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Abstract. In the present paper we consider discrete versions of the modified pro-
jection methods for solving a Urysohn integral equation with a kernel of the type of
Green’s function. For r > 0, a space of piecewise polynomials of degree < r with
respect to an uniform partition is chosen to be the approximating space. We define
a discrete orthogonal projection onto this space and replace the Urysohn integral
operator by a Nystrom approximation. The order of convergence which we obtain
for the discrete version indicates the choice of numerical quadrature which preserves
the orders of convergence in the continuous modified projection methods. Numerical
results are given for a specific example.
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1 Introduction

Let X = L°[0,1] and consider the following nonlinear Urysohn integral equa-
tion

z(s) —/O k(s,t,x(t))dt = f(s), s€][0,1], z € X, (1.1)

where f € X and the kernel k(s,t,u) is a continuous Green’s function type
kernel. We write the above equation as

x—K(z)=f (1.2)
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and assume that it has a unique solution ¢. We are interested in approximate
solutions of the above equation.

For » > 0, let X,, be a space of piecewise polynomials of degree < r With
respect to a uniform partition of [0, 1] with n subintervals each of length h = =
Let 7, be the restriction to L°>°[0, 1] of the orthogonal projection from L?[0, 1}
to X,. Then in the classical Galerkin method, (1.2) is approximated by

‘Prcz; - 7T7L/C(g0§) =T f.

In Krasnoselskii [8], Krasnoselskii et al. [9] and Krasnoselskii-Zabreiko [10], the
above projection method has been studied. The iterated Galerkin solution is
defined by

or =K(S)+ f.

The following orders of convergence are proved in Atkinson-Potra [3]:
If r =0, then

lef = elloe = O(h), ey — @lloo = O(R?),

whereas if r > 1, then

lor = ¢lloo = O(h™ ), i — lloe = O(R"?).

In Grammont-Kulkarni [6], the following modified projection method is pro-
posed:

where
KM (2) = 1, K () + K(mpz) — 7, K(mpx).

The iterated modified projection solution is defined as

=K(en") + f.

The following orders of convergence are proved in Grammont et al [7]:
If r =0, then

len’ = @l = O(%), &0 = ¢l = O(R?), (1.3)

whereas if r > 1, then

len’ = @lloe = O(R*?), 183" = @lloc = O(A"?). (1.4)

In practice, it is necessary to replace the integral in the definition of IC by a
numerical quadrature formula. Also, the orthogonal projection 7, needs to
be replaced by a discrete orthogonal projection @,,. This gives rise to discrete
versions of the above methods. It is of interest to choose the quadrature formula
appropriately so as to preserve the above orders of convergence. Our aim is to
investigate the discrete versions of the modified projection and of the iterated
modified projection methods.
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The discrete versions of the Galerkin and the iterated Galerkin methods
are considered in Atkinson-Potra [4]. They propose a numerical quadrature
formula which takes into consideration the fact that the kernel x(s,t,u) lacks
smoothness when s = ¢ and obtain the order of convergence of the discrete
iterated Galerkin solution.

We follow a different approach. We choose a uniform partition with m =
np, p € N, subintervals. A composite quadrature formula associated with this
fine partition is then used to replace the integrals in the definition of K and
in the definition of the inner product. Let h = -. Let z)’ and z) denote
respectively the discrete modified projection solution and the discrete iterated
modified projection solution. We prove the following orders of convergence:

If » =0, then

ln” = ¢lloc = O(max{h®,h°}), |2 = ¢lloc = O(max{h® n'}),  (1.5)

whereas if r > 1, then
207 = plloc = O(max {R2, 172} ) | 120~ llow = O(max (A%, 077 1) . (1.6)

Thus, if 7 = 0 and h2 < h%, that is, m > n?2, then the orders of convergence in
(1.3) are preserved. If r > 1 and h? < A"*5, then the orders of convergence in
(1.4) are preserved.

Note that the term A2 in the above estimates appear because of the dis-
cretization. If the kernel is smooth, then it is possible to choose a composite
quadrature formula associated with the coarse partition with n subintervals
and with a precision d. Then the term h? is replaced by h¢ and an appropriate
choice of d will preserve the orders of convergence in (1.3) and (1.4). However,
in the case of the kernel of the type of Green’s function, the error in the higher
order quadrature rules also is only of the order of h?. Hence we need to choose
a different partition for the quadrature rule which makes the proofs more in-
volved. It is to be noted that even if m > n, the size of the system of equations
that need to be solved in order to compute z remains n(r + 1).

Note that in Grammont et al [7], the orders of convergence (1.3) and (1.4)
for the (continuous) modified projection and the iterated modified projection
are proved. However, the numerical results are given for the discrete versions
of the modified projection and of the iterated modified projection methods. In
the present paper we fill this gap and justify the numerical results of Grammont
et al [7].

