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,LUJOHCTBEHHhiE JA,IIAqH IIPE,II,EJihHOrO PABHOBECH.R C 

PAJPLIBAMH CKOPOCTEH IIEPEMEIUEHHH 

C. Kanalffa 

1. B&e.neHHe 

,[{BoiiCTBeHHhle M3TeMaTWieCKHe MO.U:eJIH 3a.U:aq IIpe.U:eJI:bHOfO paBHOBeCIDI ,llllil 

CIJJIOlllliOro reJia rrocrpoeHhl A 1.JHpacoM [ 1], [2]. IlrraCTWiecx:oe pa3pyrnemte TOHKHX 

IJJiaCTHHOK H 060JIOqeK 06h[qHO IlpOHCXO.U:HT 113-33 o6pa30BaHIDI JIHHHH pa3pynieHIDI, r.u:e 

CKOpOCTII rrepeMelll;eHHii npereprreBaiOT pa3phlBhl H IlpOHCXO.U:HT .U:HCCHIIal{IDI :meprnH. 

0)UiaKO B .lJ:BOHCTBeHHhlX KOHe~03JieMeHTHhlX M3TeM3T}{qeCKHX MO.U:e.IDIX 3a.U:aq CKOpOCTh 

.lJ:HCCHIIaiJ;HH 3HeprHH B IIOBepXHOCTHX pa3pynieHIDI 06h[qHO He yqHThlBaeTCH, T. eCTh 

HerJiacno IIpHHHMaeTcH rrpe.u:rroJio)l{eHHe o Hepa3phlBHocrn cx:opocTeii rrepeMem;enHii. 

fi03TOM}' OHH He MOiyr MO.U:eJIHpOB3Th .n:eifCTBHTeJI:bHOfO IlOBe.U:eHIDI IIJI3CTHHOK H 

o6oJioqeK. Pa3phlBhl cx:opocreif rrepeMem;enHii o6bl~o yqHTh[BaiOTCH .JlllllTh B Tex 

KHHeMaTWieCKHX IIOCTaHOBKaX 3a.lJ:3ql{ rrpe.n:eJI:bHOH Harpy3KH (3,4), KOTOpble IlOCTpOeHhl 

Ha OCHOBe KHHeMaTWieCKOH reopeMhl IIpe.U:eJI:bHOfO paBHOBeCIDI He3aBHCHMO OT 

craTWiecx:oif rrocraHOBKH 3a.lJ:3ql{. Harna u:e.JI:b rrocTpOHTh .u:noifcTBeHHhle 

MaTeMaTWieCKHe MO.U:eJIH 3a.U:aq rrpe.n:eJI:bHOfO paBHOBeCIDI, B KOTOphlX yqHTh[BaJIHCh 6bl 

B03MO)I{Hble pa3pb1Bhl CKOpOCTeH rrepeMem;enHii. 3TH pa3pb1Bhl MOiyr 6b1Th o6yCJIOBJieHhl 

o6pa30BaHHeM rronepXHocreif IIJiacTWiecx:oro pa3pyrnenHH, a TaK)I{e cyrnecTBYJOrn;HMH 

Tpelll;HllaMH. HccJie.u:onanHH orpaH}{ql{BaJOTcH cnyqaeM rrpocToro Harp~enHH. 

2. 0CHOBHbiC 38BHCHMOCTH H ODPC.U:eJieHHJI 

PaccMaTpHBaeTcH )l{eCTKOIJJiacTWiecx:oe TeJio, pa3.U:eJiennoe na r x:oneqnhlx 3JieMenTOB, 

Me)I(JI;y KOTOphlMH MOiyr 6b1Th pa3phlBhl CKOpOCTeif rrepeMem;eHHi'l u(x). Harpy3Ka F(x) 

pacnpe.u:eJiena Ha IIOBepXHOCTH Sf . <I>ynKUHH, OTHOCHlllHeCH K CMe)l{lfhlM KOJieqHh[M 

3JieMeHTaM, p33.lJ:eJieHHhlM IlOBepXHOCThJO S1 , 0603113'Ia10TCH 3H3K3MI1 "+" H "-". 

