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Abstract. In this paper we deal with the problem of asymptotic integration of a
class of fractional differential equations of the Caputo type. The left-hand side of
such type of equation is the Caputo derivative of the fractional order r € (n — 1,n)
of the solution, and the right-hand side depends not only on ordinary derivatives up
to order n — 1 but also on the Caputo derivatives of fractional orders 0 < r1 < --- <
rm < r, and the Riemann-Liouville fractional integrals of positive orders. We give
some conditions under which for any global solution z(t) of the equation, there is a
constant ¢ € R such that z(t) = ct™ + o(t") as t — oo, where R = max{n — 1,7, }.
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1 Introduction

In the asymptotic theory of n-th order nonlinear ordinary differential equations

y " = f(tyys oy Y), (1.1)
the classic problem is to establish some conditions for the existence of a solution
approaching a polynomial of degree 1 < m <mn — 1 as t — co. The first paper
concerning this problem was published by D. Caligo [9] in 1941.
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The first paper on the nonlinear second order differential equations

y"(t) = f(ty(t)) (1.2)

was published by W.F. Trench [32] in 1963, and then by D.S. Cohen [10],
T. Kusano and W.F. Trench [14,15], F.M. Dannan [13], A. Constantin [11,12],
Yu.V. Rogovchenko [29], S.P. Rogovchenko [28], O.G. Mustafa and Yu.V. Ro-
govchenko [24], J. Tong [31], O. Lipovan [16] and others. In the proofs of their
results the key role plays the Bihari inequality (see [4]) which is a generalization
of the Gronwall inequality. Some results on the existence of solutions of the
n-th order differential equation

y™(t) = f(ty(t), n>1, t>t5>0,

approaching a polynomial function of the degree m with 1 < m <n — 1, are
proved by Ch.G. Philos, I.K. Purnaras and P.Ch. Tsamatos [25]. Their proofs
are based on an application of the Schauder fixed point theorem. The paper
by R.P. Agarwal, S. Djebali, T. Moussaoui and O.G. Mustafa [2] surveys the
literature concerning the topic in asymptotic integration theory of ordinary
differential equations. Several conditions, under which all solutions of the one-
dimensional p-Laplacian equation

_ /
(I[P~ ) = ft,y.y), p>1

are asymptotic to a + bt as t — oo for some real numbers a, b, are proved
in [23], and some sufficient conditions for the existence of such solutions of the
equation

(2(y™)) = f(ty), n>1,
where @: R — R is an increasing homeomorphism with a locally Lipschitz
inverse, satisfying ¢(0) = 0, are given in the paper [22].

The problem of asymptotic integration for a class of linear fractional dif-
ferential equations of the Riemann—Liouville type is studied in the papers by
D. Béleanu, O.G. Mustafa and R.P. Agarwal [7, 8], where some conditions for
the existence of at least one solution of this type of equations, approaching a
linear function as t — oo, are given. In [7] a result on the existence of a solution
of the equation

oDy [ta' — x4+ z(0)] + a(t)z =0, t>0,

(oDg is the Riemann—Liouville derivative of the order a € (0, 1)), approaching
a function ¢t + d + o(1) for ¢ — oo is proved. In the paper [8], some results for
the existence of a solution of the equations

oY +a(t)z =0, t>0,
approaching a function a+bt®+O0(t*~1) for i = 1, and a function bt®+O(t*~1)

for i = 2,3 as t — oo, where §O; 7 = (D%o & 30,7 := L o0 (D¢ and
3nlta . _ d :
00 T 1= 0D} o (tg; — idRLo((0,400) ) With

RL¥((0, +00), R) = {f € C((0,00),R) | lim [t £(1)] € R},

a € (0,1). In the proofs of all these results a fixed point method is applied.
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The problem of the asymptotic integration for the equation
224 4 f(t,u) =0

on a time scale T is studied in the paper [3].
In the paper [5], a sufficient condition for all solutions of the equation

m

u”(t) + f(t,u(t), u’(t)) + Zri(t) /0 (t—s)™ 1 (T, u(T),u’(T))dT =0

i=1

to be asymptotic to a straight line is proved.

The problem of the asymptotic integration for a class of sublinear fractional
differential equations is investigated by D. Baleanu and O.G. Mustafa in [6],
where a condition for the existence of a solution with the asymptotic behavior
o(t*) for a convenient 0 < « < 1 as t — 00, is proved.

