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Abstract. In this paper we prove local interior and boundary Lipschitz continuity
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1 Introduction
We consider the following problem

Find (u,x) € WH4(£2) x L°°(£2) such that:
i) 0<u<M, 0<x<1, u(l—x)=0 ae. in 2, (1.1)
i) Agu=—div(xyH(x)) in (Wg*(Q)),

where {2 is an open bounded domain of R", n > 2, = (21, ....,2,), M is a

¢
positive constant, A(t) = / a(s)ds, and A, is the A-Laplacian
0

Aqu = div(a(||vV$|)Vu)

Copyright (© 2020 The Author(s). Published by VGTU Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original author and source are credited.


ISSN: 1392-6292
https://doi.org/10.3846/mma.2020.10659
mailto:abdeslem.lyaghfouri@aurak.ac.ae
mailto:schallal@glendon.yorku.ca
http://creativecommons.org/licenses/by/4.0/

Regularity Results 339

with @ a C! function from [0,00) to [0, 00) such that a(0) = 0 and satisfies for
some positive constants ag, a;

<a;  Vt>0. (1.2)

The reader will find a variety of examples of such functions in [13]. As a
consequence of (1.2), we have the following monotonicity inequality [10]

(a(lfl) a(l¢])
iy €l

The operator A, is a generalization of the p—Laplacian (a(t) = t*~1, p > 1),
which is itself a generalization of Laplace operator (a(t) = t). If we further
allow the function a to depend on z (see [14,26]), our results can be extended
to include more operators like the so-called p(x)—Laplacian when a(t,z) =
tP@) =1 with p(z) a continuous function such that p; > p(x) > p_ > 1 for
all z in {2, where p_ and p, are two positive numbers. However, in order to
avoid complicated calculations, we will restrict ourselves to the case where a is
independent of x.

H = (Hy,...,H,) is a vector function that satisfies for a positive constant h

é‘,

)= >0  vECeR\{0}, ££¢  (13)

|H|oo < h, (1.4

|div(H)|s < h. (1.5)

For the definition of the Orlicz-Sobolev space W14(£2) and its norm, we
refer for example to [13]. Wy (£2) is the closure of D(£2) in WhA(£2) with

respect to its norm.

Remark 1. (i) We call a solution of problem (1.1) any pair of functions (u, x) €
WHA(02) x L=(£) that satisfies (1.1)é4) in the following weak sense

a(|Vul) _ 1,4
/Q( Yl Vu—i—xH(x)) Nidx =0 V(e Wy~ ().

(1) For the existence of a solution of problem (1.1), one usually needs to impose
some boundary conditions on 942, which are typically a mixture of Dirichlet and
Neuman conditions. Then under assumptions (1.2) and (1.4), one can prove
existence of a solution to problem (1.1) by arguing as in [16,17,20,21,23]. The
main idea consists in solving an approximating problem using Schauder fixed
point theorem, and then passing to the limit using adequate estimates.

Among free boundary problems that fit in the problem (1.1) setting, is
the dam problem (see [4,5,8,12,20,21,22,23], which consists in studying the
filtration of a fluid through a porous medium {2 C R™, where we look for the
fluid pressure or hydrostatic head pressure inside {2 and the saturated region
represented by a function that lies between 0 and 1. The classical formulation
of the dam problem assumes that the flow is governed by Darcy’s law i.e.

v=—a(z)(V(u+z,)) = —a(z)(Vu + e),
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where w is the fluid pressure, e = (0, ...0,1), v is the fluid velocity and a(zx) is
the matrix permeability of the porous medium. In this case equation (1.1)ii)
reads (see [17,20])

div (a(x)(Vu+ xe)) =0 in H*(Q).

It is well known that Darcy’s law fails to hold for non-Newtonian fluids in
which case it is substituted by a power-law of the form v = —k|Vu|P~2Vu,
where u is the fluid hydrostatic head pressure=fluid pressure+x,,, v is the fluid
velocity and k is a positive constant. If we set g = 1 — x, then equation (1.1)4)
reads (see [4])

Apu—div(ge) =0 in WLP(Q).

