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Abstract. In this paper, we consider the generalized BBM-Burgers equation with
periodic external force in R™. Existence and uniqueness of time periodic solutions that
have the same period as the external force are established in some suitable function
space for the space dimension n > 3. Moreover, we also discuss the time asymptotic
stability of the time periodic solution. The proof is mainly based on the contraction
mapping theorem and continuous argument.
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1 Introduction

In this paper, we investigate existence and asymptotic stability of time peri-
odic solutions to the generalized BBM-Burgers equation with time-dependent
periodic external force

v — adv — BAV+ A%+ £i(v)a, = Ag(v) + Y hj(w,t)a,.  (11)
j=1

j=1

Here v = v(x,t) is the unknown function of z € R® and ¢t > 0, @ > 0, 8 and
7 > 0 are constants. For any j = 1,...,n, the nonlinear term f;(v) and g(v)
are given smooth function of v € R satisfying ¢’(0) + 8 > 0 and the function
hj(z,t) is a periodic function with period T, i.e. hj(z,t +T) = h;(x,t).
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Generalized BBM-Burgers Equation 185

When h; = 0, Geng and Chen [3] proved existence and the uniqueness of
the global generalized solution and the global classical solution for the Cauchy
problem of equation (1.1) for n < 3. The proof is based by existence of local
solutions and energy method. Moreover, the decay property of the solution was
discussed. When g = h; = 0, Zhao [18] proved the existence and convergence
of the global smooth solutions to (1.1). For the multidimensional case, we
refer to Zhao [16] and [17]. When v = 0 and h; = 0, Chen and Xue [2]
proved that global existence and asymptotic behavior of solutions in one space
dimension. Later, global existence and optimal decay estimate of solution have
been established in [13]. Moreover, they also showed that as time tends to
infinity, the global solution approaches the nonlinear diffusion wave described
by the self-similar solution of the viscous Burgers equation for n = 1. For more
study of other type Benjamin-Bona-Mahony-Burgers equations, we may refer
to [1], [4], [6], [7], [8] and [15].

Is there time periodic solution to (1.1), which has the same period as
hj(j =1,...,n)7? Is the time periodic solution unique and stable? To the best
of our knowledge, these are interesting and challenging open problems and few
results are available. We shall try to solve these problems in this paper. So our
main purpose of this paper is to establish existence, uniqueness and asymp-
totic stability of time periodic solutions to (1.1). More precisely, existence and
uniqueness of time periodic solutions vP°" are established by decay properties
of solutions operator and the contracting mapping principle, provided that the
norm of h; is suitably small. For the details, we refer to Theorem 1. Moreover,
the stability of the time periodic solution v?¢" can be studied by investigating
the following initial value problem for (1.1) with the initial value

t=ty:v=uwg(x), (1.2)

when the initial data is small perturbation of the time periodic solution for
some fixed initial time ty € R. For the details, we refer to Theorem 2.

The study of the global existence and asymptotic behavior of solutions to
nonlinear evolution equations has a long history and lots of interesting results
have been established. We may refer to [2,3,9,10,11,12,14] and the references
therein.

The paper is organized as follows. In Section 2, the decay properties of
solution operator to (1.1) are obtained. In Section 3, we prove existence and
uniqueness of time periodic solutions to (1.1). Finally, we establish stability of
time periodic solutions under suitable conditions in Section 4.

