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Abstract. In this paper a general multi-objective geometric programming problem
with interval parameters is proposed, and a methodology is developed to derive its
solution. The model is transformed into a general geometric programming problem,
and relation between the original problem and the transformed problem is established.
Application of this discussion is illustrated in a waste water treatment model.
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1 Introduction

Since last two decades, linear/non-linear interval optimization problems have
been studied by many researchers (see [1,2,7,8,9,9,10,11,12,13,18,28]). Some
of these models consider interval parameters in the objective function only.
Most of the above papers focus on the derivation of optimal bounds of interval
optimization models. The methodologies due to [1,11] focus on the existence of
solution of nonlinear interval optimization problems with several assumptions.
In the literature of the theory of interval optimization, readers may observe
the existence of very few number of research papers on interval geometric pro-
gramming. The existing literature is limited to some particular type interval
geometric programming models only. A single objective interval geometric
(posynomial) programming model takes the following form.

S0 n S n
. ~ aotj . ~ Yotj 7 .
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x; >0, j=1,2,...,n, where o, Gosj, Cit, b;, Vi,j,t are intervals.
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Single objective geometric programming models with interval parameters

(IGP) are studied by [3,8,15,16,17,20]. Most of these methods formulate a
pair of two-level mathematical programming problems as

S0 n
. A~ a, N
(P1) max min E Cot H xjo“
t=1  j=1

8
S; n
subject to Zéit(bi)_l H x}o“ <1, z; >0,
t=1 j=1
2_1,2? 7m7j_1,2, 7n
and
S0 n .
(P;) min min Z ot H x?"“
s ° =1 j=1
Si n
subject to Zéit(bi)*l H [L’;YUU <1, z; >0,
t=1 j=1

where § is the set of all intervals present in the above models. Consequently
optimal values of P; and P, provide lower and upper bound of the optimal
value of IGP. But these methods do not provide the optimal solution of IGP.

There are several real life interval geometric programming models with more
than one objective functions, known as multi-objective geometric programming
model. One of these model related to waste water treatment system is explained
in the last section of this paper. Multi-objective geometric programming with
interval parameters has not been addressed yet. This motivated the authors to
focus on the theory of general interval multi-objective geometric programming
problem. It is obvious that the methodology for general multi-objective geomet-
ric programming problem may not work for interval multi-objective geometric
programming problem due to the presence of interval uncertainty. Moreover,
the methodologies described in [3,8,15,16,17,20], for interval geometric pro-
gramming, provide lower and upper bounds of the objective function at two
different points, but do not focus on optimal solution. In this paper the authors
have tried to meet these gaps. Initially, existence of solution of this model is
studied. A methodology is derived to find its efficient solution, which can pro-
vide a compromising lower and upper bound for all objective functions. As a
result, one can find a solution as well as optimal bounds. Throughout this paper
(IMGP) denotes an interval multi-objective geometric programming problem.
A general (IMGP) model is proposed in Section 3.

The paper is divided in four major sections. Section 2 explains some no-
tations and prerequisites on interval analysis. Section 3 describes solution
methodology for a general multi-objective geometric programming model. Sec-
tion 4 describes the proposed waste water treatment model as an (IMGP)
problem. This model is formulated through some hypothetical data. Method-
ology of Section 3 is used to solve this model.
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2 Mathematical notations, concepts and definitions

Following notations are used throughout the paper.

e I(R): The set of closed intervals on R. a € I(R) is the set a = [a, a®?],
a is said to be a degenerate interval if a” = a’ and is denoted by A.

e I(R),: The set of positive closed intervals on R, i.e., a € I(R), if a® > 0.

e I(R)™ : The set of interval vectors a, : G, = (a1, a2, ..., an)
I(R), j=1,2,..,n}.

L] Akt {1,2,...,]{1}.

e An algebraic operation ® (x € {+,—,-,/}) in I(R) is defined as follows.
For a = [a¥,a®] and b= [bL,b%] in I(R),a®b={axb:a € a, b€ b}.
Hence a @ b = [a” + b%,af* + b, a© b= [al — bF, a® — b,

a©b=| min ab, maxha.b} and a0 b = [ min ¢, max % 0¢b.

bl
a€a,beb a€a,beb aca,beb  aca,beb

e The spread of the interval a is p(a) = af* — a”.
e Summation and product of several intervals in I(R) are denoted as fol-
lows. For aq, as,....,a, € I(R),

—~

A A A A ~ noo A A A N
Ejzlaj 21 Dar D ... D ay, szlaj 201000 ...0a4n.

2.1 Interval valued function

Interval valued function is defined by many authors in several ways (see [6,22],
etc). In general, interval valued function is a mapping from one or more interval
arguments onto an interval number. An interval valued function f : R™ — I (R)
is f(x) = [fX(x), fR(x)] such that fL(z) < fB(x) Vo € R".

2.2  Order relations in I(R)

The set of intervals is not a totally ordered set. Several partial orderings in
I(R) exist in literature(see [1,6,22]). Order relation between two intervals a
and b can be explained in two ways; first one is an extension of < on real line,
that is, a < b iff a® < bL, and the other is an extension of the concept of set
inclusion, that is, a C b iff aX > b and a® < bR. These order relations cannot
explain ranking between two overlapping intervals. Set of intervals is a partial
order set, so all intervals can not be compared with respect to a particular
partial order relation. In most of the literatures on interval optimization, <pgr
partial order relation is used to compare two intervals. According to this partial
ordering, @ =R biff o < bL and o' < bf. But in case, when one interval lies
in another one, then these two intervals are not comparable with respect to <pr
partial order relation. For this reason we have introduced a new partial order
relation, and named this as x- partial order relation. Definition of y- partial
order relation and its advantage are provided in the following subsection.

Math. Model. Anal., 20(5):585-603, 2015.
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2.2.1 - partial ordering

Two intervals may overlap, one interval may lie behind another interval or one
interval may contain another interval. To describe this concept mathematically,
we associate a function x : I(R) x I(R) — [0, 1] as follows. For two intervals a
and IA),

aft <t
x(a, b) = < 0, al > b, (2.1)

% € (0,1), a” <bf and a®® > b-.

x(a, 3) represents degree of closeness of @ with b. One may observe here that
X is continuous and belongs to [0,1]. Moreover x(a,b) + x(b,a) = 1.