In order to take into account the heterogeneity of the medium and the
non-Newtonian flow, the following generalization of the above power-law was
proposed in [21] (see also [5,12,22,23]): v = A(z, Vu), where A is a vector
function from 2xR™ to R™ such that A(., §) is measurable, A(z, .) is continuous
and monotone, A(z,£).& > NP and |A(z,€)| < A|¢P~! for ae. z € 2
and all £ € R™, for some p > 1 and A\, A > 0. In this case, (1.1)ii) reads
(see [5,12,21,22,23])

div (A(x, Vu) — gA(x,e)) =0 in W12 (Q).

Another application of problem (1.1) arises from the lubrication problem
(see [1,2]) which describes lubrication with cavitation in bearings. The classical
formulation of this problem assumes that the flow in a rectangular domain {2 is
governed by Reynolds law i.e. div (h®(x;)Vu) = h/(x1) in {u > 0}, where u is
the fluid pressure, and h(z1) is the gap between the bearing and the shaft. In
this problem there are two unknowns, the fluid pressure u and the fluid relative
thickness 0 < x < 1. If e; = (1,0) then Reynolds law and the incompressibility
of the fluid lead to the following version of (1.1)ii) (see [1,2])

div (h?(x1)Vu — h(x1)xe;) =0 in H1(Q).

One more application of problem (1.1) is the thermoelectrical modeling
of aluminium electrolysis (see [3]). This model is based on the Fourier law
q = —k(z)VT, where T is the aluminium temperature in an electrolytic cell
section materialized by a bounded domain §2 of R?, q is the heat flux and k(x)
is the thermal conductivity. Assuming that T is the solidification temperature
of aluminium, then the problem consists in finding the function u =T —-T > 0
and a function 0 < x < 1 that describes the region occupied by the liquid
phase {u > 0}. If h(z) represents the heat flux through the free boundary
O{u > 0} N £2, then the Fourier law and the conservation of energy equation
lead to the following version of (1.1)i%) (see [3])

div (k(x)Vu+h(x)xe;) =0 in HH(Q).

For a more general framework, we refer to [6,7,9,11,15,24]. In this paper
we generalize results from [9,11] for the p-Laplacian and results in [6,7] in the
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linear case. Regarding the problem with a Newman boundary condition, we
refer to [17] for the dam problem, and to [25,27] for a more general framework.

In the first part of the paper, we show interior and boundary Lipschitz conti-
nuity. In the second part, under more assumptions on H including div(H) > 0,
we establish that the free boundary is represented by a family of lower semi-
continuous functions.

Throughout this paper, we shall denote by B,.(x) an open ball with center
x and radius r. If the center is not given, it will be assumed to be the origin.

2 Interior and boundary Lipschitz continuity

The first result of this section is the following interior regularity.

Theorem 1. Let (u, x) be a solution of (1.1). Then u € C2(£2).

loc

We observe that since H € L .(£2), we have u € Cloo’ca(()) for some o € (0,1)
[10]. Consequently the set {u > 0} is open. Moreover, we have A u = —div(H)
in D'({u > 0}) and div(H) € L2 (). So we have u € C’llo’f({u > 0}) for some

B € (0,1) [19]. Therefore to prove Theorem 1, it is enough to investigate the
behavior of u near the free boundary. This is the object of the following lemma.

Lemma 1. Let g = (zo1, ..., Ton) and r > 0 such that B,(xg) C {u > 0},

B (x0) C 2 and OB, (x9) NO{u > 0} # 0. Then there exists a positive constant

C depending only on n, h, ag, a=*(h), and 5(£2) (the diameter of 2) such that
SUDRy(mg) 4 < CT

Proof. We start by applying Harnack’s inequality (see [19], Corollary 1.4):

sup u < C( inf w4+ ra '(h(£2))),
B, /2(z0) B;./2(w0)

where C is a positive constant depending only on n, ag and a;. Therefore, to
prove the lemma, it will be enough to establish the inequality

~min u < Cr.
B, /2(x0)