Notations. We give some notations which are used in this paper. Let Fu]

denote the Fourier transform of u defined by
(&) = Flu] = / e~y (x)da,

and we denote its inverse transform by F~1.
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2 Decay property of solution operator
The aim of this section is to establish decay properties of solution operator to
the problem (1.1). We first investigate the linear equation of (1.1):
n
v — alv, — BAv + yA%v + Z f;(0)v,; —g¢'(0)Av = 0.
j=1

Taking the Fourier transform, we have

(1+alé?)o + [v[E]* + (8 + ¢'(0))[€]? +i2n; f§(0)€j)}ﬁ =0. (2.1)

i
The characteristic equation of (2.1) is
(L+algP)A -+l + (B + ' (0)[¢]* +1 zn:l £i(0)&; = 0. (2.2)
iz
Let A(¢) be the corresponding eigenvalues of (2.2), we obtain
A& = (=t = (B+g(0)lel* ~ ZZ; £1(0)€)) /(1 + alel).
iz

Let

S(e,t) = MOt (2.3)

We define &(z,t) by
Sz, t) = 5 S(E D) (@), (2.4)

where ! denotes the inverse Fourier transform.
The decay estimates of the solution operators &(t) appearing in the solution
formula (2.4) is stated as follows.

Lemma 1. Let 1 < p <2, and let k, k and l be nonnegative integers. Then we
have

nel 1y _k—r e
10£&S(t) % pll2 < C(L+1) 267272 |05 Lo + Ce™ OS2 (2.5)
for0< Kk <k and ¢ € WP HFH.
Proof. Tt follows from the Plancherel theorem and (2.3) that
k(0 + o = [ 167418 ORI P

(2.6)
<of jeRre I ae) g + Comet /|f> €241(6) [2de =: 9, + T,

|€]<ro
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where 7o is a small positive constant. In what follows, we estimate J, letting
1/p" +1/p = 1, we obtain

9, =C §||2k678|£|2t|(£(§)|2d§ <0 ‘§|n¢;||ip/ (/ ‘§|2(k7'€)qe*C‘I|5|2td§)5

[€]<ro ¢I<ro
<O+ )T DE gng) 2,

where we have used the Holder inequality with 5 + % = 1 and the Hausdorff-
Young inequality |0, < C|lv||rr for v = 05¢. Finally, we can estimate Jo
simply as

Jy = Ce~¢! / 1€[2* 1) e

HE (2.7)

< Cect / €200 |4 (6)[2de < Cem<t |9k
[€]>70

Combining (2.6) and the above two estimates yields (2.5). Then Lemma 1 is
proved. O

As a corollary of Lemma 1, we have the following decay estimate for the
term &(t) x (1 — )19, F; and &(t) x (1 — aA) L AG.

Corollary 1. Let 1 < p < 2, and let k, k and [ be nonnegative integers. Then
we have

10EGS(8) (I — al) 0y, Fyllze < C(1+ 1) 26855 |95 F, | 1 .
+ Ce O T || 2, YFy € WP () HF! Y

and
1056(1) * (I — ad) P AG] 12 < C(1+ )" 2G5 =257 956 1 o)

+ Ce™ oGl 2, VG € WP (Y HMH,

where 0 <k <k+landk+1—1>0in (2.8) and 0 < x <k + 2 in (2.9).

3 Existence and uniqueness of time periodic solutions

The purpose of this section is to establish existence and uniqueness of time
periodic solutions to the problem (1.1), which has the same period as h;(j =
1,...,n). To prove existence and uniqueness of time periodic solutions, we
need the following Lemma that has been established in [5] and [19].

Lemma 2. Assume that & = ®(v) is a smooth function satisfying ®(v) =
O(|v|**9) for v — 0, where o > 1 is an integer. Let v € L and |[v||z~ < My
for a positive constant My. Let 1 < p, q, r < 400 and % = %—i— %, and let k > 0
be an integer. Then we have

k — k
105 2(0)le < Clloll g vl zallOg v -
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Furthermore, we have

107 (@(v1) — @(v2)) || r < C{([|07v1]lLa + (|05 vallLa)llv1 — v2| L

+ (il + [zl L) 105 (01 = v2) |} (Jorllzee + [vz]l e )77,
where C = C(My) is a constant depending on M.