We define order relation “=<,” between two intervals as follows, which is based
upon the concept of closeness of two intervals.

Definition 1. For two intervals a, b € I(R),

x(@,b) € [$,1] means x(a,
For example, p([1,4]) < pu(
degree of closeness %;
x([1,5],[3,6]) = % but [1,5] <
ul([1,4]) < p([5,9]) and x([1,
closeness 1;

w([1,4]) = p([—3,0]) but x([1,4],[—3,0]) =0, so [1,4] =<, [—3,0] is not true.

x [3,6] is not true, so u([1,5]) £ u([3,6]).
4],15,9]) = 1. So [1,4] <y [5,9] with degree of

Lemma 1. =, is a partial order relation.
Proof of this result is provided in Appendix.

Note 1. Advantages of y-partial ordering are the following:

x— partial order relation describes the closeness between two intervals. Ac-
cording to this partial ordering, for any two intervals ¢ and i), closeness of a with
b is x(a, 3), which always lies between 50% to 100% and also known as degree
of closeness. This means a is more than 50% closer towards b. The existing
interval partial orderings in the literature are either not associated with any
such closeness factor or if associated, then their closeness/acceptability factor
lies between 0% to 100%.

Interval order relation due to [26] is associated with acceptability index,

which lies between 0 and 1. x- partial ordering is associated with closeness
index, which lies between % and 1. Both interval order relations determine

closeness of one interval towards other. Since the degree of closeness between
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two intervals is always more than 50% in case of y-partial ordering, so x- partial
ordering always accepts the decisions with higher degree of acceptability, which
is definitely more acceptable for any decision maker. It is true that, the decision
is more acceptable for the decision maker if the degree of closeness is more.
Since our degree of closeness is always more then 50% so x partial ordering is
stronger than other partial ordering.

I(R)™ is not a totally ordered set. To compare the interval vectors in I(R)™,
we define the following partial ordering <¥.

Definition 2. For a, = (a1 ag ... dn)T and gv _ (31 52 gn)T in I(R)"™,
ay 2% by iff a; 2y b, i€ Ay

From the above two definitions, degree of closeness between two interval vectors

a, and l;v of dimension n can be defined as follows.
Definition 3. Degree of closeness of the interval vector a, = (a1 as ... &n)T
with the interval vector b, = (by by ... b,)T is defined as

Xy, by) = min {x(a;, b;)}-
Ezample 1. Consider the interval vectors a, = ([0,2],[2,3])" and b, = ([1,4],
[2a4])T' Here X([O’Z]’ [174]) = %v X([2,3], [274]) = g’ X(dvvbv) = min {X([012]7

[1,4]), x([2,3], [2,4])} = 2. Hence we say d, =<2 b, with degree of closeness 2

Throughout this paper we consider the partial ordered sets (I(R),=,) and
(I(R)", =%).

3 Interval multi-objective geometric programming prob-
lem and its solution

In a general multi-objective optimization problem there may not exist a sin-
gle optimal solution that simultaneously optimizes all the objective functions.
In this circumstance the decision maker looks for the most preferred solution.
Hence the concept of optimal solution is replaced with Pareto-optimal/ effi-
cient solution. This concept may be extended for multi-objective geometric
programming problem with interval parameters.

Consider a general interval multi-objective geometric programming problem
(IMGP) with k objective functions as,

(IMGP) :
o1 ~n  —s02 —~n
: I Yoil A Yoi2
min E ¢ H x E ¢ H x
{ p=1 Ol Ly, POy
——S0k —~n N
A Yolk
I
Ztk:1 R § PR }
——5; —~n N R
subject to E , léthl 1x7’” =b;, j€An, >0,
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where éOtia ;)/Olm égtv ’%tla b € I(R)+7 éOt = [Cgt aCOt} ’YOZZ = ['7(%[1,'751]
e = [cky, R, b = (b, bF] with ¢f,, > 0, ¢l > 0 and bl > 0, V;,j,t,i € Ay,
JjE Ay,

Solution method for (IMGP) is different from the solution method for
general multi objective geometric programming problem due the presence of
interval uncertainties and interval ordering, associated with (IMGP). Solution
of (IMGP) is definitely a compromising solution but following uncertainties
should be taken care.

(¢) Feasible region of (IMGP) is the set

oo 5 ol 2 we )

which has uncertain parameters as intervals as well as interval ordering.
So x € R™ can be a feasnble solution of (IMGP) if x satisfies m number

of interval inequalities, Et 16 Jt]_[l 195/” < bj, which can be determined

using the concept of closeness between two interval vectors as per Def-
inition 3. Hence a feasible point is associated with certain degree of
closeness between two interval vectors. In other words, we may say this
feasible point with some degree of closeness as a feasible solution with
some acceptability level.

(#4) A feasible point  with certain degree of closeness/acceptability level, can
be an efficient solution of (IMGP) for the k conflicting interval valued
objective functions. This has another uncertain factor in connection to
these k£ conflicting interval functions, which are compared using partial
ordering (jf() We say, any acceptable feasible solution which optimizes
all these conflicting objectives functions, as y-efficient solution.

These two uncertainties are addressed separately in mathematical terms in the
following subsections to find an efficient solution of (IMGP).

3.1 Acceptable feasible solution
The feasible region of (IMGP) is the set

Sz{xéR”Zt eIl et <, j € Am}.

S is associated with a system of m non-linear inequalities. Acceptable feasible
solution for (IMGP) can be derived in the light of the discussion on close-

—~S1 ~n
ness between two interval vectors (3-,_; &[],z Zt 102,51_[1 L)t

4 " Ymtl T o ~\T
> ic1Cmel [iqx]™") " and (by by --- by,)  (See Definition 3). Here, for every
r € R™,

’YJtl _ E H Nt § : H N5t
Zt 1 ]tHl 1 - |: Gt T Cjt Zy ’
t=1 t=1
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where
xvj” when x; > 1
Ingtl — ! ’ [y
l ’yjtl

z,°",  when z; < 1.