CTaTWiecKH .u:onycTHMble neKTop-<lJytiKUHH nanpH)I{enwrr cr" orrwchlBaiOTCH 

ypaBHeHHHMH paBHOBeCHH 
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(G!91]crk =0 eVb -(As]cr+F=O eSt, 

-(At) cri +p1 = 0, (At) cr( -p1 = 0 eS1 

(1) 

H YCJIOBIDIMH TeK)"'eCTH 

f(crk)s:f0 (Ck) eVk, 
k = 1,2, ... ,r, 

f t (crt ) S: f Ot ( C, ) 
t = 1,2, ... ,z. 

(2) 

Klrn:eMaTWiecm B03MO:>KHHe BeKTOp-cpyHiaurn c:Kopocre:tt nepeMememdt ,noJI:>KHH 

y,noBJieTBOpHTh IGIHeMaTWieCKHM ypaBHeHIDIM 

-[f(crk)r ik +[Af uk =0, 'Ak ~0 eVb 

-[~(p,)fi,-ut+u~=O, i,~o es,, (Asfu=O es, 
(3) 

H YCJIOBIDIM ,L{OllOJIIDIIOll(e:tt He:>KeCTKOCTII 

i{{f0(C~c)-f(cr~c)}=0 eV"' if{fot(ct)-ft{Pt)}=O eSt. (4) 

3,necb i"' it, [t(cr~c)]. [fr(Pt)] - BeKTOp-cpyHiaurn nJiaCTWieCIGIX MHO)I{l{TeJieii: H MaTpllUbl 

rpa,n:HeHTOB <l>YHIC1J.1ill TeK)"'eCTII B o6neMe Vk H Ha llOBepXHOCTH S1 , Ck- <l>YHKI.liDI 

KOHCTaHTH llJiaCTWIHOCTH k -ro 3JieMeHTa. 

,UBOHCTBCHHHC MaTeMaTWiecme MO,L{eJIH 3a,na11 MOryT 6HTb ITOCTpOeHH Ha OCHOBe 

CTaTWICCIGIX reopeM TeOpHH npe,neJibHOfO paBHOBeCIDI H TeOpHH ,L{BOHCTBeHHOCTH ( 1). 

0.l{Ha:KO OHH MOryT 6HTb llOJIY'ICHH Tai()I{C H3 HeKOTOpLIX <l>YHKIU-iOHaJIOB nyreM 

npmUlTIDI npe,nBapHTeJibHbiX ycJioBH:tt. HmKe 3TOT cnoco6 IDIJIIOCTplfPYCTC.H Ha npHMepe 

3. 3a.l(8'1H OUTHMH381J.HH Harpy3KH 

Onpe,neJI.HeTC.H Hanp.H:>KeHHo-,necpopMlfPOBaHHOe COCTO.HHHe TeJia (reOMCTpiDI H 

YCJIOBIDI OfiHPaHIDI Ja,L{aHH), OTBe'IaiOll(ee ITpOCTOMY llJiaCTWieCKOMY pa3pynieHHIO H 

3a,l(aHHOMY KpHTCpHIO OllTHMaJibHOCTH Harpy3m max cp1 = fTTF~. T - BCKTOp BeCOBLIX 

K03<P<l>JflU{eHTOB, 03Ha1!aiOll(HX BJIIDIHHe (CTOHMOCTh) pacnpe,neJieHHO:tt Ha e,L{HHH'IHO:tt 

llJIOll(a,L{H Harpy3m C,L{HHH'IHO:tt HHTeHCHBHOCTII. 3a YCJIOBHe OllTHMaJibHOCTH Harpy3m 

ITpilliHMaeTC.H ycJIOBHC ITOCTO.HHCTBa MOll(IIOCTH Harpy3m 

. TF 
~=const HJIH uTT=cTTF. 
T F 

Tor,na <l>YHKI.liDI C91 llOJIY1IaeT CMHCJI MOIU,HOCTH Harpy3m. PaCCMOTpHM <l>YH.KI.UIOHaJI 

@i = L J crr[G!91f ukdv + L J ir {ro(ck)- f(cr k)}dv+ J FT (T -u + v)~-
k vk k v< s1 

J crT[As]T u~+ IJ pf(u/ -ui)~+ l:Jif{ror(ct}-rr(Pr)}~. 
s" t s, t s, 
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r.ne A.k~O eVk; A. 1 ~0 eS1 ; v~O, F~O eSf; k=1,2, ... ,r; t=1,2, .. ,z. 

