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CMElliAHHhiE II COBMECTHhiE KOHEqHhiE 3JIEMEHThl B 3A,UA1JAX 
AHA.JIH3A YIIPYrOIIJIACTlfqECKHX KOHCTPYKUH:A 

C. Ka.naura 

1. Bae.r.emre 

06mu:e M8TeM8Tlf'leCKHe MO)(eJIH 38)(8'1 8H8JIH38 118npDreHHO-)(e«l>op:MHpOB811HOI'O COCTOSIHIDI (HJlC) 

11 OilT11M1138JJ:llll ynpyroiiJiaCTK'Iecxoro Tena pa3pa6oTaHH B [1,2]. HaCTORII(IUI CTaTI>H nocBJIIIJ;e118 

COBepmeHCTBOB8HHIO H pa3B11T1110 )(BOHCTBelllJHX KOHe'IH03JieMeHT.HHX M8TeMaTJf'leCKHX MO)(erre:it 38)(8'1 

aH8JIHJa HJlC B coCToHHHH )(O nrraCTJf'lecxoro pa3pymeHIDI. Co6JIIO)(eHHe )(BOHCTBeHHHX cBsoe:it 

CT8Tlf'leCKHX H reOMeTplf'leCKHX ypaBHeHJI:it ll03BOJUieT ynpOCTHTb MaTeMaTJf'leCKHe MO)(eJIH 11 aJII'OpliTMH 

pemeHIDI 38)(8'1 [3). 3To oco6eHHo B8XHO )(JUI 38)(a'l omHMHJaJJ:llll npH o:rpaHK'IeH.HHX nepeMememmx. 

06bi'IHO B )(BOHCTBeH.HHX «l>opM}'JIHpOBIGlX 38)(8'1 ( 4-6 11 )(p.) npo6rreMa yqeTa B03MO:lKHbiX pa3pbiBOB 

nepeMemeHH:it He paccMaTpHBaeTCH, T.e. HernacHo npHHHMaeTcH npe)(llorro:xceHHe o Hepa3pblBHOCTH norre:it 

UepeMemeHJI:it, KOTOpoe He BCer)(a COOTBeTCTByeT )(eHCTBliTeJibHOM}' COCTOHHHIO yiipyi'OIIJiaCTK'IeCKHX 

KOHCTP)'KIU~it. Pa3pbiBI:l cxopoCTe:it nepeMemeHH:it o6bl'lllo yqHTI:lB8IOTCH TOJibKO B :KHHeMaTJf'lecKO:it 

llOCTaHOBKe 38)(8'1 npe)(eJibHOH 118rpy3KH (7-9 H )(p.), IIOCTPOeH.HHX 118 OCHOBe :KHHeMaTK'IeCKOH TeOpeMI:l 

npe)(eJibHOI'O paBHOBeCHH He38B11CHMO OT CTaTJf'leCKOH IIOCTaHOBKH ()(BOHCTBeHHOCTb He C06JIIO)(aeTCH). 

YcrroBHH Hepa3pHBHOCTH nepeMemeHH:it npHHHMaiOTCH )(lUKe B HeKOTOpHX :KHHeMaTK'IeCKHX 

KOHe'IH03JieMeHT.HHX llOCT8HOBIGlX 38)(8'1. 0)(118KO T8KIIe IIOCTaHOBKH Henplii'O)(HH )(JUI 8118JIH38 

KOHCTP}'KIJ;ldt, B KOTOpl:lX o6pa3YIQTCH UOBepXHOCTH cocpe)(OTO'IeH.HHX IIJiaCTK'IeCKHX )(e«t>op:Mau;Wt. 

B pa6oTax [3, 10] IIOCTPOeHH o6mu:e )(BOHCTBeHHHe MareMaTJf'lecKHe MO)(eJIH 38)(8'1 a118JIH38 HJlC 11 

omHMHJaJJ:llll ynpyronrraCTK'IecKHX KOHCTP)'KIU~it c yqeroM B03MO.:liCIII:lX pa3pYBOB nepeMemeHH:it. Ha 

OCHOBe 3TBX HCCJie)(OB8HJI:it B (3) IIOCTPOeHH )(BOii:cTBeHHHe paBHOBeCHHe KOHe'IH03JieMeJITHHe 

noCTaHOBKH 38)(a'l aH8JIHJa. OHH no3BOJUIIOT onpe)(eJIHTI> BepXHHe on;eHKH 118npiDKeHH:it H nepeMemeHH:it. 

