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Abstract. In this paper, we consider the nonlinear ¥-Hilfer impulsive fractional
differential equation. Our main objective is to derive the formula for the solution
and examine the existence and uniqueness of solutions. The acquired results are
extended to the nonlocal ¥-Hilfer impulsive fractional differential equation. We gave
an applications to the outcomes we obtained. Further, examples are provided in
support of the results we got.
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1 Introduction

The fractional differential equations (FDEs) over the years have been the ob-
ject of investigation by many researchers [1,4,14, 19,22 24 37, 39]. Eminent
mathematicians working in the field of FDEs has been exhibiting critical and
fascinating outcomes throughout the years that contribute significantly to the
mathematical analysis of FDEs, few of them are O’Regan [2], Agarwal [3], Bal-
achandran, Trujillo [8], Benchohra [9], Diethelm [15], Feckan [17], Guo [18],
Kilbas [19], Mophou [23], JinRong Wang [34], Wang [36] and Zhou [39].

Copyright (© 2020 The Author(s). Published by VGTU Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original author and source are credited.


ISSN: 1392-6292
https://doi.org/10.3846/mma.2020.11445
mailto:kdkucche@gmail.com
mailto:jyoti.thorwe@gmail.com
mailto:ra160908@ime.unicamp.br
http://creativecommons.org/licenses/by/4.0/

On the Nonlinear Impulsive W—Hilfer Fractional Differential Equations 643

The fact is that certain natural phenomena by means of fractional differen-
tial equations are modeled and allows to better describe the real situation of
the problem compared to the problem modeled by means of differential equa-
tions of whole order. In this direction, the subject has picked up strength and
interest of the researchers, since the fractional derivatives allows the variation
of the order of the differential equation that is straightforwardly associated
with the solution of FDEs. Recently, Sousa et al. [31] presented a fractional
mathematical model by means of the time-fractional diffusion equation, which
describes the concentration of nutrients in the blood and allows analyzing the
solution of the model, better than the integer case. Other mathematical mod-
eling and its analysis in the form differential equations with fractional order
derivative can be found in [13,16,21].

The existence, uniqueness, stability along with other qualitative properties
of solutions for various kinds of FDEs without and with impulsive conditions
(instantaneous and non-instantaneous) have been investigated in [9, 28,29, 30,
32,36]. The FDEs with impulsive effect play vital role in modeling real world
physical phenomena involving in the study of population dynamics, biotech-
nology and chemical technology. Advancement in the theory of impulsive dif-
ferential equations and its applications in the real world phenomena have been
marvelously given in the monographs of Bainov and Simeonov [7], Benchohra
et al [10] and Samoilenko and Perestyuk [25].

In 2009, Benchohra and Slimani [12] investigated various criterion for the
existence of solutions for a class of initial value problems for impulsive fractional
differential equations given by

‘Dry(t) = f(t.y(t), t €[0,T],t # ty,
Ayli=t, = Ix(y(t;,)), (1.1)
y(0) =yo € R,

where °D#(-) is the Caputo fractional derivative of order 0 < p < 1, f :
[0,7] x R — R is a given function, I, : R - R, k=1,..m , 0=t <t <
e <y < tm+1 = T7 Ay|t:tk = y(t:) - y(t;)a y(t;:) = liInh~>0Jr y(tk + h) and
y(t, ) = limy,o- y(tx + h), k=1,2,...,m.

Benchohra and Seba [11] extended the study of existence for impulsive FDEs
(1.1) in the Banach spaces. The following year, Benchohra and Berhoun [9],
investigated sufficient conditions for the existence of solutions for impulsive
FDEs with variable times.

In [17], Feckan et al. with the help of the examples it is demonstrated that
the formula for the solutions of fractional impulsive FDEs (1.1) considered in
the few referred papers in [17] were incorrect. They have derived the valid
formula for the solution of impulsive FDEs (1.1) involving Caputo derivative
and investigated the existence results for (1.1) using Banach contraction prin-
ciple and Leray-Schauder theorem. In another interesting paper [37], Wang
and coauthor presented the idea of piecewise continuous solutions for Caputo
fractional impulsive Cauchy problems and impulsive fractioanl boundary value
problem. They acquired existence and uniqueness of solution and further-
more determined data dependence and Ulam stabilities of solutions by means
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of generalized singular Gronwall inequalities. For recent studies on existence,
uniqueness and Ulam—Hyers stabilty of solutions for various class of impulsive
FDEs , we refer the work of Ali et al. [5], Shah et al. [26] and Wang et al. [34].

