one common difference h. Our second new

theorem on universality describes the situation when the common differences
associated with relevant zeta-functions can be different from each other.

Theorem 4. Suppose that the set L(a, h) is linearly independent over Q, and
Bj, fi(s), f2ji(s), K1, Kaji and ¢(s) satisfy hypotheses of Theorem 3. Then,
for every € > 0, it holds that

#{o <k<N:sup (s +ikhy) — fi(s)] <,

.. 1
lim inf
N—o0 +1 sEK,

sup sup sup |((s +ikhoj, aj;B5) — fou(s)] < 6} > 0.
1< <r 1<I<I(j) s€K2j
Remark 2. As we already have noted, Theorems 3 and 4 are discrete analogues
of Theorem 4.2 from [11], but here, instead of algebraic independence of the
parameters oy, ..., .., the linear independence of the elements of the sets L(a, h)
and L(a, h) over the set of rational numbers Q are used, respectively.

2 A discrete limit theorem

Theorem 3 is obviously a special case of Theorem 4, so it is enough to prove
Theorem 4. For this aim, we use a discrete mixed joint limit theorem (Theo-
rem 5 below) in the sense of weakly convergent probability measures in the
space of analytic functions. Since Theorem 5 is valid for more general ¢(s) €
M, we will formulate the theorem in such a general setting. In this section,
we first prove two auxiliary lemmas which play essential roles in the proof of
Theorem 5.
We introduce certain topological structure. Let v be the unit circle on the
o0
complex plane, and §2; and {25 be two tori defined as 21 = [] vp, 22 = [[ Vm,
peP m=0
where 7, = v for all p € P, and ~,, = v for all m € Ny, respectively. It is well
known that both tori £2; and {2, are compact topological Abelian groups with
respect to the product topology and pointwise multiplication. Therefore,

Q1191X921X~~~X92T

with £25; = (2, for all j = 1, ..., also is a compact topological group. This gives
that we can define the probability Haar measure mg on (£2, B(£2)), where my
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is the product of Haar measures mgq and mpyoj;, j = 1,..., 7, defined on spaces
(21, B(£21)) and (225, B(£225)), j = 1,...,r, respectively. This fact allows us
to have the probability space (£2, B(£2),mg) (for the details, see [11]).

Denote by w1 (p) be the projection of wy € 21 to vy, p € P, and by wg;(m)
the projection of wo; € 295 t0 ¥, m € Ng, j = 1,...,r. The definition of w;(m)
for general m € Ny is given by wi(m) = w1 (p1)™ - - w1(pg)*® according to the
decomposition m = pj* - - -pq” into prime divisors. Let w = (w1, wa, ..., wa,) be
an element of £2.

For A € B(£2), on (£2,B(£2)), define

%ﬂ#{o <k<N: ((p*“@hl :p€eP),

((m+a1) "1 m e No), .o, (M + ) "2 im € N0)> € A}.

QN(A) =

Lemma 1. Suppose that the set L(a, h) is linearly independent over Q. Then
QN converges weakly to the Haar measure mpy as N — oo.

Proof. This is Lemma 6 from [12]. O

Another important auxiliary result is related with the ergodic theory. It
will be used for the identification of the explicit form of the limit measure.

Let agp:= {(p™" :p € P), ((m + a1)~"21 : m € Np), ..., (m + o) ~her
m € Np)} be an element of £2. Since the Haar measure my is an invariant with
respect to translations on (2, we define the measurable measure-preserving
transformation of the torus {2 by the formula

Do b (W) 1= Gapw, w € 2.

Recall that the set A € B({2) is invariant with respect to the transformation
D, p, if the sets A and P, 5, (A) differ from each other at most by the set of
zero my-measure, and the transformation @, 5, is ergodic if its Borel o-field of
invariant sets consists of sets having mg-measure 0 or 1.

Lemma 2. Suppose that the set L(c, h) is linearly independent over Q. Then
the transformation @, j, is ergodic.

