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STATYBA, 1995, Nr. 1(1) 

PABHOBECHhiE KOHEqHhiE 3JIEMEHThl B PACqETAX YIIPYfHX 

KOHCTPYKUHM 

C.KaJI3HT3 

1. Boe_ueuue 

PaBHOBeCHhie 11 coBMeCTHhie Koneqnhle 3JieMeHThi II03BOJIHIOT orrpe_ueJIHTh BepxHI1e 11 

HIDKHI1e 3Haqemrn rrapaMeTPOB HarrpiDKeHHo-_uecpopMHpoBaHHOfO COCTOHHIDI (HJJ:C) 

KOHCTPYJ<U11M. TaKo:H ,UByxcTopoHHI1M anaJII13 HBJrneTcH 3cpcpeKTI1BHhlM cpe.ucTBOM oueHKH 

pe3yJihTaToB ~cJiennoro pacqeTa. KpoMe Toro, paBHOBeCHhle Koneqnhle 3JieMeHThl (PK3) 

rrpe,UOCTaBJIHIOT CTaT~eCKH B03MOxrnhle (y,UOBJICTBOpHIOIUHe ypaBHCHIDIM paBHOBeCIDI) 

pacrrpe_ueJieHIDI ycHJII1H, KOTOphle qacTo neo6XOlli1Mhl rrp11 yrrpyroiiJiacT~ecKOM aHaJII13C 

KOHCTPYJ<UI1M. O_unaKo PK3 qarue rrpi1MCHHIOTCH TOJihKO B pacqeTax yrrpyroiiJiacT~ecKHX 

KOHCTPYJ<UI1M 11 He 11CCJie,UOBaHhl TaK XOpOiliO KaK fCOMCTP~CCKH COBMCCTHhlC 3JICMCHThl. 

UeJih _uanno:H cTaThl1 coBeprneHCTBoBaHI1e aJiropHTMOB 11 11CCJie,UoBaHI1e 

:>¢¢eKTI1BHOCTI1 PK3 rrpi1MCHHTeJihHO K yrrpyri1M KOHCTPYJ<UIDIM, pa3BHTI1e HX llllil 

Ilpi1MeHeHIDI K pa3HhlM BHllaM B03,UCMCTBI1M. 

PaccMaTPI1BaeTcH 3a_uaqa aHaJII13a HJJ:C TOHKHX JII1He:Hno yrrpyrHX IIJiaCTHHOK 11 

o6oJioqeK IIOll llCMCTBI1CM BHCiliHCM Harpy3KH F(x), Ha1IaJihHhlX _uecpopMaU11M 8 0(x) 11 

rrepeMeiUeHH:it u0 (x). HJJ:C cpe,UI1HHOM IIOBepXHOCTI1 KOHCTPYJ<UI111 OIII1ChlBaeTCH 

BeKTopaMI1 ycHJI11:H S(x), rrepeMerueHI1M u(x) 11 _ue¢opMaU11M e(x). Hal!aJihHhlMI1 

ClJHTaiOTCH ,UecpopMaU1111, Bhl3BaHHhle rrpe,UBapHTeJihHhlM _uecpopM11pOBaHI1eM HJII1 

HarrpiDKCHI1CM, TeMrrepaTypHhlMI1 11 llPYf11MI1 B03,UCMCTBIDIMI1. 

2. 3aoucnMOCTH paouooecuoro KOHe<Juoro 3JieMelffa 

Cpe,UI1HHaH rroBepxHoCTh IIJiaCTI1HKH ( o6oJioqKH) pa3,UeJrneTCH na s Koneqnhlx 

:>JreMeHTOB rroBepxnocTI1 Ak. YcHJIHH n Ka)f(,L(oM 3JieMeHTe arrrrpoKCI1MI1pyroTcH 

¢YHKU11HM11 
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k=1,2, ... ,s, (1) 

f,!J,e [Hk(x))- iiMa'Tp~a ¢YHI<IJ;J-IM ¢opMbi s-ro :3JICMCHTa; Sk- BCKTOp )'ClUIHM )'3JIOBhiX 

Tol!eK ::>JieMeHTa. <l>)'HKIU'IH (1) ,!J,OIDKHhi Y.llOBJieTBopwrh 'Tpe6oBaHIDIM cxo,IJ,HMOCTH. OHM 

,!J,OJDKHhi IIpC,!J,OCTaBJIHTh B03MO}Kif0CTh peaJIH3alJ,Hlf O,!J,HOpO,II,HOfO H)l,C H 06Jia,IJ,aTh 

orrpe,IJ,eJieHHOM rJia,IJ,KOCThiO BHYTPH H Ha rroBepXHOCTSIX pa3,IJ,eJia ::>JieMeHToB [ 1]. B 

OTJIH'IHC OT pa60T ( 1-3] 3,!J,CCh He CTaBHTCH 'TpC60BaHHe, 'IT06hl $)'HKJ.J,lrn ( 1) anpMOpHO 

)',!J,OBJICTBOp5IJIH ,!J,H¢¢epeHIJ;HaJihHhiM )'CJIOBIDIM paBHOBCCHH 

(2) 

BHY'fPH ::>JieMeHTa. BBO,!J,OM ,!J,OIIOJIHHTeJihHhiX cTerreHe:H cBo6o,IJ,hi ::>TH ycJIOBHH 

Y.llOBJieTBop5IIOTCH B BH,!J,e ,!J,OIIOJIHHTCJihHhiX orpaHH'!eHH:H Ha ,IJ,OIIOJIHHTeJihH)'IO ::>HeprHIO 

::>JieMeHTa. TaKHM o6pa30M 3Ha'IHTeJihHO yrrpoJ.U:aeTcH H YHH<P~yeTcH IIOC'fPOCHHe 

MHTepiiOJIHPYJOIII:HX ¢YHKIUfll ycHJIH:H. Bhl60p $)'HKIUfll, TO:x<;UCCTBCHHO 

)',!J,OBJICTB0p5IIOJ.U:MX ypaBHCHIDIM (2), ,!J,OBOJihHO CJIO)I{CH, HC)'HHBepcaJieH, a ,!J,JI5[ CJIO}KifhiX 

060JIO'IC'!HhiX KOHC'fPYKIUfM H HCB03MO)I{CH. 

Ypa6HeHUR pa6H06ecUR. BBO,!J,HTCH BeKTop o6o6I.U:eHHhiX )'3JIOBhiX CHJI P k , pa6oTa 

KOTOphiX Ha 0606J.U:CHHhiX rrepeMCI.U:CHHHX U k ,!J,OJDKHa 6h!Th :3KBHBaJICHTHa pa60Te 

BHY'fPCHHHX cHJI S k ( x) . OH rro,!J,'IHH5leTcH ypaBHeHIDIM paBHoBecHH ::>JieMeHTa 

(3) 

BKJIIO'!aiOJ.U:HM B ce6H ypaBHCHHH paBHOBCCHH BHY'fPH (eCJIH $)'HKIUfH (1) TO:x<;UCCTBCHHO 

He Y.llOBJieTBopHIOT ycJIOBIDIM (2)) H Ha rpaH~ax ::>JieMeHTa. B Kal!eCTBe o6o6I.U:eHHhiX cHJI 

MOryT 6hiTh IIpMH5IThl JIOKaJihHhiC (pacrrpe,IJ,eJICHHhiC) lUIH COCpC,!J,OTO'ICHHhiC CHJihl. 11M 

COOTBCTCTBYJOT B3BCIIICHHbiC (HHTerpaJihHhiC) HJIH )'3JIOBhiC 0606J.U:CHHhle rrepeMCJ.U:CHHH. 

