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Abstract. Landesman-Lazer’s type efficient sufficient conditions are established for
the solvability of the Dirichlet problem

v’ (t) = p(t)u(t) + f(t,u(t)) + h(t), fora <t < b, u(a) =0, u(b) =0,

where h,p € L([a,b]; R) and f is the L([a,b]; R) Caratheodory function, in the case
where the linear problem u” (t) = p(t)u(t), u(a) = 0, u(b) = 0 has nontrivial solutions.
The results obtained in the paper are optimal in the sense that if f = 0, i.e., when
nonlinear equation turns to the linear equation, from our results follows the first part
of Fredholm’s theorem.
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1 Introduction

Consider on the interval I = [a,b] the second order nonlinear ordinary differ-
ential equation

u”(t) = p(t)u(t) + f(t u(t) + h(t) (L.1)

with the boundary conditions
u(a) =0, wu(b) =0, (1.2)
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where h,p € L(I; R) and f € K(I X R; R). By a solution of the problem (1.1)—
(1.2) we understand a function u € C'(I, R), which satisfies equation (1.1)
almost everywhere on I and satisfies conditions (1.2).

Along with (1.1)—(1.2) we consider the homogeneous problem

w”(t) = p(t)w(t) for tel, (1.3)
w(a) =0, w()=0. (1.4)

At present, the foundations of the general theory of two-point boundary
value problems are already laid and problems of this type are studied by many
authors and investigated in detail. But primarily is studied the case when
the homogeneous problem (1.3)—(1.4) has only a trivial solution i.e., the non
resonance case (see for instance [2,3,5,11] and references therein).

The case when problem (1.3)—(1.4) has the nontrivial solution is still little
investigated and the majority of the authors study the case when p is constant
function and this constant is the first eigenvalue of linear problem (see, for
instance, [1,3,4,6,7,8,9,10,12] and references therein), i.e., when problem
(1.1)—(1.2) and equation (1.3) are of the following type

)
u”(t) = =N%u(t) + f(t,u(t)) + h(t) for te]0,7], .
u(0) =0, wu(mr)=0, (1.6)

and w”(t) = —\2w(t) for t € [0, 7], respectively, and A = 1. Some interesting
results of this type are presented for example in [3] (see the Theorems 2.5-2.10).
Also the rare exception is the paper [7], where the authors study problem (1.5)—
(1.6) for A > 1.

In the present article we establish the Landesman-Lazer’s type conditions
of the solvability of problem (1.1)-(1.2), when the function p € L(I;R) is
not necessarily constant, under the assumption that the nontrivial solution of
homogeneous problem (1.3)—(1.4) has the zeros in the open interval ]a, b[ (for
problem (1.5)—(1.6) this is the case A > 2.) The obtained theorems generalize
deeply the results from the above mentioned articles, and give the principal
improvement of the our previous results from the paper [13] (see Theorems 2.3,
2.4, 2.5). Also the obtained results are optimal in the sense that if f =0, i.e.,
when the equation (1.1) turns to the linear equation, from our results follows
the first part of Fredholm’s theorem (see Remark 6).

The following notation is used throughout the paper: N is the set of all
natural numbers; R is the set of all real numbers, Ry = [0,4o0[; C(I; R) is
the Banach space of continuous functions v : I — R with the norm ||ullc =
max{|u(t)| : t € I}; C'(I;R) is the set of functions u : I — R which are
absolutely continuous together with their first derivatives; L(I; R) is the Banach
space of Lebesgue integrable functions p : I — R with the norm ||p||, =
f: Ip(s)|ds; K(I x R;R) is the set of functions f : I x R — R satisfying the
Carathéodory conditions, i.e., f(-,z) : I — R is a measurable function for all
x € R, f(t,”) : R — R is a continuous function for almost all ¢ € I, and for
arbitrary r € Ry

fr@t, r) =sup{[f(t,2)| : || <7} € LI, Ry).
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Also having the function x : I — R, we put:

(O] = (@O +2(2))/2,  [2()]- = (l=()] — (1)) /2.