The paper has been arranged in the following way. In Section 2, we define
a discrete orthogonal projection operator and discrete versions of the modified
projection methods. In Section 3,, we consider the case of a piecewise poly-
nomial space of degree r > 1 and prove (1.6). Section 4, is devoted to the
proof of (1.5) in the case of piecewise constant functions. Numerical results for
illustrative purpose are given in Section 5.

2 Discrete modified projection method

In this section we describe the Nystrom approximation of X and the discrete
orthogonal projection. We then define discrete analogues of the modified pro-
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jection method and its iterated version.

2.1 Kernel of the type of Green’s function

Let 7 > 0 be an integer and assume that the kernel k of the integral operator
K appearing in (1.1) has the following properties.

1. Let ¥ = [0,1] x [0,1] x R. The partial derivative £(s,t,u) = W is
continuous for all (s,t,u) € .

2. Let ¥ = {(s,t,u) : 0<t<s<1,uecR}, ¥={(stu:0<s<t<
1, u € R}. There are functions ¢; € C™1(¥;),i = 1,2, with

f( ¢ ) él(s7t7u)a (Svtau) € Lph
S, t,u) =
62(87157“)3 (Svtau) € LDQ~

3. There are functions x; € C"™1(¥;),i = 1,2, such that

( " ) ’il(satvu)v (Satau) € Wla
K(s,t,u) =
ko(s,t,u), (s,t,u) € ¥s.

4. O%k/0u* € C(P).

Following Atkinson-Potra [3], if the kernel & satisfies the above conditions, then
we say that & is of class Ga(r + 1,0).

Let f € C"10,1]. Then by the Corollary 3.2 of Atkinson-Potra [3], it
follows that ¢ € C™T1[0,1]. If r = 0, then it is assumed that f € C?[0,1] so
that ¢ € C?[0,1]. We assume that K is twice Fréchet differentiable and that 1
is not an eigenvalue of K'(y).

2.2 Nystrom approximation

Let m € N and consider the following uniform partition of [0,1] :
0<l/m<---<(m—-1)/m< 1 (2.1)

Let h = % and s; = %, 1 =20,...,m. Consider a basic quadrature rule of the
form

/0 Fbdt =~ > w,f(1g),

where the weights wg, > 0 and the nodes 4 € [0,1]. It is assumed that the
quadrature rule is exact at least for polynomials of degree < 2r.

A composite integration rule with respect to the partition (2.1) is then
defined as

[ a=3 [ rmas i w @) G s e @2)
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We replace the integral in (1.1) by the numerical quadrature formula (2.2) and
define the Nystrom operator as

Km(x)(s):ﬁZqu/@(s, x(C)), selo,1].

=1 g=1
Note that K, is twice Fréchet differentiable and
mop
K (z)v(s) = hZqu 3 (5,¢prx(C)v(¢y), s€[0,1], veX,
i=1 g=1

K ) on,2)() = 530 Dy S5, Cn (Ga(€l), s € 0,1

For dp > 0, let B(p,d0) = {¢p € X : || — ¥|lco < do}. Define

K 0%k
C == —_ = _— .
! oelon] u (s:t,u)) and C oreta |0 (5,%,0)
[ul <]l oo +60 lul<[l¢llooc+d0
Then for z,y € B(p, do),
1K (@)v]loe < Crl[v]los, (2.3)
K7 () = Kr )] < Collz = yll oo (2.4)

If T: X=X is a bounded linear operator, then ||7'||=sup{||7v||cc : [|¥]lcc < 1}
denotes the operator norm.

Since the kernel lacks smoothness along s = ¢, we only have the following
order of convergence from Atkinson-Potra [4]: If z € C?[0,1], then

1K) = Ko@)l = O (h2) . (2.5)
In the Nystréom method, (1.2) is approximated by
T — K (zm) = f.

For all m big enough, the above equation has a unique solution ¢,, in B(p, dp)
and

e = emlloo < CHlIK(9) = Km(@)lloe = O (A2) (2.6)

See Atkinson [1]. We quote the following result from Krasnoselskii et al [9] for
future reference:
If v1,v9 € B(p,dp), s € [0,1], then by the generalized Taylor’s theorem,

Kin(v2)(8) = K (v1)(s) — K, (v1) (v2 — v1)(8) = R(v2 — v1)(s), (2.7)
where
R(va —v1)(s) = /0 (1=K, (v1 + 0(va — v1)) (va — v1)2(s) d6.
It then follows that

| R(v2 — v1)||o0 < Caflve — vlllio. (2.8)

Math. Model. Anal., 25(3):421-440, 2020.
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2.3 Discrete orthogonal projection

Let n € N and consider the following uniform partition of [0,1] :
A:0<l/n<---<(n—-1)/n<1 (2.9)
Define
ti=j/n, Aj=1[tj_1,t;] and h=t;—t,_1=1/n, j=1,...,n

For r > 0, let X,, denote the space of piecewise polynomials of degree < r with
respect to the partition of (2.9) of [0,1]. Assume that the values at ¢t;—, j =
1,...,n, are defined by continuity. Then the dimension of X, is n(r + 1).