In any case, it is advantageous to utilize more broad fractional derivatives
in which they hold a wide class of fractional derivatives as particular cases
including the traditional ones of Caputo and Riemann-Liouville (RL). Sausa
et al. [27] introduced the W-Hilfer derivative operator #D" Y that includes
number of well known derivatives including widely used Riemann—Liouville and
Caputo derivative. The advantage of studying the nonlinear FDEs involving ¥-
Hilfer derivative is that it preserves the investigated property of a FDEs with
other fractional derivative operators listed in [27] which are particular cases
of U-Hilfer derivative. The fundamental study pertaining to existence and
uniqueness and stability properties of the solution of FDEs involving ¥-Hilfer
derivative can be found in [14,20,29, 30,32, 33].

Motivated by the works highlighted above, in the present paper, we consider
the following impulsive W-Hilfer fractional differential equation (impulsive ¥-
HFDE ) with initial condition

AprPu(t) = ft,ult)), t € T\ {ti,tay o stm}, T =[a,T], T >a, (1.2)
AL u(ty) = G € R, k=1,2,...,m, (1.3)
I'7%%u(a) =6 € R, (1.4)

where 0 < p <1, 0 < v <1, 0= pu+v-—pv, HDgLr";W(-) is the w-
Hilfer fractional derivative of order p and type v, I};Q;W is left sided ¥-RL
fractional integral operator, a = to < t1 < to < -+ < ty < tmy1 = T,
AT () = L0 P u(t)) - T Pu(ty), T u(t)) = tim e 152 Vulte + o)
and Ii;g;wu(t;) = lim,_, - Ii;ggwu(tk +€).

The main purpose of the paper is to derive the formula for the solution
of Equations(1.2)—(1.4). We investigate the results pertaining to the existence
and uniqueness of solutions for the impulsive ¥ -HFDEs Equations (1.2)—(1.4)
through the equivalent fractional integral that we obtained. Further, we extend
the obtained results to the non-local impulsive -HFDEs.

We highlight here a rigorous analysis of Equations(1.2)—(1.4) regarding the
main results and advantages obtained in this paper:

e With ¥(¢) = t and taking the limits v — 0 and v — 1 of the Equa-
tions(1.2)—(1.4), we obtain the respective special cases for the differential
equations, that is, the classical fractional derivatives of Riemann-Liouville
and Caputo, respectively. In addition to the integer case, by choosing u=
1. These are two special cases of fractional derivatives. However, a wide
class of fractional derivatives can be obtained from the choice of the pa-
rameters v and ¥(t);

e Since it is possible to obtain a wide class of derivatives from the choice
of v and ¥(t); consequently, it is also possible to obtain a class of frac-
tional differential equations with their respective fractional derivatives,
as particular cases;
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Organization of Paper: In Section 2, some definitions and results that are
important for the development of the paper have been provided via Lemmas and
Theorems. In Section 3, we present a representation formula for the solution,
i.e., we show that the problem (1.2)—(1.4) is equivalent to the Volterra fractional
integral equation. In Section 4, we investigated the existence and uniqueness
of the solution of impulsive -HFDE. In Section 5, we will investigate the
existence and uniqueness of a nonlocal impulse W-HFDE. Finally, we close the
paper with proposed future work.

2 Preliminaries
In this section, we introduce preliminary facts that are utilized all through this

paper. Let ¥ € C'(J,R) an increasing function such that ¥'(z) # 0,V x € J.

DEFINITION 1. [19] The ¥-Riemann fractional integral of order p > 0 of the
function h is given by

Igfh (t) := ! / LYt 0)h (o) do, Ly (t,0) =W (o) (W (1) — W (o).

I'(p) Ja
Lemma 1. [19] Let 41> 0, v >0 and § > 0. Then:

(i) 15715  h(t) = 4T Y h(t);

(ii) If h(t) = (P (t) — ¥(a))®", then TYh(t) = F{;fi)é) (T (t) — (a)) -1,

DEFINITION 2. [27] The W—Hilfer fractional derivative of function h of order
i, (0 < < 1) and of type 0 < v < 1, is defined by

. —): 1 d o (1—1):
HDM,%W}L ) = IV(l ) el I(l v)(1 H),g’h ).
at ( ) at wl (t) dt at ( )

Theorem 1. [27] Ifh e CH(J),0<u<1and0<v <1, then
(i) LAY TR h(t) = h(t) — Q5 ()L T h(a),