In the paper [21] (see also [20]), the fractional differential equation with
Caputo derivative

“Drat) = f(t,x(t),2't),...,.2"" V@), t>a>1

for n—1 < r < n 5 Nis considered, and a sufficient condition for the existence
of a constant ¢ € R, such that all solutions z(t) of the above equation behave
like ¢t~ + o(t" 1) as t — oo, is proved.

In the present paper, we prove similar results for a more general case when
the right-hand side depends on Caputo fractional derivatives of the solution
of orders 7 < r. Finally, we investigate the problem of asymptotic integration
for fractional differential equations with right-hand side depending on Caputo
derivatives as well as on Riemann-Liouville fractional integrals of the solution.
In the proofs of our results, we apply a desingularization method of nonlinear
integral inequalities with weakly singular kernels proposed in [18,19]. Note that
all our results are stated for global solution assuming they exist. The problem
of existence of global solutions for the below-considered initial value problems
is beyond the scope of this paper.

Throughout the paper, we denote Ry = [0, c0).

2 Preliminaries
In this section, we recall some definitions (see e.g. [26,30]) and basic results.

DEFINITION 1. For z > 0, the Euler gamma function is defined as

I'(2) ::/ t*~te tdt.
0

For u,v > 0, the Euler beta function is defined as
1
B(u,v) := / te (1 —¢)v .
0

Math. Model. Anal., 20(4):471-489, 2015.
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DEFINITION 2. Let » > 0. The Riemann—Liouville integral of a function
h: [a,00) — R of order r is defined as

ITh(t) = Fgr)/ (t — 5)"Lh(s)ds.

DEFINITION 3. Let r > 0 and n € N be such that n — 1 < r < n. The Caputo
derivative of a C™ function z(t) of order r on the interval [a,00), a > 0 is
defined as

1

Crr 3 n—r,.(n)
Dix(t):=1 )= ———
ax( ) a 7T ( ) F(n T)

/t(t —5)" 12 (5)ds.

DEFINITION 4. Let r > 0, n € N be such that n — 1 <r <mn,a >0, f €

C([a,),R), cog,c1,...,cn—1 € R. A function z: [a,T) > R, a < T < oo is
called a solution of the initial value problem

“Dra(t) = f(t), t>a, (2.1)

tDa)=¢, i=01,...,n—1 (2.2)

if x € C"([a,T),R), x satisfies equation (2.1) and initial condition (2.2). This
solution is called global if it exists for all ¢ € [a, 00).

Lemma 1. Let r > 0, n € N be such that n — 1 < r < n, a >0, f €
C(la,0),R), co,c1,...,cn1 € R. Then the initial value problem (2.1), (2.2)
has the solution

Cn— n—1 1 ! r—1
x(t):co+cl(t—a)+~--+(n_i)!(t—a) +W/a(t_s) f(s)ds.

The next lemma can be found in [27, 2.2.4.8] or [17].

Lemma 2. Let a >0, ¢t >a, pla—1)+1>0, p(y—1)+1>0. Then
t
/ (t — s)Ple=Dgp=1 s < t@B(p('y -1+ 1,pla—1)+1),

where © = p(a+v —2) 4+ 1 and B(u,v) is the Euler beta function.

Lemma 3. For any z > 0, it holds
e—1

r(z) > = 0.63212.

Proof. By its definition the Euler gamma function is positive on (0, 00). So,

its derivative, I, and its logarithmic derivative [1], ¥ = 1%, have the same sign
on (0,00). Next, by [1, 6.4.10], ¥'(2) = >_7=, W > 0 for z > 0, ie., ¥ is
increasing on (0, 00). Since by [1, 6.3.5]

U(l)=-C=-0.57722 < 0 (C is Euler’s constant),
W(2) = ¥(1) + 1 = 0.42278 > 0,
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¥ is negative on (0, 1] and positive on [2,00). Therefore, I' is decreasing on
(0, 1], increasing on [2,00), and it has a minimum in (1,2). For any z € (1,2),

we estimate
1 _ o0 4 e — 1
I'(z)> [ te 'dt+ e tdt = )
0 1

e
and the proof is complete. 0O

e

253 = 1.58198 satisfies Cr > 17y on

Due to the latter lemma, Cp :=
(0,00).

3 Asymptotic Behavior of Fractional Differential Equa-
tions with Fractional Derivative on the Right-Hand Side

This section is devoted to the study of asymptotic behavior of the solutions
of fractional differential equations with the right-hand side depending also on
fractional derivatives of the solution.

