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1 Introduction

Dunkl operators (differential-difference operators), introduced by Dunkl [9],
are invariant under a finite reflection group G and are also pairwise commut-
ing. One of the interesting aspects of these operators is that they allow for
the construction of a Dunkl Laplace operator, which is a combination of the
classical Laplace operator in R™ with some difference terms, such that the re-
sulting operator is only invariant under G and not under the whole orthogonal
group. Moreover, these operators not only provide a useful tool in the study
of special functions with root systems [10], but they are also closely related to
affine Hecke algebras [26] and integrable system of Calogero-Moser-Sutherland
type [13].

One of the main aims of Clifford analysis is to study the function-theoretical
properties of the null-solutions of the Dirac operator which is invariant under
rotations but not under reflections [7]. A Dunkl version of the Dirac operator
in Clifford analysis introduced by Cerejeiras et al, is invariant under reflection
groups and also factorizes the Dunkl-Laplacian [8]. Then, they obtained a
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Stokes theorem, a Borel-Pompeiu formula and a Cauchy integral formula for the
Dirac operator, and investigated a Fueter’s theorem and Fischer decompositions
in Dunkl Clifford analysis(see [3,11,12]). More recently, Sommen, DeBie and
others studied Clifford analysis in superspace R™/?" (see [4,5]). Superspaces
are spaces equipped with both a set of commuting variables and a set of anti-
commuting variables in order to describe the properties of bosons and fermions
in Quantum Mechanics. In 2010, Ren gave the Fischer decomposition on the
space of spinor valued polynomials in the superspace for the super Dunkl-
Dirac operator with the bosonic Dunkl-Dirac operator (i.e., the Dunkl-Dirac
operator in R™) and the fermionic Dirac operator(see [24]). Based on the
above-mentioned results, we investigated the Almansi type expansion for super
Dunkl-Laplace operators.

In 1899, the Almansi expansion for polyharmonic functions was estab-
lished [1]. Indeed the expansion builds the relation between harmonic func-
tions and polyharmonic functions, which plays a central role in the theory of
polyharmonic functions. The result in the case of harmonic analysis, com-
plex analysis, Clifford analysis, and Clifford analysis in superspace have been
well developed in [2,19,21,23,25,28]. In the present paper, we study Almansi
type expansions for solutions of Dunkl-polyharmonic equations in superspace
by normalized systems.

Normalized systems of functions were advocated by Bondarenko [6]. Af-
terwards, Karachik constructed 0-normalized system of functions with respect
to a Laplace operator and applied the system to an expansion of Almansi
type for polyharmonic functions in R™ (see [14, 15, 16]). Then, normalized
systems for wave operators, Dunkl operators, super Dirac operators are ob-
tained (see [20,22,27]). In particular, applying normalized systems and Al-
mansi expansions, Karachik studied solutions of some partial equations and
some boundary value problems for Poisson’s Equation (see [17,18]). But as
far as we know, up to now there is no hint on normalized systems in Dunkl
superspace. In this paper, we try to fill part of this gap by studying solu-
tions to Dunkl-Helmholtz equations, Dunkl-Poisson equations, inhomogeneous
Dunkl-polyharmonic equations in superspace using normalized systems.

2 Preliminaries

2.1 Dunkl-Clifford analysis in R™

Denote by (.,.) the standard Euclidean scalar product in R™ and by |z| =
(z,2)% the associated norm. For o € R™\{0} the reflection o in the hyper-
plane orthogonal to « is given by

oo() =2 — 2<|CZ|J2C>a, x e R™.

A finite set R € R™ \ {0} is called a root system if aRN R = {a, —a} and
0oR = R for all @ € R. For a given root system R, the reflections o,,a € R
generate the finite group G C O(m), called the finite reflection group (or the
Coxeter group) associated with R.

Math. Model. Anal., 20(6):768-781, 2015.
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A multiplicity function x on the root system R is a G-invariant function
k:R—= Cie. k(a) = k(ha) for all h € G. We will denote (o) by Kq.