For any = in S, the interval [ 77, ¢k T, 2", 3202, ¢ [T/, 27" ] may lie
behind or overlap or exceed [bJL,bf] for every j € A,,. Accordingly the fea-
sibility of x for (IMGP) is completely acceptable or partially acceptable or
not acceptable. Hence every point = in S is associated with certain degree of
acceptability /feasibility /closeness factor. Using the discussion in Section 2, we
will convert S to a deterministic form to have some mathematical sense of this
affect as follows.

Denote

Smam = {x Z ]tHantl <bR jeAm}

t=1
and

S i) | EUE R
t=1

Smaz and Sy, are the maximum and minimum feasible regions respectively.
From the definition of S,,4, and Sy, it is obvious that Sy, € Simaz- Hence
any feasible point of (IMGP) lies either in Sy, or in Spaz \ Smin, but not in

the complement of Siax (Whlch is S¢ ... ), depending upon the relation between

il ek Tl 2 2 et Ty 7" ] and [b, b, Tt is clear that
(i) zeSisa fully acceptable feasible solution if € Sy,p. i.e.,

Z ]tHxn’” <bL Jj € Ap;
=1 =1

(#4) x is not at all an acceptable feasible point if z goes beyond the region

Smaz- 1.€.,
, R
St ams Z thx > bt g Ap;

(#4i) x is a partially acceptable feasible solution if © € Spaz \ Smin. In this
case, the degree of acceptability of x decreases from 100% to 0% as it
moves closer to Sy,qz from Sy.in.

Acceptability degree of z correbpondlng to j*" constraint is the degree of close-

ness of two intervals Zt 1cthl 11:7”’ and b;, which can be obtained by asso-
ciating a function XF I(R) x I(R) — [0,1] as in (2.1), as follows.

_——~8§
g (X, e = b,
el B U

1 Zt 1 jt Hz 1557’7“ <bL
=10, >l 1Cgt Hz " >2R (3.1)
b =50l e Iy 2

elsewhere.
T5t1 ’7 itl\
(b?*bL) (Zt 1 ]rHL 1 LJ Zt 1 ]tnl 1T ’ )

Math. Model. Anal., 20(5):585-603, 2015.
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It is clear that every z € S is associated with certain degree of acceptabil-
ity (Xf ) with respect to j*" constraint. Since S is the intersection of m
number of constraints, so every x € S satisfies the minimum degree of close-
ness/acceptablity, which can be found using Definition 3 as

r= i 0 (S o0l |

Define a set

[ . n — H Fitt
S —{(x,T).mER , T—lglgnm{ (Zt lcthl g7 ,b; >}}

For (z,7) € S’, we say z is a feasible point with acceptable degree 7 and S’ is
the acceptable feasible region.

3.2 y-efficient solution

Since (IMGP) is a multi-objective programming problem so it may not have
optimal solution as in the case of a single objective optimization problem. So
it is necessary to determine Pareto-optimal/compromising/efficient solution of
(IMGP) over this acceptable feasible region S’. In other words we need to
solve

(P) min

——5S01 —~n ——502 —n
(z,7)€S’

A o1 o Foi2
Ztlzl ol o to=1 V2l e
A Yoik
E ¢ I | x . 3.2
=1 Ot d d) g } (3.2)

Recall that a feasible solution of a general multi-objective programming prob-
lem is an efficient solution if there is no other feasible solution that would reduce
some objective value without causing simultaneous increase in at least one other
objective value. This type situation appears in an interval multi-objective geo-
metric programming (IMGP) also. An exact optimum solution of an interval
multi-objective geometric programming problem may not be found always due
to the nature of conflicting objectives. Hence the decision maker has to com-
promise with several objective values. Here each objective value is an interval,
which leads to uncertainty. For this purpose partial orderings are necessary
to compare interval vectors as well as intervals in place of real vectors and
real numbers respectively. To compare interval valued objective functions in
(IMGP), we accept =, and <% partial orderings as discussed in Section 2.2.1.

In the light of the definition of weak efficient solution of a general multi-
objective geometric programming problem (MGP), we define weak efficient
solution of (IMGP) with respect to <¥ partial ordering in I(R)* and call this
solution as y-efficient solution.

Definition 4. A feasible solution (z,T) with acceptable degree T of (IMGP) is
said to be x-efficient solution of (IMGP) if there does not exist any feasible
solution (y,7 ) with acceptable degree 7, (1 > 1), of IMGP) such that

——S50i —~n ——S0i —n

Zti:1éo’5iHl 1 %“ =x Z H _ 70“ Vi € Ay.
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Note that 7 > 7 is considered since 7 < T implies that y has less feasibility
degree, which can not be acceptable for a decision maker.

3.2.1 Solution of (P)

It is difficult to derive the y—efficient solution (Definition 4) of (IMGP) ana-
lytically. For this purpose we assign a target/goal to every objective function

f (IMGP). Since every objective function is an interval valued function, so
the decision maker has an aspiration level of achievement (denoted by I;) and
highest possible level of achievement (denoted by u;) of i'" objective function
for every i. [l;,u;] can be considered as preassigned goal for i*" objective func-
tion. The goal [I;, u;] stands for the achievement level of the objective function
which is to be minimized. That is, the decision maker has to take the decisions

so that
——50i —~n R
o Youi .
E COtiH ] = [l ug] Vo, (3.3)
ti=1 =1
where
——504 —7n S0 S04
- 7011 _ 7ol4 mM0l4
> o] # 0 = ZCot Hw Z%t Hw
ti=1 —1 —1