Remark 1. a. The dimension of the space of the nontrivial solutions of problem
(1.3)—(1.4) is one; b. If wy and w are the nonzero solutions of problem (1.3)—
(1.4), then

wy(t) = pw(t) for tel, (1.7)
where § = —|wilc/[lwlc or 8= |willo/|wlc-

From Remark 1 it is clear that if w is an arbitrary nonzero solution of
problem (1.3)—(1.4) then the notation N, = {t €la, b[: w(t) = 0} is correct.

DEFINITION 1. Let f € K(I X R;R) and A = {t1,--- ,tx} be a finite subset of
I. Then we say f € E(A) if for an arbitrary neighbourhood U(A) of the set A,
and r €]0, +o0[, there exists A\; > 0 such that

/ |f(s7x)|ds—/ |f(s,2)lds >0 for |x|>r, A< Ay,
U’ (A)\Ux Ux

where U'(A) = I NU(A), and Uy =1N (u§:1 [t — A, thr)\]).

Remark 2. In example 1.1 of [13], for given set A C I is constructed f €
K(I x R;R) such, that f & E(A).

Remark 3.1t is clear that if f(¢,z) = fo(t)go(z), where fy € L(I; R) and
go € C(R; R), then f € E(A) for an arbitrary finite A C 1.

2 Main results

In this paper we study problem (1.3)—(1.4) only under the assumption that
N, # 0. The second order ordinary differential equations under different two
point boundary conditions for the case N, = ), are studied in our articles [13]
and [14].

In the following propositions we always suppose that ¢ € {0, 1} takes one
of the values 0 or 1.

Theorem 1. Leti € {0,1}, r > 0, f € E(N,), functions f*, f~ € L(I; Ry) be
such that '
(1) f(tz) < —f~(t) for w<-r tel,

. (2.1;)
) < (=0)'f(t,2) for x>r, tel,
and condition
N N L
Jim / I (5. p)ds = 0 (2.2)

Math. Model. Anal., 24(4):585-597, 2019.
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holds. Let moreover w be an arbitrary nonzero solution of problem (1.3)—(1.4)
and there exists € > 0 such that

b . b
_/ (S w()]-+f (s)w(s)l4)dster|wlo < (—1)Z+1/h(8)w(8)ds

< / (f~ () w(s)]- + fH(5)[w(s)]l+)ds — erelwlc, (2.2:)

where v, = fab f*(s, r)ds. Then problem (1.1)—(1.2) has at least one solution.

Remark 4. In view of item a. of Remark 1 it is clear that if f # 0, then
condition (2.2;) in Theorem 1 can be replaced by the condition

- [t + s < 0 [ e
< [ @)+ 7 )]s
Remark 5. If f(t) = min{f*(¢), f~(¢)} then

b b
/ F(s)w(s)|ds < / (FE) ()] + F7(8) [w(s)]4)ds,

and therefore condition (2.2;) will be fulfilled if

/a b h(s)w(s)ds

Consequently condition (2.2;) can be replaced by the last inequality.

b ~
< / F()w(s)lds — v ollc. (2.3)

Remark 6. From inequality (2.3) is evident that if f =0, then f = fT = f~ =
0, v = 0, and Theorem 1 turns to the first part of Fredholm’s Theorem.