For n = 0,1,...,r, let L, denote the Legendre polynomial of degree n on
[-1,1]. For j =1,...,n, and for n =0,1,...,r, define

27, (ELbot) ope (t,8], 2
Pjn(t) = \/; ! ( g ) ! ! P1,5(to) = \/;Ln(_l)-

0, otherwise,

Note that [[;.llee = maxies, 6,1 25D = /2l Ll
Assume that m = pn for some p € N. For f,g € C(4;,), define

= ﬁiéwq f(C(gjfl)erV) g(qul)pw), (2.10)

where C(Sj_l)erV are defined in (2.2). Note that (f, g)a, = (g, f)a,. Define
flla;,00 =  nax |£(¢)]- Then

[J'flv j]

[(f, 9 a,| < Iflla,c0llgll o, cch- (2.11)

Since the quadrature rule is exact for polynomials of degree < 2r, we have

1
5?7,?7’ = <‘Pj,n» Spj,n/> = /0 ‘Pj,n(t)‘pjm’(t)dt = <90j,n7 @j,n’>A]

Thus, {¢;,,7=1,...,n, n=0,...,r} forms an orthonormal basis for X,,. Let
Pr,a,; denote the space of polynomials of degree < r on 4A;. Define the discrete
orthogonal projection @y ; : C(4;) — Pr 4, as follows:

s

Qnjv = (T, jm)a, i

n=0

Then (Qn 2, y)a;, = (%, Quj¥)a,, Qn; = Qnj and Qy jQn; = 0 for i # j.
Also,

r
||Qn7ijAj7OO < Z ‘<J}, 50]',77>Aj’ ”(Pjﬂ
n=0

™
a0 < (zzwnu;) el
n=0
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A discrete orthogonal projection @, : C[0,1] — &, is defined as follows:
Qnz =Y _ Qn ;. (2.12)
j=1

Using the Hahn-Banach extension theorem, as in Atkinson et al [2], @,, can be
extended to L*°[0,1]. Then

Qr = Qn and [Qul <2) |ILyl3 = Ca. (2.13)
n=0
The following estimate is standard: if z € C"T1(A;), then we have,
10 = Qui)layoe < Csllal™D]a, mch™. (2.14)
Thus, if x € C™1[0, 1], then

11 = Qu)zlls = O(R). (2.15)

2.4 Discrete projection methods

We define below the discrete versions of various projection methods given in
Section 1 by replacing the integral operator K by the Nystrém operator IC,,
and the orthogonal projection 7, by the discrete orthogonal projection Q..

Discrete Galerkin Method: 28 — Q, K, (25) = Q.. f.
Discrete Iterated Galerkin Method: 25 — KC,,(Qn25) = f.

The discrete modified projection operator is defined as
Ka! (2) = QuKom (2) + Ko (Qn) = Quom (Qn).
Discrete Modified Projection method:
Mo RMMY = . (2.16)

Discrete Iterated Modified Projection method:

M — (M) + f. (2.17)

3 Piecewise polynomial approximation: » > 1

In this section we consider the case r > 1 and obtain orders of convergence in
the discrete modified projection method and its iterated version.

3.1 Preliminary results

Let . (s,t) = £(s,t,0(t)), 0<s,t <1. Then

Math. Model. Anal., 25(3):421-440, 2020.
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Since ¢ € C™10,1], it follows that
boeC{0<t<s<1})and by, € C"TH({0<s <t <1}).

We introduce the following notation.
For a fixed s € [0, 1], define 4, (t) = £.(s,t), t € [0,1]. Note that

n

p n
Ko (@)o(s) = 23733 w0y £2(s, IR IPH) = 3 (s, 0) 4

j=lv=1gqg=1 J=1

Let

Cs = max { max

1<5<r+1 0<t<s<1

D(0:3:0) g, (s,t,u) ’ ,  max
0<s<t<1

D30, (s, ¢, u)‘ }

[ul<[l¢lloo [u[<l[¢lloc

The following proposition is crucial. It will be used several times in what
follows.

Proposition 1. If v € C"T10, 1], then
I (@) (I = Qu)vllo < (C5)*Collo 1 [[ach™*2. (3.1)

Proof. For s € [0,1],

-

Ko (@)L = Qu)v(s) = (le,sy (I = Qnj)v)a,

<
Il
—

I

(I = Qnj)lus, (I = Qnj)v)a,.