Value of these goals (I; and u;) may be provided by the decision maker. The
basic idea behind this assumption is that, the decision maker specifies desired
goal levels for the objective functions, and the actual optimization problem
uses the deviations from the goals as the objective of the model. [; is aspire
level of achievement and w; is the highest acceptable level of achievement of
the objective function. This means, minimum value of i** objective function is
very close to [I;, u;].
The inequalities (3.3) literally mean that, for every (z,7) € S', deviation of
" objective function from the goal [l;,u;] may be more or less acceptable for
the decision maker. Hence every interval valued objective function is associated
with certain degree of flexibility from its goal One may observe that for every
(z,7) € S', the degree of flexibility of Zt _ 1o, Hl L2 is higher if deviation
of Y2, et TIiy /" from I; is less and the degree of flexibility is less if
deviation of fozl cfh, Ty o from wu; is more. This logic is similar to
the discussion of Subsection 2. 2 1 in the context of the closeness between two
intervals. Accordingly we can associate a function x§ : I(R) x I(R) — [0,1] as
in (2.1) to measure this degree of closeness, as

—50; ——n
o N Youi
- E ¢ | I x i, u;
Xi ( - 0t; PIRE A [za z])

: S04 R n noti .
1, if Ztiﬂ COt [ =™ <L,
s S04 'f]ou R
{0, if Zt —1 COt Hl 1T % Ui, (3.4)
X Ly ey, Ty 2™ elsewhere
(ui*li)JF( Sm100t Hz 1Z T,Oll SO1100f | no“) '

Here, value of every objective function is flexible towards its goal with certain

Math. Model. Anal., 20(5):585-603, 2015.
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degree of flexibility. This occurs simultaneously for £ number of goals with
—~S50i
minimum flexibility, min x% (Zfoﬂcm Hl 1Z 70” [li,ui]> (See Definition 3).
3

The objective functions are characterized by their individual degree of flexi-
bility and the constraints are characterized by their degree of acceptability. So,
in this uncertain environment a decision «x is the selection of activities that si-
multaneously satisfy all the objective functions and constraints with maximum
satisfaction, which may be mathematically expressed as

——S0i —~n
max miin {Xio (Ztizléminl_ o [li,ui]> ; (z,7) € S'}
—=S0i e
Emaxmjn {X? (Zt’__léOtiHl 19670“ [li,%‘])%
Timjln XJ <Zt 1 ]tHl 1 %” A.>’ xES}-

This max-min problem is equivalent to

(IMGP)" : max 6 (3.5)

——S50i —~n

SUbjeCt to 0 S X? (Zt,._léOtiHZ xl%hv [l’mu’b]> ) i€ Ak7
b<xj (Zt 1 JtHl L )b '>, JEAR, 0<O <1

After substituting the value of x¢ and x¥, (IMGP)’ can be further simplified
to the following form.

(IMGP)': max 0

subject to(Z Octy. Hx"o“> (Z (1-0)cy, Hx"““) <ULO0+(1-0)u;,
ti=1 ti=1

<Z7 90 Hﬁ]”) (Z metl> <bEO+ (1 - Q)bf7

t=1

1
§<0<1,ieAk,jeAm

(IMGP)' is a general geometric programming problem which is free from in-
terval uncertainty, and can be solved using geometric programming technique.
Let the solution of the problem (IMGP) be (6°P*, x°P!) with degree of fea-
sibility 7°Pt. Following result establishes the relation between the solution of
(IMGP) and (IMGP).

Theorem 1. If (0Pt 2°PY) is an optimal solution of the (IMGP)', then z°P'
is an x-efficient solution of (IMGP) with degree of satisfaction 6°Pt. In case
of alternate optimal solution of (IMGP)', at least one of them is an x-efficient
solution of (IMGP).

Proof of the theorem is provided in Appendix.

Methodology of this section is illustrated in a waste water treatment model
in next section.
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4 A possible application in waste water treatment system

Several problems in waste water treatment system can be formulated as an
optimization model. Readers may refer [4,5,14,19,21,24,25,27,29] for different
type of optimization models related to waste water treatment system. These
are single objective optimization models where the treatment cost is minimized
under several conditions while removing the pollutant in the water. One may
observe that the total time required to execute the complete process of waste
water treatment system plays an important role while minimizing the total
cost. In this paper we address both the objectives which occur simultaneously:
minimization of the total annual cost as well as total time required to complete
all the steps of a waste water treatment plant. At every step, cost and time may
vary due to the presence of several inexact information in the system, which
arise due to change in climate, change in market price, quality of ingredients and
instruments, which are used in the treatment process. Lower and upper bound
of these parameters can be estimated from the historical data. As a result of
which, the parameters of the waste water treatment model become intervals
and hence the model is converted to interval optimization model. Formulation
of such a model is discussed in detail in this section.

4.1 System description

A general waste water treatment system is configured in the following major
steps.

Step 0 A known quantity of water from showers, toilets, washers and sometimes
from factories is pumped into the tank where the water is dozed with
alum for coagulation with heavy metals or insoluble particles. After co-
agulation, water is allowed to settle for some hours in the tanks.

Step I Next, water pollutants are removed by reverse osmosis process in which
water is pushed through a semi-permeable membrane to remove salts,
viruses etc. Then, the rest amount of water is taken to chlorination tank
where the primary disinfection is brought about by bubbling chlorine gas.

Step IT Water in Step I is then passed through sand filters for trapping of undis-
solved pollutants and also pass through carbon filters to remove odor,
color etc. Dechlorination is done at this stage.

Step III Water from Step II is passed through a series of micro filters to remove
bacteria, protozoa etc., followed by ultraviolet disinfection system for ter-
minal disinfection.

Finally, water is packed in bottles through an automatic rising, filling and
capping machine fitted with an ozone generator.

Let z; (in percentage) be the remaining amount of water pollutant after
completion of j** step. Due to change in climate, change in market price,
quality of ingredients and instruments used in the treatment process, total

Math. Model. Anal., 20(5):585-603, 2015.
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expenditure at j** step varies between yJL and ij (say); and total time re-
quired to complete this step varies between t/ and ¢ (say). Denote §;(z;) =
[wE, ylf], t(x;) = [tF,tF], for j =0,1,2,3.

The required time and cost at every step depend upon the remaining amount
of pollutants of that step. Objective of the system is to minimize the total cost
and the total time required for the waste water treatment process so that at
least p% (say) of the pollutants should be removed. The intervals g;(z;) and
fj (x;) can be determined from some given past data.