Theorem 2. Let i € {0,1}, r > 0, and the conditions
(=) f(t,z)sgnxz >0 for |z|>r tel, (2.4)
and (2.2) be satisfied. Let moreover there exist sets I, I~ C I such, that

hm |f(t, )| = 400 wniformly on I*,
r—+

and for an arbitrary solution w of problem (1.3)—(1.4) the inequalities
[ s+ [ -ds#o. [ w)dst [ s 20, 25)

hold. Then for an arbitrary h € L(I; R) problem (1.1)-(1.2) has at least one
solution.
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If I, = I N1 is the set of positive measure, then condition (2.5) auto-
matically holds, and from Theorem 2 it follows

Corollary 1. Let ¢ € {0,1}, r > 0, and the function f € E(N,) be such that
the conditions (2.2) and (2.4) are satisfied. Let moreover there exist such a set
I, C I of positive measure that

lim |f(¢, )] =400  uniformly on I.
r—+o0

Then for an arbitrary h € L(I; R) problem (1.1)—(1.2) has at least one solution.

If we note that from condition (2.6) follows validity of condition (2.4), from
Corollary 1 we get

Corollary 2. Let ¢ € {0,1}, and the function f € E(N,) be such that the
condition (2.2) is satisfied, and

(=1)" lim f(t, x) = 400  uniformly on I. (2.6)

r—to0
Then for an arbitrary h € L(I; R) problem (1.1)—(1.2) has at least one solution.

Also in view of Remark 3 from the Corollary 1 immediately follows

Corollary 3. Let ¢ € {0, 1}, f(t,x) = fo(t)g(x) where the functions fy, €
L(I;R;), and g € C(R; R), be such that

b
/ fo(s)ds # 0, lim M =0,

|z|—+oo
(=)' lim g(x) =+oo, (=1)" lim g(z) = —oc.
Then for an arbitrary h € L(I; R) problem (1.1)—(1.2) has at least one solution.
Ezample 1. From Corollary 3 it follows that the equation
u”’(t) = =N2u(t) + o|u(t)|*sgnu(t) + h(t) for 0<t<r

under the boundary conditions (1.6), where o € {—1,1}, A > 2, and a €]0, 1],
has at least one solution for an arbitrary h € L([0, 7], R).

Remark 7. For problem (1.5)—(1.6) when A\ > 2, the proved propositions are
valid with w(t) = Ssin At (8 € R), and

N,=Ny={m/A:n=1,..,A—1}.

Ezample 2. From Remark 5, with f* = f~ =1 — ¢ for arbitrary 6 €]0, 1/2[, it
follows that the equation
olu(t)|

w!(t) = =Nult) + 7 e

sgnu(t) + h(t) for 0<t<m

under the boundary conditions (1.6), where 0 € {—1,1}, A > 2, and o > 0, is
solvable if |h(t)| < 1 on [0,7], or [; h(s)sin Asds = 0.

Math. Model. Anal., 24(4):585-597, 2019.
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3 Auxiliary propositions

Let A, B C I be measurable sets, N, = {t1,--- ,tx} (a <t; <tj41 <b),a >0,
w e C(I, R) and

Uadifu }t —a, thra[

I(A, B,z,w) = / |f1(s, z)w \dsf/|fls:c s)lds for x € R.
A\B
Then the following lemma is true

Lemma 1. Let f; € E(N,), and w be a nonzero solution of problem (1.3)-
(1.4). Then for an arbitrary § €]0, 1/2min{t; —a, b—ty}[, there exists v €]0, J]
such that

I(I5, Uy, x,w) > / |f1(s,x)w(s)|ds for |z| >, (3.1)

I5\Us
where Is = [a + 8, b—4].
Proof. From definition 1 it follows the existence of such positive v; < § that
1(Us,U,,,2,1) >0 for |z|>r. (3.2)

Let now wy be a solution of problem (1.3)—(1.4) and ||wg||c = 1. Then from the
inclusion N, C U,, C I; it is evident that there exist positive numbers ~, 8o,
such that

def
U, C Hg, = {t e Iy : Jwolt)| < ﬂo} cU.,. (3.3)

Then the inequality v < § and (3.3) imply inclusion Hg, C Us, and the

relations
|lwo(t)| > By for t e Us\ Hg,, (3.4)