—y(a))e !
25 (t,a) = LT,

(i1) TD Y T (1) = ().
Consider the weighted space [27] defined by

Ciopw(J) = {u: (a,T] = R: (¥(t) = ¥(a))' 2u(t) e C(J)},0< o< L.
Define the weighted space of piecewise continuous functions as

PC1_Q;xp(j,R) = {U, : (CL,T] —-R:ue€ Cl_g;g/((tk, tk+1},R), k=0,1,2,...,m,
0% u(tr), 179 u(ty) exists and I 7% u(ty) = T2 u(ty)

for k=1,2,...,m}.
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Clearly, PC1_,,w(J,R) is a Banach space with the norm
lullpe, g w(am) = Sup |[(@(t) = ¥(a)' " u(t)].

Note that for p = 1, we get PCo.w(J,R) = PC(J,R) a particular case of the
space PC1_,. w(J,R), whose details are given in [6,12,35].

With suitable modification, the PC-type Arzela—Ascoli Theorem [7,38] can
be extended to the weighted space PC1_,. v (T, X).

Theorem 2 [PCi_,.» type Arzela-Ascoli Theorem|. Let X' be a Banach
space and Wi_. 0 C PCi_p. (T, X). If the following conditions are satisfied:

(a) Wi_p,w is uniformly bounded subset of PCi_w(JT,X);

(b) Wi_p,w is equicontinuous in (tg,try1),k = 0,1,2,...,m,where to =
a,tm+1 =T s

(C) Wl_g;g/(t) = {u(t) Tu € Wl_g;zp, t e j\{tl,...,tm},wl_g;q/(f,z_) =
{ut)) : u € Wi_gu} and Wi_,w(t;) = {u(ty) : u € Wi_pu} are
relatively compact subsets of X,

then Wh_,.w is a relatively compact subset of PC1_,w (T, X).

Proof. Let Wi_,w C PCi_pw (J, X) satisfy the conditions (a) to (c). Let
{zn} be any sequence in Wi_,,¢. Define z,(t) = (¥(t) — ¥(a))' 72z, (t),Vn.
Then sequence {z,} C W C PC(J,X), where W satisfy the conditions of
Theorem 2.1 of [38]. Proceeding as in the proof of Theorem 2.1 of [38], there
exist x € PC(J,X) such that x, — x in PC(J,X) which in turn gives
zZn — 2 In PC1_pw (J, X). This proves Wi_,. » is a relatively compact subset
of ’PCl,Q;‘p(j, X) O

Theorem 3 [Krasnoselskii, [39]]. Let M be a closed, convex, and nonempty
subset of a Banach space X, and A, B the operators such that

1. Az + By € M whenever x,y € M;

2. A is compact and continuous; 3. B is a contraction mapping.

Then there exists z € M such that z = Az + Bz.

3 Representation formula for the solution

The following lemma play an important role in building an equivalent fractional
integral equation of the impulsive -HFDE (1.2)—(1.4).
Lemma 2. Let 0 < p <1 and 0<v<1l,o=p+v—puvandh:J — R be
continuous. Then for any b € J a function u € Ci_, w (J, R) defined by

u(t) = 25 (t,a) {170 u®) 17 )| P +TTh (D)

is the solution of the W—Hilfer fractional differential equation
Hpm Yoty = h(t), te J.
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Proof. Applying HDZ;”;W on both sides of the equation (3.1), we get

1D () = {170 u(b) — L |
t=

+A DT (), te J.

} DL 24t a)

Using the result ( [33], Page 10),
Hpr ¥ (p(t) —w(a)e ' =0, 0< o < 1, (3.2)

and using the Theorem 1, we get HDZ;”;Wu(t) = h(t), t € J. This completes
the proof of the Lemma. O

In the next result, utilizing the Lemma 2, we obtain the equivalent fractional
integral of the problem (1.2)—(1.4).