4.2 Formulation of the model

To illustrate the proposed model, consider the following hypothetical data.
Cost and time required for I*" (I = 1,2, ...,6) experiment are given in Table 1
and Table 2 respectively. z;; (with percentage) denotes the remaining amount
of pollutant after completion of step j. Cost and required time to complete ;"
step in [*" experiment varies in the intervals §;(z;) and ;(x;) respectively.

The intervals §;(x;) and #;(x;) at j*" step of the model can be found from

Table 1. Cost to complete the steps for System.
Exp-1 Exp-2 Exp-3 Exp-4 Exp-5 Exp-6
(l=1) (1=2) (1=3) (l=4) (I=5) (I1=6)
T — 50% 30% 20% 15% 10% 3%
ﬁjl:[y;‘lvyﬁ]i
Step 0(j =0) x X X X X X
Step I(j = 1) [0.5,0.8] (1,1.2] [1.4,1.5] [1.5,1.8] [2,2.5] [3,3.5]
Step II(j = 2) [0.5,0.6] [0.7,0.9] [2.5,2.7] [2.8,3.1] [3.3,3.5] [3.8,4.2]
Step III(j = 3) [1.4,1.5] [1.8,2.1] [2.8,3.1] [3.2,3.5] [3.8,4.0] [4.4,4.6]
Table 2. Time taken to complete the steps for System.
Exp-1 Exp-2 Exp-3 Exp-4 Exp-5 Exp-6
(=1 (1=2) (1=3) (l=4) (I=5) (I=6)
x4 — 50% 30% 25% 15% 10% 5%
RN
Step 0(j =0) X X X X X X
Step I(j = 1) [0.8,1.0] [1,1.3] [1.5,1.7] [1.8,2.0] [2.1,2.4] [3.0,3.2]
Step II(j = 2) [0.4,0.5] [0.6,0.8] [2.4,2.5] [2.6,2.8] [3.2,3.5] [3.6,3.9]
Step III(j = 3) [1.4,1.6] [2.8,2.9] [2.9,3.2] [34,3.6] [4.14.3] [4.44.6]

this data through interpolation. Here we consider least square approximation
to interpolate data as follows.

For j = 0,1,2,3 and a;, b; € R, b; > 0, consider the interpolating curve

Y1 = bjx;%, where y;; € ;. Then y;l = b;- + ajx;l, where y;l = log y;1, blj =
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logb;, x; ; = log z;;. For best approximation, b;» and a; should be found in such
a way that Z? (a;x ; l+bl y; ,)? is minimum. The necessary and sufﬁcient con-

dition for the existence of the minimum of L, where L = Zl (ajz jl —I—b yjl) )

are equations g aLj =0 and gb = 0. Solving this system, we get
j

_ 651 logajlogy; — Sy logzy S0 log yji
600, (logz;0)2 — (X, log a:j1)?

6 6
1
=5 <Z logyji — a; Zlog%‘jz> ;
=1 =1

b; can be found from the relation b; = logb;. Since y;; € §; so a; and b; also
lie in some intervals, which can be computed as follows

9

a; € [ min a;, max a;] = a; (say), b; € [ min b;, max b;] = b; (say).
y]ley]l yjleyjl y;zéyﬂ szEygL

Hence the cost function at % step is §; = b; ®;% , which is an interval valued
function, and can be interpolated from the data given in Table 1. Similarly the
time function at j** can be calculated from the data given in Table 2 through
an interpolating function ¢; = dj:r§j

Table 3 summarizes the values of the intervals a;, 8 for cost function and
5, d for time function, which are found through interpolation as discussed

above. In Step 0, it is not possible to remove the pollutants. So a;, b]7 Cjs dj
are 0, where 0 = [0,0]. The total cost and total time taken for completion of

Table 3. Evaluated a;, b;, &, d;.

a; bj ¢j d;

J

1 [-0.672,—0.450] [0.386,0.726] [—0.661,—0.483] [0.490,0.767]
2 [~0.786,—0.660] [0.407,0.585] [—1.118,—0.930] [0.224,0.356]
3 [-0.482,-0.416] [0.875,1.343] [—0.488,—0.394] [1.259,1.592]

all the steps for this system are respectively

V(2) £ [0.386,0.726] © 205040 0 407 0.585] @ £ 070660
®[0.875,1.343] © [ 0.482,—0.416]

and

T(x) £ [0.490,0.767) © 2y 74 9[0.224,0.356] © 2y T
®[1.259,1.592] © x[3 0.488,-0.304]
Y (z) and T'(z) are the interval valued functions which have to be minimized

simultaneously. Generally, after waste water is purified through j steps, the
remaining amount of the water pollutant (percentage) in water is acceptable up

Math. Model. Anal., 20(5):585-603, 2015.
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to some desirable limit say b(b > 0). In Step II 21 % of pollutant is entering and
it is possible to remove 2% of pollutants. So, after completion of this step the
remaining amount of pollutant is z122%. Similarly after Step III, it is zyzo23%.
We assume that after completion of these steps the remaining amount of water
pollutant is limited up to b%(b > 0). So, z1xox3 < b. For p = 96, that is, if at
least 96% of the pollutants has to be removed then, b =1 — 0.96 = 0.04.

Summarizing the above discussion, the waste water treatment optimization
model denoted by (W — IMGP) can be formulated as

(W — IMGP) :
min {[0.386, 0.726] © 270673704500 ¢ 10 407, 0.585) @ k0 786-0-660)

@ [0.875,1.343] © gk 0482704161,

[0.490,0.767] ® x[1—04661,—0,483] @ [0.224, 0.356] © x[2—1.118,—0.930]
@ [1.259,1.592] ® mg*0-488,70.394]}

subject to x1x2w3 <0.04, 0 < 2; < 1.

This is an interval multi-objective geometric programming (IMGP) model.