Is \ Hg, = (Is \ Us) U (Us \ Hpg,),
hold. From the last expression, Remark 1, and (3.3), (3.4), we have
1
[[wlle
> [ Il hun(o)ds + 5ol(Us. Hyyo1)
I5\Us

I(Is, Uy, z,w) =115, Uy, x,wo) > I(Is, Ha,, x, wo)

> [ (s au(s)lds + AullUs, Uy, 1),
15\Us
By (3.2) from the last inequality (3.1) immediately follows. O
Let u, € C'(I;R), ||unllc # 0 (n € N), w; be an arbitrary nonzero solution

of problem (1.3)—(1.4), and r > 0. Then we define:

def

of Cierwm@ >0y, 05 Yerwe <oy,
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def def
Apo = {tel: |u,(t)| <r}, Apq1 = {t€l:|u,(t)]>r}
B¢ = {t € Ap1 :sgnup(t) = (—1) " Tsgnwi ()} (£ =1,2).
From these definitions it is clear that, for all n € N, we have
An,2 N An,l = (07 An,2 U An,l = I,
Bn,l N Bn,g = (Z), Bn,l @] Bmg = An,l \Np cl. (35)

Lemma 2. Let r > 0, the functions u, € é’(]; R), n € N admit to the condi-
tions

un(a) =0, un,(b) =0, (3.6)
lunllc > 2rn for n € N, (3.7

and wy be such nonzero solution of problem (1.3)—(1.4), that the condition
[09) —w||c < 1/2n for neN (j=0,1) (3.8)

holds where v, (t) = un(t)|un|l'. Then for an arbitrary § €]0, & min{t; —
a, b—ti}], and v €]0, ] there exists ng € N such that

15\ U, C N3 B, (3.9)
B,2CU, for n>ny, (3.10)
Tu,(t) >r for te 25 n(Is\Us), n>no. (3.11)
Moreover

lim mes A, =0, lim mes A, =mes I, (3.12)
n—+o0o n—-4o0o

lim mesB, =0, lim mes B, 1 =mes I, (3.13)
n—-+oo n—-+oo
lim mes(()fuz1 \ [Qi N (Is \ Us)]) = 0. (3.14)
6—0

Proof. First note that from the unique solvability of Cauchy problem for equa-
tion (1.3) it is clear that

wi(a) #0, wi(b) #0.
Therefore conditions (3.6) and (3.8) imply the existence of such
0 €]0, 1/2min{t; —a, b —tx}[, and n* € N,

that sgnw; (t) = sgnuy(t) if ¢t € [a,a+d]Ub—0,b] =TI\I5, and n > n*.
Consequently
(INI5)NBpo=0 for n>n". (3.15)

Now fix v €]0, ¢[, and note that I5 \ U, is the closed set and min{|w(t)| : t €
Is \ Uy} > 0. Therefore we can choose ng > n* such that the inequality

|wy(t)] > 1/ng for telIs\U,

Math. Model. Anal., 24(4):585-597, 2019.
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holds, from which by (3.8) we obtain

[un ()] > 1/2ng for n>ng, tel;\U,, (3.16)
sgnwi (t) = sgnuy,(t) for n>ng, tels\U,. (3.17)

Also from (3.16) by (3.7) we get
[un ()] > nr/ng >r for n>ng, t€ls\U,. (3.18)

From the last two relations follows that if t € I5\U, thent € B,, ; for n > ng, i.e.
(3.9) holds. Now assume that there exists such increasing sequence {n; };r:“l’that
tn, € Bn,2 and t}, & U,. Then taking into account (3.9), and (3.15) we get
tn, €I\N(I\15)\Uy = Is\Uy C By, 1 if n > ng. But this is the contradiction
with (3.5), i.e. (3.10) is valid.