Proof. This lemma is proved by the Fourier transform method. Any character
x of the torus £2 can be written in the form

Xw) = [Jwr"®) T T]ws;’ (m).
peP meNy j=1

where kp,lm1, ..., are integers, only a finite number of which are distinct
from 0. Then

X(aq,n) = exp ( —ihy Z kylogp —1 Z Z hajlm; log(m + ozj)> #1

p€eP meNg j=1

Math. Model. Anal., 25(4):569-583, 2020.



576 R. Kacinskaité and K. Matsumoto

for any non-trivial x, because of the linear independence of L(a, h). Using this
fact, we proceed along the standard way to prove the lemma; see, for example,
Section 4 of [2]. O

Now we are ready for the discrete mixed joint limit theorem for the tuple
of the class of zeta-functions under our investigation.

Let D be an open region of D(¢*, 1), and Dy be an open region of D(%, 1).
Denote the Cartesian product of A + 1 such spaces as

EZH<D1) XH(DQ) X ... XH(DQ)

Let ¢(s) € M, and define

Z(s,0;B) = (¢(s1),¢(s211, 013 B11), -, C(S21001)5 @15 Buy(1) ) -+
4(527’13 Qi %rl)a ) §(527'l(7')7 ara ri(r) )

with § = (%115 (RRE] %ll(l)a REN] %TL RN %Tl('r)) and s = (517 8211, - - -5 S211(1)»
8201y, Sop(ry) € CMTLL Further we write

s+ ikh = (s1 4 ikh, so11 + ikhor, ..., sauq1) + ikhar, . . .,
Sor1 + ikhQ’m e S2pU(r) + Zl{/’hzr)

for k € Ny. The main tool for the proof of our discrete mixed universality
theorems is the limit theorem on (H,B(H)) for

Py(A) = ——#{0< k< N:Z(s+ikh,a;B) € A}, A€ B(H).

N+1
On (£2,B(§2),mpy), define the H-valued random element Z(s,w, a;%B) by the
formula,

Z(s,w,a;B) = (p(s1,w1),¢(s211, 01, w215 B11), ... C(821z(1)70¢17<ﬂ21,%1l ))s e

C(s2r1, Oy wari Bra),s ooy C(S200(r) 5 Ay Wors Bry(r))

with

~ Cmwi (M
@(slawl)zz#v s1 € Dy,

ms
m=1

: o~ bmjiwa; (m)
C(s251, v, w253 Bj) = mZ:O Wu 8251 € Do,
j=1,..,rm,1=1,..,0(j). These series, for almost all w; € 21 and wa; € 295,
j =1,...,r, are uniformly convergent on compact subsets of D; and D5, respec-
tively (see [6] and [5], respectively). Let Pz be the distribution of the random
element Z(s,w, a;B), i.e., the probability measure on (H,B(H)) defined as

Py(A)=mpg(we 2: Z(s,w,;B) € A), Ae B(H).
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Theorem 5. Suppose that o(s) € M, and that the set L(a, h) is linearly inde-
pendent over Q. Then Py converges weakly to Py as N — oo.

We prove this theorem in a way whose principle has been already well-
developed (see, for example, Theorem 4 of [12] or Lemma 5.1 of [11] as the
continuous analogue). However our present situation includes a lot of parame-
ters which may cause a trouble for the readers, so we will explain many details
even if they are now standard.

