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Abstract. We investigate the behavior of the real part of the logarithmic derivatives
of the Selberg zeta-functions Zpgr,(2,7)(s) and Zc(s) in the critical strip 0 < o < 1.
The functions Zpgy,(2,z)(s) and Zc(s) are defined on the modular group and on the
compact Riemann surface, respectively.

Keywords: Selberg zeta-function, modular group, compact Riemann surface, Riemann

zeta-function, critical strip.

AMS Subject Classification: 11M36.

1 Introduction

Let s = o+it denote a complex variable. We start with the definition and some
properties of the Riemann zeta-function. For o > 1, the Riemann zeta-function
is given by the series

1

Q(S) = E7

n=1
and can be analytically continued to the whole complex plane, except for a
simple pole at s = 1 with residue 1. Trivial zeros of {(s) are located at the
negative even integers. The remaining, the so-called non-trivial zeros, lie on
the critical strip 0 < o < 1. The Riemann zeta-function satisfies the functional
equation

C(s) =2°7""1¢(1 = s)I'(1 — s) sin %S,

or £(s) = &(1 — s), where £(s) = 3s(s — 1)m~*/2I"(5/2)((s), and I'(s) denotes
the Euler gamma-function. The function £(s) is an entire function whose zeros
are the non-trivial zeros of ((s), see [19, §II].
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In the paper [11], it was proved the following relation between functions

¢(s) and &(s).

Theorem 1. The functions ((s) and £(s) satisfy, for |t| > 8 and o < 1/2, the

inequality
¢'(s) £'(s)
() < e

Sondow and Dumitrescu proved in [17] the following theorem for the func-

tion £(s).

Re

Theorem 2. The function £(s) is increasing in modulus along every horizontal
half-line lying in any open right half-plane that contains no its zeros. Similarly,
the modulus decreases on each horizontal half-line in any zero-free, open left
half-plane.

In the same paper, the following reformulation for the Riemann hypothesis
that all non-trivial zeros of ((s) lie on the line o = 1/2 was given.

Theorem 3. The following statements are equivalent:

L. If t is any fized real number, then |£(o + it)| is increasing for 1/2 < o < co.
IL. If t is any fized real number, then |£(o+it)| is decreasing for —oo < o < 1/2.
III. The Riemann hypothesis is true.

Later, Theorem 3 was reproved in [11] in a slightly different way.

Related properties of the functions {(s) and £(s) in the critical strip were
also investigated in [15].

In this paper, we ask whether Selberg zeta-functions have similar properties
as the Riemann-zeta function has in Theorems 1 - 3. Note that, for Selberg
zeta-functions, the analogue of the Riemann hypothesis is usually valid. We
consider Selberg zeta-functions for cocompact and modular subgroups.

Let H be the upper half-plane, and I" be a subgroup of PSL(2,R). Let I'\H
be a hyperbolic Riemann surface of finite area. The Selberg zeta-function Z(s)
is defined [5], for o > 1, by

oo

Z(s) =[] [T - NP~

{P} k=0

where {P} runs trough all primitive hyperbolic conjugacy classes of I', and
N(P) = a? if the eigenvalues of P are a and a~ !, |a] > 1. The Selberg
zeta-function has a meromorphic continuation to the whole complex plane [5].

If I'\H is a compact Riemann surface of genus g > 2, we use the nota-
tion Z(s) = Zc(s). If I' = PSL(2,Z), then we denote Z(s) = Zpsy(2,z2)(5)-
Similarly, as the Riemann zeta-function, the Selberg zeta-function Zpgy,(2,7)(s)
has a meromorfic continuation to the whole complex plane, and satisfies the
symmetric functional equation [8]

Z(s)=E52(1-5s),
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where

EZ(s) = Zpsn(2,2)(8) Zia(8) Zeu(8) Zpar(s),
and

S

[ (@2m)® 1/6 _ T
Zid(s) = < F(S) ) (F2<S>)1/3’ Zpar(S) - F(S)C(ZS)F(S + 1/2)257

Zou(s) =T (%)71/21“ (8 ; 1)1/2 r (g)fzﬂr (S Jg 2)2/3 . (1.1)

The function I'5(s) is called the double Barnes gamma-function, and is defined
by the canonic product

FZ(S:I):(2W);exp{_;_W}ﬁ{(l+2)kexp<—s+i>}7

k=1

where 9 denotes the Euler constant. The function I'»(s) satisfies the relations

L) p )= W

D) =1, I(s+1)=

see, for example [1], [16] or [20].