Since B,(x¢) C §2, then for € € (0,7) small enough, we have B, (x¢) C 2,
and we can define the following function in the circular ring D = Byi(xg) \
B, j2(x0): v(z) = k:(e_a”2 - e‘a(”‘e)g), where

m

=z —xo|, k= , m=_min u,
=l ol e—ar?/4 _ g—alr+e)? B, /2(w0)
a=r/r*, k=2(1+n/a).
We claim that
Aqv > a(|Vu])/p in D. (2.1)

Indeed, we first observe that

_a(|Vvl) 9 a'(|V|) B dv v 0%
Aav =g {Ivo A”*(mwo Vel 1)§axiaxj axiaxj}' (2:2)

Math. Model. Anal., 25(3):338-350, 2020.
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Moreover, we have

Vv = —2ake " (xr —x0), |Vv|= 2akpe*°‘p2,
Av = —2ake " (n — 2ap?),

82’1) —ap?
00, = —2ake” <5ij — 2a(x; — xoi)(z; xoj))
Z v ov  d%w —(2ak)p _3ap2(1 ~ 90p?).

dx; Ox; ;i 8mJ

Taking into account the fact that
K K (T2 K
1—2ap® =125 2<1—27(7) —1-%<0
op I r2\2 2 <%
we get by substituting the above formulas in (2.2)

_aa,2 0(|[Vv a' (|Vou
Aqv = —(2ak)3p2e=3° |(Vv|3|) {n -1+ a((|Vv|)) |[Vol(1 — 2ap2)}

> —(2ak)3p2e=30¢" “'VVTQ {n —1+ap(l— g)} by (1.2)

a(|Vv)) |vv|
S (e - 5)) =

Hence (2.1) holds, which leads by using (1.5) to

Axv+div(H) > a(|Vv])/p—h

1 ko me Ete’

r —
(r+ G)a(2ri2'e*% _ e a(rte? 5) —h=6(r). (2:3)

v

5 (r+e)?

K
o If 6(r) <0, then a(;.e’% —eiﬁ(r%y)

e — 0, we get a(g.L) < hr < hé(£2), which leads to

< h(r+¢), and by letting

m < a_l(ﬁé(()))(eir = C(n,a,h,5(02))r
and the lemma follows.

o If A(r) >0, we deduce from (2.3), since (v —u)t € Wy*(D) and
(v—wu)*t >0, that

/(a(||vvv|l)v +H(2)) V(v —u)" <0, (2.4)

From (1.1)(4i), we also have

[, S ) S = o (25)
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Subtracting (2.5) from (2.4), we get

(1(|V’UD U_(I(|V’U,D u U—U+ i - T v—u+ T
/D( Vol V|Vl V)'V( )7d S/D(X 1 H (z).V(v—u)"dz,

which can be written by using (1.4) and the fact that x = 1 a.e. in {u > 0}

/ - (a(|vv‘)Vv - a(|vu|)Vu).V(v —u)tdz
DN{u>0

|Vl |Vul

< / (x — 1)H(z).Vudz — / al([Vv]) |VU\2dm
DA{u=0} prfu=0} |V

< / V| (h = a(|Vv]))da.
Dn{u=0}

If/ [Vo|(h — |a(|Vv|)])dz < 0, then we would get by taking into account
Dn{u=0}
(1.3) that V(v —u)™ = 0 in B,(zg). Since (v —u)™ = 0 on dB,.(xp), this leads
to v <win DN B,(zo).

Given that v > 0 on 8B, (zo) and B, (z) N d{u > 0} # ), we would get a
contradiction. Hence

/ [Vo|(h = a(|Vv]))dz > 0. (2.6)
Dn{u=0}

Since |Vv| = 2kape=>?" and k > 2, we have

9 \9u] = 2kae=" (1 - 2wLo) < 2hae= (1 — x/2) < 0
d—p| v| = 2kae (1- /@T—Q)_ ae (1-k/2) <.