3 Proof of the discrete limit theorem

We begin with a discrete mixed joint limit theorem for absolutely convergent
Dirichlet series. For a fixed number o > 1, let

m

vl(m,n):exp(()03>, meN, neN,

n

m+ q;
n+ a;

a5
Ug(m,n,ozj)zcxp(—< ) >, meNy, neN, j=1,..,r

In view of the Mellin transform formula and contour integration, we can
show (cf. pp. 153-154 of [13], p. 87 of [20]) that the series

2. i (m,n) 2. bjiva(m, n, o)

o m U1 ) . o mjll2 ) 1y Gy

Pn(s1) = Z T Cn(s21, 055 B 1) = Z W7
m=1 m=0

j=1,..,r,1=1,..1(r), converge absolutely when the real parts of all complex
variables are greater than % Moreover, for w € {2, let

Spn(sl,LU]_) = i mel(m)vl (m,n)’

mS1
m=1

o0
Cn(82j1, j, way; Bji) = Z

m=0

bmjlw2j (m)UQ (ma n, Ol])
(m+ )%

9

j=1,.,r,1=1,..,1(r). These series are also absolutely convergent when the
real parts of all complex variables are greater than %
Now let us fix @ = (@1,@o1,...,w2,) € 2. For A € B(H), define two

measures

1
Pyn(A)i= 5 #{0 Sk < N:Z,(s+ikh a;B) € 4},

1
Prnng(A) = m#{o <k<N:Z,(s+ikh,&,a;B) € A}a

where

Z,(s,0;B) = (en(51),Cn(s211, 015 B11), -0y CnlS211)> 015 Bu(ny), - - - »
Cn (32r1; Ay %rl)a sy Cn(SZrl(r)7 Ay %rl(r)))

Math. Model. Anal., 25(4):569-583, 2020.
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and

Z,,(3,@,0;B) =(¢n(s1,@1), Cals211, 01, @215 B11),- - - G (S210(1)5 @1, D213 By(ny)
B C’n(SQ’Fl? Qy, War; %rl)w KD C’I’I(SZT‘I(T‘)7 Qy, War; %rl(r))) .
Lemma 3. Suppose that the set L(a, h) is linearly independent over Q. Then,

for all n, both the measures Py, and Py, g5 converge weakly to the same
probability measure (denote it by P,) on (H, B(H)) as N — oc.

Proof. This is a generalization of Lemma 1 of [12]. The following proof is
similar to the argument included in several previous articles, such as [4,17].
Define h,, : 2 — H by hy,(w) = Z,,(s,w, a;B). This is continuous, and

han ((p_““h1 :p eP), ((77”L—|—oz1)_ikh21 :m € Np),...,((m+ ar)_ikh“ : mGNO))
= Z,(s+ikh,a;B).

Therefore, Py, = Qn o h,*. This fact, Lemma 1 and Theorem 5.1 of [1] give

that Py, converges weakly to myg o h;l as N — oo.

Next define g, : 2 — H by gn(w) = hp(w - @). Then

In ((p_ikh1 :peP), ((77”L—&-0¢1)_ikh21 :m € Np),..., ((m—&—a,)_ikh” :m € NO))
== Zn(ﬁ + Zkh7 Qa (o g)a

$0 Py o = @nog, ! which converges weakly to mpgog, ! as above. Therefore,

the lemma follows, because the invariance property of the Haar measure implies
that mgog,! =mgoh . O

In the next step of the proof, we pass from Z,, (s, a; B) and Z,, (s, w, a; B) to
Z(s,a;B) and Z(s,w, a;B) by the approximation in mean, respectively. First

define a metric o on H. For any open region G C C, let pg be the standard
metric on H(G) which induces the topology of uniform convergence on compact
subsets (see Section 1.7 of [14]). Then, for two elements

i: (f17f2113"'7f21l(1)7"'7f27’17"'7f27’l(’r’))7
9= (91>9211>-~'»921l(1)7"'7927“17'~-;92rl(r))
of H, define the metric ¢ by

o(f,g) = max {pm (f1,91), [Dax | maxpp, (f2j15 92]'1)}-

Lemma 4. Let L(a, h) be as in Theorem 5. Then we have

N
1
1 ZQ(Z(ﬁ-l- ikh,o;B), Z,, (s + ikh,a;B)) =0
k=0

lim limsup
n—oo N—00

and, for almost all w € £2,

N
> o0(Z(s + ikh,w,;B), Z,,(s + ikh, w, a; B)) = 0.
k=0

lim 1i
e
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Proof. This is a generalization of Lemma 2 of [12]. In view of the definition
of the metric p, it is sufficient to show