Bo BTOpOM CJI)"'ae ypaBHCHHH (3) C'fPOHTCH C IIpHBJIC'ICHHCM MCTO,!J,a KOJIJIOKaJ.J,lrn 

By6HoBa-fanepKHHa. 06o6I.U:eHHhle CHJihl H rrepeMei.U:eHHH Bhi6M:paiOTcH c TaKHM 

paC'!CTOM, tfl'06hl ypaBHCHHH paBHOBCCHH ,!J,HCKPCTHOH MO,!J,CJIH KOHC'Tpy:I<UHH, 

COCTaBJICHHhiC ITO HarrpaBJICHHIO :3THX rrepeMCJ.U:CHHM, rapaHTM:pOBaJIH )',!J,OBJICTBOpeHHe 

)'CJIOBHit paBHOBCCHH BO BCCX TO'!KaX BHY'fPH H Ha rpaHHIIaX :3JICMCHTOB. 

06o6IIIeHHhle CHJihi Pk He He3aBHCHMhi, TaK KaK Y.llOBJieTBOp5IIOT ypaBHCHHHM 

paBHOBCCHH :3JICMCHTa KaK )KCCTKOfO IICJIOfO. CB51:3h Me:x<;n:y HHMH MO}KifO orrpe,II,CJIHTh 

rrpeo6pa30BaHHCM ypaBHCHHH (3). 0HO pa3,!J,CAACTCH Ha ,!J,BC qacTH: 
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f,Ue [A pk] - KBa,UpaTHaH 6a3HCHaH MaTPHIJ;a, COOTBeTCTBYJOiu;aH CTeiieHHM CB060,Uhl U pk ; 

[Ark]- MaTPHIJ;a ypaBHeHiill: paBHOBeCHH, COOTBeTCTBYJOiu;aH rrepeMeW:eHHHM Urk 

:meMeHTa KaK )l{eCTKOfO IJ;eJIOro, Ha KOTOphiX pa6oTa He IIpOH3BO,UHTCH. PerneHHe 

BepxHero ypaBHeHHH 

(4) 

rro.ucTaBJIHeTCH B (3). Tor.ua ypaBHeHHH paBHOBecHH 

(5) 

r.ue (6) 

[ E] - e,UHHWIHaH MaTPHU:a. TaiGL\f o6pa3oM, rrpe.ucTaBJieHhl ,UBa BH,Ua ypaBHemrn 

paBHOBeCHH. O.uHo H3 HHX Bhlpa)l{eHo qepe3 o6o6rn:eHHhle ycHJ~HH S k , a .upyroe - qepe3 

CHJihl P pk. 

FeoMempu'lecKue ypa6HeHUJl. ,n:orroJIHHTeJThHaH 3HepflfH 3JieMeHTa 

(7) 

[Dk] = f[Hk(x)f [dk )[Hk(x)]d4k (8) 

At 

H BeKTop B3BellieHHhiX HallaJibHhiX ,Ue¢opMaiJ;HH 

E>ok = f[Hk{x)t E>ok{x)dAk; 
At 
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[ d k] Ma'fp.IIT(a llO,IJ;aTJIHBOCTH 6ecKOHelfllo Ma.JIOfO 3JieMeHTa KOHCTp)'Kli,HH. 

MmnifMa.JibHoe 3HaqeHHe <l>YHKI-UfH (7) ,IJ;OCTHraeTcH npH ycJIOBHH 

(9) 

0HO HBJIHeTCH YCJIOBHeM CTaiJ,HOHapHOCTH <l>YJIKII,HOHa.Jia (7) H npe,IJ;CTaBJIHeT C060:fi 

reoMeTpJ.~qecKHe ypaBHeHHH 3JieMema. MaTpliT(a no,IJ;aTJIHBOCTH [ Dk] onpe,IJ;eJIHeT CBH3h 

Me)I{,L(y o6o6rn:eHHDIMH ycHJIHHMH H .IJ:e<l>opMaiJ,HHMH. BDipa:>KaH .IJ:OITOJIHHTeJibHylO 3HepriDO 

qepe3 o6o6rn:eHHble CHJibl P pk , MO}KHO IlOnyqHTD BTOPYJO <l>OPMY reoMeTpJ.~qeCKHX 

ypaBHeHH:fi: 

(10) 

(llj 

cBH3DIBaeT o6o6rn:eHHDie CHJibl P pk H rrepeMern:eHHH. ITpH npeo6pa3oBaHHH <l>YJIKII,HOHa.Jia 

)l;OllOJIHHTeJibHOH 3HeprHH HCITOJib30BaHbl 3aBHCHMOCTH (4), (6) H 

(12) 

r,IJ;e Fopk - BeKTop Y3JIOBDIX CHJI, 3KBHBa.JieHTHDIX HaqaJibHDIM .IJ:e<t>opMaiJ,HHM E>ok. 

YpaBHeHHe (10) TaiOKe MO}KHO nonyqHTD rrpHMDIM npeo6pa30BaHHeM ypaBHeHHH (9) -

3aMeHOH nepeMeHHbiX H )'MHO)I{eHHeM CJieBa Ha MaTpHuy ([Apk rl) T. YMHO:>KaH 

38BHCHMOCTb ( 11) CJieBa Ha [A pk r H cnpaBa Ha [A pk] , MO)I{HO Onpe,IJ;eJIHTb o6paTHYJO 

CBH3b MaTpH:U: ITO,Il;8TJIHBOCTH: 
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Cl>u3u<tecKue 3a6ucuMocmu. ITo.JI)"'eHhl ,n:Be 3KBHBa.JieHTHhle CHCTeMhl ypaBHeHHH (3), (9) 

" (4), (5), (10). OnH orrHChlBaiOT H,[(C paBHoBecuoro 3JieMeHTa. McnoJib3YSJ: HX, ITOCTPOHM 

<f:>H3WieCKHe 38BHCHMOCTH 3JieMeHTa: ypaBHeHHSJ: )l{eCTKOCTH H ITO.D:8TJIHBOCTH. 

Pernasr CHCTeMY ypaBHeHHH (3), (9) OTHOCHTeJibHO BeKTopa Pb ITO.JI)"'aeM ypaBHeHHe 

)l{eCTKOCTH 

(13) 

r,n:e M8TPHU8 )l{eCTKOCTH paBHOBeCHOfO 3JieMeHTa 

(14) 

H BeKTop y3JIOBhlX cHJI 

(15) 

2J:JISJ: ITOCTPOeHHSJ: ypaBHeHHH no,n:aTJIHBOCTH He06XO.D:HMO HCKJIIOlDITb CTeneHH CB060.D:hl 

urk, OTBeqaroJIUie nepeMelll,emno 3JieMeHTa KaK )l{eCTKoro n:eJioro. I1o3TOMY 3JieMeHT 

3aKpeiTJISJ:eTcsr TaK, qro6hl nonyqHJiacb KHHeMaTWiecKH HeH3MeHSJ:eMaSl, HO BHeiliHe 

CT8TWieCKH onpe,n:eJIHMaSl CHCTeMa. LJ:AA Ka}K)J;OH CHCTeMhl ypaBHeHHif: B03MO)I{Hhl .D:Ba 

cnoco6a ITOCTPOeHHSJ: ypaBHeHHH no,n:aTJIHBocrn: npSlMOH H o6paTHhlH. ITpSlMOH cnoco6 

38KJIIOqaeTCSl B perneHHH CHCTeMhl ypaBHeHHH OTHOCHTeJibHO OCT8BiliHXCSl CTeiTeHeif: 

CB060.D:hl U pk ( 4). PerneHHe ( 4) ypaBHeHHH paBHOBeCHSJ: (3) ITO.D:CT8BJISleTCSl B (9) H C 

yqeTOM U rk = 0 ITO.JI)"'aeTCSl: 

0TCIO,n:a ypaBHeHHe ITO.D:8TJIHBOCTH 3JieMeHTa 

(16) 

r.n:e MaTpwn:a no.n;aTJIHBOCTH [h] onpe,n:eJieHa Bhlpa)l{eHHeM (11). 