Our existence and uniqueness of time periodic solutions results are stated as
follows:

Theorem 1. Letn > 3 and m > n/2 be integers. For anyj =1,...,n, assume
that h; € C([0,T]; LY(R™)) N C([0,T]); H™1(R™)) is a periodic function with
period T. Put & = 31| suPo<i<r <||hj(t)||L1 + ||hj(t)||H7n71).Th6n there
exists a positive constant dg such that if & < &g, the problem (1.1) has a
unique time periodic solution vP°" € C([0,T]; H™(R™)). Moreover, it holds
that

sup [P ()| gm < C&.
0<t<T

Proof. The proof of Theorem 1 is divided into two steps. The first step is
to prove that the solution to the problem (1.1) is periodic solution, provided
that there exists a unique solution to the problem (1.1) . The second step is to
prove the problem (1.1) admits a unique solution.

Step 1: If there exists a unique solution to the problem (1.1), this unique
solution must be time periodic solution. To this end, we define the following
integral equation

VPE(t) = &(t — s) % vP (s / St—1)*x(1—-ad)™t
n (3.1)
X[ SO(=Fi(0)s, + (@, 0)a,) + AG() | (7)dr.

Here Fj(v) = f;(v) = f;(0) = fj(0)v = O(v?) (j = 1,...,n), and G(v) =
g(v) — g(0) — ¢’(0)v = O(v?). Then (3.1) is the solution to the following
problem

v; — alvy — (B + ¢'(0)) Av + yA%v
+3F0)ve, + > Fi(@)r, = AG($) + Y hj(w,t)a,
i=1 =

with initial value ¢ = s : vg = vP*"(s). Choosing s = —kT for k € N, then (3.1)
becomes

t

WP (H) = S(t + KT) 0P (s) + / S =m)x(1—al)™
(3.2)

X {Z(—Fj(sb)mj + hy(a,t)e,) + AG(¢)] (7)dr

=1
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Noting that n > 3, (2.5) entails that
IS(t=s)x0llam < C(1+t—s5)"% (ol +[lo]am) =0, Yo € H™ (L' (3.3)
as s — —oo. Since L' L? is dense in L?, (3.3) implies that
|6t —s)*o||gm — 0, Yo € H™ ass — —oo.
(2.8) and (2.9) imply that

n

I8(t—7) * (1—ad) 0y, Fyl|am < C(1+1 — T)_41_%(||Fj||L1+||Fj||Hm)7
16 (t—7) * (1=al)™ 0y, hjllmm < CUtt=7)" 572 (||l 2+ | rrm—1),
UGl + Gl ),

16t —7) % (1 —ad) LAG||gm < C(1 4+t —71) 171

which together with % + 4 > 1(n > 3) entails the converge of the integral in
(3.2). Thus, we have

0P (t) = [ S(t=)+ (1-ad) ! [ S (= Fj(0)a, +hs(a, 0a,) + AGW)| (7)dr.

j=1
(3.4)
Define the mapping

)0 = [ St -« -ad)
T (3.5)
[Z ; +hi(e,t)e,) + AG(UW)] (r)dr.

Assume that 9 has a unique fixed point, denoted by v7*", i.e., M(]") =
v]". Let 05" (t) = v7*"(t + T), then it follows from (3.5) and hj(z,7 4+ T) =
hj(z,7)(j =1,...,n) that

t+T

W (t) = 0PT( 4 T) = MP" (¢ + T)) = /_oo S(t+T—7)
(1-ad)” [i A, + hy(2,8)a,) + AGET) | (r)dr
_ /too S(t+T — (r+T)) (1 —aA)l[i(—Fj(Ufer)zj
+ hj(@,t),) + AG(v W)] (1 +T)dr = /_toocs(t—r) *(1—ad)™t

X | DD (F B e, + by, t)a,) + AGEET)| (T)dr = M (1)).

j=1
Then v5"(¢) is also fixed point. Due to uniqueness of the fixed point, we have

V() = v (8) = o7 (E 4+ T),
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which implies v]“"(t) is a periodic function with period T'. Therefore, the fixed

point of the mapping 9 is a periodic function with period T, provided that
the mapping 9t has a unique fixed point.