n—0o0 N_soo

N
L 1 . .
lim lim sup N1 ,;_0 pp, (¢(s1 + ikhy), on(s1 +ikhy)) =0 (3.1)

and, for almost all wq,

N
1
lim i —_— ikh n ikhy, = 2
Jim 1]{]nj(1>10pN+1 ngl(¢(51+Z Lwi), @n(s1 +ikhi,wi)) =0 (3.2)
and the corresponding results for periodic Hurwitz zeta-functions.

The proof of (3.1) and (3.2) are included in the proof of Lemma 3 of [10],
though the formulas themselves are not explicitly stated there. The corres-

ponding results for periodic Hurwitz zeta-functions are Theorems 4.1 and 4.4
of 21]. O

In the third step, we introduce one more probability measure, for almost
all w € 2, defined by

1
Pn o (A) := N+1#{O <k<N:Z(s,w,a;B) € A}, A€ B(H).
Lemma 5. Suppose that L(a, h) is as in Theorem 5. Then the measures Py

and Py, both converge weakly to the same probability measure (denote it by
P)on (H,B(H)) as N — co.

Proof. This is a generalization of Lemma 3 of [12]. Let (£2,B(£2), P) be a
certain probability space, Oy : 2 — R be a discrete random variable satisfying

ﬁ(@N =k) = ﬁ, k =0,...,N, and define the H-valued random element

XN,n(§) on f) by
XN,n(g) = Zn(§ + Zeth (o) g)

Then the distribution of X v ,(s) is clearly Py .

Let X, (s) be an H-valued random element whose distribution is P,. Then
Lemma 3 implies that X y ,(s) converges to X, (s) in distribution as N — oo.

We can show that the family {P,} is tight in a standard way (see, for
example, pp. 269270 of [8]). Therefore, by Prokhorov’s theorem (see [1]), we
can choose a subsequence {P,, } C {P,}, which converges weakly to a certain
probability measure P on (H,B(H)) as k — oo. That is, X, converges to P
in distribution as k — ooc.

Define another random element Xy (s) = Z(s + i0nyh,a;B). Then, by
Lemma 4, for any € > 0,

~ 1
lim limsup P(o(X x(s), Xy, (8)) =€) = lim limsup N #{0 <k<N:

n—=00 N_yoo n—00 N _oo +1
o(Z(s +iOnh,a;B), Z, (s + i0nh,0; B)) > €}

< lim limsup ——— Z(s+ikh,;®B),Z, (s + ikh,a;B)) = 0.
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Therefore, we can apply Theorem 4.2 of [1] to find that X 5 (s) converges to P
in distribution, that is, Py converges weakly to P as N — oo. Moreover, this
fact implies that P does not depend on the choice of the subsequence {P,, }.
Therefore, by Theorem 1.1.9 of [14], we see that P,, converges weakly to P as
n — oo.

Finally we put

XN,n(ﬁ) = Z, (s +i0nh,w,a;B) and X y(s) = Z(s + ifxh,w, a; B)

and argue as above. It follows that XN’H@) — X, (s) as N — oo in distri-
bution. We already mentioned above that X, (s) — P in distribution. Also,
using Lemma 4, we find

lim lim sup ]S(Q(XN(g),XN’n(Q) >e)=0.

n—00 N0

Therefore, again using Theorem 4.2 of [1] we obtain that Py ., converges weakly
to Pas N —oo. 0O

The final step of the proof is to identify the measure P in Lemma 5.

Lemma 6. The probability measure P coincides with the probability measure
Py.