<
I
—

Case 1: s =t; forsomei € {0,1,...,n}.Thenl, s € C"T1(A;)forj=1,...
Since v € C" 110, 1], it follows from (2.14),

max K7, (0)(1 = Qu)o(t)] < (Cs)*Collo" D [och> 2. (3.2)

0<i<n

Case 2: s € (ti—1,t;) for some ¢ € {1,2,...,n}. We write
K@) = Qu)v(s) = D (T = Qnj)lus, (I = Qnj)v)a,
=
+ <(I - Qnﬂl)g*,sa (I - Qn,i)U>Ai- (33)
For j # i, l,s € C"T1(A;) and v € C"1(A;). Hence

n

D I = Quj)lass (I = Qnj)v)a,| < (C5)?Collo ) o (n — 1R T3, (3.4)
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We now consider the case j = i. Note that ¢, , is only continuous on [t;—1,%;].
Define a constant function: g;(t) = £, s(s), t € [ti—1,t;]. Note that

(I = Qn.i)lus, I = Quni)v)a, = (les — gi, (I = Qni)v)a,
For t € [ti_1,ti],
(0,1) _
sk = { D, meton
Thus,
(I = Qni)luss, (I = Qui)v)a,l < CsCs[vVloch™2. (3.5)

Without loss of generality, let C5 > 1. From (3.3), (3.4) and (3.5) we obtain,
5)?

Ko (@) (I = Qn)v(s)] < (C

Combining the above estimate with (3.2) we obtain the required result. O

Collo"V|oc ",

Proposition 2. If v € C" Y0, 1], then
I3 ()T = Qu)Kr (0)(I = Qu)vlloc = O (R7?) . (3.6)
Also,
1K () = Qu)K7, ()]l = O (h?) . (3.7)
Proof. The proof of (3.6) is similar to that of (3.1). For s € [0, 1], we write
Ko (@) I=Qu)K3 () T=Qu)v(s)= Y _((T=Qnj)ln.s, Kin(#)(I = Qu)0) a,.
j=1
If s = t;, for some i, then using (2.14) and (3.1) we obtain
K7 (9) (I = Qu)Kr () (I = Qu)o(ti)] < (C5)*(Co)? 0!+ oo,

If s € (ti—1,t;), then we write

n

Ko (0) T=Qn) K (0) T=Qn)v(8)= Y (I=Qng)lu,ss K1y () (I=Qn)v) 4,
j#i
+ (les = 90 K ()T = Qu)v)a,
Proceeding as in the proof of Proposition 1, we obtain

KCh (0) I = Q)i (D)L = Qu)v(s)] < (C5)*(Co)* Il Voo h" 2.

The estimate (3.6) follows from the above two estimates. In order to prove
(3.7), consider v € C[0,1]. Let s = ¢; for some i. Then

Ko (@) = Qu)u(s)| < C5Ce]lvlloach™ . (3.8)

Math. Model. Anal., 25(3):421-440, 2020.
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Now let s € (ti—1,t;). We write

Ko (@) I=Qu)v(s) = Y _((I=Qnj)lu.ss v)2,+{(I=Qni)(bs.s=gs), ),
=
and obtain
K (0)(I = Qn)v(s)] < (1 + Cy + C5)Co|lv]loch?
Combining (3.8) and the above estimate, we obtain
1K ()T = Qu)vlloc < (14 Ca+ C5)Collvlloch®. (3.9)
Since from (2.3), ||K],(¥)v]lco < C1||v||oo; We obtain
1K (@) = Qu)Kr (@)vlle < Ci(1+ Cy + C5)Col|v]|och?
and the required result follows taking the supremum over unit ball in C[0, 1].
O
3.2 Error in the discrete modified projection method
As in Grammont [5], it can be shown that there is a 69 > 0 such that (2.16)
has a unique solution 2 in B(p, dy) and that
1z = ¢lloo
<6 /(1= K@) (1K) = Km(@)loo + [Km() = EX (@)l ) - (3:10)
In the following theorem, we obtain the order of convergence of the discrete
modified projection solution.

