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One of the important questions of the nonlinear ordinary differential equa-
tions theory is representation of the meromorphic solutions as the ratio of the
entire functions similarly to the Weierstrass function p(z), which is a solution
of an equation p’2 = 4p3 + g2p + g3, and it has representation through the
entire function o(z)

p(z) = ——5—=-((2), ¢(=(n(o(2))
We shall consider a reduction of the higher - Korteweg-de Vries equations
(2m — Duy = Xpu, (1)

where Xju=Du=D28 D=2 X, u=(2u+2DuD'—D*)X, ju=
D2 =23, ...
applying the formulas

d
=gt T, u(z,t) =t T <d_1j + w2> (2)

to the ordinary differential equation

DSmtw') + 2w+ 6 =0, (mPr)
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where S, = 4w? + 4w'D ' — D?, D =d/d=.

The order of equation (,,, P») is 2m — 2. For m = 2 equations (1) and (,,, P»)
become the Korteweg - de Vries equation and the second Painleve equation
(P) correspondingly. Let us call equation (,,P2) the higher analogue of the
second Painleve equation similarly to equation (1). For m = 3 we have

w® = 1002w + 10ww” — 6w® — 2w — 6. (P)

It is well known, that solutions of the Painleve equations are, in a general
case, meromorphic functions, which we may not state definitely about the
higher analogues of equation P». In paper [1] representation of the Painleve
equations’ solutions as the ratio of the entire functions was given and one-to-
one correspondence between the solutions of these equations and the systems
constructed for them was established.

In the present paper we offer representation of the meromorphic solutions
of equations (,,P) as the ratio

w(z) = 22 3)

of entire functions v(z), u(z). We establish one-to-one correspondence between
the meromorphic solutions of the equation (,,, P>) and entire solutions of the
constructed system.

For the equation (,, P) let’s assume following [2, 3, 1]

u(z) = exp (— / dz / w2dz), (1)

where the path of integration does not pass through the singularities of the
function w(z). In the neighborhood of the movable pole z = « the meromor-
phic solution w(z) has expansion [4]

w=a_1(z—a) ' +a(z—a)+pi(za), (5)

where a_; takes any of the values +£1, +2,... £ (m — 1), and ¢;(z, ) is an
analytic function in the neighborhood of @. Then from (4) it follows that u(z)
is an entire function for any meromorphic solution of the equation (,,, P»), and
at pole « of the solution w(z) the function u(z) has zero of order a2 ,.This fact
is easily established by substitution (5) into the right part of (4). Hence, if we
will define function v(z) as v(z) = w(z)u(z), then the function v(z) is also an
entire one for any meromorphic solution of the equation (,,P). The system
for finding of the entire functions u(z), v(z) turns out by differentiation (4) by
virtue of (3) and substitution (3) into the equation (,,, P). It has the form

wi —u” =02, D 'S (et —ou'u ) +zou P46 =0, (6)
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For example, at m = 3 for the equation (3P») we have

2 3
vyt — 4"'u? + 60" w2 — 20" — ' u

L4204+ ou — 203" + 0 + zout + 6ud = 0.

Let us consider system (6).

LEMMA 1. The system (6) has the solution
v=0, u=-explaz+Db) (7)

for any a,b e C, § =0.
The choice of the solution of system (6) is defined by the initial conditions

u(z0) = o, u'(20) = uh, v(zo) = wvo, v'(20) = V5, ..., V3" () = U[()Qm_3),
(8)
where zg, o, Uy, Vo, V.-, v(()2m_3) € C. Thus, if u(zp) = 0, then the

initial conditions (8) is singular.

LEMMA 2. If (v,u) is a solution of system (6), then

(0,1) = (M2)v, A(2)u),  A(z) Z0 9)

is a solution of system (6) if and only if A = e**** a,b e C.
The validity of lemmas 1 and 2 are confirmed by direct substitution (7) and
(9) into system (6).

LeEmMA 3.  Any solution of system (6), corresponding to the meromorphic
solution of an equation (,,P) and satisfying to the initial conditions

uw(z0) =1, u'(20) =0, v(z0) =wo, v'(20) =05,---, 0?3 (20) = v[()Qm_3),
(10)
1s an entire one.