The function =(s) is an entire function of order 2, and has zeros at the points
s=1/2+ir,, n >0, where r,, = ’//\n_%v and 0 =g <A < A< A3 <---
are the eigenvalues of the Laplace operator [3], [7]. The function Zpgy,(2,z)(s)
has poles and zeros at the following points [6]:

Poles of Zpgy,(2,7)(s):
(1) s = 0; order 1,
(2) s=1/2—k, k> 0; order 1.

Zeros of Zpgy,(2,7)(s):
(1) s =1; order 1,
(2) s=—-6k—7j,k>0,7=1,2,3,4,6; order 2k + 1,
(3) s = —6k — 5, k > 0; order 2k + 3,
(4) s = p/2, where p are non-trivial zeros of {(s)),
(65) s=1/2+ir,, n > 0.

We prove the following theorem.

Theorem 4. There exists a positive number C such that, for t > C and 0 <
o<1/2,
=/
Re ‘: (S)
E(s)
Furthermore, if we assume the Riemann hypothesis for ((s), then there exists
a positive number C such that

<0.

Z! s =/
psL2,2)( ) < ReZ (s)

Re —
Zps,(2,2)(8) Z(s)
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fort>Cy and 0 < o < 1/4. Conversely, if

ZIIZ’SL(Z,Z)(S)

Re <0

PSL(2,Z)(5)

fort>Cq and 0 < o < 1/4, then the function ((s), for t > C1, has zeros only
foro=1/2.

Theorem 4 is proved in the next section. Below, we formulate a couple of
corollaries of Theorem 4. We also want to mention that a part of assertions of
Theorem 4 can be obtained following the proof of Theorem 6.1 in [12].

Corollary 1. For a fixed sufficiently large ¢, the function | = (o +:t)| is decreasing
for 0 < 0 < 1/2, and is increasing for 1/2 < ¢ < 1 with respect to o.

Corollary 2. If the Riemann hypotesis is true for ((s), then, for a sufficiently
large fixed ¢, the function |Zpgr,(2,z) (0 +it)| is decreasing for 0 < o < 1/4 with
respect to o.

Proofs of Corollaries 1 and 2 follow from Lemma 1, functional equation
Z(s) = Z(1 — s) and equality Z(3) = Z(s).

We return to Selberg zeta-functions attached to compact Riemann surfaces.
The function Z(s) is an entire function of order 2 [4, §2.4, Theorem 2.4.25]
and satisfies the functional equation [4, §2.4, Theorem 2.4.12]

Zo(s) = f(s)Zc(1 - s),

where

f(s) =exp (47T(g -1 /031/2 vtan(mv) dv)7

and g > 2 is the genus of a Riemann surface. The above functional equation is
equivalent to M(s) = M(1 — s), where

M(s) = Zc(s) exp (27r(g -1 /01/28 vtan Tv dv).

The Selberg zeta-function Z¢(s) has trivial zeros at s = 1,0,—1,—2,...,
non-trivial zeros on the critical line o = 1/2 and also, possibly, on the interval
(0,1) of the real axis, see [4, §2.4, Theorem 2.4.11] and [13]. In this sense, the
analogue of the Riemann hypothesis holds for Z¢(s). Moreover, the following
statement is true.

Theorem 5. There exists a positive number B such that the functions Zc(s)
and M(s), fort > B, 0 < o < 1/2, satisfy the inequality

Ze(s) _ M)
ReZots) < Rei(s)

Math. Model. Anal., 20(6):852-865, 2015.
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Note that a part of Theorem 5 is proved in [9], namely,
A
Zc(s)

for —¢c <o <1/2 and t >ty > 0, where ¢ > 0 is an arbitrary constant, and tg
is a constant depending on c.
A couple of corollaries follow from Theorem 5 for functions Z¢(s) and M(s).

<0

Corollary 3. For a fixed and sufficiently large ¢, the function |M (o + it)| is
decreasing for 0 < o < 1/2, and is increasing for 1/2 < o < 1.

Corollary 4. For a fixed and sufficiently large ¢, the function |Z¢ (o + it)]| is
decreasing for 0 < o < 1/2.

Proofs of Corollaries 3 and 4 are the same as proofs of Corollaries 1 and 2,
and Theorem 5 is proved in Section 3.

2 Proof of the Theorem 4

Before the proof of Theorem 4, we state one lemma.

Lemma 1. (a) Let f be a holomorphic function in an open domain D and
not identically zero. Let us also suppose Reé((;)) < 0 for all s € D such that

f(s) #0. Then|f(s)| is strictly decreasing with respect to o in D, i.e., for each
so € D, there exists 6 > 0 such that | f(s)| is strictly monotonically decreasing
with respect to o on the horizontal interval from sy — § to sg+ 9.