Theorem 1. Let r > 1, k be of class Ga(r +1,0) and f € C™1[0,1]. Let ¢ be
the unique solution of (1.2) and assume that 1 is not an eigenvalue of K'(p).
Let X, be the space of piecewise polynomials of degree < r with respect to the
partition (2.9) and Q. be the discrete orthogonal projection defined by (2.12).
Let zM be the discrete modified projection solution in B(p,dq). Then

|2M — p]loe = O(max{h?, h"+3}). (3.11)
Proof. From (2.5),
1K) = Kom()lloo = O (h) . (3.12)

Since ¢ € C™1[0, 1], it follows from (2.15) that |Q,¢ — ©|le = O(R" ). Note
that

1K ()= KA (@)oo < 1(T=Qn) (Kin (Qnp) —Kin (0) =K (9) (Qnep — #))|lso
+ (I = Qn)K7,(0)(Qne — @)oo
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From (2.7), (2.8) and (2.15),
1 (@) =Ko () =K1 (0)(@np—9) o < CollQuip — %, = O(R*+2).
By (2.13) and Proposition 1,

[(I=Qn)K, (0)(Qnep—0)|loe < (1+CH)|IKL (0)(Qno—¢) oo = O(WT?).

Since r > 1, it follows that ||, (¢) — KM (0)]lee = O(R3).
The required result follows from (3.10), (3.12) and the above estimate. O

Remark 1. It can be shown that

126 —¢||oe=0 (max {iﬁ, h”“}) 125 —plee=0 (max {iﬁ, hr+3}) . (3.13)

3.3 Error in the discrete iterated modified projection method
Note that ZM — ., = K;n(2M) — K (¢m). From (2.7) and (2.8),
Km(zvjy) - KM(‘Pm) = ’C;n(‘:pmxzr]y - ‘Pm) +0 (Hzrly - ‘PmHgo) .
From (2.6) and Theorem 1, we obtain
" = mlloo < 12" = @lloo + llp = Pmlloc = O(max{h® A"+%}).
Thus,
2 = om = K (om) (2] — om) + O(max{h? h™+%}?). (3.14)
Let )
L, = [I - ’C;n(@m)] K;n(@m)
We quote the following result from Kulkarni-Rakshit [11]:
K;n(‘Pm)(ZTJLM —¢m) =— Ln, {Icm<90m) - Ierll/[(@m)}
oM My _ M o) M
+Ln{ KA (A1) = K2 (om) = (K1) (o) (22" = om) }
_ ’
L (X)) (0m) = K (om) ) (221 = o) }. (3.15)
We obtain below orders of convergence for the three terms in (3.15).

Proposition 3. Let ¢, be the Nystrom solution. Then
Ch(m) (Knlom) = K (o)) | = O(n* max{hz, n+11).
Proof. Let v € C[0,1]. Then from (2.4), (2.6) and (3.9),

1Cr (0m) (I = Qn)v]loo
<K (om) = KL (0] (I = Qu)vlloo + K5, (9) (I — Qn)vlloo
< Co(1+ Co)|vllsollom — @lloe + (1 4 Ca 4 C5)Cs||v]l o h?
< Crllvlloch®. (3.16)

Math. Model. Anal., 25(3):421-440, 2020.
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Note that

’Cm(@m) - Kiw(@m) = _(I - Qn)(lcm(Qn@m) - ’Cm(‘Pm)
- K";n(som)(Qn@m - @m)) - (I - Qn)lcgn(()pm)(Qn@m - @m)' (317)

Let

Yn = K (Qnem) = Kn(m) = K0 (0m) (Qnpm — ¢m) = R(Qn@m — ¢m).
Then by (3.16)

1Ko (em)(I = Qu)ynlle < Crllynllsch®.
By (2.8)

[ynlloo = [R(Qnom — @m)lloo < Col|@niom — ‘Pm”c?x:'
Using (2.6), (2.13) and (2.15), we obtain

|@nom = Pmlloc = Omarx{h?, h71}). (3.18)
Thus,
1 (m)(T = Qu)yalloc = O max{h?, "+1}?) (3.19)
Using (3.6) it can be checked that
1 (o) (I = Q) (m) (I = Qu)om oo = O(h* mac{h2, h7+1})

The required result then follows from (3.17), (3.19) and the above estimate.
O

Proposition 4. Let ¢, be the Nystrom solution and zM be the discrete mod-
ified projection solution. Then

Hlﬁy(z%_;@y(%)_ (Iay)/(‘Pm)(zy—Wm)“m:O(max{52,h7’+3}2).

Proof. Note that for m and n big enough, ¢,,, 2} € B(yp,8). By the gener-
alized Taylor’s theorem,

KM EM(5) — KM (om) () = (KM (m) (22— 0m)(5)
= [0y (R (o + 0 = ) (2 = () .
0
Hence

|22 - K2 o) — (R (om)(e2 = o)

oo

122" — @mll3.