06paTHbiH CITOC06 3aKJiroqaeTCSl B npeo6pa30BaHHH ypaBHeHHH )l{eCTKOCTH B 

ypaBHeHHSJ: no.n;aTJIHBOCTH. YpaBHeHHe (13) pa36HBaeTcSl Ha ,n:Be qacrn: 
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PernaH BepxHioiO qacTh ypaBHemnl ornocJITeJibHO 
U pk H }"'HTbiBaH U rk = 0 , ITOJiyqaiOTCH 

ypaBHCHHH (16) H MaTpHIJ;a rro,n:aTJIHBOCTH 

(17) 

Terrepb paCCMOTpHM ITOCTpOCHHe cpH3}1qCCKHX 3aBHCHMOCTe1f ::meMCHTa H3· CHCTCMhl 

ypaBHCHHtt (5), (10). Bhlpa:>KaH H3 reoMeTp:HqCCKHX ypaBHeflH:it (10) BeKTop 

H ITOJJ:CTaBJIHH ero B (5), ITOJiyqaeM ypaBHCHHC }I{CCTKOCTH (13) H MaTpmzy }I{CCTKOCTH 

(18) 

ITocTpoemie ypaBHCHlrn no,n:aTJIHBOCTH npom;e. reoMCTp}lqCCKHC ypaBHeHHH (10) c 

y<ICTOM 

u rk = 0 H (B k] T u k = [ B pk] T u pk = u pk 

npeBpam;aiOTCH B ypaBHCHHH no,n:aTJllfBOCTH. 

HeTpy,n:Ho ,n:oKa3aTh 3KBHBaJICHTHOCTb Bhlpa}I{CHHfi (14) H (18). UenoqKa 

npeo6pa3oBamrn: 

oqeBH.D,Ha. Bhlpa}l{eHHe (18) no3BoJIHeT MaTpmzy no,n:aTJIHBOCTH [h] npeo6pa3oBaTh B 

MaTpmzy }I{CCTKOCTH 3JieMeHTa. ITpH 3TOM [fk rl MO}I{HO ITOJiyqHTb npHMbiM o6pam;eHHCM 

HJIH ITO cpOpMYJIC 

(19) 

KOTopaH HCITOJib30BaHa B n:enoqKe npeo6pa3oBaHH:it 

MTaK, noJiyqeHhl ,n:Be cpopMhl ypaBHCHHit paBHOBCCHH, reoMCTp}lqCCKHX ypaBHCHHM H 

cpH3}1qCCKHX 3aBHCHMOCTCM, a TaK}I{C Bhlpa}I{CHHH MaTpHU: }I{CCTKOCTH H rro,n:aTJIHBOCTH 

paBHOBecHoro KOHCqHoro 3JieMeHTa. ITocTpoeHhl <l>oPMYJihl npeo6pa'3oBaHHH MaTpHU:hl 

}I{CCTKOCTH B MaTpHizy no,n:aTJIHBOCTH H Hao6opOT . 

• 30. 



3. KHHCM3TH'ICCKHH 3H3JIH3 3JICMCHT3 

B KOppeKTHO IIOCTpOCHHOM KOHeqHOM 3JICMCHTC He )J,OJDKHhl Bhl3hlBaTb ,ll,e¢opMaiJ;HM 

JI.Hlllb TC CTCIICHH CB060)J,hl, KOTOphle COOTBCTCTBYJOT nepeMCIIJ:CHHIO 3JICMCHTa KaK 

)I{CCTKOfO IJ;CJIOro. J1CCJie)J,yeM 3JICMCHT B 3TOM OTHOIIICHHH. 

YpaBHCHHe 

(20) 

OIIHChlBaCT IIepeMCIIJ:CHJffi, IIpH KOTOphlX 0606IIJ:CHHhlC )J,e¢opMaiJ;HH 3JICMCHTa paBHhl 

HYJIIO. HeHyJieBhle peiiieHIDI 3Toro ypaBHCHIDI eCTh nepeMemeHIDI, Ha KOTOphlx pa6oTa 

BHyTpCHHHX CHJI 3JICMCHTa pasHa HYJIIO. Cpe)J,H 3THX peiiieHHM CCTb mrk nepeMCIIJ:CHHM 

3JieMeHTa KaK )I{CCTKoro u;eJioro. YpaBHCHIDI (20) MO)K}IO npe,ll,cTaBHTh B BH,ll,e 

r)J,e urk - BeKTop He3aBHCHMhiX nepeMemen.Hit. Torl(a 

H peiiiCHHC ypaBHCHIDI (20) 

(21) 

ITocJie IIOl(CTanoBKH 3Toro peiiieHIDI B (20) no~aeM 

TaK KaK BCKTOp urk IIpOH3BOJihHhlli, TO 

(22) 

ITpo.H3BOl(5I nepeMHO)I{CHHe MaTpHU MO)I{HO y6el(HTbC5I B upaBHJihHOCTH ::noro 

yrsep)l{l(CHH5I. YMHO)I{a5I (22) CJieBa Ha s r ' no~aeM ypaBHCHIDI paBJIOBCCIDI 

(23) 
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ITycTh mt - lfifCJIO o6o6:rn:eHHhiX cHJI Pt (lfifcJio cTerreHefi cBo60.llhi 3JieMeHTa), mpt -

qHcJio cocTaBJUIIO:rn:HX BeKTopa St. BcJIH Y.llOBJieTBOpHeTcH paBeHCTBo 

TO Urk = u,k, T. e. BeKTop He3aBHCHMhiX rrepeMe:rn:eHHH u,k Bhlpa)l{aeTcH TOJibKO qepe3 

m,k rrepeMe:rn:eHHfi 3JieMeHTa KaK }l(eCTKoro u;eJioro. Toma ycJIOBHe (23) Bhlpa)l{aeT 

ypaBHeHHH fJI06aJibHOfO paBHOBeCHH 3JieMeHTa 

KOTOphiM Y.llOBJieTBopHIOT o6o6:rn:eHHhle CHJihi. 0):{HaKo, ecJIH 

TO cymeCTBYIOT JIHIIIHHe CTerreHH CB060):{bl 3JieMeHTa, 6e3 rrpe):{BapHTeJibHOfO HCKJIIOqeHHH 

KOTOphiX HeB03MO}I(H0 IIOCTPOHTb MaTPHIJ;y ITO):{aTJIHBOCTH [!k] H rrpHMeHHTb TaKOH 

3JieMeHT B rrpaK'fHqeCKHX pacqeTaX. J1lUIIHHe CTerreHH CB060):{hl MO}I(HO HCKJIIOqHTb, 

O):{HaKO .rryqrne H3MeHHTb arrrrpOKCHMHpy:rn:He ¢YHKIJ;HH ycHJIH:H (1) HJIH o6o6:rn:eHHble 

CHJihl. 

BcJIH }l(e mt<mpk , TO O):{Hopo):{HaH cHcTeMa 

MO}I(eT HMeTh mk-mpk HeHyJieBbiX ycHJIH:fi, KOTOpble cymeCTBYIOT rrpH HyJieBbiX 

rroBepXHOCTHhiX cHJiax Pt=O. Tor):{a He):{ocTaToqHo cHJI Pt , ~o6hl o6ecrreqwrh 

paBHOBeCHOe COCTOHHHe 3JieMeHTa, IT03TOMY OH HBJIHeTCH ITO):{paBHOBeCHhiM. TaKOlf 

3JieMeHT rrpHfO):{eH K rrpaKTJ{qeCKOMY rrpHMeHeHHIO, HO HeT rapaHTHH, ~0 rrpH crymeHHH 

pacqerno:H ceTKH pe3yJibTaThi pacqeTa 6Y.llYT rrpH6JIH)KaTbCH K ToqHhiM. B noM c~ae 

BBO):{OM BHYTPeHHHX CHJI HJIH ycHJieHHeM TPe6oBaHHeii K HerrpephiBHOCTH <l>YHKu:Hfi 

YCHJIHH o6o6:rn:eHHble CHJihi MOfYT 6biTb ):{OITOJIHeHbl ):{0 H~OfO qJ{CJia. 