For each fixed positive subsystem R; and multiplicity function x we have
the Dunkl operators (also, differential-difference operators):

T;f(z) = 6f(a.:) + Z mawai, i=1,...,m,

for f € C*(R™). An important consequence is that the operators T; are mutu-
ally commutating, that is, T;7; = T57;. The Dunkl-Laplace operator is given
by

D(a) = Y1) = Af() +2 3wy (LR SO 2T 0r) )

ol ) (o, 2)?

with the classical Laplace operator /A and the gradient operator V .
We notice that Ap|z|?> = 2m + 4v, where v = ~,, = Za€R+ k(a), and the
Dunkl dimension p = m + 2. Henceforward, we assume x > 0 and v, > 0.
We consider functions f : R™ — Ry ,,. Hereby Ry, denotes the Clifford
algebra over R™ generated by {e1, ea, - , e, } satisfying the anti-commutation
m
relationship e;e;+e;e; = —20;;, where J;; is the Kronecker symbol. & = " xz;e;

=1
is the so-called vector variable.

A Dunkl-Dirac operator in R™ for the corresponding reflection group G is
defined as Dy f = Y e;T;f. Functions belonging to the kernel of the Dunkl-

i=1
Dirac operator D;, are called Dunkl-monogenic functions. Moreover, —D,2L =
Ay, where Ay, is called the Dunkl-Laplace operator in R". Functions belonging

to the kernel of Dunkl-Laplace operator are called Dunkl-harmonic functions.

2.2 Dunkl-Clifford analysis in R™/2"

On a superspace of dimension (m, 2n), we have m commuting (or bosonic)
variables x1, . .., Z,, and 2n anti-commuting (or fermionic) variables X1, ..., X2,
subject to

Tilj = T4, Tilj = —TjT4, Tilj = T4

Furthermore we know the Clifford algebra generators ey, ..., e, and the sym-
plectic Clifford algebra generators ey, ..., é2,. They obey the following rules:

ejer + exe; = _25jk7 €2;€a — €2)€2; = 0,
€2j 1€2p—1 — €2k —1€25-1 = 0,

€2j_182k — 221 = Ojk, €, +epe; = 0.

Taking the above relations into account, we study the superspace by the real
algebra:

Alg(x;, e;25,€5) = Alg(x;, ;) ® Algle;,e;), it =1,...,m; j=1,...,2n,
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which is nothing than the tensor product of Alg(z;,%;) and Alg(e;,&;). The
algebra Alg(z;,&;) is called a scalar algebra denoted by P and the algebra
Alg(e;, e;) is a Clifford algebra denoted by C,,2,,. Moreover, the elements of
both two algebras can commute with each other. When n = 0, we have that P®
Crmjo = Rl[z1,. .., 2] ® Ro,m, With Ry, ..., ;] generated by the commuting
variables z;. In the case Cy,,j0 = Ro,m, Ro,m is the standard orthogonal Clifford
algebra. When m = 0, we have that P ® Cyjo, = A2,y @ Whap, with Ag, being
the Grassmann algebra generated by ;. In the case Cyj2,, = Way, Way, is the
Weyl algebra generated by €;.

m

We define the super vector variable x as ¢ = £ + &, where z = E x;e; and
i=1
2n
T = g z;e;. By direct calculation, we obtain the square of x :
=1
n m
1’2 = ig +£2, with i2 = E Z\L'Qj_li’gj and 22 = — Z I’IZ
= i=1
m
Note that 22 = — Y 22 is the minus norm squared of a vector in Euclidean
i=1
space.

Finally, we define a more general function space as C*(£2) ® Ay @ Crnjon,
where C*(2) denotes the space of the k-times continously differentiables real-
valued functions defined in some domain {2 C R™. We use the notation

The super Dunkl-Dirac operator is defined to be

D=-Dy+Ds==> eT;+2Y (2205, _, — e2j-10s,,)
i=1 j=1

with Dy, and Dy the bosonic Dunkl-Dirac operator and the fermionic Dirac
operator, respectively.
If we let D act on z, we see that

1 m
M = 2DJC— n—+ 5 + Vi

where M is the so-called super Dunkl dimension in contrast to the non-Dunkl
case of the super-dimension m — 2n in [5]. The numerical parameter M is
regarded as the ground level energy in physics.