YcJioBIDIMH KYHa-TaKKepa .l(JUI 3TOro <l>YHKUHOHaJia HBIDOOTCH ycJIOBIDI (1)-(4) H 

u~T eS1. (6) 

Il03TOM)' MHHHMaKCHaH 3a.l(aqa 0 HaXO:>ImCHHH CC.l(JIOBOfi TO~ <l>YHKIJ:HOHaJia ~ 

IIpC.l(CTilBJIHCT C060fi 3a,naqy OIITIIMH3aiJ;HH Harpy3KH. }lJul KHHCMaTI{qCCKH .l(OITyCTIIMhiX 

BeKTOpOB CKOpOCTefi nepeMCII{CHHfi, KOTOp:ble y,noBJieTBOpHIOT YCJIOBHHM (3), (4) H (6), 

<l>YHKUHOHaJI ~ HMCCT <l>H31{qCCKHfi CM:biCJI CKOpOCTH .l(HCCHITa:u;mt: 3HeprHH. Il03TOM)' 

MHHHMaKCH)'IO 3a.l(aqy (5) MO)I{HO 3aMCHHTh 3a.l(aqefi MHHHMH3aiJ;HH CKOpOCTH 

.l(HCCHITa:u;mt: 3HCprHH 

9i =I Jir(r(crk))crkdv+ IJif[~(p,)]p,lh+ I Jir{ro(Ck)-r(crk)}dv+ 
k vk t s, k vk 

+I J if {ro1(C1)- r1(p1)}t!Y ~min 
(7) 

t s, 
IIpH YCJIOBHHX (3), (6). 0Ha OTBeqaeT KHHCMaTI{qCCKOfi reopeMe 0 rrpe,neJIDHO:it Harpy3KC 

( 1) H IT03BOJIHCT OIIpC.l(CJIHTh HarrpiDKCHIDI H CKOpOCTH nepeMCII{CHHfi, COOTBeTCTBYJOII{HC 

rrpe.l(CJThHOM)' COCTOHHHIO TeJia H 3a.l(aHHOM)' KpHTepHIO OITTHMaJThHOCTH Harpy3KH. 

IlpHMCHHB K nepBOM)' HHTerpaJIY <i>oPMYJIY raycca-Ocrporpa,ncKoro, <l>YHKUHOHaJI ~ 

MO)I{HO rrpeo6pa30BaTh K BH.l(y: 

~ =-L J ui(c#]akdv+ L Jir{ro(Ck)- r(ak)}dv+ j(T+if Fds+ J uT{[As)a- F}ds+ 
k vk k vk s, s, 

+ :L J(u; t {(A,] a+ - p, }ds + :L J(u;J {p,- [A,] a- }ds + :L J if{fo,(C,)- r,(p,)}ds, (8) 
t s, t s, t s, 

ik~· eVk; i,~o eS,; v~o. F~O ESt; k=1,2, ••• ,r; t=1,2, ••• ,z. 

}lJul CTaTI{qCCKH .l(OITyCTIIMhiX BeKTOpOB HarrpiDKeHHfi crt 3TOT <l>YHKUHOHaJI HMCeT 

<l>H31{qCCKHfi CM:biCJI MOII{HOCTH BHenrnefi Harpy3KH. Il03TOM)', YCJIOBIDI (1) H (2) 

IIpHHHMaH B KaqecTBe orpaHI{qCHHfi Ha MOII{HOCTh Harpy3KH, H3 MHHHM3KCHOfi 3a.l(3q}l (8) 

ITO~aeM M3TeM3TI{qCCKYJO MO.l(CJTh CTaTI{qCCKOfi ITOCTaHOBKH 3a.l(3q}l: 

J TTFds ~ max npH ycJIOBHHX (1), (2) H F ~ 0 e s1. 

sf 

(9) 

0Ha OTBeqaeT CTaTI{qCCKOfi TeopeMe 0 rrpe,neJIDHOfi Harpy3Ke ( 1) H ll03BOJIHCT onpe,neJIHTh 

HarrpiDKCHHOC COCTOHHHC H OITTHMaJThHOe pacrrpe,neJICHHe Harpy3KH. EcJIH 3a.l(3H 3aKOH 

parrpe,neJieHIDI HarppmF = 11F0 , TO 3aMCHHB ycJioBHe u ~ T ycJIOBHeM J tiT 11 = l, noJIY-

sJ 

q1fM MaTeMaTI{qecme Mo,neJIH Ja.l(aq}l onpe,neJieHIDI napaMeTpa F0 npe,neJIDHott Harpy3KH. 