4. MaTeMaTH'ICCKHe MO.UeJIH 3a.ua'IH 

llpfi.Mbte noc11UJH06KU. CoBOKYfiHOCTh KOHeqHhiX 3JieMeHTOB ):{HCKpeTHOM MO):{eJIH 

KOHCTPyKIJ;HH OITHCbiBaeTCH BeKTOpaMH 
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If ypaBI-IeHIDIMlf 

P=[Ajs, 

P = (H]P P, 

P =[K]u- F0 , 

[D]S+8 0 -[Ar u=O, 

[f](PP +Fop)-(Hf u=O, 

up =[f](PP +Fop)· 

(24) 

r~e [A], [B], [Dj, [K], (!] - KBa3MHaronaJibHhle Ma'lplfU:hl, ~lfafOHaJihHhiMlf 6JIOKaMH 

KOTOphiX HBJUIIOTCH MaTPHU:hl [Ak],[Bk],[Dk],[kk] If [fd, k=l,2, ... ,S. 3~eCb 

ypaBHCHIDI paBHOBeCIDI O~HOfO 3JieMeHTa He CBH3aHhl C ypaBHeHIDIMlf paBHOBeCIDI ~pynt:x 

3JieMeHTOB. To }Ke caMoe KacaeTCH H ocTaJihHhiX 3aBHCHMOCTeit BnernHHe B03~eitcTBIDI 

onHChiBaiOTCH BeKTopaMH F, Fo, uo, a nepeMelll,eniDI - BeKTopoM u. 

06be~I>menHe cBo6o~HhiX Koneqnhlx 3JieMeHTOB B ~HcKpeTHYJO Mo~eJib KOHCTPYKUlflf 

OCYJ.ll:CCTBJIHeTCH npM ITOMOill,lf ypaBHeHHH COBMeCTHOCTlf nepeMelll,eHlfl1 

u = [ C)u + [Co )uo, (25) 

ycTaHaBJIHBaiOill,HX CBH3h Me)K,Uy nepeMelll,eHIDIMH Y3JIOB 3JieMeHTOB If ~HCKpeTHOH 

MO~CJilf. YpaBHCHIDI paBHOBeCIDI ~lfCKpeTHOH MO~eJIH CTPOHTCH Ha OCHOBe llplfHUlflla 

B03MO}l(HhiX nepeMelll,eHHH [ 5], comacno KOTOPOMY 

YqlfThiBaH 3aBHCHMOCTlf (25) If npOM3BOJibHOCTb BapMaU:Hlf au ' OHM nonyqaiOT TaK01'1: BM 

[crp =F 

[AJS = F, 

[B]Pp=F. 

[A]= [cf[A"j, [B] = [cf[H]. 

(26) 

(27) 

(28) 

(29) 

LI,JIH Y3JIOB Ha 0!10pHOM KOIIType, r~e '3a~aHhl nepeMelll,CHIDI u 0 , COCTaBJIHIOTCH 

ypaBHeHIDI paBHOBCCIDI 
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(30) 

r,IJ,e 

(31) 

Ha OCHOBe 3aBHCHMOCTell: (24 )-(31) )J,llil )J,HCKpeTHOH MO,IJ,eJUI KOHCTp)'Kll:HH IIO.rrytiaiOTCH 

CJie,D,YJOIUHe ypaBHeH:HH )l(eCTKOCTH H reoMeTpWieCKOH COBMeCTHOCTH: 

P- [K"][ C)u =[I'"][ co ]uo - Fo. 

[f]PP -[Bf u =[Bof u0 -[/]Fop· 

[D]S -[Af u = [Aof u0 -e0 . 

Tor,IJ,a 3a,IJ,alJa aHaJIH3a H,L(C yrrpyro:H KOHCTp)'Kll:HH MO)I(eT 6hiTh rrpe,IJ,CTaBJieHa 

MaTeMaTWieCKOHMO,IJ,eJihiO 

(A]S=F, (D]S-(Afu=(A0fu 0 -eo 

[cf P = F, P-[RJc]u =[K][c0 ]u 0 - F0 , 

[B]Pp = F, [f]Pp -[Bf u = (Bof uo -[/]Fop. 

(32) 

(33) 

(34) 

HeHJBecrnhiMH B HKX HBJUIIOTCH BeKTop rrepeMern:eHHH u H BeKTOp ycHJIH:H S, JIH6o 

BeKTop o6o6rn:eHHhiX CHJI P HJIH P P . Bee MaTeMaTWiecme MO,IJ,eJIH rro.rryqeHhl rrpHMhiM 

IIOCTpOeHHeM CHCTeMhl ypaBHeHHH H HR3hiBaiOTCH IIpHMhiMH IIOCTaHOBKaMH. 

Bapuau,uoHHbte noc11UJH06KU. MaTeMaTWiecme MO,IJ,eJI.H (32) H (34) MOryT 6hiTh 

rro.rryqeHhi KaK ypaBHeH:HH 3:HJiepa ,D,llil HeKOTOphlx <l>YHKIIHOHaJIOB Pe:HccHepa. 3TH 

<l>YHKUHOHaJihl MOryT 6hiTh IIOCTpOeHhl rrpeo6pa30BaHHeM Bap.HaUHOHHOfO rrp.HHUHIIa 

)J,OIIOJIH.HTeJihHOH ::meprnH JIH60 IIOJIHOH IIOTeHUHaJihHOH ::meprnH HJIH ,D,pyrHMH 

crroco6aMH. 

3a,IJ,aqy orrpe,IJ,eJieH:HH BeKTopa S rrpe,D,CTaBJUieT BapHaUHOHHhiH IlpHHUHII 

,IJ,OIIOJIH.HTeJihHOH :meprnH: 

1 T[ ] T T[ 1r · Ilk = -S D S + S e 0 - S A0 u0 --+ mm 
2 

rrpn ycnoB.HHX (35) 

(A)S=F. 
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MeTO)J,OM MHO)J{lfl'eJie:tl: JlarpaH:>Ka 3TOT rrpHHIJ;Hrr rrpeo6pa3yeTc.H B cJie)J,YJOW:HH rrpHHu;Hrr 

Pefl:ccHepa 

(36) 

YcJIOBH.H CT8u;HOH8pHocTH 3Toro $yHKIJ:HOH8JI8 rrpe)J,cTaBJI.HIOT co6o:tl: cwcTeMY yp8BHCHHH 

(32). B CJI)"'8C KHHCMaTlf'ICCKH B03MO)f{HhlX rrepeMCW:CHHH 3TOT $yHKIJ:HOHaJI Bhlp8:>KaCT 

ITOJIHYJO ITOTCHIJ;lfaJibHYJO 3HCpTHIO. fl03TOMY 38).1,8'1)' (36) MO)KHO rrpeo6pa30B8Tb B 38).1,8'1)' 

MHHHMH38IJ;lflf 

ITpH YCJIOBH.HX (37) 

KOT0p8.H Bhlpa:>KaeT IlplfHIJ;HIT ITOJIHOII ITOTCHIJ;HaJibHOH 3Hepnm If 3KBHBaJICHTHa 3a,llaqaM 

(32) H (36). 