As usual, functions belonging to the kernel of the super Dunkl-Dirac oper-
ator are called super Dunkl-monogenic functions.

The super Dunkl-Laplace operator is the square of the super Dunkl-Dirac
operator

A= Ah—l-Af = —iTi2+4§:8i2j_18502j.

i=1 j=1

Math. Model. Anal., 20(6):768-781, 2015.
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The Dunkl-Laplace operator 4y, is invariant under the Coxeter group G, while
the fermionic Laplace operator Ay is invariant under the symplectic group.
Besides, we define the super Euler operator as

m 2n
E=E,+E; =) 20, + Y ;0.
i=1 j=1

It is easy to decompose P as

P=P:. Pe={pcP|Ep=kp}
k=0

3 Normalized system for the super Dunkl-Laplace oper-
ator

DEFINITION 1. [2] An open connected set {2 C R™ is a star domain with
center 0 if any z € 2 and 0 <t < 1 imply that tz € 2. The set is denoted by
0.

DEFINITION 2. Let f(z) € CI(Q*)m‘gn ® Cpnj2n- The operator Jy is defined as
1
Jf@) = [ (10t flas)da,
0

where s > 0 and M > 0.
DEFINITION 3. We define the operator E; by

m 2n
E, =tI+E=1I+) 20, +» 20,
i=1 j=1

where ¢ € R and I is the identity operator.
Lemma 1. [2/] The operators x2, A, E have the following properties:
Az? — 2?2 A =4E);, Epz® — 2°Ey = 222,
where M = —n + 3 + .
Lemma 2. Let f(x) € C?(£2*)m2n ® Cpj2n- If s > 1, then
A(z* f(2)) = 2* Af (z) + 4s2** *Epry o1 f(2).
Proof. By Lemma 1, we have
A@? f(2)) = A (@ 2f(2)) = (22 A + 4Bar) (022 f(2))
= 2% Ax® 2 f(x) + AB 22 f ()
= 23 (2? A + 4B )2*  f(x) + 4(2?Epy + 222)2%5 1 f ()
= =2 Af(x) + sz (Ey + 5 — 1) f(2)
=25 Af(2) + 452 2Epry s 1 f(2).
Thus, we have the proof. O
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Lemma 3. Let f(z) € C'(£2*)mj2n @ Cpjon. If s > 1, then
Enrss 1 f(@) = (s — 1)Js 1 f(2).
Proof. We calculate

EM+5—1Jsf(x) - EJsf(x) + (M +s— 1)f(l‘)

m 2n 1
= (lear + Zijaij) / (1—a) oM flax)+ (M +5—1)f(x).
i=1 j=1 0

Let f(ax) = fi(az)f2(ak). Applying integration by parts, we have

1 m
/ (1—a) o™t Z 20z, f1(az) fo(ad)da
0 =
1 12n
+ / (1—a)*taMt Z;bjaijfl(ag)fg(a‘g)da
0

j=1

1
:/0 (1- a)sflaMfla%fl(ag)fg(o@)da

1
+/0 (1- a)s_laMfl(ag)a%fg(a@)da
(1= a)* oM flaz) g
/ flax)[—(s = 1)1 —a)*2aM + M1 — a)* oM 1]da
—(M+s— 1)/ flaz)(1 —a)* taM~1lda
0
1
+ (s — 1)/ flaz) [(1— ) 2aM 4 (1 - a)sflon*l] do
- (M+s-1) / flaz)(1 - a)*taM~1da
(s—1 / flaz)(1 ¥ 2aM o + (1 — a)]da
—(M+s—1)Jsf(z) + (s — 1)Js_1f(2).
To sum up, we have the conclusion. 0O
Theorem 1. Let f(z) € CQ(Q*)mpn ® Crnj2n- If Af(z) =0, then the system

xZS

Fo(z; f) = f,  Fs(x; f) = mJﬂ (s>1)

is the 0-normalized system for the super Dunkl-Laplace operator, where Jsf is
given in Definition 2.