For arbitrary t* € I where wy(t*) # 0, in view of condition (3.8) the in-
equality [wy (t*) — v, (t*)| < Lwy(¢*)| holds if n > 1/|wy(t*)], i.e., t* € By if
n > 1/|wy(¢*)]. Then the second equality of (3.13) holds, from which by (3.5) it
follows the validity of first relation of (3.13) and validity of the second equality
of (3.12). Then by (3.5) it is evident that the first equality of (3.12) holds also.

Inequality (3.11) immediately follows from (3.17) and (3.18). From the
trivial relations lims_,o mes I = b—a, lims_,omesUs = 0 it follows (3.14). O

Now introduce the notation

def

b
M, (w;) / (ha(5) + Fa (5 un(5)) s (),

then the following lemma is true

Lemma 3. Let the functions u,, wy be such that all the assumptions of Lemma
2 are fulfilled, r > 0, f1 € E(N,), and there exist functions f~, f* € L(I, Ry)
such that the conditions

< -/ or xv<-—r, tel,
<—f7 () f < (3.19)
Sfl(t’w) fO’f' xzrv te]a

are satisfied. Let moreover there exists € > 0 such that for an arbitrary solution
w of problem (1.3)—(1.4) the condition

b b
- [ @)+ 1 Gles))ds +enlele < - [ m(susas
b
< / (f~($)w(s)]- + fF(s)[w(s)]+)ds — e [wlle (3:20)
holds, where ~, = f: fi(t, r)ds. Then there exists ng € N such that

M, (wy) >0 for n > no. (3.21)
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Proof. First note that if f{ = 0, then v, = f~ = f* = 0, and therefore
in View of conditions (3.12) and (3.14) for arbitrary € > 0 there exist § €

10, 3 min{t; — — tx}[, and ny € N, such that
. 1
. f*(s, r)ds < 3E7 for n > ny, (3.22)
n,2
1

1

+ +

s)|w ds— 5 - < / s)|wi(s)|ds.
[wrlle Qilf (fsts) ! llw:lc 91010(15\U5)f (8)lr(s)]

Also, by the definition of the sets A, ;, B, ; (j = 1,2), and conditions (3.5)
and (3.19), we obtain respectively the estimates

b
M, (wy) > / £ (s, m)|wi(s )|ds+/ hi(s)w(s)ds
/ f1(s,un(s))wi(s )ds—/ | f1(s, un(s))wi(s)|ds, (3.23)

fi(s, un(s))wl(s) >0 for se€ Bn,l, (3.24)

for n € N. On the other hand by Lemma 1 for chosen ¢ there exists v €]0, J]
such, that inequality (3.1) holds, and now for chosen ¢, and v, by Lemma 3.2
we can find ng > n; such, that (3.11), and inclusions (3.9), (3.10), hold. Then
from (3.23) in view of (3.1), by virtue of (3.9), (3.10), and (3.24), we get

vz = [ s sl + [ mopuns
+/ fi(s,un(s))wi(s)ds for n > ny. (3.25)
Is\Us

From the condition N, # () we obviously have 2% # 0, 2~ #0, 2, URF =
(I'\ Np)\{a, b}, and then from (3.11), and (3.19), we get

/fl(S»un(S))wl(S)dSZ fi(s, un(s))lwi(s)lds— | fi(s, un(s))|wi(s)|ds

5 NIs\U 025, 0(Is\U.
LU 1NIs\Us) 1NIs\Us)

> / £ () un (3)]ds + / £ () wn (5)]ds, (3.26)
Q5 N(I5\Us) 24, N(Is\Us)

for n > ng. Also it is clear that under the conditions of our Lemma equality
(1.7) holds, and then