Proof. This is a generalization of Lemma 4 of [12]. Using Lemma 2 and the
classical Birkhoff-Khintchine theorem (see [3]), we just mimic the standard
argument (see, for example, the proof of Theorem 4 of [2]). O

The proof of Theorem 5 is completed. From Theorem 5 we can immediately
deduce simpler discrete mixed joint limit theorem when the set L(a, h) is re-
placed by L(w, h), that is the case hqy = hgy = - -+ = hg; = h. Here we give the
statement of such discrete mixed joint limit theorem.

Theorem 6. Suppose that ©(s) € M, the set L(a,h) is linearly independent
over Q and rank(B;) = I(j), j = 1,...,r. Then Py converges weakly to Py as
N — 0.

4 Proof of Theorems 3 and 4

For the proof of universality property in the Voronin sense, we need to construct
the support of the probability measure Pz in an explicit form. Assume that
@(s) € S, and let K1, Koji, f1(s), foji, 3 = 1,...,r, L = 1,...,1(j), be as in our
most general universality result, i.e., Theorem 4. Suppose that M > 0 is a
sufficiently large number such that K7 belongs to

Dy={seC:oo<o<1, |t| <M}

Since, by the conditions (i) and (b), the function ¢(s) has just one pole at s = 1,
define D, = {s € C: 0 > 09, o # 1}. This gives us that Dp; C D,,. Moreover



On Mized Joint Discrete Universality for a Class of Zeta-Functions 581

we can find T > 0 such that each Kyj;, for j = 1,...,r and [ = 1,...,1(j), is a
part of

1
DT:{SE(CZ §<0'<1, |t|<T}

Now we choose D1 = Djy; and Dy = Dp and consider an explicit form of the
support Sz of the probability measure Pyz. Let S, := {f € H(Du) : f(s) #
0 for Dy, or f(s) = 0}.

Lemma 7. Suppose that the set L(c, h) is linearly independent over Q. Then
the support of the measure Py is the set Sz := S, x H)(Dr).

Proof. This is Lemma 5.2 of [11]. In [11], no proof is given, so here we present
a proof. We want to find the minimal closed set A which satisfies Pz(A) = 1.
It is sufficient to consider the set of the form A = A; X Ay X -+ X As,., where
Ay € B(H(Dyy)) and As; € B(H(D7)' ), 1 < j <r. Then

Pz(A) = mH(QEQ: Z(s,w,a;B) € A) = mlH(wl € :p(s1,wr) € Al)

r

< [ mamj(wa; € 22+ (C(s251, a4, w3 Bjn), - -
j=1

C(s251(5), 4, waji Biuc))) € Agj).

The condition Pz(A) = 1 implies that all factors on the right-hand side are
equal to 1. The minimal closed set A; satisfying mipg (w1 € 21 : ¢(s1,w1) €
Ay) =11is S, (see Lemma 5.12 of [26]). Under the assumption rankB; = I(j),
the minimal closed set Agj satisfying maH; (CUQ]‘ S ng : (C(ngl, Qj, W55 %jl),

5 C(8251(5) > @ Wy %ﬂ(j))) € Azj) =1is H(D7)'O) for j =1,...,7 (see [15],
also [22]). Therefore the minimal A is equal to S, x H(Dr)*. O

Proof of Theorem 4 (and hence of Theorem 8). The proof of Theorem 4 we
obtain by combining results of Theorem 5, Lemma 7 and the Mergelyan theorem
on the approximation of analytic functions by polynomials (see [23]). We omit
the details since the argument is standard and the same as in Section 4 of [10].
O

Finally, we would like to mention that probably it is possible to genera-
lize our Theorem 4 in one more direction. In this paper, we consider a wide
collection of periodic Hurwitz zeta-functions ¢(s, a;; B;;), where we attach the
collection of sequences {B;;}, 1 <1 <I(j), to a parameter ;. However the
common differences hy; are the same for all Bj;, I =1,...,1(j). The new idea
is to consider the situation when to each B;; the attached common difference
ha2j may be different.
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