0)(118KO 118 OCHOBe CMemaHHOI'O 3HepreTK'IeCKOI'O «l>ymcu:aoHa.rra C npHMeHeHHeM CMemalllJHX KOHe'IHI:lX 

3JieMeliTOB H MeT0)(8 npeo6pa30B8HJI:it JlarpaiDKa MOXHO IIOCTPOHTb H BTOp}'IO napy )(BOHCTBelllJHX 

KOHe'IH03JieMeHT.HHX MaTeM8TK'IeCKHX MO)(eJieH 38)(8'1H. BMeCTe C paBHOBeCHHMll MO)(eJIHMH OHH 

ll03BOJIHJIH 6I:l ocymeCTBHTb )(ByxCTopoHHHH 8HaJIH3 H OD;eHHTb TO'IHOCTb 'IHCJieH.HHX pe3yJibT8TOB pac'leTa 

ynpyronrraCTH'IeCICHX KOHCTPYJCI{Hii. IlOCTPOeHHe COBMeCT.HHX H CMemalllJHX KOHe'IH03JieMeJIT.HHX 

MaTeMaTH'IeciCHX MO)(erreii 38)(8'111 aHaJIHJa HJlC, yqHTI:lB8IOmBX B03MOXHI:le pa3pbiBI:l nepeMemeHH:it, H 

HBJIHeTCH OCHOBHOH n;eJibiO H8CTOHmBX HCCJie)(OB8HJI:it. 

PaccMaTpHBaeTcH Terro (o6o6meHHaH MO)(eJib KOHCTPYKD;HH), reoMeTpH'IecKHe H «l>H3H'IecKHe 

napaMeTpl:l, ycrroBHH ornrpaHHH H «l>YIIlCiliDI C(x) rrapaMeTpa TeKyqeCTH KOToporo 3a)(aHH. Terro 

IIO)(BepraeTCH )(eHCTBliiO BHellllieH Harpy3KH F(x) , pacnpe)(eJieHHOH Ha IIOBepXHOCTH Sf , a TaiOKe 

Ha'laJib.HHX .ue«l>opMan;Hii Eo(x) H rrepeMememrn u 0(x), Ja,llalllJHX B o6neMe V H Ha rroBepXHOCTH Su 
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COOTBeTCTBelDIO. L{11CKpeTHaH MO,l(eJTh TeJia CTpOHTCH pac'IJieHeHHeM ero Ha S KOHe'lliiiJX ::meMeliTOB 

ofu.eMa vk. HanpiDKeJmo-.ne<)?opM:upOBaJmOe COCTOHHHe k-ro 3JieMeiiTa OIIHCHBaeTCH Beicrop­

<)?}'liKIUDIM11 HanpiDKe:tmit cr k (x) , rrepeMem:e:tmit u k (x) 11 .ne<)?opMa~ & k (x) . «Dymc:n;Jm, OTHOCHIUHecH K 

CMe:liCHHM KOHe'IH1ilM 3JieMeiiTaM, paJ,l(eJieHHHM IIOBepXHOCThlO S1 , o6oJHa'laiOTCH 3HaKaM11 " + " 11 " - ". 

IlyCT:& HOMepa KOHe'IHlliX 3JieMeliTOB k = 1,2, ... ,3 o6pa3YJOT MHOJKeCTBO d)(', a COBOicyiiHOCT:b HOMepOB 

IIOBepXHOCTe:it S1 KOHe'IHlliX 3JieMeliTOB- MHOJKeCTBO cff~UG9'/U~, r,ne dJ';,- MHOJKeCTBO HOMepOB 

BHYTPelDIHX Me.:lK3JieMeliTHblX IIOBepXHoCTe:it; df;, Q}':_- MHO.:lKeCTBa HOMepOB Ipallll'lliHX, 

npHHa,ItJiexam:ux Sf 11 Su , rroBepXHoCTe:it 3JieMeliTOB. IlyCT:& cff," =~d'l· 

PaccMOTpHM Ja,Ua'IH onpe.nerreHHH rro.JIHHX 11 oCTaTO'IHlliX rrapaMeTpoB HL{C TeJia. )l;ui rrocrpoeHHH 

