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Abstract. In [6] Beniani, Taouaf and Benaissa studied a coupled viscoelastic Lamé
system with strong dampings and established a general decay result. In this paper,
we continue to study the system. Assuming g¢;(t) < —&(¢)Hi(g:(t)), i = 1,2, we

establish an explicit and general decay result, which is optimal, to the system. This
result improves earlier results in [6].
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1 Introduction

In [6], Beniani, Taouaf and Benaissa considered the following coupled viscoelas-
tic Lamé system with strong dampings

¢
U + v — Acu + / g1(t — 8)Au(s)ds — p1 Auy =0, in 2 xRY,  (1.1)
0

t
v+ au — Agv + / go(t — 8)Av(s)ds — poAvy =0, in 2 xRT, (1.2)
0

u(z,t) =v(z,t) =0, ond2 xR, (1.3)
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A Coupled Viscoelastic Lamé System 227

where 2 C R? is a bounded domain with smooth boundary 9¢2. The constant
« is coupling constant, and 1, po are two positive constants. The relaxation
functions ¢1(t) and g2(t) are real functions. The elasticity operator A, is the
3 x 1 matrix-valued differential operator, which is given by

Acu = pAu+ (N +p)V(dive),  u = (ug,us,u3)"",
and p and A are the Lamé constants satisfying the following conditions
w>0, A+p>0.

In [6], the authors proved the well-posedness of solutions to problem (1.1)—(1.4).
Under the assumptions on g;(¢)

9i(t) < —&(t)git), i=1,2, V>0,
they established the general decay rates of energy of the form
E(t) <ce™” Jo £(o)ds

In this paper, we continue to consider problem (1.1)-(1.4), and improve the
energy decay results in [6] to establish explicit and general energy decay results
for a wider class of relaxation function.

For a single Lamé equation, Bchatnia and Daoulatli [4] considered a Lamé
system with localized nonlinear damping

upy — Aeu + a(w)g(ur) = f(z),

and established a general decay result of energy. Beniani et al. [7] studied
energy decay of a time-delayed Lamé system. With respect to Lamé system
with viscoelastic term, Bchatnia and Guesmia [5] investigated the system with
past history

uge — At + / g(8)Au(t — s)ds = 0,
0

and obtained a more general energy decay. When A 4 p = 0, the Lamé system
reduces to classical wave system. For the following wave equation

ugy — Au + /0 g(t — s)Au(s)ds = F(u), (1.5)

Messaoudi [17,18], by taking F = 0 and F = |u|Tu, v > 0, respectively and
assuming ¢'(t) < —&(¢)g(t), obtained general decay results. We also mention
Han and Wang [10], Liu [14,15], Messaoudi and Mustafa [16], Mustafa [24] and
Park and Park [28], where the authors get general decay of energy for prob-
lems related to (1.5) use this assumption on g. Lasiecka et al. [11] considered
another general assumption on g: ¢'(¢t) < —H(g(t)), where H is strictly convex
and increasing function and was first introduced by Alabau-Boussouira and
Cannarsa [2]. After that, there are some stability results established by using
this condition. See Cavalcanti et al. [8,9], Lasiecka et al. [13], Mustafa [23],
Mustafa and Messaoudi [27] and Xiao and Liang [30]. Very recently, in [25,26],
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Mustafa considered two classes of single wave equation and proved general and
explicit decay results of energy under a more general class of relaxation function
satisfying

g'(t) < =€(t)H(g(1)).

For coupled wave system, Han and Wang [10] studied a coupled wave system
with nonlinear weak dampings and finite memories. They proved local and
global existence and finite time blow-up of solutions. A general decay result
was established by Said-Houari et al. [29], and was extended by Messaoudi et
al. [19] to wave system with past histories. Messaoudi and Tatar [20] considered
a coupled system only with viscoelastic terms, and proved exponential decay
and polynomial decay results, which was improved by Mustafa [22]. Recently,
Al-Gharabli and Kafini considered the system in [20] and established a more
general decay result by using some properties of convex functions, see [1].