Lemma 3. Let h : J — R be a continuous function. Then a function u €
PCi_p;w (T, R) is a solution of impulsive ¥-HFDE

HD VP (t) = h(t), t € T\ {ti,ta,- . tm}, (3.3)
AL u(ty) =G €R, k=1,2,3,....m
I'7%%u(a) = 6 €R, (3.5)

if and only if u is a solution of the following fractional integral equation

u<t>—{9§< @) S+ AR, € a,ta],

Q5 (t, )(5+Zl 1@) FIEYR(t), te(ty, ty), k=1,...,m. (3.6)

Proof. Assume that u € PCi_, w (J, R) satisfies the impulsive ¥-HFDE
(3.3)-(3.5). If t € [a, t1] then

{HDZ;” Yult)

L% u(a)

At), (3.7)

d.
Then the problem (3.7) is equivalent to the following fractional integral [33]
u(t) = 28(t,a) s + 147 h(t), t € [a,ta]. (3.8)
Now, if ¢ € (t1, 2] then
DU u(t) = h(t), € (hta] with L5 u(th) — 150 () = G
By Lemma 2, we have
ult) = Q8(t, a){I}l;@?‘pu(tl ) = T 0HE Y ) } + 147 h(t)

= 24 (t, a){IiI@*”u(tf) +G =L R, }+Igr”h(t), t € (t, ta).
(3.9)

’tt
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Now, from (3.8), we have I'7%¥u(t) = § + I 7" ¥ h(t). This gives

Lo u(ty) =LY, = 6. (3.10)
Using (3.10) in (3.9), we obtain
u(t) = 25(t,a)(d + C1) + T4V R(t), t € (tr, o). (3.11)

Next, if t € (to,t3] then
ADHY Y (t) = h(t), t € (to,t3] with I 79%u(t]) — 179 %u(ty) = G
Again by Lemma 2, we have

ut) = 28(t,a) {I}l;@;wu(tj)—Iijgﬂ“wh(t)’ }+1“’Wh() 02(t,a)

X {Iizg%%(t;) + G - T )

b+ Igr”h(t), te(tats].  (3.12)

t=to

From (3.11), we have IZIQ;Wu(t) =(0+¢)+ Iizﬁ”;q’h(t), which gives

—5+G. (3.13)

t=to

L u(ty) = L7 h(t)

a

Using (3.13) in (3.12), we get
u(t) = 028(t,a) (6 + G+ &) +IE7R(1), t € (ta, t3).

Continuing the above process, we obtain

k
u(t) = 24 (t,a) (543 G) +TEVh(E), t€ (bt k=1.2,...,m
i=1

Conversely, let u € PC1_,,w (J, R) satisfies the fractional integral equation
(3.6). Then, for ¢t € [a,t1], we have u(t) = 23 (t,a)d + Igfh(t) Applying the
HDH;W 4

¥-Hilfer fractional derivative operator on both sides, we get

Hpiyiot) = s DM 7 08 (t,a) + TDM VT4 h(t).

Utilizing (3.2) and Theorem 1, HDZ;V;Wu(t) = h(t), t € [a,t1]. Now, for t €
(tk,tet1], (k=1,2,...,m), we have

ut) = 24(t, a) (6+ZQ)+I“’W}L() te (tetesa), k=1,2,...,m

Applying the operator HDZ;";W() on both sides and using (3.2) and the The-
orem 1, we obtain

k
DR ut) = {5437 61D Q5 (1) + DTS R = h()

i=1
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We have proved that u satisfies (3.3). Next, we prove that u also satisfy the
conditions (3.4) and (3.5). Applying the ¥-RL fractional operator Iijg;w(-) on
both sides of (3.8), we get

L7%%u(t) = 0179V 00 (ta) + IOV T h(t) = 6 + 1 70T R(1),

and from which we obtain Ii;g;wu(a) = ¢, which is the condition (3.5).
Further, from Equation (3.6) for ¢ € (¢, tx+1], we have

k
187 u(t) = {5 +y Q}I}lzé’? Y08 (t,a) + T8 V1Y h(t)
=1

k
=0+ GHILIOH () (3.14)

i=1

and for ¢ € (tx—_1, tx] we have

k—1
L u(t) = {64+ 30 GO gt ) + 10V R()
i=1

k—1
=0+ GHLIHR(). (3.15)
=1

Therefore, from (3.14) to (3.15), we obtain

k k—1
oY) — 10 ut) = G- Y G =G
=1 i=1

which condition (3.4). We have proved that u satisfies the impulsive ¥~HFDE
(3.3)—(3.5). This completes the proof. O

4 Existence and uniqueness results

Theorem 4. (Existence) Assume that the function f : (a,T] x R — R is
continuous and satisfies the conditions:

(A1) f(,u() € PCi_pw (T, R) for any u € PC1_p.w (T, R),

(Az) there exists a constant 0 < L < I'(n+ 0)/(2L(0)(W(T) — ¥(a))*) satis-

fying
|f(t,u) — f(t,v)| < Llu—v|, t €T, u,v€R.

Then, the impulsive W-HFDFE (1.2)—(1.4) has at least one solution in
PCigw (T, R).