flpH OTCYTCTBHH H8qaJibHhlX )J,C$OpM8ll;HH 3a)J,8qa (35) Bhlpa:>KaeT KJiaCClf'ICCKHH 

rrpHHu;HIT KacTHJihSIH8. IlocJie HCKJIIOqeHHH ycHJIHH S 3a)J,8q8 (37) rrpeo6pa3yeTcSI B 

KJI8CClf'ICCKYJO 38,llaqy 6e3yCJIOBHOH MHHHMH38IJ;HH $yHKIJ:HOHaJia Jlarp8H:>Ka (ITOJIHOH 

ITOTCHIJ;HaJibHOH 3HCpTHH) 

(38) 

r)J,e 

s 

F0 = [cfF0 = :L[ck f[Ak ][Dk teak> 
k=l 

CwcTeMa (34) SIBJI.HeTCSI ypaBHeHH.HMH 3:tl:Jiep8 )J,JI.H cJIC.llYJOW:ero $yHKIJ:HOHaJia Pefl:ccHepa: 

fl03TOMY MaTeMaTlf'ICCKaSI MO)J,CJih (34) 3KBHB8JICHTHa 3a)J,aqe CT8IJ;HOH8pHOCTH (39), a 

TaiOKe nape )J,BOilcTBCHHhiX B8pH8IJ;HOHHhlX '3a)J,aq: 

a) CT8TW:ICCKaSI ITOCT8HOBK8 -
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rrpH YCJIOBIDIX (40) 

6) KHHeMaTWieCKa$1 IIOCTaHOBKa -

llplf YCJIOBIDIX (41) 

ITocJie HCKJIIOlleHH$1 CHJI P P 3a,n;aqa (41) TaiOKe rrpeo6pa3yeTC$1 B 3a.n;aqy 6e3ycJIOBHO:il: 

MHHHMH3aiUl:H (38). 

5. ArtropHTMhl pemeiDUI 

~ IIOCTpOCHH$1 aJifOpliTMOB peiliCHH$1 MOtyr HCIIOJib30BaTDC$1 KaK I1p$1MhiC, TaK If 

BapHaUHOHHhle rrocTaHOBKH 3a,n;atiH. ITyreM HCKJIIOtieHH$1 ycHJIH:il: HJIH rrepeMeiUeHH:il: H 

6a3HCHhiX YCHJIHH HX MO:>KHO CBCCTH K ypaBHCHH$1MH MCTO,ll;a CHJI HJIH MCTO,ll;a 

rrepeMeiUeHlf:il:. 06bltiHO B MCTO,ll;e KOHCliHhiX 3JICMCHTOB 3TH ypaBHCHH$1 IIOJIYllaiOTC$1 KaK 

YCJIOBH$1 MHHHMyMa ,li;OIIOJIHHTCJihHOH HJ1H IIOJIHOH IIOTCHUlfaJihHOH 3Hepi'IDI. 

Memoo nepeMeUJ,eHUU. MHHHMyM <l>YHKUJIOHaJia IIOJIHOH IIOTCHUlfaJihHOH 3HCpriDI (38) 

.n:ocruraeTC$1 rrpH 

(42) 

On<y.n;a 

(43) 

3,n;ech CYMMapHhiH BCKTOp BHCiliHHX B03,li;CHCTBH:il: 

s s 

FL = F + I[ck f[Ak ][Dk)-1e 0k- I[ck f[kk IC0k)u 0 = F +F0 - Fu. (44) 
k=! k=! 
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s 

[K]= ~]ck([kk][Ck]- (45) 

k=i 

YpaBHeHHe nepeMern:eHHH (42) Ta:IOKe MO:>KHO nOJIY'IHTh HCKJIIOqeHHeM BeKTopa YCRJIHH 

H'3 MaTeMaTJfqeCKOH MO~eJIH (32) HJIH HCKJIIOqenHeM CHJI p H pP H3 MO~eJieH (33) H (34). 

B 3THX CJIYllaHX MaTpHUa }l(eCTKOCTH 

s 

( K] = (A](Dr'(Af = (B](fr'(Bf = (C][RT'fcf = ~]ck ([kk ][ck ). 
k=i 

YcHJIIDI c yqeTOM (43) H (44) 

me MaTpHUa BJIIDIHIDI ycHJIHH 

(47) 

B npaKTJ{qeCKHX pacqeTax ueJiecoo6pa3HO ycHJIIDI BhlqHcJUITh no 3JieMeHTaM, HcnoJib3YH 

rPOPMyJIY 

me BeKTopnr uk onpe~eJIHIOTCH no rt>opMyJie (25). 

MaTpHUhl [ ck] 6yJieBhl, H03TOMy ~JIH nOCTpOeHIDI rJio6aJihHOH MaTpHUhl }l(eCTKOCTH 

MO:>KHO HpHMCHHTh npHMOH MCTO~ }I(CCTKOCTCll ( 1], r~e onepaUIDI nepeMHO}I(CHIDI MaTpHU 

3aMeHHCTCH npHMbiM CJIO)I(eHMeM }I(CCTKOCTeit MaTpHUa }l(eCTKOCTH [K] cHMMCTpl{qHaH, 

JICHTOtrHaH. fi03TOMY ~OCTaTO'IHO ¢opMHpOBaTb TOJihKO BepXHKllO qaCTb JICHTbi CHCTCMbl 

ypaBIICHHi:'J (42). 
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MefrWiJ cw1. ITocTpOI1M ypaBHeHIDI MeTo,na cH.JI .D:llil 3a,naq (32) 11 (35). )lAA ~:noro B 

HaqaJie CJIC.LzyCT OITpe.l(CJIHTb qacTHoe 11 o6ru:ee perneHIDI CMCTCMbl ypaBHCHI1H paBHOBCCIDI 

B BI1,L(C 

r.n:e 

3.l(eCb [Ad - 6a311CHaH MaTpJUia, COOTBCTCTBYJOW:aH 6a311CHOM)' BeKTOpy S1; [r] -

YpaBHCHIDI MCTO,L(a CH.JI MO:>KHO ITOCTpOHTb rryTCM MCKJIIOqeHIDI BeKTOpOB S l 11 U 113 

3a.n:aql1 (32). O.nHaKO nporn:e 3TO C,L(eJiaTb 11CKJIIOqeHMeM BeKTopa sl 113 BapMa:U:MOHHOH 

3a,L(aqJ1 (35). ITonyqaeTcH 3a.n:aqa 6e3ycJIOBHOH MMHHMI13a:U:HI1 <PYHKIIMOHaJia 

ycJIOBI1eM MHHMMYMa KOTOpOfO I1 HBlliiCTCH ypaBHCHMe MeTO,L(a CH.JI 

Tor.n:a 

H.JIM 

Sz =-[<l>zr1{[<t>!)F+[Bzf(eo -[Aof uo)}, 

s = [a!)F -[Bz ][<l>z r'[Bz f (eo -[Ao f Uo) 

S = [aJ)F~ +[y J)e 0~ = [ai]F~ -[Bi](Fo- Fu). 