Therefore |Vo| is non-increasing with respect to p. It follows then from (2.6)

that a(\Vv|)|OBT+E(IO> = a(2ka(r + €)e=*+9*) < T ie.
2mk(r + €)e~r+o? 17
r2 (efar2/4 _ efa(rJre)Q) <a ( )
2 - —

Letting ¢ — 0, we obtain % < a~!(h), which leads to

rie~r/% —e™F

-1(p

m < a4 2/{5 )(63”/4 1)r=C(h,k,a)r
O

Proof. (of Theorem 1) The proof is based on Lemma 1 and arguments similar
to those in the p-Laplacian case [11]. In particular, we use the scaling function

v(y) = u(xo + Ry)/R for y € By,

Math. Model. Anal., 25(3):338-350, 2020.
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which satisfies the equation
Ayqv = —R(divH)(a:o + Ry) in By if BR(l‘o) C {u > 0}

Then by applying the estimate from [19], Theorem 1.7, we get for some positive
constant C'(n,a, M, R) that supp,  [Vv| < C(n,a, M, R). O

Now we assume that © = 0 on a nonempty subset 7" of 2, and we study the
Lipschitz continuity of v up to T'. To this end we assume the uniform exterior
sphere condition satisfied locally on T i.e. for each open and connected subset
SccT

JR>0 suchthat VyeS 3zeR"\ N2 Bgr(x)NS={y}

Without loss of generality, we can assume that R < $dist(S,002\T) > 0,
where dist is the distance between two sets. Then we state our second result.

Theorem 2. For any solution (u,x) of (1.1), we have u € Cy2t(2UT).

The proof of Theorem 2 is based on Lemma 2. The rest of the proof will
be omitted, since it can be easily obtained using arguments similar to those in
the proof of Theorem 1 [11] and taking into account the above remark at the
end of the proof of Theorem 1.

Lemma 2. Let S be an open connected subset of T such that S CC T. Then
there exists a positive constant C depending only on n, a, M, h, 5(£2) and R
such that

u(z) < Cle—y| Vee2 Vyes.

Proof. Let y € S, z = y+ Rv, where v is the outward unit normal vector
to 02 at y such that Br(z) N 92 = {y}. Then we consider the function
v(z) = 9(d(z)), where d and ¥ are given by d(z) = |z — z| — R,

a(t) = /Ota—l((a(ﬂg) + E—R)e%lw—ﬁ - LRl)ds and D = §(12).

n—1 n —
Then it is easy to verify that the following properties of ¢ hold:

9(0) =0, 9(R) > M and for all ¢ € [0, D],

(o2 + n_l)e"};w—n_ﬂ)w, i
9'(D) = %Sw)s#@)ﬂ‘l(“(%) nhi)enw_nhi)
—1

a(¥'())90"(t) +

We also have
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a<||Vvv)V = a(¥'(d(x)))Vd(z), od _ 1 (w; — 2;)?

92 -z e—eP

v v 2 2
(o2 - a'(ﬁ’(d(m)»ﬁ”(d(x))( o)+ ald'(de)) g

m o (d(x))).

Aqv = d (9'(d(2)))9" (d(x)) +

|z — Zl
Therefore, since |x — z| > R for all x in {2, we obtain
Apv+div(H) <0 in S (2.7)
Next, we claim that
u(z) < v(x) for all z € 012 (2.8)

Indeed, for z € T, we have u(z) = 0 < v(z). For z € 02\ T, we have
|l —y| <|z—z2|+]z—y| =|xr — 2|+ R, which leads to |z — 2| > [z —y| — R >
dist(S,02\T) — R > 3R — R = 2R. Hence we get v(z) > $(R) > M > u(x)
on 0N\ T.

Now thanks to (2.8), we have (u —v)" € Wol’A(Q). Using this function in
(1.1)i¢) and in (2.7), we obtain

a(|Vul) o e o
/Q [Vl Vu.V(u—v)" = /XH( ).V(u—v)tde,  (29)

(|Vv|) + x ufv +dz.
/ o Vou.V(u d </H ytde.  (2.10)