Theorem 1. Suppose that 0 <7 <r <1, p>1, p(r—7—1)+1>0,a>0,
q = p’%l and the function f: M := [a,00) x R? — R satisfy the following
conditions:

1. f e C(M,R),

2. there are continuous functions from Ry to Ry, g1, g2, ho, h1, ho, such
that g1, g2 are nondecreasing,

0,0 <07 (ha(0) + mOan (5 ) + ha(01a (o) )

i

forsomeve(l—%ﬂ—r—i—?’—%], and

Hi::/ hi(s)ds < oo, i=0,1,2,

3 /OO Ti1dr .
' o 91(7) +93(7)
Then for any global solution z(t) of the initial value problem

“Dra(t) = f(t,x(t),“Diz(t)), t>a, (3.1)

a

x(a)

there exists a constant ¢ € R such that

Co,

z(t) =ct" +o(t") ast— oco.

Math. Model. Anal., 20(4):471-489, 2015.
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Proof. For simplicity, we denote F(t) := f(t,z(t),“Drz(t)). By Lemma 1,
the solution z(t) has the form

Clearly,
"3 ¢ LT t=s\ S
| t(:)‘ < |tg‘ + F(T)/L (t ; > (t_s)7—7— ‘F(S)‘ds
= |Z?*‘ * Fgr) /a (t—s)THF(s)[ds < 2(t), t>a  (33)
for

t

2(t) = C+Cr/ (t—s)" "M F(s)|ds, C= %O'

The fractional derivative “D7z(t) can be obtained by applying the operator

a

I"=" to equation (3.1) (see [26, 2.3.2]):

a

I (“Dra)(t) = I,7" (I 7"') (t) = I, "' (t) = “Dix(t) = I, 7" F(t). (3.4)
Hence, by Definition 2,

1

Cnr _ ¢ — g r—r—1 s)ds
Di(t) = gy [ 4= F (e

yielding the estimation |“DIz(t)| < 2(t) for t > a. Using the assumptions on
f and the nondecreasing properties of g1, g2, we estimate

t

2(t) < C+ C[‘/ (t— s)rffflsﬂ’fl(ho(s) + hi1(8)g1 (z(s)) + ha(s)g2 (z(s)))ds

a

Now, by Holder inequality and Lemma 2 with o« = r — 7, we get

1
q

/ (= sy (o) (2(5))ds < 15 By ( / t h?(s)gf(z<s>>ds)

for i = 1,2, where 31:B%(p(rfffl)qtl,p('yfl)Jrl) and © = p(r — 7 +
vy—2)+1¢€ (p(r—7-—1),0]. Thus

1

[ = s e)as <af B ([ i G)as)

a

for each ¢ = 1,2, t > a. Similarly,

1
a

t t
/ (t—s)" " 1s7 hy(s)ds < a*® By (/ hg(s)ds) , t>a.
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Therefore,

2(t) < C+6<(/@t h%(s)ds)é
+([mwm@@wﬁé+([@®¢@@wﬁﬁ

with C' = C’pa% B;. Now, we apply the inequality (Z?Zl a;)? < 4971 Z?:l a;
for any nonnegative a;, i = 1,2, 3,4, to get

29(t) < 4971 (cq +C1 </t hd(s)ds + /at hi(s)g? (2(s))ds
+f oy (z<s>)ds))
< a0 Gnrny) +41700 [ isyat )+ [ W) ).

Denoting u(t) := 29(t), A := 4771(C? + C9H,), D := 4971CY, we rewrite the
last inequality as

()< A+ D ( / () (b () ds + / Ry (ué<s>>ds)

<A+ D/ (RI(s) + hi(s))w(u(s))ds

q

for w(u) = ¢f (u%

)+ gg(u%) The Bihari inequality implies

u(t)

IN

1 <.Q(A) + D/t hi(s) + hg(s)ds)
Q7Y (R(A) + D(H, + Hy)) =: Ky < 00

IN

for

w(s)’
Note that £2(A) + D(H; + Hs) is always in the range of §2, as 2(c0) = oo

Q(v)::/E 0< vy <.
vo

by the assumption of the theorem. For z(t) it means that 2(t) < KJ < oo.
Consequently from (3.3) it follows that

e o\T ) .
OS/ ( ts> (tfs)“r71|F(5)|ds§F(T)K(f < oo, t>a,

i.e., the integral

/f (t - 5) (t — 8" LF(s)ds

Math. Model. Anal., 20(4):471-489, 2015.
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converges. In conclusion, we obtain the existence of the limit
z(t

lim (~) =
t—oo t"

which is what had to be proved. O

)