MaTeMaTH'IeCKO:it MO,l(eJIH CMeiiiaJmO:it IIOCTaHOBKH Ja,Ua'l BOCIIOJThJyeMCH TeOpeMO:it 0 M111111M}'Me 

.norro.1IHH'l'eJihliO:it 3Heprmt:. B repMHHaX rro.JIHHX HanpiDKe:tmit oua BHpaJKaeTCH crre.nyiOm:e:it Ja,Ua'le:it 

KB8,lij)8TH'IHOIO npOipaMM:upOBaHHH (3): 

L t I cr1;(x)[dk]crk(x)dVk + L I cr1;(x)&ok(x)dVk- L I ufu(x)p1(x)d.S't ~min 
k Vk k Vk te<JT. Sw 

np11 YCJIOBIDIX (1) 

fo(Ck(x))- f(crk(x)) ~0 eVh fot(Ct(x))- ft(P1 (x))~O eSt, t edT; 

-(G!S¥]crk(x)=O eVh kedX; (At]crt(x)-p1(x)=0 eSf,Su, terffj,QJ':_; Pt(x)=Ft(x) eSf, 

[At]crj(x) -pt(x) = O, - [At]cr((x)+Pt(x) = 0 eS10 t edJ';,. 

3.nec:& (as¥], [At] - orrepaTOpH ,UH<)?<)?epeHU;Ha.1li>HI>IX ycrroBd paBHOBeCIDI, CTaTH'IecKHX Ipallll'lliHX 

ycrroBd 11 ycJIOBD COnp.HxeHHH KOHe'lliiiJX 3JieMeliTOB; [ d k] - MaTpnna IIO,UaTJIHBOCTH 3JieMeiiTapHOIO 

ofu.eMa k-ro 3JieMeiiTa. HepaBeHCTBa npe,nCTaBJIHIOT co6o:it ycrroBIDI TeKYlJeCTH KOHe'lliiiJX 3JieMeiiTOB 11 BX 

IIOBepXHOCTe:it, a paBeHCTBa - ycJIOBIDI paBHOBeCIDI B ofu.eMe 3JieMeBTOB 11 Me~ 3JieMeiiTaM11. 

HciiOJThJYH MeTO,l( MHOJKHTeJie:it llaipaHXCa 11 <)?OPMYJIY raycca-OCTpOipa,l(CKOIO, Ja,Uaqy llli8Jill38 

IIOJIHHX Hanp.Hxe:tmit (1) npeo6paJyeM B 38,U81JY CTaiJ;HOHapHOCTll CMeiiiaJmOIO <)?ymc:o;u:oHaJia: 

diT = L ~I cr1;(x~dk]crk(x)dVk+ L I cr1;(x)sok(x)dVk- L J cri(x)[G!l¥t uk(x)dVk + 
k vk k vk k vk 

+ L J{u((x)}TFt(x)dS+ L Ipf(x){uj(x)-u((x)}dSt+ L Ipf(x){uj(x)-uot(x)}d.S't-
te<JT, s" tedT, s, te<JT. sw 

- L I A.}<x>{fo(Ck(x))-f(crk(x))}dVk- L I A.I (x>{fot(Ct(x))-rt(Pt(x))}dSt ~ stac 
k~ t~~ 

(2) 

np11 ycrroBIDIX 

YcrroBHHM11 CTaiJ;HoHapHOCT11 3Toro <)?YHKIJ;HoHarra no rrepeMeHHHM crk(x) 11 p1(x) HBJIHIOTCH ypaBHeHHH: 

[dk]crk(x) + &ok(x) + [vr(crk(x))r A.k(x)- (c2¥fuk(x) = o eVh k edX; 

[vrt(Pt(x)}r A.t(x)- u((x) + uj(x) = 0 eS1, t e~; 

[vrt(Pt(x))r A.t(x) -u01 (x) + uj(x) = 0 eSt, t eQJ':_. 

(3) 

OHH npe,nCTaBJIHIOT co6o:H reoMeTpH'IecKHe ypaBHeHHH KoHe'lliiiJX 3JieMeiiTOB, ycrroBHH coBMeCTHOCT11 

rrepeMem:eHKif: Ha rroBepXHOCT.IIX S1 11 KHHeMaTH'IecKHe IpaHH'IHHe ycrroBHH. 3,nec:& [vr] - MaTpHIU>I 
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rpa,n:HeHTOB <i>ymcilllii: TeK)"'eCTH. llKrhfit H meCTOH HHrerpaJihl <i>YJIKIUIOHa.Jia Q}f" Bblp3:lKaiOT :meprmo 

).{HccJUia:u;HH Ha noBepxuoCT.IIX 51 . 

