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�� INTRODUCTION

Impulsive di�erential equations provide an adequate mathematical model of
evolutionary processes that suddenly change their state at certain moments�
V� Lakshmikantham� D� D� Bainov and P� S� Simeonov ��� as well as A� M�
Samoilenko and N� A� Perestyuk ���� had published monographs dedicated to
this subject�
The equivalence problem in the theory of ordinary di�erential equations

were explored by D� M� Grobman ���� P� Hartman ��� and other mathemati	
cians �
����� A� Reinfelds ��	��� and L� Sermone ��	����	�
� and D� D� Bainov�
S� I� Kostadinov and Nguyen Van Minh ��� began to discuss the equivalence
problem of impulsive di�erential equations� In the present paper a reduc	
tion theorem for systems of impulsive di�erential equations in a Banach space
is proven assuming that the system splits into two parts and has invariant
manifold�

�� STATEMENT OF THE THEOREMS

Let U be a Banach space� Consider two systems of impulsive di�erential
equations

du�dt  P �t� u�� �u
��
t��i

 Si�u��i � ��� ���

and

du�dt  Q�t� u�� �u
��
t��i

 Ti�u��i � ��� ���

that satisfy the conditions of the existence and uniquenesses theorem� We
assume that maximum interval of the existence of the solutions is R� Let
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���� t�� u���R � U and ���� t�� u���R � U be the solutions of the above
systems� respectively� Suppose that there is a function e�U� R such that

max fjP �t� u��Q�t� u�j� sup
i

jSi�u�� Ti�u�jg � e�u��

Definition� Two systems of impulsive di�erential equations ��� and ���
are dynamically equivalent in the large if there exists a map H �R�U � U

and a positive constant c such that�

�i� H�t� ���U� U is a homeomorphism�

�ii� H�t� ��t� t�� u���  ��t� t�� H�t�� u��� for all t � R�
�iii� max fjH�t� u�� uj� jH���t� u�� ujg � ce�u��

We remark that in the case of classical global Grobman�Hartman theorem
����� for autonomous di�erential equations the corresponding function e�x� 
a � � and appropriate constant c depend on linear truncation only�
Let U  X�Y� L�X� and L�Y� be the Banach spaces of linear bounded

operators� Consider the following system of impulsive di�erential equations

��������
�������

dx�dt  A�t�x � f�t� x� y��
dy�dt  B�t�y � g�t� x� y��
�x
��
t��i

 x��i � ��� x��i � ��

 Cix��i � �� � pi�x��i � ��� y��i � ����
�y
��
t��i

 y��i � ��� y��i � ��

 Diy��i � �� � qi�x��i � ��� y��i � ����

���

where�

�i� the maps A�R � L�X� and B�R � L�Y� are locally integrable in the
Bochner sense�

�ii� the maps f �R�X�Y� X and g�R�X�Y� Y are locally integrable
in the Bochner sense with respect to t for �xed x and y� and� in addition�
they satisfy the estimates

jf�t� x� y�� f�t� x�� y��j � ��jx� x�j� jy � y�j��
jg�t� x� y�� g�t� x�� y��j � ��jx� x�j� jy � y�j��

supt�y jf�t� �� y�j � ���

�iii� i � Z� Ci � L�X�� Di � L�Y�� the maps pi�X�Y � X� qi�X�Y� Y

satisfy the estimates

jpi�x� y�� pi�x
�� y��j � ��jx� x�j� jy � y�j��

jqi�x� y�� qi�x
�� y��j � ��jx� x�j� jy � y�j��

supi�y jpi��� y�j � ���
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�iv� the maps �x� y� �� �x � Cix � pi�x� y�� y �Diy � qi�x� y��� x �� x � Cix
are homeomorphisms�

�v� the moments �i of impulse e�ect form a strictly increasing sequence

� � � � ��� � ��� � �� � �� � �� � � � �

where the limit points may be only ���

Let U�t� �� and V �t� �� be the Cauchy evolutionary operators of the linear
impulsive systems