Math. Model. Anal., 20(6):768-781, 2015.
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Proof. Note that AJsf =0 for s > 1. Lemmas 2 and 3 imply that

1 . 22(5=1)
AF :mﬂ(fﬂ f(2)) = £1(s —1)l(s — 1)!E1\4+371Jsf
22(=1) 22(=1)
T4 (s —1)l(s—1)! (s =) Jsaf = 45 T(s —1)l(s — 2)!J3‘1f

=L's—1-
Therefore, we obtain the conclusion. 0O

4 Applications of the normalized system

4.1 Almansi type expansion for solutions of Dunkl-polyharmonic
equations in superspace

Lemma 4. Forq € N and | > 0,

(E+1+ 1)/0 (1_(]!04)qalg(ax)da :/0 O(;Oé)lq)!_al"’lg(am)da. (4.1)

For ¢ =0, )
(E+1+ 1)/0 adlglar)da = g(z). (4.2)

Proof. For g =0, we calculate
1 1 1 o
E/ olg(ax)da = / A Eglax)da = / ot —g(ax)da
0 0 0 dox
1
= o g(ax)|f — (1 +1) / ol glax)da
0
1
=g(z)— I+ 1)/ alg(ax)dao.

0

Hence we see that
1
(E4+1+ 1)/ olg(az)da = g(z).
0

Then it is easy to obtain (4.1). Note that (4.1) is (4.2) for the case ¢ = 0.
Similarly, for ¢ € N and [ > 0, we have

L1 = a)e
E/o Talg(ozx)da

L] _ ) 11— g)e-t
=—(I+ 1)/0 %alg(ax)da —|—/0 a((}_)l)!alﬂg(ax)da,

which completes the proof. O
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Theorem 2. Let G(x) € C?"(£2) j2n ® Crnjon. If A™G(2) = 0, then

r-1 r—1 228 1 o~ B
G(z) = ;Fs = fo+ ; m/o (1—a) a1 f (az)da, (4.3)

where Afs(x) =0(0<s<r—1), and

TETh D2 (] )it
fs(2)=A°G(z) + Z ( il)l! /0 u 0 i ol oM AT G (ax)da. (4.4)
1

Proof.  First we will prove that fs(x) in (4.4) satisfy (4.3). Inserting (4.4) into
the right-hand side of (4.3), we have

2s

r—1 T 1 .~ B
hd m/ (1= o) taM (ar)da (4.5)

r—1 s p2s 1 —a)s g5t
=G(z) + Z ) /0 e ( ) ML AG (ar)da

sgl —1)!
— 45! s—1)!

r—1 2s

1
¥ _ys—1_ M—1 ps
+Z Tsi(s = 1)!/0 (1-a) A*G(ax)do

2s r—s— 1 )2[

r—2
x
1 —a) M1
+;453!(s—1)!/( @) Z 4ll'

Fa=-pst w R
X/O Wﬁ 2 1Al+ G(Q/B.r)dﬁda

Denote by Aj(x) the fourth term on the right side of the (4.5). Then
- —S—= l 25+2l (1 _ a)sfla2l+M71
- z:: g 4”53'1' /0 (s —1)!

1 1—1 Ql+M—2 r—2r—s—1 1,.25+21
(1-p) g Its B (-1l
. /0 (—or 4 Glapndide = Zs:l ; PP

af(1—a) !l [t (a—af) a2
X /0 Go1) /0 = AT G(afr)dBda.

Denote by As(x) the integral in the above expression. Let ¢ = of, then dt =
adf for 0 < a <1 and 0 <t < a. We calculate

1 Ns—1 po (o N —1+M—2
As(z) = / a(l - ) / (@ = D7 T (i G(ta)dtda
0

(s — 1) (-1
—a) o=t o
/ / I tHM=2 A G (ta)dtda
_ s 1 _4\l—1
/ / S -~ 1 loi l)t') tHM—QAHSG(t:E)dadt

Math. Model. Anal., 20(6):768-781, 2015.
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1 I+M—2 L
:/0 mAHSG(tx)dt/t all — a)s—l(a _t)l_lda.