L{;m: XHHeMaTH'IeCXH BOJMO:lKHHX <Pymcilllii: nepeMei.U;eUHif, y).{oBJieTBopmoi.U;HX ycJIOBIDIM (3), 

<l>YJIKIUIOHa.Jl Q}f", YMHOXeHHhfit Ha -1, Bbipa:x<:aeT ITOJIHYIO :meprmo ).{e<PopMai.J;Idi: ynpyroiTJiaCTH'IeCKOro 

TeJia. llo:lTOMY Ja,n:a'la CTaiJ.HOHapUOCTH (2) MOXeT 6HTL npeo6pa30BaHa B CJie.zcyiOIIzyiO Ja,n:aqy: 

-L.!. f cr{(x~dk]crk(x)dVk- L f A.r(x)[vr(crk(x))]crk(x)dVk- L fA. I (x)[Vr1(p,(x>)]p1(x)dS1 + 
k 

2 vk k vk terJT s, 

+ L f{u( (x)r Ft (x)dS-L f A.r(x){fo(Ck(x))-r(cr k(x>)}dvk- L f ~.r (x){fot(C,(x))-r,(p,(x))}dst ~max 
te.dT, sfl k vk terJT s, 

npH ycJIOBH.IIX (3) H A.k(x)~O EVk> kEQX; A. 1 (x)~O ES1, tEdT. 0Ha oTBe'laeT TeopeMe o 

MHIIHM}'Me noJIHoit :mepnm ).{e<PopMau;IDi: [3] H, KaK H JaJa'la (2), noJBOJIHeT onpe).{eJIHTL pacnpe).{eJieHHe 

Hanp.IDKeHHH H nepeMei.U;eUHH B COCTOSIHHH ).{0 IIJiaCTH'IeCKOIU pa3pymeHHR TeJia. HeHJBeCTHLIMH B Heit 

HBJIHIOTCH CTaTH'IeCXHe H IGIHeMaTH'IeCXHe BeJIH'DIHiil. ll03TOMY OHa HaJHBaeTCH 06I.U;eH MaTeMaTH'IeCKOH 

Mo).{eJILIO cMemaHHoit nocraHoBXH Ja).{a'IH amum:Ja H)lC. 

EcJIH B Ka'leCTBe ocHOBHHX HeHJBeCTHHX nocJie npe).{Bap.HTeJILHoro pemeHHR Ja,n:a'IH reopHH 

ynpyroCTH npHHKI"L OCTaTO'IIIHe nepeMei.U;eHIDl H Hanp.IDKeHIDl, TO BapH3IJ.HOHHaH ITOCT3HOBKa Ja).{a'IH 

aHa.JIHJa ynpyroiiJiaCTH'IeCKOH KOHCTpYKIJ;HH npe).{CTaBJIHeTCH Ja,n:a'leH CT3IJ.HOHapHOCTH <l>YJIKIUIOIJa.Jia: 

~ = L ~ J cr~(x~dk]cr rlc(x)dVk- L J cr~(x)(Gd( urlc(x)dVk + 
k vk k vk 

+ L J p~(x){u~(x) - u;t(x)}dS1 + L J p~(x)u~(x)dS-L J A.r(x){f0 (Ck(x))-r(crek(x) +cr '*(x>)}dVk-
tedT, s, tE<D:, s"' k vk 

- L f 1.7 <x>{r0,(C1(x)) -r1 (Pe~(x)+Pn<x>)}dS1 ~ srac 
terJT s, 

npH YCJIOBH.IIX (4) 

KOTOpaH MO:XCeT 6HTL npeo6pa30BaHa B Ja,n:aqy MHHHMHJa:u;HH ITOJIHOH 3Hepnm OCTaTO'IHLIX ).{e<PopMau;Hit 

npH orpaHH'IeHH.IIX, onpe).{eJIHIOI.U;HX o6JiaCTL XHHeMaTH'IeCXH BOJMOXHHX <Pymcilllii: nepeMei.U;eUHif. 3).{eCL 