(/C%)H(Wm + Q(Zé\/f - 907”))‘
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It can be shown that

max
0<6<1

~ "
(K2 Tom + 002 = o) | < G
We skip the details. The required result then follows from Theorem 1. O

Proposition 5. Let ¢, be the Nystrém solution and zM be the discrete modi-
fied projection solution. Then

it (R) (o) =Kniom) ) =) =0 (12 max {72 w753} ).

oo

Proof. Note that
Kpnlom)( (K2 (o) = Kpnlom)) = Kinom)( = Qu) (K (Quipm)
~ Kpuom)@n = Kinom) (I = Qu)inom) (T = Q).
Using (2.3) and (3.16) it can be shown that
Kt (o) (T = Qu)Ki m)| = O(H2).
By (2.4) and (3.18),
1t (@upm) — Ko | < CallQupm — Pullc = Ofmax(i?, 1741

Since by (2.3), [|K.,(om)| < C1, it follows that

m

[t ((£2) (om) — Keutiom) | = 002

The required result follows using the estimate for ||z} — ¢||» from Theorem 1.
O

We now prove our main result about the order of convergence in the discrete
iterated modified projection method.

Theorem 2. Let r > 1, £ be of class Go(r +1,0) and f € C™1[0,1]. Let ¢ be
the unique solution of (1.2) and assume that 1 is not an eigenvalue of K'(p).
Let X, be the space of piecewise polynomials of degree < r with respect to the
partition (2.9) and @, be the discrete orthogonal projection defined by (2.12).
Let ZM be the discrete iterated modified projection solution defined by (2.17).
Then

122" = ¢lle = O (max{fﬁh”"’}) : (3.20)
Proof. 'We have from (3.14)
27]1\/1 - ¥Pm = Kin(sam)(zéw —om) + O(max{iﬁ hr+3}2).
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By Proposition 4.2 from Kulkarni-Rakshit [11], we have

= rem || < 4| =)™
Hence by Propositions 3-5 and the estimate (3.15),
||IC;n(gom)(z£/[7g0m) HOO = O(max {h4 max{h?, h"1}, h? max{h?, hr+3}} >7
It follows that
HZ:XI - <pmHoo =0 (h2 max{h?, h“‘g}) .
Since, Z2M — o =zZM — @, + o — 0 and || — ol = O(fﬂ) , the required
result follows. O

4 Piecewise constant function approximation: r» = 0

In this section we assume that  is of class G2(2, 0). If we follow the development
in Section 3, then we obtain the following orders of convergence:

lza" = ¢lloe = O(R?), |12} = @lloc = O(max{h® r%}).

But by looking at the proofs more carefully, we are able to improve the above
estimates. While for r > 1, both ||}, (¢)(I — Qn)v||ce and ||(I —Qn)KL, () (I —
Qn)V||o are of the same order, we could show that for r =0,

15 () (I = @)l = O(R?) and || = Qn)K7, ()T = Qu)v]le = O(R?).

Consider X, to be the space of piecewise constant functions with respect to
the partition (2.9). We choose Gauss 2 point rule as a basic quadrature rule:

1
1 1 1 1 1

tdtz + 5 = = -, = —-——F, :7+7
/Of() wlf(#l) wzf(ﬂz) w1 = Wa B M1 B 2\5 H2 5 2\/5

A composite integration rule with respect to the fine partition (2.1) is then
defined as

1 m 2
/ f)dt ~ hz qu [(&)s GG =sim1+ pgh.
0 i=1 q=1
Recall from (2.10) that for f,g € C(4;),

(f, 9)a, = ﬁiiwq f(C(gj—l)p—i-V) g(céj—l)p+V).
v=1q=1

The discrete orthogonal projection @y ; : C(A;) — Po, 4, is defined as follows:

(Qn,jv)(t) = % [Zp: quv (Céj—l)p+u>] . te (tj—latj],

v=1qg=1
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and

(Qn 1'U

p 2
D]
v=1g¢=1
A discrete orthogonal projection @, : C[0,1] — X, is defined as
n
Quv =Y _ Qnjv. (4.1)

j=1

The following result is crucial in obtaining improved orders of convergence.

Proposition 6. If v € C1[0,1], then
11 = Qu)K () (I = Q)]s = O(R?), (4.2)
17 (0)(I = Qu)Kr () = Qu)v] o, = O(RY). 4
Proof. Note that
I7=Qu) K () I=Qn)vlloo= max — sup |(I=Qni) Ky (9)(I=Qn)v(s)].

<i<n G[ti—1,ti]
For s € [ti—l7ti];
(I—Qm)’C' (P)(I = Qn)v(s)

,Zzwq {Kin (@) = Qu)v(s) = K ()T = Qu)v (¢§27+) }

qul

p
_1 3 Z Z Wa(les = £, (v (I = Qus)v)a,

p v=1q=1 j=1
J#i

p 2
Z > wellus — l, ci-voivs (I = QniJv)a,. (4.4)
v=1q=1

For j # 4,
<€*,s - 6*74((11'—1)17-%—1/7 (I - Qn,j)U>Aj
= (s = ¢ IPEUDEOL (I, (1= Qug)v) ay,s

(i—L)p+v

for some nq € (ti—1,t;). Define the following constant function

i v i v L1t
91(1 Dptv 4y = p0y, (7751 Dp+ 7]2]>, tetj—1,t;].