Taking into account that y = 1 a.e. in {u > 0} and adding (2.9) and (2.10),
e ebrai (Vuo, _ a(ve)
a(|Vu a(|Vv n
— . — dr <0
/Q ( V] Vu Vol Vv) V(u—v)Tdz <0,

which leads by (1.3) to V(u —v)T = 0 a.e. in 2, and therefore (u — v)* is
constant in 2. Since u < v on 0f2, we get u < v in 2. We conclude that for
all z € 2 and y € S, we have

u(@) < v(@) = [o(@) ~ v(y)| < swp [Vo(@)lle — yl < ( sup I'(®))Je ~y]
e t€(0,D]
= ’19/(0)|J3 - y| = C’(n,a,M,H,D,RHx - y‘

0O

3 The free boundary

In this section, we assume that the vector function H satisfies the following
assumptions for some positive constants i and h:

0<h<H,<h ae inf2, HecC"(2), (3.1)
div(H) >0 a.e. in .

Math. Model. Anal., 25(3):338-350, 2020.
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By using min (u/e, 1)( with ¢ € D(£2), ¢ > 0 as a test function for (1.1)iz) and

arguing as in [7], one can establish the following important inequality:
div(xH) — x({u > 0})div(H) <0 in D'(Q). (3.3)

As a consequence of (3.3), we will derive a weak monotonicity of the function
X, that will be used to express the free boundary as a union of graphs of a family
of functions. More precisely, we consider the following differential equation

X’(t,w,h) = H(X(taw7h)>7
(B(w, h)) { X(0,0,h) = (w,h),

where h € 7, (2) and w € 7w (2N {x)y, = h}), 2" = (1, ..., Tn-1), T and 7w,
are respectively the orthogonal projections on the hyperplane {x,, = 0} and the
xn-axis. Then we denote by X (.,w, h) the maximal solution of E(w, h) defined
on the interval (a_(w, h), oy (w, h)). We deduce from (1.4) that we have

‘X(t17w7h) - X(tg,w, h)| S E|t1 - tQ‘ th,tg € (a,(w,h),aJr(w,h)).

It follows that the limits lim X(t,w,h)and lim  X(¢,w,h) both exit,

t—a_ (w,h)t t—ay (w,h)~
which we shall denote respectively by X (a—(w, h),w, h) and X (o (w, h),w, h),
and observe that we have necessarily X (a_(w, h),w,h) € 02N {x, < h} and
X(ay(w,h),w,h) € 02N {x, > h}.
For simplicity, we will drop the dependence on h in the sequel. Now, we
recall for the reader’s convenience the following technical properties and defi-
nitions established in [7]:

e a4 and a_ are uniformly bounded.
e For each h € 7, (£2), we define the set
Dy ={(t,w) /w € mar (2N {zn = h}), t € (a—(w),ay(w))}
and consider the mapping

Th : Dh — Th(Dh),
(t7w) — Th(taw) - (Téa -"aT}?)(taw) - X(taw)'

o ()= |_| Tn(Dy), T is one to one, T} and T{l are COL,
hemy, (2)

e The determinant Y}, (¢t,w) of the Jacobian matrix of the mapping T},
satisfies:

i) Yi(t,w) = ~Hy (. h) exp ( /O t(divH)(X(s,w))ds) ae. in Dy,

ii) h < ~Y,(t,w) < Ch, C >0, ae. in Dy,.
Using (3.3) and arguing as in the proof of Theorem 1 of [7], we can establish
the following monotonicity of x

%(XQTh) <0 inD'(Dy). (3-4)
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Property (3.4) means that y decreases along the orbits of the differential
equation (E(w,h)). The consequence on u is materialized in the next key
theorem which is the main idea in the parametrization of the free boundary.

Theorem 3. Let (u,x) be a solution of (1.1) and xo = Ty (to,wo) € Th(Dp,).
i) If uoTy(tg,wo) >0, then there exists € > 0 such that

woTh(t,w) >0 V(t,w) e Cc={(t,w) € Dy / |w—wo| <€, t <tg+e}
i) If uoTy(to,wp) =0, then woTh(t,wp) =0 Vit > to.
To prove Theorem 3, we need the following strong maximum principle.

Lemma 3. Let u € WHA(U) N CY(U) N C°(U) such that uw > 0 in U and
Aau <0 inU. Thenu=0inU oru>0inU.

The proof of Lemma 3 follows from the next Lemma 4 as in [18] p. 333.