Proof. 1In the view of Lemma 3, the equivalent fractional integral equation of
the impulsive ¥-HFDE (1.2)—(1.4) is given by

wt) = 25ta)(6+ 3 G) +TE fltuw), te g (A1)

a<tp<t

Math. Model. Anal., 25(4):642-660, 2020.
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Consider the set
B, = {u€PCiyu (T, R): 17" u(a) =, lullpe, ,pirm <7}

where

_ LS | M) — w(a) et
M—:gglf(a,o)l,r22<ng){5|+;|Cz|}+ I(p+1) )

We define the operators P and Q on B, by

Pu(t) = 25 (t,a) (5 + Z Ck>7 Qu(t) =T4" f(t,u(t)), t € J.

a<tp<t

Then the fractional integral equation (4.1) can be written as operator equation
u = Pu+ Qu, u e PCl—Q;IP(j7 R)‘

Step 1: We prove that Pu + Qu € B, for any u,v € B,.
Let any u,v € B,.. Then using (A;), for any t € J, we have

|(@(t) = ()"~ (Pu(t) + Qu(t))]
- ‘(Q/(t) - {QQ (t,a)( 6+ Kt 3 ) +I’jff(t,v(t))}’

1 U(t) —¥(a))'~e u
<F((6|+Z|<k) e [ 20.0) (0,000 do
1 (

(5|+Z|<k> )Ffm“” [ ebwo) (o)) - fio,0)a0

+ / L1 (t,0) |£(0,0)|do

L - () —w(@)'= [* .
< 5 <|5|+Z|<k|> ) / Ll (t,0)|v(0)|do

# MEEH [ apieorao= 15 '+Z'<’“'>

+ PO [ L40,0) 00)-0(0))# [(9(0) ~ #()~*0(o)]| do
M) 0(@) 2 @O-F@)_ 1 [ & i
-y s (o X6 )+ o)

M(@(t) —¥(a)' o
I'(p+1)

(6| n Z |<k|) Ie >)<w<t> — W@ lollrer v s

X [vllpe, oI () — ¥(a)! +

’1

(0)
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MWt—WaI*Q“‘
(MO L)

LIe) Cw(a)) M (U(T) — W(a))t—otH
Tt o ) ~¥(@) e
Since
(&(T) — W(a))'—etr
r22( 5 {|5|+Z|<Z} ) e
L<I(p+0)/QRI()W(T) —¥(a)"),

we have |((t) — ¥(a))' ~¢(Pu(t) + Qu(t))| <, t € J. Therefore

[(Pu+ Qu)llpe, . (7 r < r From definition of the operator P and Q, one
can verify that I;Q;W(Pu + Qu)(a) = §. We have proved that, Pu + Qu € B,.
Step 2 : Clearly P is a contraction with the contraction constant zero.
Step 3 : Q is compact and continuous. The continuity of Q follows from the
continuity of f. Next we prove that Q is uniformly bounded on B,.. Let any
u € B,.. Then by (As), for any t € J, we have

(W (t) — w(a) "2 Qu(t)| = |(¥ Lo f(t,u(t))|

— 1-o

e P T >>\da<( “) V)

oy gy O @)

< [ 24 uto) 10 dor+ EEITED [ ritr.0) (0.0) a
—@(g))i—2 rt —_y(a))l—e rt

< P2 [t 0,0 ato) o XS [ 1,0 do

I'(p
M —P(a))l-otm
< FLJPQ)(W&)—W(a))n|u||pclQ;W(J’R)jL (W (t) — ¥(a))
M ((T) — W(a))'—otn

I'(p+1)
LI(o)
T I'(p+o) I'(p+1)

Therefore

<

(U(T) = ¥(a)r+

L) L M) — U)o
||Q“H7>C1,Q.,W(J,R) < m( (T) —¥(a))"r+ Tt 1) )

This proves Q is uniformly bounded on B,.. Next, we show that OB, is equicon-
tinuous. Let any u € B, and t1,t9 € (t, tp+1] for some k, (k =0,1,...,m) with

t, < ty. Then,
)= (T )
1

Lo,
< s [ it itetoldo - s [ 20,0 o ulo) o

1 t2
T Ja

t=to

(Qu(ts) — Qu(ty)] = '(Igff@,u(t))

Ly (t2,0) (F(0) = ¥(a)* ™" [(#(0) = ¥(a)' 2 f(0,u(0))| do

Math. Model. Anal., 25(4):642-660, 2020.
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i | o) @) (@) |(0(0)-2(@) f (0, u(o)]| do