The main question which can be asked here is the following: Whether can we
get general and explicit decay rates for coupled Lamé system (1.1)—(1.4) under
the different more general assumptions of different relaxations? Motivated
by [6] and [25,26], in this paper, we intend to consider (1.1)—(1.4) with g(t) <
—&;(t)H;(g:(t)), i = 1,2, which is more general than the one in [6]. We establish
explicit and general decay of system (1.1)—(1.4). Hence we extend the results
of a single wave equation in [25,26] to coupled wave equations. It must to be
point out that the decay results established here are optimal exponential and
polynomial rates for 1 < ¢ < 2 when H(s) = s?, which improved the previous
known results for 1 < g < % In addition, the energy decay result established
in [6] is a special case of our result when the function H(s) is linear. Since the
decay result in the present work holds for A + p = 0, our result also improves
the ones in [1,20,22] and so on. Here the proof rely mainly on the construction
of a Lyapunov functional. We adopt the idea of Mustafa [25,26] and Messaoudi
and Hassan [21] and some properties of convex functions developed by Lasiecka
and Tataru [12] and Alabau-Boussouira and Cannarsa [2].

The rest of this paper is as follows. In Section 2, we give some assumptions
and our main results. In Section 3, we establish the general decay result of the
energy.

2 Assumptions and main results
In the following, the constant § > 0 is the embedding constant
Sllull® < IVull?, sllvl* < Vol
for u € H}(£2). We write || - || instead of || - ||2. The constant ¢ > 0 denotes a
generic constant.

We assume for ¢ = 1,2,
(A1) g;(t) : RT — RT are C! functions, which are increasing, satisfying

9i(0) >0 and pu —/ gi(s)ds =1; > 0. (2.1)
0
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(A2) There exist two C! functions H; : Rt — RT which are linear or are strictly

increasing and strictly convex functions of class C2(R*) on (0,7], r < g;(0),
with H;(0) = H/(0) = 0, such that

gi(t) < =&(t)Hi(gs(t)), Yt =0, (2.2)
where &;(t) are C! functions satisfying
&) >0, &#)<0, Vt>0.

Remark 1. It follows from (A1) that . ligrn gi(t) = 0. We know that there exists
—+o0

some t; > 0 large enough such that
gi(th) =r=gi(t) <r, Vix=ty.

For completeness, we give the existence of global solutions proved in [7].

Theorem 1. Suppose (2.1) holds. If the initial data (ug,ve) € [H?*(2) N
HY()]?, (ur,v1) € [L*(02))?, then problem (1.1)—(1.4) has a unique weak so-
lution (u,v) satisfying that for any T > 0,

u,v € C([0,00); [H*(2) N HY(2)]?), s, vr € C([0,00); [L2(2)]).

The total energy of system (1.1)—(1.4) is defined by

E(t) = ;{Ilut(t)IIQﬂLvt(t)||2+(%+u)IdiVU(t)IIZJr(/\Jru)lldivv(lt)l2

(= [ o) 19l + (1= [ mtoras) 90t

+(g1 0 Vu)(t) + (g2 0 Vv)(t)} +a /Q u(t)v(t)de,

where .
(gow)t) = [ glt = s)lwlt) —w(s) s
We give the following stability result.

Theorem 2. Suppose (A1) and (A2) hold. Let (ug,u1) € (H*(£2) N HL(£2)) x
L2(92), (vo,v1) € (H*(2) N HE(£2)) x L*(£2). Then the energy E(t) satisfies

t
E(t) < koH;* (kl/ 5(s)ds> , Vit>0, (2.3)
0
where k1, ko are positive constants.

Hi) = [ s, Hoft) = wind (0, H3(0),

and §(t) = min{& (t), &2(t)}-

Math. Model. Anal., 25(2):226-240, 2020.



230 B. Feng and H. Li
Corollary 1. Let H;(s) = sP(i = 1,2), i.e.,
gi(t) < —&()gi(t), 1<p<2.

Assume (A1) and (A2) hold, then we have

t
keXP<—k1/)£@ﬁB>,ifp::L
E(t)<q N V(=)
k<1+/§(s)ds> ,if 1 <p<2,
0

where k, k and k; are positive constants.

We end this section by giving two examples to illustrate explicit formulas for
the decay rates of the energy. One can find in [25,26].

Ezample 1. If g1 (t) = go(t) = e with 0 < ¢ < 1, then we know that g/(t) =
—H;(g:(t)) (i =1,2) where Hy(t) = Ha(t) = qt/[ln(l/t)]%fl. Since
(1-¢)+gln (%) "

Hi(t) = Hy(t) = R , Hi(t) = Hy(t) = N2 +1
[ (3)]" tln(4)]"
then the functions H; and Hs satisfy (A2) on the interval (0,r] for any 0 <
r < 1. Then we can get E(t) < cje” ",

)