P r o o f. The initial conditions (10) are not singular. Let w(z) be a
meromorphic solution of an equation (,, P») with the initial conditions w(zp) =

wo,w' (20) = wh,..., w2 (z) = w{*™ . We shall consider the functions

ui(z) = exp (— /Z dz /Z w?dz), v(z) = w(z)ui(2). (11)

From construction functions uq(z),v1(z) are the entire ones and satisfy to

system (6). By virtue of uniqueness the statement will be proved if we take
w(2m—3) _ v(2m—3)
0 =

— [ |
Wo = Vo, Wy = Vg, .-+, o .
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LeEmMA 4. Any solution of system (6), corresponding to the meromorphic
solution of equation (,, P2) and satisfying to the initial conditions

U(me?)) (Zo) _ ,U(()2m—3)’

s an entire one.
P r o o f. We shall take the solution (¥,4) of system (6) with the initial
conditions

i(z0) = 1, @' (20) =0, (z0) =0, '(20) =7Th,..., 929 (z) =",

By virtue of lemma3 this solution is an entire one, and by virtue of lemma
2 the functions (v,u) = (vexp(az + b), dexp(az + b)) will also be an entire
solution of system (6). The proof of lemma 4 follows from the choice a,b and

. ~(2m-3 .\
00> Oy - - - v(() ™3 from a condition
] 1 2m—3)
U v _ v\ (2m
_ Y% _ 0 ~ _ Yo ~(2m—=3) __
a=—, b=In(u) —20—,0% = —,..., 7 =(- (20),
Uo Uo Uo u

where u'(z9) = u62/u0.

THEOREM 1. All solutions of system (6), corresponding to the meromorphic
solutions of equation (,, P2), are entire functions.

Proof. If u =0, then v = 0 and this solution is an entire one. Let u Z 0.
Then there exists domain D where function u(z) # 0 and it is an analytic
one. Let zop € D. Then by virtue of lemma 4 we have the required statement.

THEOREM 2. Let (v,u) be an arbitrary entire non-zero solution of sys-
tem (6) for some fized value of parameter §, which is different from the solu-
tions (7). Then a ratio v(z)/u(z) represents meromorphic solution of equation
(mP2) for the same value of parameter §.

Proof. Let (v,u) be an entire non-zero solution of system (6). Then there
exists such zg, that u(zg) = up # 0. Let us take the meromorphic solution
w(z) of equation (,, P») with the initial conditions w(zg) = vo/ug, w'(2p) =
vh Jug — vouh/ui, ..., w3 (z) = (v/u)P™ 3 (2),  where we assume
u"(z0) = ul Juo. We shall construct a solution of system (6) applying the
formula

u1(z) = ugexp((z — Zo)u_z - /20 dz /ZO w?(2)dz), v1(2) = u1(2)w(z).

It is not difficult to see that the solution (vi(z),u1(z)) satisfies to the same
initial conditions, as (v(z),u(z)). In view of this by virtue of uniqueness
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(v1(2),u1(2)) = (v(2),u(z)) and from the second parity of (11) statement of
the theorem follows.

THEOREM 3. Any meromorphic solution w(z) of equation (,, P2) is repre-
sented in the form w(z) = v(z)/u(z), where (v(z),u(z)) is the corresponding
entire solution of system (6), determined up to the factor exp(az + b).

Proof. If w(z) =0 at § =0, we shall take the entire solution of system
(6) (v(z),u(2)) = (0,exp(az + b)). Let w(z) Z 0. Then there exists such zg,
that w(zp) # 0, w(2p) # 00. Let us put

u(z) = exp (— / dz/Z:w2dz), o(2) = w(z)u(z).

These functions are entire solutions of system (6), and w(z) = v(z)/u(z). But
by virtue of (9) w(z) is also expressed through the solution

(0(2),u(2)) = (v(2) exp(az + b),u(z) exp(az + b)).

The theorems 2 and 3 establish one-to-one correspondence between the mero-
morphic solutions of equation (,,P») and the entire solutions of system (6).
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