Lemma 4. Let u € WHA(U) N CYH(U) such that Aqu < 0 in U and u(xg) <
u(z) for all x € U, where zg € 8BR(:E1) and Br(x1) C U. Then the outer
normal derivative of u at xo, satisfies 9%(zq) < 0.

Proof. We consider the standard function v defined by
’U(:L‘) = e_(“'2 - e—aR2 forx e D= BR(C,Cl) \ER/Q(-’I::[),

where r = |z — 21| € (R/2,R), a = k/(R/2)? = 4x/R?, and & is a positive
parameter such that 3 < x < 2 (1 + =2

Let e= min (u—wu(zg))/ max v >0, and observe that
OBRy2(x1) OBR/2(z1)
ev < u — u(xp) on 0D. (3.5)

To establish the Lemma, we will compare u — u(zg) with respect to ev. We
claim that
Ag(ev) > alelVo])/r >0 in D. (3.6)

Indeed, we first observe from (2.2) that

_a(e|Vv)) 9 a’(e| Vv ov v 9%
Aaev)= [Vo|3 {|V | Av+< a(e|Vv |6V1}| )Z&rz Oz 89:143%}‘
(3.7)
Moreover, we have
Vu= — 2ake " (x—x1), |V11\:2047“670”2, Av= — 2ae™°" (n — 2ar?),
827.) 7@7‘2
8@-835]» = —2ae (51] — 20[(1’1 — Ili)(xj — xlj));
2 2
Z Qv Ov 07 = —(2a)%r%e739 (1 — 2ar?).

i 6.%1 6xj 61‘2833]

Math. Model. Anal., 25(3):338-350, 2020.
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Taking into account the fact that
K K RN\2

1- 202 =1-22 2<1_27(7) —1-2:<0

o 2 =TT R2)2\2 e

we get by substituting the above formulas in (3.7)

Ap(ev) = (2a)3r26_3a’"2(m{n -1+ CMKVM(I - 2ar2)}
> (2&)3T263M2W{n —1+4ap(l— g)} by (1.2)
LA gy - ) 5 ST

Hence (3.6) holds. Using (3.6) and the fact that A u < 0, we obtain
Ap(ev) > 0> Ay(u —u(zo)) in D. (3.8)

Now taking into account (3.5) and (3.8), and using the weak maximum principle
for the A-Laplacian, we get

ev < u — u(xp) in D. (3.9

To conclude, let v be the exterior unit normal vector to Bgr(x1) at z9. We
infer from (3.9) for ¢ positive and small enough so that zo — tv € D

u(zog — tv) — u(xo) < ev(xo —tv) — v(mo).

t - t
Letting ¢t — 0, we obtain
ou ov
—a(ﬂfo) > 6-( - 5(330)),
ou ov

- _ —aR?
% (rg) < S (zo) = e.(—2aRe ) < 0.
d

Proof. (of Theorem 3) It is enough to verify 7). By continuity, there exists
€ > 0 such that uoTy(t,w) > 0 V(t,w) € (to — €,to + €) X Be(wp) = Q..
By (1.1)7), we have x0T} (t,w) =1 for a.e. (t,w) € Q.. Using (3.4) and the
fact that xoT, < 1, we get xoTp =1 a.e. in C, i.e. x =1 a.e. in Tp(C,).
From (1.1)i7) and (3.2), we get Aqu = —div(H) < 0 in D' (Tx(C.)). Given
that w > 0 in 2 and u > 0 in T3(Q.) C T,(C,), we conclude by Lemma 3, that
u>0in Tp(Ce). O

Remark 2. Thanks to Theorem 3, we can define for each h € m, (£2), the
following function on 7,/ (2 N {z, = h}):

sup{t : (t,w) € Dy, woTy(t,w) >0},
bn(w) = if this set is not empty,
a_(w), otherwise.
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Then one can easily check as in [5] that ¢, is lower semi-continuous at each

w € mp (2N{x,, = h}) such that T (ép(w),w) € 2 and that {uwoT}(¢,w) > 0}N
Dy, = {t < th(w)}
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