IJOBepXHOCTH HaqaJII>H:biX pa3p:biBOB He BKJIIOqaJOTCH B qJiCJIO Z B03MO)I{HI:JIX 

ITOBCpXHOCTefi pa3pyniCHIDIS1 . 0HH BKJIIOqaJOTCH B rpaHJiqHYJO 06JiaCTh Sf H .l(JUI HHX 
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coCTaBJIHIOTCH JIHliib CTaTWiecme rpaHJ111Hhle ycJIOBIDI. EcJIH, xpoMe OllTHMH3HpyeMo:D:, 

.ne:it:CTByeT H 3a,l{aHHaH Harpy3Ka, TO <l>YHI<II;IDI Te:JCYlleCTH CJie,l{yeT 3aMeHHTh <l:>yHKUIDIMH 

f(crek +crk) H f,(Pet +p,), f,l{e crek> Pet - BeKTOphl HanpiDKeHHii ynpyroro pacqeTa OT 

3a,l{aHHOH Harpy3KH. 

4. Ja,aa'IH Om'HMH381J,HH D8p8MeTpo8 TeJI8 

flpH 3a,l{aHHhlX YCJIOBIDIX OIIHpaHIDI, BHelliHHX Harpy3KaX H KpHTepHH OIITHMaJThHOCTH 

min cp2 = L J y kCkdv Tpe6yeTCH onpe.neJIHTh HanpiDKeHHo-.ne<PopMHpOBaHHoe cocroH

k vk 

HHe TeJia, oTBeqaiOmee ero npocroMY ITJiaCT}{qeCIWMY pa3pyrneHHIO. y k- 3a,l{aHHaH 

<l:>yHIQUiUI CTOHMOCTH e,l{HHJ111HOfO 06DeMa MaTepHaJia k -ro 3JieMeHTa C e.l\KHJ111HhiM 

napaMeTpOM ck. TipHHHMaeTCH ck =const B vk. Tor.na <l:>yHIQUiUI cp2 = LAkCk Bhlpa-

k 

)IGleT CTOHMOCTh ,l{HCKpeTHOH MO,l{eJIH TeJia. 3a ycJIOBHe OIITHMaJThHOCTH llpHHHMaeTCH 

ycJIOBHe llOCTOHHCTBa CKOpOCTH ,l{HCCHITaJUIH 3HeprHH Ha e,l{HHHizy CTOHMOCTH [5): 

iJk . --= const HJIH Dk = cAkCk .l\JIH k =1, 2, ... , r. 
AkCk 

no~aeT CMhiCJI cKopocTH .uu:ccu:naJUIH 3HeprHH. Ha ocHOBe 

CTaTWieCKOH TeOpeMhl 0 llpOCTOM ITJiaCT}{qeCKOM pa3pynieHHH [ 1) ITO~aeM 

MaTeMaTWieCKYIO MO,l{eJTh CTaTWieCKOH ITOCTilHOBKH 3a,l{aqu:: 

LAkCk--+ min (10) 
k 

-[ <#') cr k = g'" fo(Ck)- r(crk) ~ o eVb Ck ~0 eVb 

[At) cri- Pi= 0, fot(ct)- rt(Pi) ~ o est, 

-(At) cr/- Pt = 0, fot(C!)- rt(Pt) ~ 0 eS/, 

+ - 0 s Pt + Pt = e t> 
(11) 

k = 1,2, ... ,r; t = 1,2, ... ,z. 