()
< (U @0 - w@) Y, - T @0 - 0@ M flrer i)
I 1—o+p 1—o+p
= O ()~ W)~ @) @) W e, i

Note that |Qu(ts) — Qu(t1)] — 0 as [t; — ta|] — 0. This shows that Q is
equicontinuous on (tg,tg+1]. Therefore Q is relatively compact on B,.. By
PC1_p;w type Arzela-Ascoli Theorem (Theorem 2) Q is compact on B,. Since
all the assumptions of Krasnoselskii’s fixed point theorem (Theorem 3) are sat-
isfied, the operator equation u = Pu+ Qu has fixed point & € PCi_,, v (J, R),
which is the solution of the impulsive ¥-HFDE (1.2)—(1.4). O

Theorem 5. (Uniqueness) Assume that the function f : (a,T] x R — R is
continuous and satisfies the conditions (A1)—(As). Then, impulsive W-HFDE
(1.2)(1.4) has a unique solution in the weighted space PCi_, v (J, R).

Proof. Consider the set B, as defined in the Theorem 4 and define the operator
T on B, by

Tu(t) = Q2(t,a) (5+ 3 ck.) FIEY f(tu(t), te T,

a<ltp<t

To prove v = Tu has a fixed point, we show that 785, C B,.. For that take any
u € B,.. Then, by (As) for any ¢t € J, we have

Tu®) = |25 ta)(5+ > G) + 15" f(tu(b)]
< 0%(t,a (|5|+Z|Ck F(lu / LY (t,0)|f(o,u(0))|do
< 25 (t,0)(16] + Z Gel) + ﬁ / £h(t,0) |/ (0, u(e)) = f(0,0)|do

+7/ Lh(t,0)|f(0,0)|do < 28(t,a (|5|+Z|<k|>

LI() ot M (1)~ ¥(@)"
m(‘p(t) — W (a) " ullpe,_, (7, R) + Tt 1)
< 2g(t.a) (9] + Z G0]) + s () = (@) e

M@0~ va)

T T

Thus,

@(0) ~ (@)~ Tulh) < (|6| £y |<k|> o) - vy
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L MW(T) = ¥(a)) e
I'(p+1)

,teJ.
From the choices of constants  and L, it can be easily verified that

ITullpe, puiam =7

This proves 7B, C B,. Now, we prove that the operator 7 is a contraction on
B,.. Let any u,v € B,.. Then by assumption (As) for any t € J,

[(w(t) — W( ))I’Q(TU(t) —To(t))|
~ | Pre({ostar (5 Y G) + TSt () )

- {gg@,a)(H > ) +Igfa<<ﬁt>>})\
_\ - @(;;tjft(t u(t) = L £t 0(0) )|
@ o / £h(t.0) |f(o.u(0)) ~ f(o.(0))] do
< W“’;(M) / £i(t, o) [u(@) — (0)] do
< B0 - @) = vlpe, o3

From the choice of constant L, it follows that

1
[Tu—Tollpe,_pu(7.®) < 5”“ —vllpe,_p 0 (7. R)-
Thus, 7 is a contraction and by the Banach contraction principle it has a

unique fixed point in B, C PCi_, v (J, R) which is the unique solution of
impulsive ¥-HFDE (1.2)-(1.4). O

5 Nonlocal impulsive V-HFDE

In this section we examine the existence and uniqueness results for impulsive
¥-HFDE with non local initial conditions given by

ApiyPo(t) = f(t,ult)), t € T\ {ti,ta,- - tm}, (5.1)
AL 9%u(ty) =G €R, k=1,2,...,m, (5.2)
I'7%%u(a) + g(u) = 6 € R, (5.3)

where p,v, 0 and the function f are as given in the problem (1.2)—(1.4) and
g:PCi_gw (J, R) = R is a continuous function.

Theorem 6. (Existence) Assume that the function f : (a,T] x R — R is
continuous and satisfies the conditions (A1)—(As). Further, assume that g :
PCi_pw (T, R) = R is a continuous function that satisfies:
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(A3) lg(u) = g(v)| < Lgllu—vllpe,_, o (7,R)s v € PC1gw (T, R), with 0 <
1

Then, the nonlocal impulsive V-HFDE (5.1)~(5.3) has at least one solution in
PCi—gw (T, R).