1
Ezample 2.1t g1(t) = g2(t) = I with p > 1, then we have
[In(t +e) + p|
g1(t) = g5(t) = — T it T Clearly
[n(t +e) + p|

gi(t) = — (9:(t))-

(t+e)ln(t+e)
We infer from (2.4); that

! [In(t +e) + p) _ ‘
E(t) < crexp (‘62/0 (t+e)ln(t+e)ds> ~ ((t+e)n(t +e)p)ee

As ¢y <1, this is slower rate than g;(¢). On the other hand,

[In(t + €) + p]

(E))IE .
ol (9:(1))

gi(t) = —

By (2.4)2, we get for large ¢

E(t) <cs (H/O 1)t dS) S Grolmirop

This is the same rate as g;(t).
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3 Proof of Theorem 2

In this section, we will prove Theorem 2.

3.1 Technical lemmas

Lemma 1. (Energy identity)( [7]) The energy E(t) satisfies that for any
t>0,

B() = —mlVu®I? - ml VoI + 316} 0 Vu) ) + (g5 o Vo) 1)
5O ~ ST <0 (3.1)

As in [25,26], for any 0 < ¢ < 1, we define

_ [T gi) e
Cg,i—/o mds and hl(t)—ggz(t) gz(t)v 1_1,2_

Lemma 2. The functional ¢(t)
qb(t):/Qu(t)ut(t)dx—k/(zv(t)vt(t)—i—%/QWu(t)\gd:c—i—%/Q|Vv(t)|2da:,

satisfies for any t > 0,

J(0) < ~LIVu@I? ~ ZITo)” + Ol + o O]
“Ot @) ldiva(t)][? — A+ )| divo(6)]? + %’j(hl o Vu)(t)

+552 (hy 0 V(1) — 20 /Q u(t)o(t)de. (3:2)

Proof. From (1.1) we infer that

o=+ (- [ axas ) 19017 = (1= [ gt ) 19017

— O+ w)l|diva2 = (A + p)|divol® — 2a/ wvdz
2
+/9Vu(t)/0 g1(t — 8)(Vu(s) — Vu(t))dsdz

+ [ Vo) / go(t — $)(Vo(s) — Vo(t))dsda. (3.3)
(9] 0

Holder’s inequality gives us

Math. Model. Anal., 25(2):226-240, 2020.
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/ (/ \/Cglt—z_S) 1t —s)

2
x\/Cgl(t —8) — g1t —s)|[Vu(s) — Vu(t)|ds> dx

([ o) | [t

x|Vu(s) — Vu( )2dsdx < C¢1(hy o V). (3.4)

By Young’s inequality and (3.4), we deduce that

Vu(t) /01 g1(t — 8)(Vu(s) — Vu(t))dsdz

17}
ll 9 1 t 2
< 5“VUH + % Jo \ g1(t — 8)|Vu(s) — Vu(t)|ds | dx
it 2, Caa
< SlIVeul® + 30, (h1 0 Vu). (3.5)

Similarly,
t lo 2 OC 2
/ Vv(t)/ g2(t — s)(Vu(s) — Vu(t))dsdx < §||Vv|| + T(hg o Vv). (3.6)
2 0 2
Replacing (3.5) and (3.6) in (3.3), we can get (3.2). O

The same arguments as in [25,26], we can get the following three lemmas.

Lemma 3. The functional 01(t) defined by
t
:/ / o1(t — 8)|Vu(s)|*dsdz,
2Jo
where o1 (t) :/ g1(s)ds, satisfies
t

(1) < —5 (91 0 Vu) + 3(n — 1) V)" (37)

Proof. Clearly ¢/ (t) = —g1(t). Then

a0 0Ival = [ [ = 9)1Vute)Pdsis

—//gl(t—s)\Vu(s)—Vu(t)\stda:—i-Ul(t)HVuHQ
2J0

—Z/QVu(t)/O g1(t — s)(Vu(s) — Vu(t))dsdx.
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By using Young’s inequality, we obtain

9 /Q Vu(t) /O a1t = $)(Vu(s) — Vu(t))dsdz

fogl )

( g1 oVu).

¢
Since 01(t) < 01(0) = p — 3 and / g1(s)ds < p—1y, we can obtain (3.7). O
0

The same arguments as in Lemma 3, we can get the following lemma.