~ = LAkCk + L J ur{gk +[<#')crk}dv+ L Jir{r(crk)-ro(Ck)}dv- .Lakck + 
k kvk kvk k 

+ L J (ui )T {Pi -[At )crt'" }tis+ L J {u! )T {Pi +[At )cr/ }tis-L J iaf {Pi +pi }tis+ 
t s,+ t s,- t s, (12) 

+ L f{ii t {rt(Pi )- fot(ct )}tis+ L J{i! t {rt (Pi)- fot (c1 )}tis+ J iaT {F-[As ]cr}tis, 
t s,+ t s; s, 

ik ~0, ak ~0, Ck~O eVk; ii ~0 est, it ~0 eS/; k=l,2, ... ,r; t=1,2, .•. ,z. 

LVm CTaTWiecm .nonycTHMhiX BeKTOpon HanpiDKeHHii, y.noBJieTBopHIOmu:x ycJIOBHHM (11), 

OH Bhlpa)IGleT CKOpOCTb ,l{HCCHITal(HH 3HeprHH H MOXeT 6b1Th npHHHT 3a HCXO,l{HhiH 
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<l>YJIKUHOHaJI npH IIOCl'pOeHHH .D:BOitCTBeHHhiX MaTeMaTJilieCKHX MO,neJieit 3a,na1JH 

OIITHMH3aii;HH rrapaMel'pOB TeJia. PerneHHe crk-, Ck MHHHMaKCHOH 3a.D:a1JH (12) 

npe,nc-raBJUieT co6oit perneHHe 3a,na1JH MHHHMH3aii;HH (10)-(11) H Hao6opoT. 

IlpHMeHHB <l>oPMYJIY faycca-0Cl'pOrpa,ncKoro, MO:>KHO IIOCl'pOHTh BTOPYJO <l>oPMY 

<l>YHKUHOHaJia JiarpaiDKa, KOTOpi:ilH .wm: KHHeMaTJilieCKH .D:OJIYCTHMhiX CKOpOCTeit 

rrepeMem;eHHit BI:ilpa:>KaeT MOm;HOCTh Harpy3KH. Ilo3TOM)' 3a,naqa MHHHMaKca 

<l>YJIKUHOHaJia JlarpaiDKa 3KBHBa.JieHTHa 3a,nalJe MaKCHMH3aii;HH MOil{HOCTH Harpy3KH 

~ = IFT lids+ L I gkilkdv+ L Iii{[t;(ck)]ck -[r((Jk)](Jk}dv+ 
s, k v. k v. 

+ L Iii{r((Jk)- C0(Ck)}dv+ L I (i7 t {[t;1(c: )]c: -[~(P7)]P7- t{ll(ct) + ri(P7 )}ds + 
k v. 1 s; 

(13) 

+ L I (il t {[t;~(cl )]c;-[~(PI )]PI- fo1(c; )+ r1(PI) }ds ~max 
1 s; 

J[~(ck)r ikdv+ J[~~(ctk)r ;.,_tk ds 5: Ab k = 1,2, ... ,r, 
v. s,. 

(14) 

[~(Pi}rij+iaj-ia 1 =0, ij'2.0 eS7,[~(Pi)ri[+ia[-ia 1 =0, :A-['2.0 eS;. 

YcJIOBIDl (14) onpe,neiDIIOT 06JiaCTh KHHeMaTJilieCKH .D:OJIYCTHMhiX BeKTOpOB CKOpOCTeH 

rrepeMem;eHHH. IJepBoe HepaBeHCTBO B ( 14) 03HalJaeT orpaHH'IeHHe HHTeHCHBHOCTH 

cKopocre:H: IIJiacrnqecKHX .ne<PopMaii;Hii B KOHelJHoM 3JieMeHTe, a paBeHCTBa npe,ncTaBJUIIOT 

KHHeMaTJilieCKHe ypaBHeHIDl. 3Ta 3a,nalJa COOTBeTCTByeT KHHeMaTJilieCKOH TeopeMe 0 

npoCTOM IIJiacrnqecKoM pa3pyrneHHH [ 1] H II03BOJIHeT orrpe,neJIHTh HarrpiDKemm H 

CKOpOCTH rrepeMem;eHHit, OTBelJaiOI.IJ;He npe,ne.JIDHOM)' COCTOIDIHIO H 3a.D:aHHOM)' KpHTepHIO 

OIITHMa.JIDHocrn reJia. B c.rryqae o,n:Hopo.n;HhiX ycJioBHii TeKylJecrn <PYHKUIDI ueJIH (13) 

COKpam;aeTCH, TaK KaK l'peTHit H IUlThiH HHTeipaJII:il OTJIHlJaiOTCH COOTBeTCBeHHO OT 

lJeTBeproro H llieCTOfO HHTeipaJIOB TOJibKO IIOCTOIDIHI:ilMH MHO)I(JffeJIHMH. 