HH).{eKCOM e o6oJHa'leHbl napaMe'fPLI ynpyroro pac'leTa KOliCTpYKIJ;HH, a HH).{eKcoM r - oCTaTO'IHble 

napaMe'fPLI. TpeTHit H qeTBepTHH 'IJieHbl <PYJIKIUioua.rra ~ Bblpa:x<:aiOT 3Heprmo ).{HCCHna:u;HH Ha 

IIJiaCTH'IeCKHX IIOBepXHOCT.IIX KOHe'IH:biX 3JieMeHTOB. llpe).{CTaBJieHHble BapHaiJ.HOHHble HOCTaHOBXH ).{a.Jiee 

HCITOJILJYJOTCH ).{JIH IIOCTpOeHIDl ).{BOHCTBeHHOH napLI ).{HCKPeTHHX MaTeMaTH'IeCKMX MO).{eJieH Ja,n:a'l. 

3. )lacKpe'l1lhle M&TCM&TII'ICCKHC MO).{eJIII 

3.1. 3a).{a'la aoaJIII3a DOJJIIhiX oepeMemeBBii a uaopJVKeBBii 

AnnpoKCUMUpyiOUJ,Ue pyHK~UU. }lJIH ).{HCKPeTHJa:u;HH Ja,n:3'1H (2) npHMeHHIOTCH CMemaHHble KOHe'IIIHe 

3JieMeHTLI. BH6HpaiOTca: annpoKCHMHpyiOI.U;He <l>YHKIJ;HH 

s 
crk(x) = :L[Hki(x)]crki = [Hk(x)]crk> p1(x) = [H1(x)]p1, (5) 

i=l 

s 
A.k(x) = L[Hm(x)]A.ki = [Hu(x)]A.k> A.1(x) = [HAi(x)]A.u Ck(x) = [Hok(x)]ck. (6) 

i=l 
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3,nec:& crh Db Ch Ak- BeicropH HarrpiDKeHHit, rrepeMe:meHHit, rrapaMeTpOB Telcy'IeCTH H IIJiaCTlflleCIOIX 

MHO:lKIITeneit y3JIOBHX To'leK k -ro 3JieMema. MaTpliUhl <l>)'liiCII:IIit <l>opMH [Huk(x)], [Hk(x)] H BeicrOpH 

Dk, cr k o6o6:meHHHX rrepeMe:me:mdt H HarrpiDKeHHit ,noJDKIIH 6HT:& rroCTpoeHLI TaK, 'IT06H rrpH paBeHCTBe 

Y3JIOBHX rrepeMe:meHHit H HarrpiDICeHHit CMeJKHHX KOHe'IHHX 3JieMeHTOB co6JIIO,naJiaC:b Hepa3pHBHOCTb 

<l>)'liiCII:IIit rrepeMe:meHHit H HarrpiDICeHHit H .npyme Tpe60BaHIDI CXO.l(HMOCTH [ 11]. 

CMezuaHHble nocmaH06KU 3aiJa'lu. IIocne rro,nCTaHoiJKH <l>)'liiCII:IIit (5),(6) Ja,IJ;a'la (2) rronyqaeT 

CJie.nyiOIUirli ,nHCKpeTHH:it B1f,ll.: 

~= L (D!(Ft+ L~cr{[Dk]crk+ Lcrk&ok- :Lcr{[AkfDk+ LPT[Avt((Dt-D!)+ 
tEfiTi k k k tedT, 

+ LPT[Aut((Dt- Dot)- LAHfo(Ck)- rk(crk)}- LAHfot(ct)- rt(Pt)} __. stac 
t e<JT: k t edT 

(7) 

IIpH YCJIOBIDIX Ak ~0, k edlC; 

3.nec:& BeicropH BHeiiiH11X Y3JIOBHX cHJI, B3BeiiieHHHX Ha'la.1lhliHX .ne<l>opMaii;Hif: 