(b) Conwversely, if |f(s)| @
for all s € D such that f(s) # 0.

£/ (s)
s =0

The proof of the lemma is given in [11].

Remark 1. Of course the analogous results hold for monotonically increasing
|f(s)| and Re S) > 0.

Now we prove Theorem 4.
Proof of Theorem 4. First we prove that

Z! s =
psL(2,2)(5) - Rei(s),
Zpsi(2,z)(5) =(s)

Re t>C1>0,0<0<1/4.

From the equality Z(s) = Zpsi,(2,2)(5) Zia(5) Zei1(5) Zpar(s), we find that

Zi(s) | Ziu(s) | Zpar(s)
sz(s) + Zell(s) * Zpar(s)

Z'(s) Zpsi(2,7) (5
Z(s) ZPSL(2 z)(s

o PSL 2 Z)(S)
(

)

-
)

" Zpsiez)
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Hence, to complete the proof it is sufficient to show that
ReU(s) >0, t>C1>0,0<0<1/4.
By (1.1), we obtain
o 5+2) 2 ) 1))
7 1

+ %%(s) — V() -V <s + 2) - 2?(25), (2.1)

where ag = tlog2m +log % = 0.757..., W(s) = I"(s)/I'(s) and Wy(s) =
IY(s)/T ()

To prove the inequality ReU(s) > 0, we need to investigate the behavior
of the functions ¥(s), ¥a(s) and ¢'(2s)/{(2s) in the region 0 < o < 1/4 and
t > C7 > 0. For the function ¥(s), the estimate [10]

1 1
¥(s) :10g5*2*8+0 <|s|2) , |s| = oo, Jargs| <m—0 <,
holds. From this, we deduce that

1
Re?(s) =logt + O <t) , t— o0, |args| <. (2.2)

It is known [21] that, for —s ¢ N

Ij(s+1) 1 —log2m - k s
2V gy (s 1) = et 1)s — 142
Lot b+l 5 T (o+1)s kz::l sk
1+ log 2
=—¥+S—SW(S).

This and (2.2) show that

log 2

Res (s) = f‘fﬂ# + o+ (1—0)ReW(s — 1) + tIm¥(s — 1)

3+ log2 t 1
z—w—&—o—i—(l—a)logt—&—t m—arctan | —— | | + O [ =

2 o—1 t

3+ log2 t 1

= —# + 0+ (1—o0)logt+ tarctan <> +0 (t) (2.3)
o

for0 <o <1/4andt>C; > 0.
From the formula [2]

e =0T (1-2).

we obtain that

£\ 1
2(8)_;5_ )

p

Math. Model. Anal., 20(6):852-865, 2015.
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where the summation runs over all non-trivial zeros of the Riemann zeta-
function taken in conjugate pairs and in order of increasing imaginary parts.
If p = 5+ iy, then

g o8
Reel)= 2 T hrr

Btiy

If we assume the Riemann hypothesis, i.e., 8 = 1/2, then Re{(s)’/&(s) > 0 for
o >1/2, and Re€(s)'/&(s) < 0 for o < 1/2.
On the other hand, from the equation

E(s) = (s = D) ~*/2I (s/2+ 1) ((s)
we get

1 s 1 1
(s)—C(s)—l—z!I/(Q—i—l) 210g7r+871.
This yields that, for o > 1/2,
¢'(s)
¢(s)

¢
¢

1 1 1
Re > 3 logt — 5 log 2w + O (t> , (2.4)

and, for o < 1/2,

¢'(s)
¢(s)

In view of (2.1), (2.2), (2.3) and (2.5), we find that for ¢ — oo,

—Re

1 1 1
—logt — ~log2 - . 2.
>2ogt 5 log 7T—|-O<t> (2.5)

13 1 ¢ 1
ReU(s) = ag — 5 logt + gReWQ(s) - 2Rez(2s) +0 n
™ o 1 20411 t t ¢’ 1
=log-+—-—=-— 1 = — | —2Re=>-(2 -
0g2+3 5 5 ogt—l—garctan(G) Rec(s)—FO(t)
t t 542 1
> —arctan () _2t2e logt+c(o) + O () , (2.6)
3 o t
where ag = $log2m + log % and c¢(0) = log3 +  — 3. This shows that

there exists a constant C; > 0 such that ReU(s) is positive for ¢ > C; and
0 <o <1/4. Hence, fort > C and 0 < 0 < 1/4,

Z]/)SL(2,Z) (s)

Re
Zpsi(2,z)(8)

We note that the restriction of o < 1/4 is due to the zeros of the function {(2s).
Now we prove that
=
Re': (8)
Z(s)