Step 2: The problem (1.1) admits a unique solution.

In this step, we shall prove that existence of solutions to the problem (1.1)
in the function space C(]0,T]; H™(R™)) by the contraction mapping theorem.
To this end, define the function space

X = {u"" e O([0,T); H™(R")) : [[vP" || x < oo},
where [[vP"|| x = supg<, <7 [[VP" ()| . For R > 0, we define
Y ={vP" € X : |[vP*"||x < R}.

To prove that there exists a unique solution to the problem (1.1), it is suffice to
prove that 9 has a unique fixed point in the function space Y. For YoP¢" € Y
and 0 < k < m, it follows from (3.5) and Minkowski inequality that,

t

Ha’éfm(vp”)(t)llmﬁ/ 1036 (t — ar Z (0P ), ()| L2dr

— 00

+/_ 10£S(t — ar) + (1= A) Y hy(@, ), (1)l 2dr

Jj=1

t
+ / 105&S(t — ar) * (1 — AT AGWP")(7)(7)|| p2dr =: Ky + Ky + K.
(2.8), (2.9), Lemma 2 and Sobolev embedding theorem entails that

t n
K1§C'/ (1+t—77ﬁfiz F;(vP") (1) || padr

— 00

+ C/ 7c(t T) Z Hak Uper )||L2d7—

t
—ﬂ—ki er er er
SC/ (I+t—7)3 (o™ (M)lI72 + [P ()| o< 0507 (7) | 12 ) dr

t
<l [ - n Tt ar <o,

—00

—0o0

t n
K < c/ (14t =) 1 S |y (7| padr
j=1

t n
+C / e =N oD by () | 2 dr
oo =

n

t
<c [ @rt-n Y (Il + 108D hy(r) 1 )r

j=1

AN
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n t

_n__k+1
<C s 3" (1@l + Why®lles) [ o= 85

=4 =1 —0o0
<C swp Z(nh iz + @) lim ),

n

K3 < C/ (L4t —7) 52 |G )(7) | adr

t
+C/ e~ D05 G (07T (1) | 2

n

t
SC/ (1+t=7) 575 (o (D)0 (7) | o= 0507 (7) | 12) dr

t
<clorif [ - n T R <o,
—o0
where (k — 1) = max{0,k — 1}.
Combining above three estimates gives

1053 ) (B2 < Clo "I + € sup Z(llh o+ 1Ay (1)

I_Imfl)7

which implies
[P || x < ClloPe" ||k + C&o.

Taking R = 4C&y and letting & be suitably small, we have
[P || x < 2CE& < R. (3.6)

Finally, we prove 20 is a strictly contracting mapping. VoP®" vP°" € Y, owing
o (3.5), it holds that

M(5P") — M(2P")( / S(t—7)* (1 —ad)!
{ Z B, [Fj (77) — Fj (77)] + A[G(a#°T) — G(UPST)]}(T)dT. (3.7)

By (3.7), Minkowski inequality, (2.8), (2.9), Lemma 2 and Sobolev embedding
theorem, we obtain

n k+1

|05 R(@T) = M@*")) ()= < C / (14+t—7)" 17

< S IEE) - BNl + (@) - G@) @l Jar

j=1

of ”{Zuak 5) = Fy(o") (1) 22
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192 Y.X. Wang
k(@) - (vW))( s far
sc/_ (L4t—r) 3" {Z” Fy(5°7) — (7)) ()| 1

(G @) = Gn)) ||L1+Z||ak 5T = Fy(577))(7) | 2
HIOHGET) = G ) >||Lz}dT
<0 [ etmr) 3B Q@@ 0 Ol |67 = 07) (1)1