4.3 Solution of (W — IMGP)
In (W — IMGP) model,
1(z) = zizows, S = {(z1,22,23) : T17223 < 0.04, 0 < x; <1},

fE(x) = 0.38627 %% + 0.40725 %90 4 0.87525 *419,
f(z) = 0.7262, %07 + 0.58525 %786 4 1.3432, 0452,
(z)
(

Q

f2(z) = 0.490z7 4% +0.22425 0930 + 1,259 0994,
fQI{ l') = 0.767.’171_0'661 + 0.356:122—1-118 + 1.592173—0.488.

Based on the above information, x-efficient solution of this model can be found
using the proposed methodology in Section 3. Details may be avoided. Here
S" = S. Suppose goals for the functions [ff(x), ff(z)] and [ff(z), f#(x)] are
[4,7] and [6, 8] respectively (provided by decision maker). So x¢, for i = {1,2}
are as follows

O/} 2 _ 7_f1L(m)
X1 (fa( )7 [4a7]) ~ 34 (flR(I) — flL(:C))’
8 — f3(x)
(fs¥(x) = f3(x))

Xg)(fQ(x)a [678}) = 2+

The inequality 6 < x9(f1(z), [4,7]) is equivalent to
0.38627 °4%0 4 0.40725 %50 + 0.87525 %40 + (3 + fE(x) — fL(x)0 <7,
and the inequality 6 < x§ (f2(x),[6,8]) is equivalent to

0.49027 2483 4022425 %930 +1.25925 939 + (2 + fE(x) — fL(x))0 < 8.
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Here (IMGP)’ becomes the deterministic equivalent (W — IMGP)’, which is
(W —-IMGP)": max 6
subject to (1 — 6)(0.055x7 %% 4-0.05825 %% + 0.12525 0416)
+ 60(0.10427 %57 4 0.083z5 * ¢ + 0.19225 %452) + 0.4290 < 1,
(1 —6)(0.06127 %483 4 0.02825 %90 + 0.15725 *39)
+ 6(0.09627 9% 4+ 0.04525 11® 4 0.19925°4%%) + 0.2500 < 1,

1
25x1x0x3 < 1, 0 < 21,20, 23 < 1, 3 <f <l

The transformed model is a geometric programming problem with positive
degree of difficulty. Optimal solution of the problem is found using GGPLAB
( [23]) optimization environment in MATLAB R2012a as

2P =0.300, 257" = 0.352, x3¥* = 0.379, §°P' = 0.793.

Since the feasible region of the problem is a deterministic region. So the degree
of acceptability /feasibility of the solution is 1. Both the objectives satisfy
their goals with degree of flexibility 0.793. Hence a x-efficient solution of the
given interval multi-objective problem is x°P* = (0.300 0.352 0.379) with
79.3% degree of satisfaction. In this case 96% of the pollutant is removable.

¢ _opt _opt . . .
(2P, 2o, 23" are remaining amount of pollutant in corresponding steps.)

Note 2. In this model the parameter b represents the desirable limit of remain-
ing water pollutants after completion of all the process of waste water treatment
system. Other parameters of the model are uncertain. For any change on the
pollutant limit b to b + €, the constraint for remaining amount of pollutant in
(W — IMGP)' becomes x12223 < (b =+ €)%. In that case the sensitivity anal-
ysis of the model (W — IMGP) can be studied using the sensitivity analysis
technique of general geometric programming problem, since (W —IMGP)' is a
general geometric programming problem. Corresponding to different values of
b, change in the solution as well as change in the range of total cost and total
time taken for the completion of all the steps for the system are provided in
Table 4.

Table 4. Optimal solutions corresponding to different desirable limits of remaining pollu-
tants b.

b 1 T2 3 Total cost Y(z) Total time taken T'(x)
0.04 0.300 0.352 0.379 [2.783,5.103] [3.313,5.400]
0.05 0.324 0.374 0.412 [2.684,4.873] [3.188,5.137]
0.03 0.315 0.348 0.364 [2.916,5.418] [3.482,5.759]
0.02 0.230 0.300 0.289 [3.113,5.896] [3.734,6.307]
0.01 0.175 0.255 0.223 [3.479, 6.816] [4.206,7.371]

5 Conclusions

In this paper a new partial ordering is introduced to compare interval vectors.
Existence of solution of a general interval geometric programming problem is

Math. Model. Anal., 20(5):585-603, 2015.
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studied and summarized in a theorem. A methodology is derived for the so-
lution of the model. In the process of the methodology, one may observe that
x-efficient solution of (IMGP) is associated with certain degree of feasibility
and certain degree of flexibility of the objective functions towards the goals. A
possible application of this methodology is discussed in a waste water treatment
system. The methodology provides compromise lower and upper bound of min-
imum cost as well as minimum time requirement of the waste water treatment
model. The model is explained in hypothetical data. However real life waste
water model can also be studied for large data, which is beyond the scope of this
theoretical development. Study of sensitivity analysis on the lower and upper
bounds of the interval parameters of a general interval geometric programming
problem (IMGP) is complex. We leave this for future study.

Acknowledgement

The authors are greatly indebted to the anonymous referees for valuable com-
ments and remarks.

Appendix

Proof of Lemma 1:

For this we need to show =<, is (i) reflexive, (i7) antisymmetric and (i4¢)
transitive.

Reflexive : Suppose ¢ € I(R). Since p(a) = wp(a) and x(a,a
G = a. Hence =, is a reflexive relation.

S~—"
|
N[
n
@]

Antisymmetric : Consider a, b e I(R) and a =, b and b jx a. a =y b
implies u(a) < pu(b) and x(a,b) € € [3,1]. Again b = @ implies u(b) < (@) and
x(b,a) € [3.1]. Hence p(a) = w(d). x(a,b) e (3, 1] implies x(a,b) > x(b,a),

a) =

and y(a,b) € [3.1] implies (

b)
A N ( ,b). Hence x(a,b) = x(b,a). Because
x(a,b) + x(b,a) = 1 and x(a )

I;) ( ) S0 X (d,b) = X(b, a) = % Since
)= b. Hence =X, is an antisymmetric

(@) = p(b) and x(@,b) = x(b,a) = 3, so
relation.