<0
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for t > Cy and 0 < ¢ < 1/2. The function =(s) is an entire function of order
two. It has a canonical product expansion [14], [18]

(s) = e e (1 _ f) o519 /2) (/D) (2.7)
; p
p

where p runs over the nonzero roots of =(s), and a, b, ¢, and n are constants.
This implies

(84
N
Vo)
N
[\v]

—p)
n S 1 1
=2as+b+ —+ <A+A+ A>-
$ zp: pP?op s—p

If p=1/2+ir,, n > 0, then the latter sum splits into two parts: for those p for
which the numbers 1/2 + ir,, are real, and for those p for which the numbers
1/2+1ir,, are complex. There are only a finite number of real numbers 1/2+ir,,.
Then

[1]

n S
=2as+b+ — LA
(5 — 205 b+ S +§ﬁ:ﬁ2(s .

=
Z'(s) no o(1/4—7r2) +tr,
Re( =2a0+b+ 2+t2+ E

E(s) s (WA =rf)? 407
1/2 c—1/2
+ Z a2 n; 0 =122+ (t—r)?
1 o—1/2—ir,
. 2.8
+0<;n (1/24—27’") +1/2—|—irn+a—1/2—irn+t2> (28)

We see that the sum
o(1/4—r2)+try  o(1/A—17 1) +trpgia o(1/4—r3) +try

Z (1/4 n) +T72L B (1/4_Tn0+1) +rn0+1 n>ng+1 (1/4 rL) +7',%

n>ng

is positive and unbounded as ¢ — oco. Then, from equation (2.8), it follows
that there exists a number C' > 0 such that

for t > C and 1/2 < 0 < 1. By a note after Lemma 1, for fixed ¢ > C, the
function | Z(o +it)| is monotonically increasing as a function of 0, 0 < o < 1/2.
In view of the functional equation Z(s) = Z(1 — s) and =Z(3) = Z(s), the
function |Z (o + it)| is monotonically decreasing for ¢ > C' as a function of o,
1/2 < 0 < 1. So, the real part of its logarithmic derivative is negative, and the
second assertion of the theorem holds.

The statement that if

Zﬁsuz,z) (s)

<0
Zpsi(2,2)(8)

Re

Math. Model. Anal., 20(6):852-865, 2015.
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for t > C7 and 0 < o < 1/4, then the Riemann hypothesis is true, follows
straightforward from Lemma 1 and the fact that the function Zpgy,(27)(s) has
zeros s = p/2, where p are non-trivial zeros of {(s).

Recall that

=i (v (343) () 5 () )

+ %W2(s) — %W(s) 4 (S + ;) - 22/(23)’

where ag = %log 2w +1log 5 =0.757. ...
Corollary 5. 1f 0 < 0 < 1/4, then

ZESL@,Z)(S)

—Re
ZpsL(2,z)(8)

> Re(U(s))

t t 2 1
> garctan (0> - 5+6 7 logt+ c(o) + O <t>

holds. If 1/2 < ¢ < 1, then

le:’SL(Q,Z)(S)

—Re
Zpsi(2,z)(8)

< Re(U(s))

t (t) 54 20
< —arctan | — | —
3 o

1
logt +c(o) +O (t)
holds, where c(c) =log 1 + § — 3 and t — oo.
Proof. The first part of the corollary follows from the fact Re (£//Z(s)) <

0, 0 < 0 < 1/2, and inequality (2.6). The second part is obtained analogically.
O

3 Proof of Theorem 5

Proof of Theorem 5. Recall that the Selberg zeta-function attached to compact
Riemann surfaces satisfies the functional equation M(s) = M (1 — s), where

M(s) = Zc(s) exp (27T(g -1 /01/28 vtan v dv).

The function M (s) is an entire function of order two, and it has the same form
of canonical product expansion (2.7) as the function =(s). So, for ¢t > to > 0,
the function |M(s)| is monotonically decreasing with respect to 0 < o < 1/2.

Let
1/2—s
I(s) =exp (/ vtan v dv).
0
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To complete the proof, we need to show that
l/
Re () >0
I(s)
for 0 <o <1/2,and t > to. By elementary calculation, we obtain
U 1 1
Re <l((5))> = Re{(s 2) tan (2 — s>}
t(1 — e=47t) ( 1> 2e 2" gin 270
_ o —

T e—dnt _ g2t o5 270 + 1 2 ) e=4mt — 2e=27t cos 210 + 1
=t(14 o(1)),

as t — oo. Taking B = max(tg, fg) completes the proof.
In the same way the following corollary follows.