(@ — 7P ) (7) | (10557 (7) |2 + 95577 (7)]| £2)

+([|57 (1)l + 107" ()| £ ) 105 (57" — @per)(T)Ilw}dT
t

< Ol + ol — ol [ (- e
< O+ 17 )7 — 7. Y0 <k <
which implies
[(M(@P") = M@P))(#) | x < CR[[P" — 07| x. (3-8)

Recalling that R = 4C¢&y and letting &y suitably small and combining (3.8)
yields

1M (0P") = M(@"")) (#)]| x < %Ilﬁ”” —0"x. (3.9)

(3.6) and (3.9) imply that 97 is a strictly contracting mapping. Consequently,
we conclude that there exists a unique fixed point vP¢" € Y of the mapping I,
which is a unique solution to (1.1).

Step 1 and Step 2 entails that the problem (1.1) exists a unique time periodic
solution. We have complete the proof of Theorem 1. O

Remark 1. Due to the integral with respect to time, in this paper, we only
prove that existence and uniqueness of time periodic solutions when the space
dimension n > 3. We shall discuss existence and uniqueness of time periodic
solutions for n =1, 2.

4 Stability of time periodic solutions

In this section, we shall prove the stability of time periodic solutions established
in Theorem 1. The asymptotic stability of time periodic solutions is stated as
follows.

Theorem 2. Assume the conditions of Theorem 1 hold and vo € H™ (L.
Put

&1 = [lvg — 0" (to) || L+ + [lvo — 07" (to) | -
Then there exists a positive constant 61 such that if & < 01, the problem (1.1),
(1.2) has a unique global solution v € C([tg,00); H™(R™)). Moreover,

(v — vPe)(t)|| L2 < CE(1+1)7 1. (4.1)
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Remark 2. Notice that for time periodic force 0., h;(z,t)(j = 1,...,n), there
is no time decay in the forcing term so that the large time behavior is more
complicated. The method used in this paper relies on the convergence of the
integral defined in (3.4). So this convergence can be proved when the space
dimension n > 3. Therefore, it is still an open problem for n < 2.

Proof. Firstly, we shall prove the global existence of the solution to the prob-
lem (1.1)—(1.2). Without loss of generality, we can assume ¢y = 0. Let vP*"
be the periodic solution constructed in Theorem 1 and let v be a solution to
the initial value problem (1.1)—(1.2). Then V = v — vP°" satisfies the following
initial value problem

Vi — @AV, — (B + ¢'(0)) AV +~7A%V + Z £ OV,
+ Z Fi(07")a, = A(G(v) = G@™)),  (42)

t=0: V:vo(:r) — P (2, 0). (4.3)

The existence and uniqueness of local solutions may be established by the
contraction mapping principle (cf. [3,12,14]). In what follow, global existence
of solutions to the problem (1.1)—(1.2) will be proved by continuous argument.
To this end, we assume that

M= sup [[V()[[am < 2Co&;.

0<t<To

where Tp is the maximal time of existence of local solutions.
We may transform the problem (4.2)—(4.3) into the following integral equation

V() = 6(8) * (vo(x) — o7"(0)) + /Ot S(t—7) % (1— )™ (4.4)
{ i (VP = Fi(V +0P))g, + A[G(V 4 0P") — G(vper)}}(T)dT.
Equation (4.4) and the Minkowski inequality entails that
05V (@)1 < ||3§6(t)*(vo(x)—vp”(0))|LHi [ 106 t-r(1-a2)"

X O, [F(0P") — F5(V +0P")|(7) || L2dT + /t ||E)’;6(t —7)x (1 —aA)™?
x A[G(V +vPe") — G(vP)|(7) || p2dr =: I Jorlg + Is. (4.5)
Making use of (2.5), we have
I <O+ 5 5 og(x) — 0P (0) 11 + Ce™ 05 (o (x) — 0P (0))]| 2
<C(l+t) 5 2. (4.6)