/ FE(8)wn (s Ids—ﬁ/ FE(s) ids—ﬁ/ FE(8)[w(s)]ads,
if 3> 0, and

b
() wn (s)lds = 18] / FE () ws)]xds = |8] / £ (5) ()] s,

QF

Math. Model. Anal., 24(4):585-597, 2019.
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if B < 0. Then from (3.25) by virtue of (3.26), (3.22), and the last equalities
we get
Mn(wl)
B

b
> —eyr|lwlle +/ (fH(s)w(s)l+ + F () w(s)]-)ds

b
—|—/ hi(s)w(s)ds for n >ng, 8>0,

Mn(wl)
|8

b
> —errllwlle +/ (fT () w(s)]- + f (s)[w(s)]+)ds

b
—/ hi(s)w(s)ds for n>ng, f<O0.
From the last inequalities by (3.20) we immediately obtain (3.21). O

Lemma 4. Let the functions u,, wy be such that all the assumptions of Lemma
2 are fulfilled, 7o > 0, f € E(N,), and

filt,x)sgne >0  for |z|>ro, tel. (3.27)
Let moreover there exist such sets IT, 1~ C I, that

wgrjlgoo Ifi(t, z)| = +o0  uniformly on IF (3.28)

and for an arbitrary solution w of problem (1.3)—(1.4) inequalities (2.5) be
satisfied. Then inequality (3.21) holds.

Proof. Let hy € L(I, R) be arbitrarily chosen function, and f*(t) = ¢, for
telI* and 0, fort eI \ I*, where c is a positive constant. In view of item a.
of Remark 1, and conditions (2.5) we can find such ¢ > 0 that the inequality
b b
—/ (f (&) w(s))- + f~(s)[w(s)]4)ds < —/ ha(s)w(s)ds
@ @ (3.29)

b
</ (f~ (w(s)]= + [T (8)w(s)l+)ds

will hold, and for this ¢ in view of conditions (3.27) and (3.28) we can find
such 7 > 0, that inequalities (3.19) will be fulfilled. Also in view of item a. of
Remark 1 it is clear that from (3.29), for given r > 0, we can find such € > 0
that inequality (3.20) of Lemma 3 will be satisfied. Therefore for arbitrarily
chosen hy all the conditions of Lemma 3 are fulfilled and then inequality (3.21)
holds. O

Lemma 5. Let i € {0,1}, p € L(I; R), p.(t) = p(t) + (=1)!/n, and w, €
C'(I; R) (n € N) be a solution of the problem

wil(t) = pa()wn(t) for tel, wp(a) =0, w,()=0. (3.30,,)

Then there exists ny € N such that problem (3.30,) has only the zero solution
forn >nq.
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Proof. Let integers A,, > 2 and N, > 2 be the number of zeros on I of the
nonzero solutions of problems (3.30,) and (1.3), (1.4) respectively. Now assume
on the contrary that there exists a sequence {wn}:ﬁl of nonzero solutions of
problem (3.30,,). Then:

a.If ¢ = 1, from the fact that p,(t) < pp11(t) by Sturm’s comparison
theorem, we obtain A,, — A, > 1 (n,k € N). Now assume that A,, = k.
Therefore, we obtain the contradiction k1 = A,, > Ap, — Ap, 1k, = (An, —
An1+1) + (An1+1 - An1+2) +o+ (An1+k1*1 - An1+k1) > k.

b. If i = 0, from the fact that p,,—1(t) > p,(t) > p(t), by Sturm’s comparison
theorem, we obtain A, — A,—1 > 1 and Ny > A, — 1 (n € N). Therefore, if
we denote N; = k1, we obtain the contradiction k; = N; > Apyp, — 1>
An+k1 - An > k1.