3.l(CCb yqTCHhl OIIpe.l(eJieHIDI (44), 3aBMCMMOCTI1 

11 0603Haqemre MaTpMU:hl BJIIDIHIDI YCH.JI11H 
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(49) 

(50) 
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(52) 

HeTPYJJ:HO JJ:OKa3aTh paneHCTBO [a]= [a!]. Bhlpa)l(eHHe (46) c yqeTOM :-mBHCHMOCTei1 (51) H 

(A]( Ed= (E] MO)I(HO rrpeo6pa30BaTh K BHJJ:Y 

S = (a]Fk -(B!](Fo- Fu). (53) 

TaK KaK JieBhle cTopoHhl ypaBHeHHI1 (49) H (53) paBHhl, TO 

A II03TOMy H 

ITepeMelll,emrn orrpe.IJ:e.JUIIOTCSI H3 reoMeTJ)WiecKHX ypaBHeHHI1 CHCTeMhi (32). YMHO)I(aSI 

HX CJieBa Ha [EdT H y<IHThlBaH 3aBHCHMOCTH (44), (51), IIOJiyqaeM ypaBHeHHe 

IIOJJ:aTJIHBOCTH 

u = (<t>]Fk, (54) 

B KOTOpOM fJI06aJihHaSI MaTJ)HIJ,a IIOJJ:aTJIHBOCTH 

(55) 

0JJ:HaKO (a]= [ad H TOf.IJ:a C yqeTOM (47) 

BTopoi1: lJJieH B Bhlpa)l(eHIDIX MaTJ)Hll,hl BJIHSIHHSI ycHJIHi1: (52) H MaTJ)Hll,hl BJIHSIHHSI 

rrepeMelll,eHHi1: (55) y<IHThlBaeT BJIHSIHHe JIHIIIHHX CBSI3ei1: CTaTWieCKH Heorrpe.IJ:eJIHMOi1: 

KOHCTJ)YKIJ,HH. B rrpaKTWieCKHX pac'leTaX rrpOH3Be)J,eHHe KBa3H)J,HafOHaJihHOi1: MaTJ)Hll,hl C 

JJ:PYfMMH MaTJ)MIJ,aMM IJ,eJiecoo6pa3HO 3aMeHHTh CYMMOI1 rrpoM3Be)J,eHHI1 no KOHe'IHhiM 

3JieMeHTaM. HarrpMMep, 

s s 

[Blf[nJBd = :~.JElknnk][E]k], [cf[.4} =I [cS'[.4k]sk. 
k~1 k=1 

TaKHM )l(e crroco6oM MO)I(HO nocTJ)OHTh aJiropHTM MeTOJJ:a cHJI H JJ:JUI 3a.IJ:a'IM (34 ). HH)I(e 

IIpHBOJJ:SITCSI JIHlllh OCHOBHhle ¢opMyJihl 3TOf0 aJifOpHTMa 
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[ao] =[APr[ L!] = [Bt), [a2) =[APr {[ Lt) -[ L2 )[<1>4 t[ <l>3 J} =[a), 

[Y 2) = -[AP r'[L2)(<1>4 t[L2r = [Y), [a>] =[L!)T[f)[Lt)-(<1>3f(<l>4t[<l>3) = [<l>), 

me 

[ LI], [ L2] - MaTpHJU>I o6rn:ero H qacmoro pernemrn ypaBHemrn paBHOBeCIDJ: (28); [Apr -
KBa3lf.D::HaromtJIDHaH MaTpHIJ:a, )J;HaromUThHhiMH 6JIOKaMH KOTOpOH HBJIIDOTCH MaTpHIU>I 

[Apk rl. PerneHIDJ: ypaBHeHH:H paBHOBeCIDJ: (27) H (28) CBH3aHhl 3aBHCHMOCTHMH 

TaK:HM o6pa30M, MaTpHU:hi [Ap] H [Ap rl HBJIIDOTCH MaTpHIJ:aMH rrpeo6pa30BaHIDl 

3aBHCHMOCTeH O)J;HOfO aJifOpHTMa MeTO)J;a CHJI B 3aBHCHMOCTH ,ll;pyroro aJifOpHTMa. 

I1TaK, IIOCTpOeHhi )J;BOHCTBeHHhle aJifOpHTMhi perueHIDJ: ypaBHeHHH paBHOBeCHhiX 

KOHe~hiX 3JieMeHTOB. TaK KaK OCHOBHhiMH HeH3BeCTHhiMH B MeTO)J;e CHJI HBJIHIOTCH 

Bl£YfpeHHHe CHJihl, a B 3a)J;aqax (32) H (34) OHH pa3~hl, TO H aJifOpHTM MeTO)J;a CHJI )J;JIH 

HHX :HMeeT HeKOTOphle pa3JIHqiD[, He KaCaiOIIJ:HeCH CO)J;epXGlHIDl CaMOfO aJifOpHTMa. ,lLJUI: 

HafJIH)J;HOCTH rrp:HBO)J;HTCH )J;BOHCTBeHHhle naphl BeKTOpOB H 3aBHCHMOCTe:H: 

)J;JIH e>JieMeHTa 

ek sk 
uk - Pk 

upk - Ppk 

[Dk) - [Kk] =[Dk}-1 

[fd - [kk) 

ek =[Ak)r uk - Pk =[Ak)Sk 

upk =[fd(Ppk +Fok) - Pk =[kk]uk -Fok 

upk =[Bkr uk - Ppk =[Bt}Ppk 
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)J;JIH KOHCTp)'Kll:HH 

e - s 
u - p 

Up pp 

[D ] [R] =(Dt 

[ <l> ] [K] 

e =[Af u 

u=[<l>JF~ 

- F = (A)S 
F~ = (K)u 

up =[B( u 

u=(C)u+[Co)uo -

F=(B)Pp 

F =[CfP 



5. ilOCTpoeuue paBHOBeCHOI'O 3JieMeHTa UJiaCTHHKH 

B KaiJeCTBe HJIJIIOCTJ)anmHoro ITpuMepa paccMaTJ)HBaeTcH ITOC'fPOeHue TJ)eyroJibHoro 

KOHeiJHoro ::>JieMeHTa TOHKOH H3m6aeMo:H IIJiaCTHHKH. TaK KaK ycHIIHH S(x) = M(x) = 

= {A111(x), M22(x), M12(x)f paciTpe,D,eJIHIOTCH ITO KpHBOJIHHeHHOMY 3aKoHy, TO C u;eJibiO 

6oJiee TO'fHOH HX aiTITpOKCHMal(HH Bhl6HpaeTCH 3JieMeHT BTOporo ITOpH,IJ,Ka (puc. 1). 

1 // 
a::---~---6 3 

6 

Puc. 1. KoHeiJHhlH ::>JieMeHT 

3JieMeHT paccMa'fPHBaeTCH B cucTeMe TJ)eyroJibHhlX KOOp,D,uHaT L1 , L2 , L3 [ 1]. Y CHJIHH B 

3JieMeHTe aiTITpOKCHMHPYJOTCH KBa,D,paTHIJHhlM ITOJIHHOMOM 

6 

Sk(L)= 'LHh(L)Ski =[Hk{L)]sk, (56) 
r=l 

,L(JIH Y3JIOB i = 1, 2, 3 

aiTIIpOKCHMUpYJOllUfe ¢YHKUHH ,D,eQ:>opMau;HH. 

<l>ynKI~HH (56) He y,D,oBJieTBOpHeT ypaBHeHHIO paBHOBecHH IIJiaCTHHKH (2), IT03TOMY, 

KpOMe Y3JIOBhlX CTeiTeHeH CB060,D,hl Usk, BBO,L(HTCSI CTeiTeHb CB060,D,bl u1k, OTBelJaiOil(aSI 

3TOMY ypaBHeHHIO. BeKTophl o6o6meHHhlX CHJI Pk = {P1k, Psk} u ITepeMemeHHI1 

uk = {ulkousk }
1 

0 BeKTop psk = {Mnko vnko Qk }
1

. 06o6meHHaSI CHJia plk OITpe,D,eJIHeTCSI 

ypaBHeHHeMpaBHOBeCHH 

(57) 

.IleBHTHMepHbiH BeKTOp Mnk COCTOHT H3 HOpMaJibHhlX Y3JIOBhlX H3ru6aiOil(HX MOMeHTOB 

(,D,IIH Ka)!(,L(OI1: rpaHH ITO 3): 

(58) 

• 41 • 



f;:J;e n1, nz - HarrpaB.illiiOI.Izy~e KOCHHYCbi BHeiiiHeit HOpMaJIH rpaHH 3JieMeHTa. 