Proof. By applying the Lemma 3, the equivalent fractional integral equation
of the nonlocal impulsive ¥-HFDE (5.1)—(5.3) is given as follows

u(t) = 25 (ta) (5-gw) + D G)+ V), te T (5.4)

Consider the set
B, = {U € PCigw (T, R) 1 1% u(a) + g(u) = 6, [ullpe, . q(7,%) < 7”*},

where

r* >3( (){|5|+G+Z‘Ck|} (IL/L\il)(W(T)_Q/(a))l—Q+u)’

G = |g(0)] and M = sup,¢ 7 |f(c,0)|. Define operators R and Q* on B,- by
Ru(t) = 25(t.0)(6 = g(w) + D G), Qult) = L’ f(tu(t)), t € J.
a<tp<t

Then the fractional integral equation (5.4) is equivalent to the operator equa-
tion

u=TRu+ Q"u, u € PCi_pw (7, R). (5.5)

We apply the Krasnoselskii’s fixed point theorem (Theorem 3) to prove that the
operator equation (5.5) has fixed point. Firstly, we show that Ru+ Q*v € B,«
for any w,v € B,+. By assumptions (As) and (Ags), for any u,v € B,- and
teJ,

|(@(t) — (a))' ~(Ru(t) + Q*v(t))!

:‘(W(t)—W(a)) {Qg(t a)( + Ck)+1" (t))}\
1 )e u
< (91 + ot |+Z|<k|) [ it st o)) do
1
< g7 (91 19() = 9(0) +19(0 \+Z|<k|)
W) = P@)' 0 " 1y o)) — Fo.0)] do
# BB 41,0 (0.0000) - 10
(W) =)' [ i 3 0.0 dor
+ ) /ﬁ t,o)|f(o,0)|d
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ﬁ(w + Lyllllpe, 7.3+ G+ 3 1)

k=1

LTI(o) u M (P(t) — ¥(a)) —otH
+ m(w(t) —¥(a)*vllpe,_, o, ®) + T+ 1)
< g (bl+6+ Z ) + 757
LI'(p) o M(T) = ¥(a)'ot+
m@(ﬂ —¥(a)!r* + Tt 1)

From the choice of r*, L and L, from the above inequality, we obtain
I(Ru+ Q" 0)llpe, , 7.m) <77

Further, one can verify that Iiig;w(Ru + 9*v)(a) + g(u) = 4.
This shows that Ru + Q*v € B,«. Next, we prove that R is a contraction
mapping. Let any u,v € B« and t € J. Consider

|[(@(t) — ¥(a))' " (Ru(t) — Rv(t))!

= ‘(@(t) — ¥(a))! {Qg (t, a)( + > C’“)
- () (5-g)+ Y Ck)}‘
= g 1900 = 90 < 755 I ollpe, 0.

From the choice of Ly, we obtain

1
1Bu = Rollpe, 0. < g lu=vllpe, ,0(7,m)-

This shows that R is a contraction. The operator Q* is compact and continuous
as proved in the Theorem 4. Hence by PCi_, w (J, R)-type Arzela-Ascoli
Theorem 2 Q* is compact on B,.-. Further, as discussed in the proof of Theorem
4 the non local impulsive ¥-HFDE (5.1)—(5.3) has at least one solution in
PCi_pw (J,R). O

Theorem 7. (Uniqueness) Assume that the function f : (a,T] x R — R is
continuous and satisfies the conditions (A1)—(Asz). Then, non local impulsive
U-HFDE (5.1)(5.3) has a unique solution in the space PC1_pw (J, R).

Proof. The proof can be completed following the same steps as in the proof
the Theorem 5. O

6 Applications

By taking ¥(¢t) =t and v — 1, the impulsive -HFDE (1.2)—(1.4) reduces to
Caputo impulsive FDE of the form:

D ut) = ft,ult)), t € T\ {ti,t2, ... tm}, (6.1)
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Au(tk) = eR, k=1,2,...,m, (62)
u(a) =9 € R, (6.3)

and we have the following existence and uniqueness theorems for Caputo im-
pulsive FDE (6.1)—(6.3) as an applications of the Theorems 4 and 5.

Theorem 8. Assume that the function f € C(J, R) satisfies the Lipschitz
condition

|f(t,u) = f(t,v)| < Llu—v|, t €T, u,v €R
with 0 < L < 212;“_21))“ Then, the Caputo impulsive FDE (6.1)—-(6.3) has at
least one solution in the space PC (J, R).

Theorem 9. Under the suppositions of the Theorem 8 the impulsive Caputo
FDE (1.2)—(1.4) has a unique solution in the space PC (J, R).