The contradictions obtained prove our lemma. 0O

4 Proof of the main results

Proof of Theorem 1. Let p,(t) = p(t) + (=1)*/n and for n € N, consider the
problems

ul! (t) = pu()un(t) + f(t,un(t)) + h(t) for tel, (4.1)
unp(a) =0, wu,(b) =0, (4.2)

and (3.30,,). In view of Lemma 5, problem (3.30,,) has only the zero solution
for every n > ny. Therefore, as it is well-known (see [9, Theorem 1.1, p. 345]),
from the inequality (2.2) it follows that problem (4.1)—(4.2) has at least one
solution, suppose u,,. Assume

limy, - 1 o0 ||tun || = +00 (4.3)

and vy, (t) = up (t)||un]|o'. Then v, is the solution of the equation

and the conditions
vp(a) =0, wv,(b) =0, (4.5)
[vnlle =1, (4.6

hold for n € N. Hence, by the conditions (4.6) and (2.2), from (4.4) we get the
existence of 19 > 0 such that ||v]||c < r9. Consequently in view of (4.6), by
Arzela-Ascoli lemma, without loss of generality we can assume that there exists
wy € C'(I, R) such that lim,_, oo vflj)(t) = ng)(t) ( = 0,1) uniformly on I.
From the last equality and (4.3) there follows the existence of an increasing

sequence {ay}725 of a natural numbers, such that ||ua,|c > 2rk and Hv((jk) -

ng ) llc <1/2k for k € N. Without loss of generality we can suppose that u,, =
Uy, and v, = v,,. Then wu, and v, are the solutions of problems (4.1)—(4.2)

n
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and (4.4)—(4.5) respectively, with p,(t) = p(t) + (=1)*/a,, for t € I, n € N,
and inequalities (3.7) and (3.8) are fulfilled.

From (4.4), by virtue of (4.5), (3.7), (3.8), and (2.2), we obtain that w;
is a solution of the problem (1.3)—(1.4). Multiplying equations (4.1) and (1.3)
respectively by w; and —u,, and integrating their sum from a to b, in view of
conditions (4.2) and (1.4), we obtain

b b
(—1)”1/ (h(s) 4+ f(s,un(s)))wi(s)ds = ||Un||c/ w1 (8)v,(s)ds (4.7)

Qn
for n > ny. On the other hand in view of condition (3.8) we have

b b
lim w1 (8)v,(s)ds = / wi(s)ds > 0.

n—-+o0o a

Therefore from the last inequality and (4.7) it follows the existence of such
no > nq that

‘ b
(—1)”1/ (h(s) + f(s,un(s))wi(s)ds >0 for n > ns. (4.8)

Now note that, in view the conditions f € E(N,), (2.1;), (2.2;), (4.2), and (3.7),
(3.8), all the assumptions of Lemma 3 with fi(¢,z) = (=1)'f(t,x), h(t) =
(—1)%h(t) are satisfied. Therefore, the inequality (3.21) is true, which contra-
dicts (4.8) when n > max{ng,n2}. This contradiction proves that (4.3) does
not hold and thus there exists r;1 > 0 such that |u,||c < r; for n € N.
Consequently, from (4.1) and (4.2) it is clear that there exists r{ > 0 such
that ||ulllc < v} and |ul(t)] < o(t) for ¢t € I, n € N, where o(t) =
(14 |p(t)])r1 + |h(t)| + f*(t, r1). Hence, by Arzela-Ascoli lemma, without loss
of generality we can assume that there exists a function ug € c’ (I; R) such
that lim,_, 1 o ugf)(t) = uéj)(t) ( = 0,1) uniformly on I. Therefore, it follows
from (4.1) and (4.2) that ug is a solution of the problem (1.1)-(1.2). O

Proof of Theorem 2. The proof is the same as the proof of Theorem 1. The
only difference is that we use Lemma 4 instead of Lemma 3. O

5 Conclusions

In the end of our paper we would like to consider following two tasks for fu-
ture studies of resonance problem (1.1)—(1.2). The first task is to answer the
question about the role of the condition f € E(N,), for solvability of problem
(1.1)—(1.2). Is it possible or not to omit this condition or replace it by the ”eas-
ier” or more ”"natural” condition. The second task is to find the conditions of
unique solvability of resonance problem (1.1)—(1.2) for the case when N, # 0,
because if N, = (), then it is not difficult to find the conditions of the unique
solvability of our resonance problem.
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