Theorem 2. Suppose that 0 < 7 < 1 <r <2, p>1,pr—2)+1>0,
a>0,qg= p%l and the function f: M := [a,00) x R?® — R satisfy the following
conditions:

1. f € C(M,R),

2. there are continuous functions from Ry to Ry, g1, g2, g3, ho, h1, ha, hs,
such that g1, g2, g3 are nondecreasing,

|ul

[t w0, w)| < 07 (ho<t) () (t) T ha(®)ga(10]) + s ()gs (Jf”f))

for some v € (1 — 1%,3—7‘—%], and

H; = / hi(s)ds < oo, i=0,1,2,3,

= 0.

/°° Ti-1dr
v o 91(T) +g5(r) + g3(r)
Then for any global solution z(t) of the initial value problem

“Dra(t) = f(t,z(t),2'(t),“Diz(t)), t>a,

x(a) = co, ' (a) = ¢,
there exists a constant ¢ € R such that

z(t)y =ct+o(t) ast— oo.

Proof. For simplicity, we denote F(t) := f(t,x(t),2'(t),“Dlx(t)). Then by
Lemma 1, the solution z(¢) has the form

m(t):CO'f'Cl(t_a)"‘ﬁ/ (t—s)""'F(s)ds, t>a.

By differentiation, one gets

/ 1 /t r—2
() =c1 + =1/, (t—s)"""F(s)ds, t>a
Consequently,
2O _ leol , Jeal(t—a) , 1 /tt—s s
AL~ 100 .
F S T : + o ; (t —s) % F(s)|ds

|col 1 ! -2
< LI A < >
= + |e] + o/, (t—s) |F(5)|ds < z(t), t>a,
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and
1 ¢ .
' (8)] < Jea] + m/ (t— )| F(s)[ds < =(t), t>a  (3.5)
for
t
A(t) = C + cp/ (t— )| F(s)|ds, C = @ +Crlen).

By Definition 3, “Dz(t) is computed as

°Dlalt) = =y [ (=9 6s = s [ (=9

1 ' =7 ’ r—2
T A= AT = 1) / (t—s) / (s —w) ~*F(w)dwds

_alt-a)'" 1 ¢ t . -~
S TTre—n T TU-Are= 1)/a F(w)/ (t—s)""(s — w) *dsdw.

w

Then, taking the substitution s = w + {(t — w) and using B(1 — 7,r — 1) =
L(1—7A)I(r—1)
I'(r—r) ’

CDla(t) = Cll(f(zf)ﬂ 4 F(rl— 5 / (t —s) " "LF(s)ds.

Hence,

Dy ‘ t ‘
| €f7£t>| < F(|21|F) + F(Tli 7:)/(t—s)"ﬂF(s)‘dsgz(t), t>a.

Now, we apply the assumptions on f and the nondecreasing properties of func-
tions g1, g2, g3 to estimate z(t):

t

z(t)SC’—i—C'F/

3
(t—s)" 2771 (ho(s) + Z hi(8)g; (z(s))) ds.
Holder inequality and Lemma 2 with o = r — 1 yield
1

[= o2 o (ete)as < o ([ o)) 1z

fori=1,2,3, where B; = B%(p(T—2)+1,p(7—1)—|—1) and © = p(r+y—3)+1 €
(p(r —2),0]. Similarly,

1
t t 7

/ (t—s) 257 hg(s)ds < a® By (/ hg(s)ds> , t>a.
Summarizing the above,

3

2(t) < C+Cra® By ((/t h%(s)d8> " D (/t hi()gi <Z(s))ds> )

i=1

Math. Model. Anal., 20(4):471-489, 2015.
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for any ¢t > a. Taking the g-th power and using the inequality (Z?zl a;)?
57715° q for any a; > 0,9 =1,2,...,5, we obtain

1=1""

IN

u(t) == 29(t) < A+ DZ/ hi(s)gl(z(s))ds

<A+ D/ (Ri(s) + hi(s) + hi(s))w(u(s))ds, t>a

for A = 5771(C? 4+ CLa® 9" YUBIHy), D = 597 'C%a®@ VB, w(u)
2?21 gl (u%) Finally, Bihari inequality implies