Corollary 6.1f 0 < 0 < 1/2, then

Z’(S) —2mt
_Rezg(s) >2m(g—1)-t- (140 (e7*™)), t— oo,

holds. If 1/2 < o < 1, then

Z/(S) —27t
—Rezg(s) <2m(g—1)-t-(14+0 (™)), t— oo,

holds.

Proof. Proof is the same as that for Corollary 5. O

4 Some remarks on the Riemann zeta-function

In this section, we present some remarks on the Riemann zeta-function ((s),
which could have been obtained proving Theorems 4 and 5.
Let, as above, p = 8 + iy be non-trivial zeros of ((s). Recall that

ISR 1
g(s)_zp:s_pv

where the summation is over all non-trivial zeros of the Riemann zeta-function
taken in conjugate pairs in order of increasing imaginary parts. Also,

Co=¢
¢ <

Comparing the latter equalities with
¢ 1 1_/s 1 1
ST B PAE b,
Q(S) s—1 2 2Jr JrXp: s—erp

Math. Model. Anal., 20(6):852-865, 2015.
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where b = log 2m — 1 — v9/2, we have [19] that

1 1
Zle—&—ﬁ—flogélﬂ'.
=P 2 2

The inequalities (2.4) and (2.5) give the bounds for the real part of the loga-
rithmic derivative of the Riemann zeta-function in the half-planes o < 1/2 and
o > 1/2, respectively. Assuming the Riemann hypothesis, allows to construct
more precise bounds. For this we need some lemmas.

Lemma 2. Let N(T') be the number of zeros of ((s) in the rectangle 0 < o < 1,
0<t<T. Then, as T — oo,

where R(T) = O(logT). If the Riemann hypothesis is true, then R(T) =
9] (1 lolg TT> )
oglog

The proof of the lemma can be found, for example, in [19].

Lemma 3. Fort > 1, the inequality

tant < & — 2
arctan —_ =
2 "o

holds.

Proof. We have that

T /°° dx /f dx N /O@ dx © arctant + /°° dx
JE— - _— _— arctan Y
2 o 1+ a2 o 1422 PR . 2+ a?

1
= tant + —.
arctant + %

a

Lemma 4. Let py = 1/24iv1, 71 = 14.134725. .., be the first non-trivial zero
of ¢(s). Then

Zl>110gt+0<1>
_ 2
A (-2 T2 %y t
and
1 1 t 1
s lg—+O(-
;1/4+(v+t)2 grt Bor t (t)

ast — o0.
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Proof. By Lemma 2, summing by parts, we get

1
Z 1/4+(77t)2

v>0

U U U 1

d|l—1log—— —+R Ol =

/7 14+ (u—t)? u—t) (27r 8 or T ox T (“)>+ (t2>
_ 1
2w
1

[, s o, e (i) o (a)
w0 ()

t
1 ")/1 du 1 t > d'LL 1

1o S T PSS - 40>
o g27r/11/4+(u—t)2+27T Og%/t 1/4+(u—t)2+ <t)

_ arctan(Z(t - '71)) log N + 1 log i + O <1>
- t

\/

2r 2 2T
1 t 1
>10g—&—0(>7 t — 00,
2 ’71 t

where the last inequality was obtained using that —7/2 < arctanv < 7 /2. This
proves the first part of the lemma.
Similar arguments and Lemma 3 show that

1 1 (" log(u/2m)du 1 [ log(u/2m)du 1
Z1/4 oy oY t)f%/% Vat(utd? 2m), Atz O (t)
n

1 1 t
> 5 log 57 (2arctan 4t — 2arctan(2(t — v1))) + o (m — 2arctan 4¢) log o
1 1
@) —log—+0 t .
+0(7)> gploege+0(7) 1o
O

It is well known that

B -5 B o—1
Re* *zp: = 2+(t—7)2 (0 —1)2+¢2

— iRe (LT/ (5 +1>) + %logw.

Assume the Riemann hypothesis. Then, in view of Lemma 4, we obtain

1 1
DV R R Dy wa

1 1
:Zm+zm

1
log — —1 — .
2og +8t0 +O(t> t— o0

Math. Model. Anal., 20(6):852-865, 2015.
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Using this and (2.2), we find that

g 1 3 o—1/2. t
—Re> ——|o—=)logt — ——"—log —
ReC (s) > 5 <U 2) og St 085

1 oc—1/2 1
— 510g27r+T/10g’71+0 <t>’
for 0 <o < 1/2, and

¢ 1 3 o—1/2  t
Reg_(s)< 5 (773 logt Bt 10g27r

1 —-1/2
10g27r+0/10g71+0<)
2 2
for1/2<o<1last— oo.
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