Then
<€*,s — £*7C(g171)p+u, (I - Qn7j)U>AJ
= (5 _ C(gi—l)p-&-U) <D(170)g*(n(gi—1)p+v, ) — g((li—l)p-&-u7 (I— Qn,j)U>AJ
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From (2.11) and (2.14),

‘<€*7S - e*’Céi—l)p+u7 (I - Qn,j)U>Aj

< ¢4 (max P92, 5.0)]) 1t

On the other hand, from (3.5) with r = 0,
\<e*,s — £, e, (I = Qn,i)vmil < 205Cs|[v'||h®, v=1,...,p.
Thus, from (4.4) and the above two estimates,

(I = @n,i) K7 (0) (I — Qn)vl a;,00
< Cs max {206, m;g( ’D(l’l)é*(s, t)’} [0 | oo h®.

This completes the proof of (4.2). Proceeding as in the proof of Proposition 2
and using the estimate (4.2), (4.3) is proved. O

Theorem 3. Let k be of class Go(2,0) and f € C?[0,1]. Let ¢ be the unique
solution of (1.2) and assume that 1 is not an eigenvalue of K'(v). Let X, be
the space of piecewise constant functions with respect to the partition (2.9) and
Qn : L™[0,1] — X, be the discrete orthogonal projection defined by (4.1). Let
zM be the discrete modified projection solution in B(yp,8y). Then

8 = plloc = O(max{h?, 1%}) . (4.5)
Proof. Recall from (3.10) that

123 = plloe < 6| (1=K ) ™| (K@) =K (D) loe+ 1om () =K () 1 ) -
From (2.5) we have
1K) = Kon(#) e = OR2). (4.6)

On the other hand,

1 () =K ()l < 1T=Qun) (Kin(Qup) =K (0) =K1 (9)(@Qnp — )|
I = Qu)K (0)(Qnep — ©)llso- (4.7)

Recall from (2.7) that
K (Qnep) = Km () = K1, (0)(Qnep — @) = R(Quep — ),

where

R(Qne —¢)(s) = /O Ky (@ +0(Qnp — 9))(Qnp — 9)*(5)(1 — 6)d6.
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Let
Cy=max sup ’D(O’l’l)él(s,t,u) , sup D(O’l‘l)ég(s,t,u)‘ }
0<t<s<1 0<s<t<1
[ul<ll¢lloc+d0 [u<Tl¢lloc+d0

It can be checked that
K (910(Qup—0))(Qup—9)*(5) = > _((I=Qn)on.s (I = Qui)¢)*) 5,
Jj=1

where for a fixed s € [0, 1],

2K/
Un,s(t) = Un(sat) = % (S7t’ Qo(t) + Q(Qn@ - (P)(t)% te [07 ”'

If s = t; for some i, then for all j and if s € (¢;_1,t;) for some 4, then for j # i,
(I — Qn,J)UW @”A 00 < C5Cgh.

We then obtain  ||K7}, (¢ + 0(Qne — ©))(Qnp — ¢)? ||Oo = O(h3). Tt follows
that

(I = Q) (K (Qnp) = Kin(9) = K (0)(@np = )|l = O(RY). (4.8)
Using the estimate (4.2) of Proposition 6 and (4.7), we thus obtain
IKm () = Kol (@)oo = O(R?).
The required result follows from (4.6) and the above estimate. 0O

Theorem 4. Let r be of class G2(2,0) and f € C?[0,1]. Let ¢ be the unique
solution of (1.2) and assume that 1 is not an eigenvalue of K'(p). Let X,, be
the space of piecewise constant functions with respect to the partition (2.9) and
Qn : L™[0,1] — X, be the discrete orthogonal projection defined by (4.1). Let
ZM be the discrete iterated modified projection solution defined by (2.17). Then

1ZM — ¢]|oo = O(max{/~12,h4} ) . (4.9)
Proof. Recall from Section 3.3 that
B —om = K(em) (2" = @m) + Oz = wll2)-
Hence by Theorem 3,
2 = om = K (om) (20" — om) + O(max{h2 h3)? ) (4.10)

We now obtain estimates for the three terms in the expression for K, (¢, ) (224 —
©m) given in (3.15). Note that