CocTaBIDIIOJ.UHMH rnecTHMepHoro BeKTopa V nk .ffilJUIIOTCH HopMaJihHble K rpaHHM 

o6o6meHHhie rrorrepeqHble CHJibl 

(59) 

yrJIOBhiX Y3JIOB 3JieMeHTa. 3;:J;ech 

(60) 

CocTaB.illiiO~ TPeXMepHoro BeKTopa Q k HBJUIIOTCH BepTHKa.JlhHble CHJibl 

(61) 

rrpHJioxeHHble B yrJiax 3JieMema. M;;1,;, Ar:U,; - KpYTHJ.UHe MOMeHTbl i-ro Y3Jia, 

OTHOC~eCH K .IJ:BYM CXO~CH B 3TOM Y3Jle rpaHHM. 

llncJio crerreHeit cBo6o;:J;bl 3JieMeHTa mk = 19. EcJIH B KaqecTBe o6o6meHHhiX cHJI Psk 

IIpHHHTh COCpe;:J;OTOqeHHble CHllhl, TO 

Mn,ti = f Hu(L)Mn,t(L}dl, Vn,ti = f Lu(L}vn,t(L)dl, 
L, 

r;:J;e L1 - ;:J;JllfHa rpaHH t 3JieMeHTa. 

MaTPHIIa rro;:J;aTJIHBOCTH 

6[d] -[d] 

32[d] 

6[d] 

CHMMeTPnqHo 
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-v 
1 

0 

L, 

-4[d] 

16[d] 

32[d] 

0 

0 

2{1+ v) 

-[d] 

-4[d] 

-[d] 

6[d] 

16[d] 

-4[d] 

16[d] 

32[d] 



r11,e E, v - MOll.YJih yrrpyrocnf 11 K03cpqmiJ,11eHT ITyaccoHa MaTep11aJia; t- TOJIW:11Ha 

3JieMeHTa. 

<.DopMyJihl (57)-(61) 11CIIOJih3)'IOTCH li,JIH cpopM11pOBaHHH MaTp11ll,hl [ Ak] ypaBHeH11H 

paBHoBecHH 3JieMeHTa. MaTp11IJ,a .>KecTKOCT11 Ka)Kli,Oro 3JieMeHTa CTpOHTCH q11cJieHHhiM 

crroco6oM c 11CIIOJih30BaH11eM cpopMyJihl (14). 

3¢cpeKT11BHOCTh 11ccJie11,yeMoro 3JieMeHTa 11 MeToll,a PK3 HJIJIIOCTplfPYeTcH 

pe3yJihTaTaM11 pacqeTa KBall,paTHhiX CB0601l,HO orrepTOH, .>KeCTKO 3aKPCIIJieHHOH 11 TOJihKO B 

yrJiaX orrepTOH (YO), a TaK.>Ke IIpHMOYfOJihHOH rnapH11pHo-.>KeCTKO orrepTOH (p11C. 2,B) 

IIJiaCT11HOK, IIO)J,Bep.>KeHHhiX p,e:ii:CTB11IO paBHOMepHO pacrrpep,eJieHHOH Harpy3KH 

11HTeHC11BHOCT11 p 11 cocpep,oToqeHHOH B IJ,eHTpe CHJihl F Ko3cpcp11IJ,11eHT ITyaccoHa 

MaTep11aJia v = 0,3. Bee HJIJIIOCTpaTHBHhle rrp11Mephl Bhl6paHhl c TaKHM pacqeToM, ~o6hl 

11MeTh B03MO.>KHOCTh cpaBHHTh q11CJieHHhle pe3yJihTaThl C aHaJIHT}fqeCKHM11 perneHHHM11 

HJI11 C pe3yJihTaTaM11 p,pyrHX aBTOpOB. l1ccJie)J,OBaHHH BhiiiOJIHeHhl )J,JIH pacqeTHhiX CXeM 

pa3HOH rycTOThl, IIp11Mephl KOTOphiX IIOKa3aHhl Ha p11C. 2. 

a) 6) B) 

L 0.5L 0.75L 0.75L 

L 1 
x, 

1 2 

\R ~ 
X, 

I I 

L 
PHc. 2. I1p11Mephl pacqeTHhiX cxeM IIJiaCT11HOK 

B Ta6JI. 1 rrp11Bep,eHhl rrorpernHoCT11 (B rrpoiJ,eHTax) q11cJieHHhiX perneH11:H rro 

CpaBHeH11IO C aHaJIJfTifqeCKHM11 [7] )J,JIH rrporn6a IJ,eHTpaJihHOH TOqKif 11 xapaKTepHhiX 

ycHJI11:H CIIJIOIIIHhiX KBap,paTHhiX rrJiaCT11HOK. B Ta6JI. 2 rrpep,cTaBJieHhl xapaKTepnhle 

pe3yJihTaThl pacqeTa IIpHMOYfOJihHOH IIJiaCT11HKH. 3naqeJIHH 113rn6aiOU{HX MOMeHTOB 

rrp11Bep,eHhi p,o MHO)KHTeJie:H pL2 11 F, a rrpor116oB - p,o MHO)KHTeJieii pL4 I'J:: 11 

Y.>Ke Ilp11 pa3611BKe OKTaHTa KBap,paTHOH IIJiaCT11HKH Ha 4 3JieMeHTa 11 KBap,paHTa 
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Ta6JI. 1. ITorpelllHOCTH rrpom6oB H ycHJIH:H 

YcHJIIDI ITpom6 

ITJiaCTHHKa HarpyJKa M qHCJIO 3JieMeHTOB qHCJIO 3JieMeHTOB 

1 4 16 1 4 16 

CB060,ll,HO p Mll,! +4 0 0 -0.2 0 0 

onepTaa F M12,3 +17 +0.6 0 +4.8 +1 +0.2 

)](ecTKO Ja- p M22,2 +13 +1.8 +0.2 +1.6 +0.8 0 

me MJie HHa.H F M22,2 +8 +2.8 +0.5 +9.3 +2.5 +0.3 

YO p Mll,2 -5.9 +0.7 +0.7 -0.7 -0.4 -0.4 

Ta6JI. 2. PeJyJibTaTH pacqeTa rrp.HMOYTOJibHOH IIJiaCTHHKH 

Harpy3Ka qHCJIO B n:eHTpe IIJiaCTHHKH B cepe,ll,HHe Kpaa 

3JieMeHTOB ITpom6 Mll M22 Mu M22 

8 0.00247 0.0178 0.0409 -0.0247 -0.0824 

p 12 0.00247 0.0178 0.0407 -0.0247 -0.0823 

32 0.00247 0.0178 0.0406 -0.0247 -0.0822 

AHaJIHT. 0.00247 0.0179 0.0406 -0.0822 

8 0.00747 0.2431 0.2876 -0.0520 -0.1741 

F 12 0.00740 0.2739 0.3040 -0.0511 -0.1713 

32 0.00733 0.3158 0.3586 -0.0510 -0.1700 

npHMOYTOJibHOH rrpHMOYTOJibHOH IIJiaCTHHKH Ha 8 3JieMeHTOB. B Ta6JI. 3 rrpHBe,ll,eHH 

3HaqeHIDI npom60B (,21,0 MHO)I{Jfl'eJIH pL4 /'J::. ) ,ll,Byx ToqeK KBa,IJ,paTHOH rnapHHpHO 

orrepTOH IIJiaCTHHKH C OTBepCTHeM (pHC. 2,6) OT paBHOMepHO pacnpe)J,eJieHHOH Harpy3KH 

p, IIO~eHHble C IIpHMeHeHHeM HCCJie,ll,yeMOfO 3JieMeHTa, TpeyrOJibHOfO paBHOBeCHOfO 

3JieMeHTa c arrnpoKcHMan:Heit ycHJIHH <PYHKIJ:IDIMH CaycBeJIJia [3] H npHMOYTOJibHoro 

HeCOBMeCTHOfO 3JieMeHTa (8). 3,ll,eCb rrpe,ll,CTaBJieHbl HIDKHHH H BepXHHH npe,ll,eJibi 

npom6a, rro~eHHbie B pa6oTe (3] HHTerpHpoBaHHeM B,ll,OJib qeTbipex ceqeHHH 

IIJiaCTHHKH pa3HbiX HanpaBJieHHH. 