7

u(t) < 271 (Q(A) +D /at hi(s) + hi(s) + hg(s)ds>

< Qil(Q(A) + D(H1 + Hy + Hg)) =: Ky < o0,

1
where 2(v) = [V 450 < vy < w. Thus 2(t) < K7 for t > a, and by (3.5),
0

vy w(s)?
t 1
0< / (t— s)T*2}F(s)|ds <I(r—1)(Kg —lei]) <oo, t>a,

i.e., the integral f:o(t — 5)"2F(s)ds converges. So, there exists a constant c
such that lim; o 2’ (t) = ¢, and by applying 'Hopital’s rule,

t
lim z(t) = lim 2/'(t) = ¢
t—oo ¢ t—o00
This concludes the proof. O

The following theorem considers a general case when the order r is a positive
real non-integer number.

Theorem 3. Suppose that r > 0 andn € N be such thatn—1 <r <mn, m € N,
TlyeeoyTm € R\N satisfy 0 <7 < -+ < Tpp <7, R:=max{n— 1,7}, p>1,

pr—R—1)+1>0,a>0,q= p%l and the function f: M = [a,00) x R"T™ —

R satisfy the following conditions:
1. f € C(M,R),

2. there are continuous functions from Ry to Ry, g1,92,.-., 9n+m, Po, b1,
ooy R, such that g1, g2, ..., gntm are nondecreasing,

|f(t, Ugy -+« oy Un—1,V1,.. ~,vm)|
_ - il c 0]
<! <h0(t) + Z hi(t)gi <tR+1—z' T Z o ()9 tR*Jf“j
i=1 J=1

forsomeve(lf%,27r+Rf%], and

HZ-::/ hi(s)ds < oo, i=0,1,...,n+m,
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2 / Ti-1dr
Zzn+1m gi( )
Then for any global solution z(t) of the initial value problem

Drat) = f(t,z(t),2'@t),...,2" "D (®), Dl a(t),...,“Dimx(t)), t>a,
:c(i)(a) =¢, 1=0,1,...,n—1,

there exists a constant ¢ € R such that
x(t) = ct? + o(tR) as t — oo.
Proof. 1In the whole proof,

F(t) = f(t,a(t),2'(t),...,a "7V (t),“Dira(t),. .., Dim x(t)).

By Lemma 1,
Cp—1 n—1 1 ¢ r—1
z(t) :Co+01(t—a)+"'+(n_1)!(t—a) +F(r) (t—s)"""F(s)ds. (3.7)
We define
L gyrRe ol , o = el
z(t):=C+Cp [ (t—23s) |F(s)|ds, C:a—R—i-CpZaRﬂ..
@ i=1
Differentiating (3.7), we get
i Cn-1(t —a nole 1 ! r—1—1
200 = erteuns (ot M s R (s
(3.8)
fori=1,2,...,n— 1. It is easy to see, that
O] _ el | leialt—a) L eaal(t —a)"
tR—i = ¢R—i tR—i (n—1—i)lth-i
1 trr— s\ R
+F(r—i)/ < ; ) (t—s)" " F(s)|ds
lei| eyl |Cn—1]
= gB—i " gR—i-1 Tt (n—1—i)lak—n+1
1 t
+ m/ (t—s) " FHF(s)|ds < 2(t), t>a (3.9)
a

for each ¢ = 0,1,...,n — 1. Now for each j € {1,2,...,m} there exists i, €
{1,2,...,n} such that i; — 1 < 7; < ;.

Math. Model. Anal., 20(4):471-489, 2015.
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If i; < n, then CDEJ’ x(t) = Iij*fjx(ij)(t)’ and we apply the formula (3.8) to
get

Ci

t
Cpri j ij—7—1
Diva(t) = s [ o rtas
F(lj_rj) a

¢

Cij+1 ii—i—1

+%/(t_5)J iTH (s —a)ds
F(Zj_rj) a

t
Cn—l 1j—7;—1 n—1—1i;
4. b @i iy

(n—1—i)!I(i; —7) /a (t—s) (s—a) s

1 /t -.,~.,1/S i
+ - — (t—s)7" (s —w)" ™ 7Y% F(w)dwds.
I(r—i)I'(ij —75) Ja o
Substituting s = a + {(t — a) and using the beta function give
t k—7;
Ck ij—7—1 k—i; cr(t —a)" "
- - — t—s)" T (s —a)"Tds = —————~
(k=)' (i —7;5) /a( ) (s=a) I(k+1—7)
for k =1i;,i; +1,...,n — 1, and changing the order of integration and substi-
tution of s = w + ((t — w) yield