Transitive : For d,lALé € I(R), consider a =, b and b =y & a jx b
implies p(a) < p(b) and x(a,b) € [3.1]. b =, ¢ implies w(d) < p(é) and
x(b,é) € [3.1]. Hence pu(a) < (o). x(a,b) € € [3,1] implies x(a b)) > (b, ).
Hence b 4+ b% > aff +ar. Also, X(l;, é) € [2, ] implies X(b ¢é) > x(é, l;) Hence

B 4+ ¢k > pB 4+ pL. From both the relatllg)nwae haveRc L+ k> aff + oL
fa : R _ L R _ L c'—a a‘—c : : :
This implies, ¢ a” > a c”. So MEEMe) > MEFMOE which implies
x(@,¢) > x(¢,a). This means, x(a,¢) € [1,1]. So @ < é& Hence =, is a

transitive relation.

This implies that <, is a partial order relation. 0O

Proof of Theorem 1: Here §°P! = (z°Pt).
£ 30 =i Youi i i
Denote fi(z) = 32, _icor [L@™, £ (@) = 32000 ey, TIy ™,
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sz(x) = 2207_1 0t; Hl 1m77m » gi(z) = Zt 1C]tHl 1 7]”- Suppose z* is
not an y-efficient solution. So from Definition 4, we can say that there exists
x* # x°Pt which is a feasible solution of (1M GP) with degree of acceptablhty
7 such that fi(z*) <y fi(Topt), Vi € Ax. Hence u(fi(z*)) < p(fi(x°P")) and
fi(@*) < ff(2°P). This implies ff(a*) < fff(2*) < fF(a°%") < ff{(a°7"). So

— fH@) 2 ui = fE @) > 0. (5.1)

Since [l;, u;] are non degenerate intervals, we have

0 < (ui =) + (ffH (") = fH(2")) < (wi — ) + (fF@) = fE (@), (5.2)
From (5.1) and (5.2), we get
~ () . ui — fH (@)
(ui = l;) + (fR( ) = fE@) T (= l) + (fR(@ert) — [ (aort))
Also we have
eopt < Ui — fiL(l.opt) < Uy — sz(‘r*)
T (ui = L) + (ffF(ert) = fE(@ert)) T (ui = L) + (fF(20) = fF ()
x* € S implies that z* is a feasible point with some degree of acceptability

bR

P gy (x)
L >} So (z*,7*) is a feasible

7™ € [3,1], where 7% = Injin {(b,’?—b,@)+(g3(z)—g,@(x)

point of (IMGP)’. Now,

. fH) - fH@r)
mn (wi )+ (@)~ FF @) b2 { (w7 = FF (w97) }

Hence 6(z*) > 0(x°Pt). 1If 0(z*) = 6(z°P!) then z* and x°P! are alternate
optimal solutions of (IMGP)" with degree of feasibility 7* and «* is a x-
efficient solution of (IMGP). 6(x*) > 0(x°P!) leads to a contradiction to the
optimality of z°P!. 0O

References

[1] A.K. Bhurjee and G. Panda. Efficient solution of interval optimization prob-
lem.  Mathematical Methods of Operations Research, 76(3):273-288, 2012.
http://dx.doi.org/10.1007/s00186-012-0399-0.

[2] S. Chanas and D. Kuchta. Multiobjective programming in optimization of inter-
val objective functions A generalized approach. European Journal of Operational
Research, 94(3):594-598, 1996. http://dx.doi.org/10.1016,/0377-2217(95)00055-
0.

[3] J.J. Dinkel and M.J. Tretter. An interval arithmetic approach to sensitivity
analysis in geometric programming. Operations Research, 35(6):859-866, 1987.
http://dx.doi.org/10.1287 /opre.35.6.859.

[4] J.G. Ecker. A geometric programming model for optimal allocation
of stream dissolved oxygen.  Management Science, 21(6):658-668, 1975.
http://dx.doi.org/10.1287 /mnsc.21.6.658.

Math. Model. Anal., 20(5):585-603, 2015.


http://dx.doi.org/10.1007/s00186-012-0399-0
http://dx.doi.org/10.1016/0377-2217(95)00055-0
http://dx.doi.org/10.1016/0377-2217(95)00055-0
http://dx.doi.org/10.1287/opre.35.6.859
http://dx.doi.org/10.1287/mnsc.21.6.658

602

(5]

(7l

(8]

(9]

[10]

(1]

[12]

[13]

14]

[15]

[16]

(17]

18]

[19]

M. Jana and G. Panda

L. Hammadi, A. Ponton and M. Belhadri. Rheological study and wval-
orization of waste sludge from wastewater treatment plants in the dredg-
ing operation of hydraulic dams. Energy Procedia, 6:302-309, 2011.
http://dx.doi.org/10.1016/j.egypro.2011.05.034.

E. Hansen and G.W. Walster. Global optimization using interval analysis. Marcel
Dekker Inc, New York, 2004.

M. Hladik. Optimal value range in interval linear program-
ming. Fuzzy Optimization and Decision Making, 8(3):283-294, 2009.
http://dx.doi.org/10.1007/s10700-009-9060-7.

M. Hladik. Optimal value bounds in nonlinear programming with interval data.
TOP, 19(1):93-106, 2011. http://dx.doi.org/10.1007/s11750-009-0099-y.

B.Q. Hu and S. Wang. A novel approach in uncertain program-
ming part I: New arithmetic and order relation for interval numbers.
Journal of Industrial and Management Optimization, 2(4):351-371, 2006.
http://dx.doi.org/10.3934/jimo.2006.2.351.

H. Ishibuchi and H. Tanaka. Multiobjective programming in optimization of
the interval objective function. FEuropean Journal of Operational Research,
48(2):219-225, 1990. http://dx.doi.org/10.1016,/0377-2217(90)90375-L.

M. Jana and G. Panda. Solution of nonlinear interval vector
optimization problem. Operational  Research,  14(1):71-85, 2014.
http://dx.doi.org/10.1007/s12351-013-0137-2.

A. Jayswal, I. Stancu-Minasian and I. Ahmad. On sufficiency
and duality for a «class of interval-valued programming problems.
Applied  Mathematics and  Computation, 218(8):4119-4127, 2011.
http://dx.doi.org/10.1016/j.amc.2011.09.041.