Math. Model. Anal., 25(2):184-197, 2020.
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It follows from (2.8), Lemma 2 and Sobolev embedding theorem, Theorem 1
that

I SCZ/O (Lt = 1) 55 (B (V +0P7) = Fy(0*")(7) || dr

+CZ/ ~eU=|OF (F3(V + vPe") — Fj(vP"))(7)[| p2dr

n

SC/O (L4t =) F 5 V) (V)12 + 077 ()| £2)dr

+C /0 e (Ve + o ) |5V ()l

+ V@)= 105V ]2 + ||3§v””IIL2)}dT
<C(M? + 6o M) /Ot(l Ft—7) E T dr 4+ C(M2 + GeM) /Ot et gr
gc(/w + 50/\4). (4.7)

Using (2.9) and the same procedure leading to (4.7), it holds that
¢
Is SC’/ (1+t— T)_%_# (G(V 4+ vP¢") — G(P"))(7)||padr

+C / D 9E GV +0PT) — G(WPT)) ()| 2dr

k42

<C/ Lt =) 37 [V (O)llL2 (IV (D)2 + 07 (7) | 2)d7

+0 [ DLl + 1)V (P s
+ V)L (105V |2 + ||8fvp”||L2)}dT
<C(M?2 + 6y M) /Otu ) O(M2 4 Sy M) /Ot e=ot=7)gr
go(w + 50/\4). (4.8)
We insert (4.6)—(4.8) into (4.5) and obtain

M < C1& + OM? + G M. (4.9)

Letting Cy = 4Cy, (4.9) implies that M < Cy&;, provided that §y and &
are suitably small. By standard continuous argument, we conclude that the
problem (4.2)—(4.3) admits a unique global solution V. Therefore, the problem
(1.1)—(1.2) admits a unique global solution wv.

Next we shall prove (4.1). We introduce the quantity

E(t) = sup (L+7)%(V(7)] 2.
0<r<t
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To prove (4.1), it is suffice to prove that £(t) < C&;. Equation (4.5) with k =0
gives

V()2 <2 Ji+ T2+ Js. (4.10)

Equation (4.6) implies
S <CL+1)75E (4.11)

(2.8), Lemma 2 and Sobolev embedding theorem, Theorem 1 entails that

b<0/1+ﬁﬂﬁ%2w SV 4 07°T) — Fy(oP°"))(7) | dr
+c/ e DN (F(V +0°T) — Fj(07°7))(r)]| 2dr

<o/1+p¢ VOV + 077 (1) 22)dr

-+<7]/ (Voo [V () 22 + 077 () 2w |V ()| 2)dr

n

S052()/0(1+t—r) 31 47) Edr

t
+C§08(t)/ (1+t—7) %"
0
t
(60 + EE() / e=et=1 (1 4 1)~ dr
0

< 0(5%) +E(t) + 515(15)) (1+1)"%.

N

(1+7) %dr

Similarly, we have from (2.9)

Js < C/t(l +t—7) TGV 4 0PT) = GP))(7)|| prdr
+c/ e~ DGV +v77) = GuPe")) (7)] adr

< C/ A+t =) E 2V (IV()llzz + |07 ()| 2)dr
+C/O e (VL V()22 + 07" ()| IV (7)]| 22)dr

< CE(t) /Ot(l +t—7) T Y1+ 7) " 2dr
+CRE®) /Ot(1 bt =) E (1) Edr 4+ OG0 + £)E()
X /Utec@f)u +7)"dr < 0(52@) + G0 (t) + 515@))(1 +1)7%. (4.12)

Inserting (4.11)—(4.12) into (4.10) yields

E(t) S CEL + CEX(L) + 0pE(t) + ELE().

Math. Model. Anal., 25(2):184-197, 2020.
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Therefore, we arrive at

E(t) < C&,

provided that §y and & are suitably small. Theorem 2 is proved. O
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