I(r— z'j);(ij —7) /at(t -8 /:(5 —w)" T P (w)dwds

1 ¢ .
=== t—w) " F(w)dw.
I'(r—7)) /a (t—w) (w)dw
Therefore,
gy = BEZ DT | it e
’ iy =75 +1) I(i; — 7 +2)
Cn1(t—a)" "1 1 /t —1-7
+ 4 — + - (t_s)r TJF(S)dS.
Ln=175) L(r—7) Ja
Consequently,

|CD2'7:E(t)| < |ci, | t—a\9 T
tR—7; - F(ij _ fj + l)tR—ij t
n |ci;+1] t—a\ Tt
D(i; — 7+ 2)th—i-1 \ ¢
Cor_ t—a n—1-7;
R | n 11|27 -
F(n — T])t n+ t

et ()"

< |Cij| |Cij+1|
T I(iy— 7+ af=h iy — 7+ 2)af~i—1
|Cn—1| 1 /t _R_1
o Pl
T D= af T T T =) a( °) [F(s)]ds
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for any t > a.

In the other case, when i; = n, the fractional derivative “Dg’ z(t) is obtained
by applying the integral operator I, '’ on equation (3.6) (as in (3.4)). So we
get

DT (1) — 1 ! T P (s)ds
Dalt) = gy [ (=9 Flajas,

hence

Cpiiy try g\ BT
"Dzt _ 1 /(t ) (t— 5) "R F(s)]ds < =() (3.10)

th=7s I(r—7;) t
for any t > a.

Now, we use the assumptions on f, the above estimates (3.9) and (3.10),
and the nondecreasing properties of functions g1, ga, . .., gn+m to estimate

2(t) < C+Cr /t( P
(3o ) b (P
K n+m
< C+Cr/a (ts)rR1Sv1<h0(s)+ ; hi(s)gi(Z(S))>ds7 t>a.

Holder inequality and Lemma 2 with o = r — R imply

1
q

[ = )i <of B ([ neaGo)as) Ltz

for i =1,2,...,n + m, where B; = B%(p(r—R— 1)+ 1,p(y—1)+1) and
O=p(r—R+~v—-2)+1¢€ (p(r—R—1),0]. Similarly,

1
¢ ¢ 7
/ (t—s)" " F 17 g (s)ds < a® B </ hg(s)ds> , t>a.

Thus

z(t)<c+0m331(</ hi(s s) +T§</ z(s))ds>}l>7

and after taking the g-th power and using the inequality

n+m-+2 q n+m+2
( Z ai) <(n+m+2)7 Z al

i=1
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for any a; > 0,i=1,2,...,n+ m+ 2, one arrives at

n+m

u(t) == 2%(t) < A+ D Z / hi(s)gl(z(s))ds

<A+ D/at (g hg(s>>w(u<s))ds

with A= (n+m+2)9~1(C1+C%a® @Y BIH,), D= (n+m+2)7"'C%a® e~V BY,
wlu) =" gl (u%) Finally, by Bihari inequality

u(t) < 271 (Q(A) +D /at ghf(s)ds>

n+m
< Q‘1<Q(A)+D Z H) = Ky <oo, t>a,
i=1

where

v d
Q(v):/ Wz), 0 <vy <,

i.e., z(t) < K for any t > a. Note that for (3.9) with 4 = n — 1, this means
that

|$("_1)(t)| len_1| 1 trp_ g\ Bontl m
tR—n+1 = tR—n+1 + F(’/‘ —n+ 1) " t (t - S) |F(8)’ds

1
<z(t) < K§ <oo, t>a.