1o (m) = Kol (em)llso < I = Qu)(Kin(Qupm) = Kin(om)
— Ko (m)(@npm — om))lloo + (1 = @)Ky (0m) (Qnm — m)lloo- (4.11)
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Recall from (2.7) that
Un =K (@nem) = K (m) = Kpp(0m) (@uem = om) = R(Qnpm — @m)-
Now proceeding as in the proof of Theorem 3, we obtain
lgalle = I1R(@ugm = o)l = O(max {72, 1°}).
Note that
1K, (m) (I = Qn)ynlloo < Crllynlloch = O (hmax {iﬂ, h3}) L (412)
Using (4.3) it can be seen that
1K (@) (I = Qu)Kr (0m) (I = Qn)emlloe = O (h*) -
Thus, from (4.11), (4.12) and the above estimate, we obtain
1K (9m) (Ko (om) = K (o) oo = O(hmax {R2, 07 }) . (4.13)
We recall the following result from Proposition 4:
i) - K2 Gom) - (R2) (omlad = o)

< Cs |2 = om|’. = 0<max{i32, h3}2) . (4.14)

o0

Note that
110 (2m) (K1) (2m) = Ko (0m) || = O(R).
Hence
1K (o) (KN) (0m) =Kl (0m)) (20 =) . = O(hmax{h? h*}). (4.15)
We thus obtain the following estimate using (3.15), (4.13)(4.15):
17 (0m) (28" = m) oo = O(hmax{h?®, h*}).

From (4.10) it follows that [|Z} —¢[|c=0(h max{h?, h?}). Since [|o—@m|loo =
O(h?), the required result follows. O

Remark 2. It can be shown that

125 = ¢loe = O (h), Iz = @llos = O (h?). (4.16)
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5 Numerical results

For the sake of illustration, we quote some numerical results from Grammont
et al 7] for the following example considered in Atkinson-Potra [3].
Consider

2(s) — /O k(s 1) [F (¢ 2()] dt = /0 K(s, )2, 0<s<1,  (5.1)

where
1-s)t, 0<t<s<1, 1
K(s,t) = (1-5) ° and f(t,u) = ——
s(1—t), 0<s<t<l, I+i+u
: t(1—1). : .
with z(¢) so chosen that p(t) = R the solution of (5.1). In this example,

r can be chosen as large as we want.

5.1 Piecewise constant functions (r = 0)

Let X, be the space of piecewise constant functions with respect to the partition
(2.9) and @, : L*°[0,1] — X, be the discrete orthogonal projection defined by
(4.1). The numerical quadrature is chosen to be the composite Gauss 2 rule
with respect to partition (2.1) with m = n? subintervals. Then h = hZ.

In Table 1 and Table 2, the computed orders of convergence in the dis-
crete Galerkin, discrete iterated Galerkin, discrete Modified Projection and
the discrete iterated Modified Projection methods are denoted respectively by
da, 0g, Oy and Orps. It can be seen from Table 1 that the computed values
of order of convergence match well with the theoretically predicted values in
(4.5), (4.9) and (4.16).

Table 1. Piecewise constant functions

no o=zl dc  le—zill s lle—z'llee  om e —ZVlleo  drm

1.22e—1 8.40e—3 4.34 x 1073 5.23 x 1073

8.65e—2 0.49 2.35e—3 1.84 4.31x10~* 3.33 3.14x10~* 4.06

5.09e—2 0.77 6.22e—4 1.92 528 x 1075 3.03 1.89x107° 4.05
16 2.70e—2 091 1.59e—4 1.96 6.92x1076 293 1.36x10"6 3.80
32 1.33e—2 1.02  4.02e—5 1.98 838x10~7 3.05 4.55x107% 4.90

5.2 Piecewise linear functions (r = 1)

Let X,, be the space of piecewise linear polynomials w.r.t. the partition (2.9)
and @, be the discrete orthogonal projection defined by (2.12). We choose the
composite Gauss 2 point rule with n? intervals for the Galerkin methods and
the composite Gauss 2 point rule with n3 intervals for the modified projection
methods. In the latter case h% = hS.

Math. Model. Anal., 25(3):421-440, 2020.
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Table 2. Piecewise linear functions

n o le=pGlle da  lle—enll b5 lle—@Mleo  Sm e =@M llo  Srm
1.32e—1 4.97e—3 1.54 x 10~3 1.34 x 10~3
4.98¢e—2 1.41 4.46e—4 348 1.12x10~* 3.78 1.89x1075 6.15
1.58e—2 1.66 3.89e—5 3.52 1.06x 1075 340 2.48x10~7 6.25

16 4.51le—3 1.81 3.15e—6 3.62 9.10x10~7 354 292x107Y 6.41

It can be seen from Table 2 that the computed values of the orders of

convergence match well with the theoretically predicted values in (3.11), (3.13)
and (3.20).
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