�
dx�dt  A�t�x�
�x
��
t��i

 Cix��i � ���

and �
dy�dt  B�t�y�
�y
��
t��i

 Diy��i � ��

respectively� Let the operators satisfy the estimates

	  max

��
�supt

Z t

��

jV �t� ��jjU��� t�j d� � sup
t

X
�i�t

jV �t� �i�jjU��i � �� t�j�

sup
t

Z ��

t

jV ��� t�jjU�t� ��j d� � sup
t

X
t��i

jV ��i � �� t�jjU�t� �i�j
�
� ���


  sup
t

�Z ��

t

jU�t� ��j d� �
X
t��i

jU�t� �i�j
�
� ���

Let ���� t�� x�� y��  �x��� t�� x�� y��� y��� t�� x�� y����R � X �Y be the so	
lution of system ���� where ��t���� t�� x�� y��  �x�� y��� At the break points
�i the values for all solutions are taken at �i � � unless otherwise speci�ed�
For short� we will use the notation ��t�  �x�t�� y�t���

Theorem �� Let 
�	 � � and ��
 � � �
p
�� 
�	� Then there exists a

piecewise continuous map h�R�Y � X with the following properties�

�i� h�t� y�t� t�� h�t�� y��� y���  x�t� t�� h�t�� y��� y�� for all t � R�
�ii� jh�t� y��� h�t� y���j � �jy� � y��j�

�iii�

Z t�

��

jV �t�� t�jjx�t� t�� x�� y��� h�t� y�t� t�� x�� y���j dt

�
X
�i�t

jV �t�� �i�jjx��i � �� t�� x�� y��� h��i � �� y��i � �� t�� x�� y���j

� 	��� ��� � ��	���jx� � h�t�� y��j�
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where �  ���	������ ��	 �p�� 
�	��

Suppose there exists maps f��R�X� X and pi��X� X locally integrable
in the Bochner sense with respect to t for �xed x and� in addition� they satisfy
the estimates�

jf��t� x�� f��t� x
��j � �jx� x�j�

jpi��x�� pi��x
��j � �jx� x�j�

supt�x�y jf�t� x� y�� f��t� x�j � ���

supi�x�y jpi�x� y�� pi��x�j � ���

and besides the maps x �� x � Cix � pi��x� are homeomorphisms� Next�
consider a reduced system of impulsive di�erential equations

����
���

dx�dt  A�t�x� f��t� x��
dy�dt  B�t�y � g�t� h�t� y�� y��
�x
��
t��i

 Cix��i � �� � pi��x��i � ����

�y
��
t��i

 Diy��i � �� � qi�h��i � �� y��i � ���� y��i � ����

�
�

Let ���� t�� x�� y��  �x���� t�� x��� y���� t�� y����R� X�Y be a solution of
system �
�� where ��t� � �� t�� x�� y��  �x�� y��� For short� we will use the
notation ��t�  �x��t�� y��t���

Theorem �� Let 
�	 � � and ��
 � ��
p
�� 
�	� Then systems ��� and

�
� are dynamically equivalent in the large�

The system �
� splits into two parts� The �rst part of them does not contain
the variable y� while the second part is independent of x� This result allows
one to replace the given system by a much simpler one�

�� PROOF OF THEOREM �

Step by step we shall prove the theorem� Let PC�R � X � Y�X� be a
set of maps that are continuous for �t� x� y� � ��i� �i��� � X � Y and have
discontinuities of the �rst kind for t  �i�

Step �� The spaces

K 

�
k � PC�R�X�Y�X�

���� sup
t�x�y

jk�t� x� y�j � ��
	

and

L� 
�
l � PC�R�X�Y�Y�

���� sup
t�x�y

jl�t� x� y�j
jx� h�t� y�j � ��
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equipped with the norms

kkk  sup
t�x�y

jk�t� x� y�j and klk  sup
t�x�y

jl�t� x� y�j
jx� h�t� y�j

are Banach spaces� respectively� There exists a unique solution �k�� l�� �
K � L� of the functional equations

k��t�� x�� y�� 

Z ��

t�

U�t�� ���f�������� � f���� x��� � k����������� d�

�
X
t���i

U�t�� �i��pi����i � ���� pi��x��i � �� � k���i � �����i � ������

l��t�� x�� y��



Z t�

��

V �t�� ���g��� h��� y���� l����������� y���� l�����������g��������� d�

�
X
�i�t�

V �t�� �i��qi�h��i � �� y��i � �� � l���i � �����i � ����� y��i � ��

�l���i � �����i � ����� qi����i � �����

Let H�t�� x�� y��  �x� � k��t�� x�� y��� y� � l��t�� x�� y���� We get for all
t � R that