In other words,

t t—s R—n+1 1
/( ; > (t—s)T*RflyF(s)|dsSF(r—n—i—l)KO", t>a,

and so there exists the limit

t—00 t

t t—s R—n+1
lim () (t—s)" "B 1F(s)ds =: ¢ € [0,00).
a

The statement follows by applying the ’'Hopital rule

1 (n—1)
lim @ = — lim x ®)
o I (R =) o R
1 (1. Cn—1 n c )
= 1m =:C
[TEE(R — i) e (T T Tl —n 1))~ ©

where the value of ¢ depends on R. 0O

At the end, we consider the case when the right-hand side depends also on
Riemann—Liouville integrals of the solution.
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Theorem 4. Suppose that r > 0 andn € N be such thatn—1 <r <mn, m € N,
Tlyeeoy T € R\N satisfy 0 <7 < -+ <7y <7, R:=max{n—1,7,}, m €N,
@y sG>0, p>1, pr—R—-1)4+1>0,a>0,qg= ;;%1 and the function
f: M :=[a,00) x R*T™+m 4 R satisfy the following conditions:

1. f e C(M,R),
2. there are continuous functions from Ry to Ry, g1,92,. .., Gntm+m, Mo,
hi, ..., hptmtm, Such that g1,92, ..., Gntm+m are nondecreasing,
|f(t,uo,.. S Uy 1, VT e e e s Uy Wy e oy W )|

v
hn+j (t)gn-i-j (tRj;:j

1M:

-1 |uz 1|
St’y ( +Zh <tR+1 i>+

- ]
+ Z hn+m+j (t)gn+m+j (tR.gq]

j=1

forsome’ye(lf%,erJer%], and

H; = hl(s)ds < oo, i=0,1,...,n+m+m,
/OO Ti-1dr
3. _——— = 00.
n+m+m
a Zz 1 gzq(T)

Then for any global solution x(t) of the initial value problem

CDra(t) = f(t,x(t),2'(t), ..., (), “Dira(t), ..., “Dima(t),
I8 x(t),..., If7x(t), t=>a, (3.11)
m(i)(a) =¢, 1=0,1,...,n—1,

there exists a constant ¢ € R such that
z(t) = ct® + o(t?) ast — .

Proof. For simplicity we denote,

F(t) = f(t,a(t),2'(t),...,2" "D (@), °Dira(t), ..., °Dima(t),
ITx(t), ..., I3 x(t)).

By Lemma 1, the solution z(¢) of (3.11) has the form (3.7). Note that the
estimations (3.9) and (3.10) remain valid for

t n—1
. R |cil
2(t) .:C-i-CF/a (t=9)" " F(s)|ds, C=Cr) -z

=0
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For each j = 1,2,...,m, the fractional integral I’ z(t) is obtained by integrat-
ing formula (3.7) to get

t t
Ig]l‘(t) = ‘o / (t - S)qj_lds + 2l / (t — S)qj_l(s — a)ds

I'(g5) I'(g5)
+'”+F(qj)7(l7;—1)!/a(t_s)qj_ (s —a)"'ds

1 t =1 ) —w) " F(w)dwds
* Ty J, ¢ e Pl

cot—a)¥ ¢t —a)ttt

I'(g; +1) I'(q; +2)

cp1(t —a)Btnt + !
I'(gj +n) I'(gj+r

t — 84T R(5)ds.
T )/a(t Y +=1p(s)d

Therefore,

[Eat)] _ el t—a\¥ N les | t—a\%t
thta = I(g;+ 1)t \ ¢ I'(gj +2)th-1 t

+- 4 |Cn1] t—a\v "
I(qj +n)th-ntl ¢

TG / (t 7 S)Rﬂj (t =9 | Fo)lds

|col |ea | P |en—1]
= I+ 1a® (g +2)af! I'(g; + n)afin+1
1 /t “R-1
e t—s)" F(s)|ds < z(t
oA (t—s) |F(s)| (t)

for any t > a, j = 1,2,...,m. So, after applying the assumption on f, one
arrives at

t

2() < C+Cr / (t—s)~ftsrt (ho(s) + i hi(s)gs (W)

a

- °D& ()] | + |1 ()]
+ Zl Py (8)gnsj (15;_7;] + Zl Potm+5(8)Gntrmj Zquf ds
J= J=

n+m+m

(t o S)rfRfls”/*l <h0(5) + Z hz(S)gZ (z(s)))ds, t>a.

=1

t

SC’+CF/

a

The rest of the proof can be carried out as the proof of Theorem 3. O

4 Conclusion

In this paper, we considered fractional differential equations with Caputo deri-
vative of any positive non-integer order of a solution on the left-hand side and
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a general right-hand side depending on a solution, its integer and fractional
derivatives, and its Riemann—Liouville integrals of arbitrary order. We stated
sufficient conditions for any global solution to behave like ctf + o(tf) for a
convenient R > 0 as t — oo. The existence of the global solution for these
equations was not investigated, and it remains to be proved in another paper.
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