5. JaiUIIO'ICHHe 

B rrpe,ncTaBJieHHhiX ,n:Boii:cTBeHHhiX MareMaTJiliecKHX Mo,neiDIX 3a,naq rrpe,ne.JIDHoro 

paBHOBeCIDl Y1JHTI:ilBaiOTCH B03MO:>KHJ:ile pa3pi:ilBI:il <l>YHKUHH CKOpOCTeH rrepeMeJ.l(eHHH H 

CKOpOCTb .D:HCCHJiaii;HH 3HeprHH B MeCTaX pa3pi:ilBa CKOpOCTeH. Jl3 KHHeMaTH'IeCJQIX 

ypaBHeHHii Ha IIOBepXHOCTHX St CJie.D:YJOT ,n:Ba Ba:>KHhiX BI:ilBO,na: a) eCJIH i 1 = 0 eS1 , TO 

Ha 3TOH IIOBepXHOCTH rapaHTHpyeTCH Herrpepi:ilBHOCTb CKOpOCTeii: rrepeMeJ.l(eHHH; 6) ecJIH 

YCJIOBIDl TeKylJeCTH .wm: IIOBepXHOCTeif St He COCTaBIDIIOTCH, TO IlpH IIOCl'pOeHHH 

.D:BOMCTBeHHhiX MaTeMaTJilieCJQIX MO,neJieif 3a,naq rrpe,nrroJiaraeTCH Hepa3pi:ilBHOCTh 

cKopocre:U rrepeMemeHHii H B TaKOM c.rryqae MaTeMaTJiliecme Mo,neJIH 3aLJ,a'l He MOryT 
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MOJJ:eJIHpOBaTh .n:eitCTBHTeJD>HOro .n:ecl><>pMHpOBaHHOro COCTOIDUISl H MexaHH3M3 

pa3pyrnemm TOHKHX IIJiaCTHHOK H 060JIOl!eK. 

Pe3yJD>TaThl HCCJieJJ:OBaHHit, IIOJiylleHHfle rrpHMeHHTeJD>HO K IIpOCTOMf pa3pynieH.HIO, 

Moryr 6I:lTh rrepenecena na .n:pyme BHJJ:fl JaJJ:ati yrrpyroiUiaCTJillecKoro aHaJIH3a 11 na 

OOJiee CJIO:>KHfle BHJJ:fl IIOBTOpHo-rrepeMeHHOfO H IIOJJ:BH:>KHOro Harp)')KeHJiit. 
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DUAL US RIDINES PUSIAUSVYROS UZDA VINIAI SU POSLINKITJ GREICITJ TRUKIAIS 

S. Kalanta 

Santrauka 

Sudarytos standaus - plastinio kuno parametl'\l ir nbines apkrovos optimizacijos uzdaviniq dualUs 

matematiniai modeliai statineje ir kinematineje formuluoteje. Juose takumo slllygos tikrinamos ne tik 

baigtiniq element\} ruryje, bet ir jq pavirSiuose. To pasekoje dualiose formuluotese ivertinami galimi 

poslinkiq greiciq trukiai ir energijos disipacijos greitis pavir~iuose tarp element\}. 

DUAL LIMIT ANALYSIS PROBLEMS WITH DISCONTINUITY OF DISPLACEMENT 

VEWCITIES 

S. Kalanta 

Summary 

The general dual mathematical models (static and kinematic formulations) of the limit load and rigid

plastic body parameters optimization problems are formed on the basis of extremal energy principles and 

theory of duality. Yield conditions are controlled not only in volume of finite elements, but also at the 

surfaces between elements. Therefore the possible discontinuity of displacement velocities and velocity 

energy dissipation between the elements are evaluated. 
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