Lemma 4. The functional 05(t) defined by

—/Q/Otag(ts)|Vv(s)|2dsdx,

o
where oo(t) :/ 92(8)ds, satisfies
t

1
05(t) < =5 (920 Vo) +3(p = bo) [ V0%, (3.8)
Now we define the functional F(¢)
F(t) .= NE(t) + N1¢(t),

where NV and N; are positive constants. It is easy to get that for N large, there
exist 81 > 0 and B2 > 0 such that

BE(t) < F(t) < B2E(1).
Lemma 5. It holds that for any t > 0,

F(t) < —4(u =) Vu(t)|* = 4 — 1) [Vo@)|* = 5[ Vur(0)]
~SIVe O = elldiva(v)” — eldivo (1)

fc/ u(t)v(t)dz + %(gl o Vu)(t) + i(gg o Vo)(t). (3.9)
2

Proof. Combining (3.1)—(3.2), and noting g} = Cg; — h; (i = 1,2), we can infer
that for any ¢ > 0,

N- N- l
PO < = (8= 5 190l - (i = 5 1900P - SNval?
l . .
LN — Ot )N v — (A + )N vl

+EC(91 oVu) + g((gg o Vv) — 2aN; / u(t)v(t)dz

2
N O< 1 N C( 2
— = N-
( B 211 1) (hl e} Vu) < 9 2[2 1) (hg e} VU),

Math. Model. Anal., 25(2):226-240, 2020.
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where we used Poincaré’s inequalities 0]|us||? < |[|[Vu|? and §|vg||* < [|[Voe||%
First of all we choose N7 large so that

! l
%Nl > d(p—1y), §2N1 > A(p — o).

Note that

CRs) G,
U< o) g “ g TP

Then for any s € [0, 00), we get

i CO2(s)
¢=0¢gi(s) — gi(s)

=0, i=1,2.

2 s .
By using the fact #_(g);(s) < gi(s) (i=1,2), we can get

oo 2
PB%CC“ = %i—%/o (gl(i?—(sgg(s)ds =0, i=1,2
Thus there exist some (o (0 < o < 1) such that if ¢ < (o then

CCei <li/N1, i=1,2.
At last, for any fixed N7, we choose N large enough and choose ( satisfying

1 N 1
N> = L (=—<(o, i=1,2.

Then we have

Ni i N Cgy
B . -
H 5 T2 2

Ny >0, i=12.
O

3.2 Proof of Theorem 2

Taking into account (3.9), we can get that there exist some constant m > 0,

F'(t) < —mE(t) + c¢(g1 o Vu)(t) + ¢(g2 o Vo)(t), ¥Vt > 0. (3.10)

Case 1. The function H(t) is linear. We multiply (3.10) by £(¢) and use (2.1)
and (3.1) to get

EF'(t) < —mE(H)E(t) + c§(t) (g1 0 Vu)(t) + c(t)(g2 0 Vo) ()
< —mé&(t)E(t) — cE'(t). (3.11)

Define £(t) = £(t)F(t)+cE(t). We know that £(t) is equivalent to E(t). Noting
that £(¢) is nonincreasing, then we obtain from (3.11) that for any ¢ > 0,

E'(t) < —mg(t)E(t),
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which gives us
¢
E(t) <ciexp ( - 02/ &(s)ds
0
Case 2. The function H(t) is nonlinear. Define G(t) = F(t) + 01(¢) + 02().

It follows from (3.7), (3.8) and (3.9) that there exist a positive constant b such
that for any ¢t > 0,

[ 7
gt) < —(p-WvVul* = (u-b)IVu]* - %HVUHF - 72||Vvt||2
1 1
—c||divul|* — ¢||divo||* — Z(gl oVu) — z(gg oVuv) < —bE(t) <0.

Then
b/o E(s)ds < G(0) — G(t) < G(0) = /0 E(s)ds < . (3.12)

Define

—q/ / |Vu(t) — Vo(t — s)|*dxds,
—q/ / |Vo(t) — Vo(t — s)|*dzds.

By (3.12), we can choose a constant 0 < ¢ < 1 so that
Lt)<1, i=1,2, ¥Vt>0. (3.13)

We assume that [;(t) > 0 for all ¢ > 0, or else (3.10) implies an exponential
decay. We define A\ (t) and Ao (t) by

AL(t) = / g1 (s / |Vu(t) — 8)|*dxds,

Ao (t) = / gh(s / |Vo(t) — Vo(t — s)|*dxds.