Let a =8 +t. Then df =da. For 0 < g <1 -+,

1 1—t
As(t) = / a(l — o) Ha—-t)"tda = / B+t —p—t) " 1p7tdp.
¢ 0
Let 8 = a(1 —t). Then df = (1 — t)da for 0 < a < 1. We see that
1
As(t) :/ (a—at+1)(1 —a) (1 — a1 — t)lda
’ 1
=(1—¢t)sH-! / (@ —at+t)(1 — ) o' tda.
0

We calculate

Ag(t) =(1 — 1)+ /1 l(1 = a)*lda + #(1 — £+ /1 al=1(1 = a)*~lda
=(1- t)l+SBO(z +1,8) +t(1 — )" B(1, 5), O
where L
B(l,s) = /0 o711 — a)* o
Using the relation between Beta functions and Gamma functions:

r(Hr(s)

Bl.s)= Tt

I'(s) =(s—=1)
we can write

A3(t) _w(l _ t)S-H (l) ( ) (1 _ t)H_S_l

S I(l+s+1) I'(l+s)
(s —1)! s (I-1)!s—1) s—1
e T Ty 0

Inserting As(t) into A;(z), we have

r—2r—s— 1 s s
Z Z l 2 +21 / (1 —t) +1 tl+M 2Al+sG( )d
4”5 o sl(l—1II+ s)!

s=1 I[=1
r—2r—s—1 s 1 I4+s—1
(—1)l332 +2[/ t(1—t) I+M—2 pl+s
t AT EG(ta)dt
+; l_zl A Jy s+ s — D) (te)

r—2r—s—1 s 1 -1 s+l

(—1)ta2st2! / £t (1-1) M—1 Al

= t ATEG(tx)dt
> o sI— DI+ s)! Gltz)

1=
—2r—s—1
(_1)lx2s+2l/ tl(l—t)l+s_1 Mo1 Al
tMLATS G (ta)dt
2 A+ s s 1) (tz)
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r—1i—1

:ZZ )2 /01 {ti_l_l(l t)i+ti—l(1_t)i—1

i=2 1=1 N —1—1)% 1GE=10)(i—1)! } tMTYANG () dt

r—1 1 AV i—l—1
0 .

P l' 1—1—1)!
r—1 i—1
2 A=) S DT v
+Z ?/o [(ii)! ;(l!(i)z)!]tM A'G(tx)dt.

We calculate

( 1) lyi—l—1 i—1 (71)%1‘7171 pi—1 (til)ifl pi—1

ll'z—l—l G N R G D (RS I GRS VI
and
’i(uzl i L A G S K (2 S KO A G O
G I TG DT i il it

Thus, we have

rflm 1 1—t)? ltl 1 —1 @ 1—t il —1 Az
2241/0 [( 231)!2! : (351)!3! ]tM Actnd
l—tZ 1t’ D) A0 e g

Inserting Ay (z) into (4.5), we have (4.3).
Next, we will prove that Afs(x) = 0. By Lemma 2, we have

Afs(x)

r—s— 1 1 -1 .1-1
_ As+1 (1-a)"'a M—1 s+l
=A"T"G(x) + :E 4ll' ( /0 - a A G(a:c)da)
r—s— 2 z 22 1— )z—1az+1
— AstL / ( o M—1 ps+i+1
G(z) + El 411' | =1 e G(ax)da

r—s—1 (_1)l$2(171)

1 1—a lflalfl B .\
m (E +M+1- 1)/0 ((lil)!aM 1A +lG(OL.’£)dOZ.

1=1
By means of Lemma 4, we have
r—s—1

(71)lm2(l71) /1 (lia)lflalfl M—1 rsti
; ST (E+M+1-1) ; =1 a AT G(ax)da

1 r—s—1 _1)1—1 2(1—-1)
—(E+M)/ ML AT (ax)da — Z ( i
0

—-1(7] —
e (V]

Math. Model. Anal., 20(6):768-781, 2015.
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L] _ q)i-lgi-1
X(E—I—M-i-l—l)/ ((fé):l)?ah{_lAs-HG(al‘)da
0 - .

r—s—1 _1\l—1,.2(1—-1) 1 _ -2 1
_ _ Astl _ ()= / (I—a)a" iy sep
AT G(x) lE:2 - J, =9 o T AT G (ax)da

r—s—1/ \I—1,2(1—1) 1 (1 _ \i—2,]1
_ As+l _ ()" 'z (I—a)"a" yq em
=— AT 'G(x) ;:2 =R /0 i—2) a AT G (ax)da

r—s—2 1 -1, 0+1

s (=D [F(1-a)ta 1 s

= ATG(x) - E YU /0 -1 oML AT G (o) do.
P ! !