H�t���t� t�� x�� y���  ��t� t�� H�t�� x�� y����

Step �� The set

L����  �l � L� j jl�t� x� y�� l�t� x�� y�j � �jx� x�j�

is a closed subset of the Banach space L�� There exists a unique solution
�k�� l�� � K � L���� of the functional equations

k��t�� x�� y�� 

Z ��

t�

U�t�� ���f���� x����� � f��� x���� � k���������� y����

�l���� x���� � k���������� y������� d�

�
X
t���i

U�t�� �i��pi��x���i�����pi�x���i����k���i������i����� y���i���

�l���i � �� x���i � �� � k���i � �����i � ���� y���i � �����
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l��t�� x�� w�� 

Z t�

��

V �t�� ���g��� ����� y���� � l���� ����� y������

�g��� h��� y������ y������ d�

�
X
�i�t�

V �t�� �i��qi����i � ��� y���i � �� � l���i � �� ���i � ��� y���i � ����

�qi�h��i � �� y���i � ���� y���i � �����

��t�  U�t� t��w� �

Z t

t�

U�t� ��f��� ����� y���� � l���� ����� y������ d�

�
X

t���i�t

U�t� �i�pi����i � ��� y���i � �� � l���i � �� ���i � ��� y���i � �����

Let G�t�� x�� y��  �x��k��t�� x�� y��� y�� l��t�� x��k��t�� x�� y��� y���� We
get for all t � R that

G�t���t� t�� x�� y���  ��t� t�� G�t�� x�� y����

Step �� The space

L� 
�
l � PC�R�X�Y�Y�

���� sup
t�x�y

jl�t� x� y�j
jx� k��t� x� y�� h�t� y�j � ��

	

equipped with the norm

klk  sup
t�x�y

jl�t� x� y�j
jx� k��t� x� y�� h�t� y�j

is a Banach space� There exists a unique solution �k�� l�� � K � L� of the
functional equations

k��t�� x�� y�� 

Z ��

t�

U�t�� ���f���� x����� � f���� x���� � k����������� d�

�
X
t���i

U�t�� �i��pi��x���i � ���� pi��x���i � �� � k���i � �����i � ������

l��t�� x�� y�� 

Z t�

��

V �t�� ���g��� h��� y���� � l����������� y����

�l���������� � g��� h��� y������ y������ d�
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�
X
�i�t�

V �t�� �i��qi�h��i � �� y���i � �� � l���i � �����i � ����� y���i � ��

�l���i � �����i � ����� qi�h��i � �� y���i � ���� y���i � �����

Step �� The identity

H�t�� G�t�� x�� y���  �x�� y��

holds true�
Step �� The space

L� 
�
l � PC�R�X�Y �X�Y�

���� sup
t�x�y�w

jl�t� x� y� w�j
max �jx� h�t� y�j� jx� wj� � ��

	

equipped with the norm

klk  sup
t�x�y�w

jl�t� x� y� w�j
max �jx� h�t� y�j� jx� wj�

is a Banach space� The set

L����  �l � L� j jl�t� x� y� w�� l�t� x� y� w��j � �jw � w�j�

is a closed subset of L�� There exists a unique solution �k�� l�� � K � L����
of the functional equations

k��t�� x�� y�� 

Z ��

t�

U�t�� ���f��������

�f��� x��� � k���������� y��� � l��������� x��� � k������������ d�

�
X
t���i

U�t�� �i��pi����i � ���� pi�x��i � ��

�k���i������i����� y��i����l���i������i���� x��i����k���i������i��������

��t�  U�t� t��w� �

Z t

t�

U�t� ��g��� ����� y��� � l��������� ������ d�

�
X

t���i�t

U�t� �i�qi����i � ��� y��i � �� � l���i � �����i � ��� ���i � �����

l��t�� x�� y�� w�� 

Z t�

��

V �t�� ���g��� ����� y����l��������� �������g��������� d�
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�
X
�i�t�

V �t�� �i��qi����i���� y��i����l���i������i���� ���i������qi����i������

Step �� The following identity

G�t�� H�t�� x�� y���  �x�� y��

holds true�
We get that H�t�� �� is homeomorphism establishing dynamical equivalence

of systems ��� and �
� in the large� It is easy to verify that if the system ���
of di�erential equations is autonomous and without impulse e�ect� then the
maps h� H and G are independent of t� � R� Let us note that in our case
e�x� y�  a � �jxj� where a is some positive constant� Thus the proof of the
theorem is complete�
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