CTa6HJibHble (He MeHHIOlll,HecH rrpH CfYlll,eHHH pacqeTHOH ceTKH) pe3yJibTaTbl 

rro~eHbl JIHllib ,l1,JI.H HCCJie,ll,yeMoro 3JieMeHTa. PeJyJibTaTbl pa6oT [3, 8] rrpH CfYlll,eHHH 

pac'leTHOH CeTKH IIpH6JIIDKaiOTCH K HHM. 
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Ta6JL 3. 3uaqemrn rrpom6a rwacnmKM c OTBepcTHCM 

qHCJIO l1CCJIC.lJ:YCMhlM 3JICMCHT PaBHoBecHhl:H HecoBMCCTHhlM 

3JICMCHTOB 3JICMCHT [3) 3JICMCHT [8) 

To4Ka 1 To4Ka 2 To4Ka 1 To4Ka 2 To4Ka 1 To4Ka 2 

3 0.00322 0.00234 

12 0.00320 0.00232 0.00285 0.00196 0.00314 0.00222 

0.00329 0.00232 

27 0.00320 0.00231 0.00295 0.00203 0.00316 0.00226 

0.00324 0.00232 

7. 3aK.I1101JeHHe 

fipe.D:CTaBJICHhl .lJ:BOMCTBCHHhlC 3aBHCHMOCTH, Bhlpa}I{CHlffi MaTPHIIhl }I{CCTKOCTH H 

MaTPHIIhl IIO.D:aTJIHBOCTH paBHOBCCHbiX KOHClffihlX 3JICMCHTOB, a TaK}I{e pa3HbiC 

IIOCTaHOBKM (rrp.siMble H BapHaU,HOHHhlC) 3a.D:aqw aHaJIH3a H)J,C yrrpymx KOHCTPYKIJ,H:H 

MCTO.D:OM PK3 H .D:BOMCTBeHHble rraphl aJiropHTMOB pernemrn Ja.D:aqw rrpH pa3HbiX BH.D:ax 

Harp~CHIDI. AJiropHTM MCTO.D:a rrepeMCIIICHHM rrporrre, TaK KaK .ll:llil cpopMHpOBaHIDI 

pa3pernaiOIIIHX ypaBHCHHM MO}I{HO rrpHMCHliTh rrpHMOM MCTO.D: }I{CCTKOCTCM, a .D:llil 

IIOCTPOCHIDI ypaBHCHIIM MCTO.D:a CHJI HC06XO.D:HMO rrpC.lJ:BapHTeJibHO pClliliTh CHCTeMY 

ypaBHCHHM paBHOBeCIDI. ITpHBe.D:eHbl TPH aJiropmMa IIOCTPOCHIDI MaTPHII BJIIDIHIDI 

YCHJIHM H IICpCMCIIICHHM. fiOKa3aHO, lffO IIPOIIC.D:YPY <l;>opMHpOBaHIDI H pelliCHIDI 

ypaBHCHHM MCTO.D:a IICpCMCIIICHHM MO}I{HO JaMCHHTb rrpHMbiM <l;>opMHpOBaHHCM 

fJI06aJibHOM MaTPHIIbi IIO.D:aTJIHBOCTH. B TCX c~aHX, KOf.D:a CTCIICHb CTa~eCKOM 

HCOrrpC.lJ:CJIHMOCTH .D:HCKpCTHOM MO.D:CJIH KOHCTPYKIJ,HH 3Ha4HTCJibHO MCHbllie o6rrrero 

qwcJia CTCIICHCM CB060.D:b1, TaKaH 3aMeHa 6y.D:CT 3<l><PeKTHBHOit ITpe.D:CTaBJICHHbiC 

JaBHCHMOCTH II03BOID£IOT MaTPHifY }I{CCTKOCTH KOHC4HOfO 3JICMCHTa rrpeo6pa30BaTb B 

MaTPHlJY rro.D:aTJIHBOCTH H uao6opoT. HaqaJibHble .D:e<PopMaiiHH H nepeMerrreHIDI 

JaMeHHIOTCH 3KBHBaJICHTHbiMH BHclliHHMH cHJiaMH. TaKHM o6pa30M, pa3pa6oTaHa C.D:HHaH 

MCTO.lJ:HKa paClJCTa yrrpymx KOHCTPYKifHM MCTO.lJ:OM paBHOBCCHbiX KOHC4HbiX 3JICMCHTOB 

IIpH pa3HhlX BHClliHHX B03.lJ:CMCTBIDIX. 

3KcnepHMCHTaJibHhle paC4CThl HJIJIK>CTJHiPYIOT BbiCOKYfO T04HOCTb IIOCTPOCHHOfO 

paBIIOBecHoro 3JieMeHTa ruracTHHKM. Ero TOtiHOCTh npeBhlrnaeT T04HOCTh 60JihlliHHCTBa 

.D:pyrlfX fCOMCTPH4CCKM COBMCCTHhlX H HCCOBMCCTHhlX, m6pH)lJfhiX H paBHOBCCHhlX 

3JieMeHTOB I 1, 9]. ITpe.D:cTaBJieuuoe Bhlpa)KCHHe MaTPHIIhl }I{CCTKOCTH npe.nocTaBAAeT 

B03¥0}1{HOCTb BKJII04HTh PK3 B 6H6JIHOTCKM H nporpaMMhl COBMCCTHbiX KOHC4HbiX 
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3JieMeHTOB H IIpOBeCTH ~ByxCTOpOHHHH aH<l.Jlli3 KOHCTpYKIJ,Hi1:, a TaiOKe OIIpe~eJIHTb 

c·raTmecKH B03MO)f(Hhle pacrrpe~eJieHIDJ: ycHJIH:H, neo6xo~HMhle rrpH YIIPYTOIDiaCTlf'IeCKOM 

aHaJIH3e KOHCTp)'Kll:HH. 
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THE EQUILIBRIUM FINITE ELEMENTS IN COMPUTATION OF ELASTIC 

STRUCTURES 

S.Kalanta 

Summary 

A problem of elastic structures stress-strain field determination is considered in this article. A 

theoretical background and computation algorithms of equilibrium finite element method are 

presented there. The different external effects are estimated, namely: load, prestressing, inicial strains 

and support settlements. The dual relationships (equilibrium and geometrical equations, stiffness and 

flexibility equations) of equilibrium element, also the expressions of stiffness and flexibility matrices 
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are given. These relationships describe the stress-strain field of the finite element and allow to 

transforme the flexibility matrix to the stiffness matrix and on the contrary. There are presented direct 

and variational formulations of the problem. The algorithms of the forces method and displacements 

method are made for their solution. Easier is the algorithm of displacements method, because making 

equations of the forces method needs to solve the system of equilibrium equations. But the 

formulation and solving of the displacements equations can be changed by direct formulation of global 

flexibility matrix of the structure. In these cases, when the degree of static indeterminacy of the 

discrete model of structure is quite less than the number of freedom degrees, suth the change can be 

effective. 

The computational results illustrate the high accuracy of equilibrium elements not only with 

respect to forces, but also to displacements. The direct stiffness method in equilibrium elements 

makes it possible not only to simplifY significantly implementation of the equilibrium element 

method, but also to include equilibrium elements in libraries of geometrically compatible elements. 
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