C. Jiang, X. Han, G.R. Liu and G.P. Liu. A nonlinear in-
terval number programming method for uncertain optimization prob-
lems. European Journal of Operational Research, 188(1):1-13, 2008.
http://dx.doi.org/10.1016/j.ejor.2007.03.031.

J.C. Liebman and W.R. Lynn. The optimal allocation of stream
dissolved oxygen. Water Resources Research, 2(3):581-591, 1966.
http://dx.doi.org/10.1029/WR002i003p00581.

S.T. Liu. Posynomial geometric programming with parametric uncer-
tainty.  Furopean journal of Operational Research, 168(2):345-353, 2006.
http://dx.doi.org/10.1016/j.ejor.2004.04.046.

S.T. Liu. Posynomial geometric programming with interval exponents and
coefficients. Furopean Journal of Operational Research, 186(1):17-27, 2008.
http://dx.doi.org/10.1016/j.ejor.2007.01.031.

S.T. Liu. Using geometric programming to profit maximization with inter-
val coefficients and quantity discount. Applied Mathematics and Computation,
209(2):259-265, 2009. http://dx.doi.org/10.1016/j.amc.2008.12.035.

S.T. Liu and R.T. Wang. A numerical solution method to interval quadratic
programming. Applied Mathematics and Computation, 189(2):1274-1281, 2007.
http://dx.doi.org/10.1016/j.amc.2006.12.007.

D.P. Loucks, C.S. Revelle and W.R. Lynn. Linear progamming models for
water pollution control.  Management Science, 14(4):B-166-B-181, 1967.
http://dx.doi.org/10.1287/mnsc.14.4.B166.


http://dx.doi.org/10.1016/j.egypro.2011.05.034
http://dx.doi.org/10.1007/s10700-009-9060-7
http://dx.doi.org/10.1007/s11750-009-0099-y
http://dx.doi.org/10.3934/jimo.2006.2.351
http://dx.doi.org/10.1016/0377-2217(90)90375-L
http://dx.doi.org/10.1007/s12351-013-0137-2
http://dx.doi.org/10.1016/j.amc.2011.09.041
http://dx.doi.org/10.1016/j.ejor.2007.03.031
http://dx.doi.org/10.1029/WR002i003p00581
http://dx.doi.org/10.1016/j.ejor.2004.04.046
http://dx.doi.org/10.1016/j.ejor.2007.01.031
http://dx.doi.org/10.1016/j.amc.2008.12.035
http://dx.doi.org/10.1016/j.amc.2006.12.007
http://dx.doi.org/10.1287/mnsc.14.4.B166

Interval Multi-objective Geometric Programming 603

[20] G.S. Mahapatra and T.K. Mandal. Posynomial parametric geometric program-
ming with interval valued coefficient. Journal of Optimization Theory and Ap-
plications, 154:120-132, 2012. http://dx.doi.org/10.1007/s10957-012-9996-6.

[21] 1. Merino, L.F. Arévalo and F. Romero. Characterization and possible uses of
ashes from wastewater treatment plants. Waste management, 25(10):1046-1054,
2005. http://dx.doi.org/10.1016/j.wasman.2004.12.023.

[22] R.E. Moore, R.B. Kearfott and M.J. Cloud. Introduction to interval analysis.
Society for Industrial and Applied Mathematics, 2009. ISBN 9780898717716.

[23] A. Mutapcic, K. Koh, S. Kim and S. Boyd. Ggplab version 1.00 a matlab toolbox
for geometric programming, 2006.

[24] M. Novak and P. Horvat. Mathematical modelling and optimisation of a waste
water treatment plant by combined oxygen electrode and biological waste wa-
ter treatment model. Applied Mathematical Modelling, 36(8):3813-3825, 2012.
http://dx.doi.org/10.1016/j.apm.2011.11.028.

[25] X. Qin, G. Huang, B. Chen and B. Zhang. An interval-parameter waste-load-
allocation model for river water quality management under uncertainty. Environ-
mental management, 43(6):999-1012, 2009. http://dx.doi.org/10.1007/s00267-
009-9278-8.

[26] A. Sengupta and T.K. Pal. On comparing interval numbers. European Journal
of Operational Research, 127(1):28-43, 2000. http://dx.doi.org/10.1016/S0377-
2217(99)00319-7.

[27] Y. Smeers and D. Tyteca. A geometric programming model for the optimal
design of wastewater treatment plants. Operations Research, 32(2):314-342,
1984. http://dx.doi.org/10.1287/opre.32.2.314.

[28] H.C. Wu. On interval-valued nonlinear programming problems. Jour-
nal of Mathematical Analysis and Applications, 338(1):299-316, 2008.
http://dx.doi.org/10.1016/j.jmaa.2007.05.023.

[29] S. Yordanova and N. Noikova. An investigation of the model of aerobic
waste water treatment processes. Bioprocess Engineering, 15(4):201-203, 1996.
http://dx.doi.org/10.1007 /BF00369482.

Math. Model. Anal., 20(5):585-603, 2015.


http://dx.doi.org/10.1007/s10957-012-9996-6
http://dx.doi.org/10.1016/j.wasman.2004.12.023
http://dx.doi.org/10.1016/j.apm.2011.11.028
http://dx.doi.org/10.1007/s00267-009-9278-8
http://dx.doi.org/10.1007/s00267-009-9278-8
http://dx.doi.org/10.1016/S0377-2217(99)00319-7
http://dx.doi.org/10.1016/S0377-2217(99)00319-7
http://dx.doi.org/10.1287/opre.32.2.314
http://dx.doi.org/10.1016/j.jmaa.2007.05.023
http://dx.doi.org/10.1007/BF00369482

	Introduction
	Mathematical notations, concepts and definitions
	Interval valued function
	Order relations in I(R)

	Interval multi-objective geometric programming problem and its solution
	 Acceptable feasible solution
	 -efficient solution

	A possible application in waste water treatment system
	System description
	Formulation of the model
	Solution of (W-IMGP)

	Conclusions
	References