It is obvious that A;(t) < —cFE'(t), ¢ = 1,2. Noting that H;(t) is strictly
convex on (0,7] and H;(0) = 0, we have

H;(vx) <vH;(x), i=1,2,

provided 0 < v <1 and z € (0,r]. By using (2.2), (3.13) and Jensen’s inequal-
ity, we can obtain

@) = s [ ROCE) [ a9uo - Vule - ) Pasds
L K S S u —Vult —s 2 2zds
> o [ h0a©m@o) [ dvu) - V- o)

Math. Model. Anal., 25(2):226-240, 2020.
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> th [ B o) [ avu - vt - s)dsis

> qu /H1 (I (t)g1(s )/ q|Vu(t) — Vu(t — s)|*dxds

> (111@) #(6) [ alVule) - Vutt - 5)Pdads

- 51? (q |Vu() Vu(t—s)|2dxds>

_ 51;’5 < |Vu() Vu(ts)|2dxds>. (3.14)

Here H; is an extension of Hy, which is strictly convex and strictly increasing
C? function on (0,00). We have from (3.14) that

/091 /'V“ — Vut —s)| dxds<1H1 (qg(g))

Similarly, we have

/Ot g2(s )/ |Vu(t) — Vo(t — s)2dzds < éﬁ;l (qg/\;(g)) _

We infer from (3.10) that for any t > 0,

F'(t) < —mE(t) + cH, ' (q;ll(g)) +cH, ' (‘?22(%)) . (3.15)

Let’s denote L,
Hy(t) =min{H,,H,}.

For g < r, we define the function Ky (t)

E(t)

]Cl(t) = H() <6O_E(0)

) F(t)+ E(t),

which is equivalent to E(t). Since E'(t) < 0, Hi > 0 and H;/ > 0, we obtain
from (3.15) that

t

Kit) = H €0 g((é))) F(t)+ Hy ( g(((t)))) F'(t) + E'(t)
< e (gt )+ (o) 7 ()
+cH, ( é)> o, (qu‘(())> (3.16)

*

Now we denote the conjugate function of the convex function H; by H,, see,
for instance, Arnold [3]. Then

/! —=/

H;(s) = s(H;) ' (s) = HJ(H) ' (s)], i=12,
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which satisfies Young’s inequality,

AB; <H,(A)+H(By), i=1,2.
qA;

Setting A=H, (50 E((O))> B:ﬁ; (

(3.16), we conclude
Ko < -mEOH (o) +off; (o (2l ) ) + 220
)

c (g))), and using F:(S)SS(F;)_l(S) and

E(0) €1(1)

IN

|

3
&
=
—
&
t
=
by —
Jr
o
=
—
&
&
Sz
N

g (t)
&1(t)

= :
—mE(t)Hy (ao g((é))) + cHy (50 558) (H.)~ <H/1 c
04 (o2 (725
< —(mE(0) - cso)g((é))Ho (m%) +eq (Al(t) +
Multiplying (3.17) by £(f) = min{€1(¢), &2(1)}, we get
ORI < —(mE(0) - =)t =) g

E(0) (
(

IN

+c

E(t)

< —(mE(0)— cso)g(t)E(O) 0

Define the functional KCo(t) by
Ka(t) = E()K1 (L) + cE(t).
We know that there exist two positive constants 83 and (4 such that
B3ka(t) < E(t) < BaKa(t). (3.19)

Making a appropriate choice of g, we infer from (3.18) that for some constant
k>0,

K3(0) < ~6(0) ot o (20 ot ) o= —ce0it (50 ). (320

where Hs(t) = tHo(cot).

From 0 < &g E(( ) < 7 we infer that for any t >0

(
0)
i(oF) - (o2 7 (o5

(
U («5@) % (0 |

I
E.
=}

Math. Model. Anal., 25(2):226-240, 2020.



238 B. Feng and H. Li

B3Ko(t)

Denote R(t) = E0)

. Using (3.19), we see that

R(t) ~ E(t). (3.21)
Since H4(t) = Ho(eot) + ot H{(g0t), then, using the strict convexity of Hy on
(0, 7], we know that H{(t), Ho(t) > 0 on (0,1]. By (3.20), we obtain that there
exists a constant k1 > 0 such that for all ¢ > tq,

R'(t) < —ki£(t) H(R()). (3.22)

Integrating (3.22) over (0,t), we arrive at

S coR(0) 1 t
ds>k:1/ £(s)ds = ds>k1/ &(s)ds.
/ Hs(R(s) cort) SHo(s) 0

Since Hy, defined by
o1
Hy(t) = —d
4( ) /t SHO(S) S,

is strictly decreasing on (0, 7] and }iH(l) H,(t) = +o00, we find that
—

1 t
R(t) < “m;! (k:l / 5(3)0[5) . (3.23)
€0 0
Then we can get (2.3) from (3.21) and (3.23). O
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