As suggested above, we get
Afs(x) = 0.

Therefore, we have the conclusion. 0O

4.2 Solutions of the Dunkl-Helmholtz equation in superspace

In this subsection, we investigate the solutions of the Dunkl-Helmholz equation
in superspace

(A4 NG(x) =0, (4.6)
where the constant A € C, G(z) € Cl(Q*)mDn ® Crnj2n-

Theorem 3. Let f(x) € C%°(£2%)mj2n @ Conj2n- Suppose that the function f(x)
is super Dunkl-harmonic and M > 0. Then

Gz) = Y (=N Fi(a: f) (4.7)
s=0

is a formal solution for the equation (4.6), where Fs(x; f) are given in Theo-
rem 1.

Proof. By Theorem 1, we have

(A+NG(x) = (A+ N Fo(@; ) + (A+ NAFL (@3 ) + (A + NN Fa(x; f) + -
= —AFy(x; f) + AFo (5 f) = M Fu(; f) + A Fi(a; f) —--- = 0.

So the series G(x) satisfies formally equation (4.6). O

4.3 Solutions of the Dunkl-Poisson equation and the inhomoge-
neous Dunkl-polyharmonic equation in superspace

Consider the Dunkl-Poisson equation in superspace

Ag = f($>7 (48)

where f(z) € C(82) 120 @ Cj2n-
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Theorem 4. Let f(x) € C(2*) 20 @ Crjon- Then the function G(x) given

by
1 s 2(s+1)

= Z s+1 o 1 ol / (1 — a)sal\/l+s_1Asf(Oé.T)da (49)

S=

is a formal solution of the equation (4.8).

Proof. By Lemmas 2 and 4, we have

AG(z) = zz:o 45+1((;1-251)|5|A <$2(5+1) /0 (1- a)saM+s_1ASf(ax)da)

oo 71 s 1
= Z 43"‘1(8—21)'5' (z2(5+1) /0 (1-— a)saMJrsHAsﬂf(az)da)

1
€ S S— S
_|_§ 4€)'3'EM+S/0 (1 —a)*aMTs71A% fax)da

(_1)‘5 2(s+1) ! s M+s+1 pAs+1
s=0

1
+ EM/ M1 flax)da

S .25

1
€ S S— S
+ E 743' ' EM+S/O (1 —a)*a™T7L A% f(ax)da

(_1)8 2(s+1) ! s M+s+1 As+1
s=0 o

1

0

+ i ( 1)5 2s /1 (1 — a)ls_laM+SASf(ax)da
( ! 0 !

— 45 (s —1)!
X 1V8,.2(s+1) 1
=Y e [ (@t A fawda + f(a)
s=0
. i wa(;{zsl)'s' ($2(S+1) /01(1 _ a)SaM+s+1AS+1f(Oé.T)dOé)
s=0 e
=f(@).

Thus, we complete the proof. O
Consider the inhomogeneous Dunkl-polyharmonic equation in superspace
Alg = f(x), (4.10)

where f(J?) € COO(‘Q*)W|271 Y Cm|2n
Applying Theorem 4, we can obtain the following theorem by induction.

Math. Model. Anal., 20(6):768-781, 2015.



780 H. F. Yuan and V. V. Karachik

Theorem 5. Let f(x) € C%°(£2%)mj2n @ Cij2n. Then the function G(x) given
by

2k S .28

€z - (_1) €z ! s+k—1 s—1 As
G@) = 3@E —on ;) (25 2k)!!(23)!!/0 (1= o) a4 f(az) do
(4.11)

is a formal solution of the equation (4.10).

Remark 1. If the series G(x) in (4.7) converges absolutely and uniformly, then
it is a classical solution of the equation (4.6). Similarly, the series G(x) in (4.9)
and (4.11) can be considered.
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