7 Examples

In this section, we give examples to illustrate the utility of the results we
obtained.

Example 1. Consider, the impulsive ¥-HFDE

HDgf?Wu(t) = 5['9(:23) (W(t)—W(O))%—Wﬁ_%GuatE[O’ 1]\ {;} ’
(7.1)
L72%u(0) =0, ALT%Yu (;) —o€eR, (7.2)

0<pu<1l,0<v<l o=p+v—pvand ¥ :[0,1] — R is as defined in
preliminaries. Define the function f :[0,1] x [0,1] — R by
4 _ 4
@O Oy, 1.,
16 16

F(tu) = (w(t) - w(0)3 —

5I (%)
Clearly, |f(t,u) — f(t,v)| < %\u —vl,u,v € R, t € [0,1]. Thus f satisfies the
Lipschitz condition with the constant L = %. If the function ¥ satisfies the
condition

I'(n+ o)
L= aro@m — e

(7.3)

then problem (7.1)—(7.2) has unique solution. For instance, consider the par-
ticular case of the problem (7.1)—(7.2). By taking

U(t)=t, p=1/3and v — 1.

Then the problem (7.1)—(7.2) reduces to impulsive FDE involving Caputo frac-
tional derivative operator of the form:

5 tt

1 9 1 1
Cns _ 3 _ 2 il
D0+u(t)—5p(%)t3 16+16u ,tG[O,l]\{Q}, (7.4)
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Au(1/2) =0, u(0)=0. (7.5)
Note that QF(Q)(;((‘%‘;EQ(G))H = 11'(3) ~ 0.445. Since L = £, the condition (7.3)

is satisfied. Using the Theorem 4 with ¥ (t) =t, a =0, T =1, u = % and v —
1 the problem (7.4)—(7.5) has a solution on [0,1]. By direct substitution one
can verify that u(t) = t? is the solution of the problem (7.4)—(7.5).

Ezample 2. Consider an impulsive -HFDE

sint (W(t) —w(0))  |u(t)] 1
(W(t) —w(0)+3)3 1+ |u(t)|’t € [0,1]\ {3} (7.6)
AL (1/3) = 0 T u(0) =, )

HD M u(t) =

where 0 < p < 1, 0 < v <1, op = p+ v — pv. Define the function f :

sin* — u
[0,1] x [0,1] = R by f(¢t,u) = ((W(tg{(;)(o)w)fg))g 1|+|‘u‘. Let u,v € Rand ¢ € [0,1].
Then,

|f(t7u) - f<t7v)| =
1
(w(t) — (0)) +3)°

sin(0(1) — w(0)) Jul  sin*(#(t) ~ ¥(0) o]
(@O)-w(0)+3) T+lul  (F(6)-T(0))+3)° L+]o]
W ol 1

T+Jul 1T+l = (w(1) - w(0) +3)

<

5lu— .

This proves f is Lipschitz function with the constant L =
By Theorem 4 the problem (7.6)—(7.7) has a solution if

1
(F(1)-w(0))+3)*"

1 - I'(u+ o)
(w(1) —w(0)) +3)° ~ 2I(0)(¥(1) — ¥(0))*

8 Future work

In this paper, we have not investigated the continuous dependence on the var-
ious data and Ulam-Hyers stabilities of solution of (1.2)—(1.4), which is the
point of our next investigation and will be published a future work.

Now, if we consider ¥(t) = t in the problem (1.2)-(1.4) with A : D(A) C
X — X generator of Cy-semigroup (P;>¢) on a Banach space X, we have the
following impulsive ¥-HFDE with initial condition

ADMYu(t) = Au(t) + f(t,u(t), t € T\ {t1,ta,- ., tm}, (8.1)
AL Cu(ty) =G €R, k=1,2,...,m, (8.2)
I'7%%u(a) =6 € R, (8.3)

with the same conditions of problem (1.2)—(1.4). The next step of the research
is to analyze the problem (8.1)—(8.3). But the question may arise “ Why not
get the existence and uniqueness of mild solutions to the problem (8.1)—(8.3)
with a —Hilfer fractional derivative operator # D" ¥ 2 7 The reason for non-
investigation with the W-Hilfer fractional derivative comes from the fact of the

Math. Model. Anal., 25(4):642-660, 2020.
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non-existence of an integral transform, in particular, of Laplace with respect
to another function, since it is an important condition in the investigation of
the mild solution. Research in this sense has been developed and, in the near
future, results can be published.
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