F1 = J(Hut(x)f F1(x)dS0 &ok = J(Hk(x)f &ok(x)dVk (8) 

stt vk 

H <l>)'liiCII:IIit rexyqeCTH KOHe'IHoro 3JieMema 

ft(Pt) = J(H~(x)f ft(Pt(x))dSt, fot(ct) = J(H~(x)f fot(ct(x))dS1• 

(9) 

s, s, 
MaTp:u:na rro,naTJIHBOCTH 3JieMema 

[Dk]= f[Hk(x)([ak][Hk(x))dVk (10) 

vk 
H M3TpHIJ;Jil 

[Akf = f[Hk(x)([G<~f[Huk(x))dVk, [Avt t = f[H1(x)( [Hut(x))dS1• (11) 

vk s, 

YcnoBHe CTa:u;HoHapHOCTH <l>YHKUHOHaJia ~ no rrepeMeHHLIM crk H Pt rroJBOJIJieT IIOJIY'IllTb 

I'eOMeTpH'IeCKHe ypaBHeHIDI KOHe'IHHX 3JieMeHTOB H YCJIOBIDI COBMeCTHOCTH IIepeMe:meHHit Me:l~Qcy 

KOHe'IHHMH 3JieMeHTaMH H Ha :rpaHH'IHoit rroBepXHOCTH Tena. IIpHHHMaH HX 3a rrpe,nBapmeJibHble 

ycnoBIDI, Ja,IJ;aqy orrpe.neneHIDI CTaD;HoHapHoit TO'IKH <l>YHKUHOHaJia ~ rrpeo6pa3yeM B Ja.na'IY 

MHHHMH3aD;HH IIOJIHO:it 3Hepnm: 

IIpH YCJIOBIDIX (12) 

[D]cr + [vr(cr)f A- [Af D = -&0 , A ~ 0; 

[vrv(Pv)r Av- [Avf D = o, Av~ o; 

[vru(Pu)r Au + [Auf D =[Auf Do, Au~ 0. 
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3.uecn [ D]' [A]' [ vr( cr)] - a.rrre6paK'ICCIGIC MaTpHIU>I, .l{H31'0HaJThHHMH 6JIOKaMH KOTOpHX HBJUIIOTCH 

M3TplflU>l [Dk], [Ak] H [Vfk(crk)] COOTBCTCTBCHHO. BeicrOphl U, F, cr, &o COCTaBJIHCT COBOK)'IIHOCTh 

BCicropoB ubFbcrk H &ok> k=l,2, ... ,s. CocraBJU[I()IWIMH BCicropoB A.p={A.v,A.u}T H p={Pv,Pu}T 
HBJUIIOTCH BCICI'Ophl IIJiaCTK'ICCICHX MHO:lKHTCJICH At H HarrpiDKCHHH p1 BCCX IIOBCpXHOCTCH KOHC'IHhlX 

3JICMCIITOB. 

EcJIH HaqaJThHhlC IICpCMCI.QCHHH OTCyrCTBYJOT, T. C. UQ =0, TO KHHCM3TK'ICCKHC rpaHK'IHhle ycJIOBHH 

Y.U06HO yqliTHBaTh HCKJIIOqCHHCM HYJICBHX COCTaBJU[I()I.QHX BCICI'Opa IICpCMCI.QCHHH H COOTBCTCTBYJOI.QHX 

CTOJI6:U:OB M3TpHil I'COMCTpK'ICCICHX ypaBHClrnH. Tor.ua ypaBHCHHH COBMCCTHOCTH rrepCMCI.QCHHH MO)I{}IO 

ofu.e.uHHHTn. B 3TOM c~e rro~aeM CJIC.UYJOI.QYJO MaTeMaTK'ICCKYJO MO.UCJI1l :m.ua~: 

IIpH YCJIOBHHX 

[D]cr + & 0 + [vr(a)r A.- (Af u = o, 

[vrp(P)r Ap - [Apr u = o, 

(13) 

A. ~ 0; 

HeH3BCCTHHMH B :m.uaqax (12) H (13) HBJIHIOTCH BCicrOphl HarrpiDKCIIHit, rrepeMei.Qemdt H 

IIJiaCTK'ICCICHX MHO:lKHTCJie:it KaK H3BCCTHO, Tpy.l{OCMKOCTh H BpCMH, HC06XO.l{HMOC .l{JIH pemeHIDI 3a.l{a~ 

MaTCM3TK'ICCKOI'O rrporpaMMHpOBaHHH, B rrepBYJO oqepe.l{h 3aBHCHT OT qncJia HCH3BCCTH1llX. IJ03TOMY 

ncer.ua Heo6xo.l{HMo CTpeMHT:&eH yMCHlilliliTh ~cJio HCH3BCCTH1llX :m.uaqn. EcJIH reoMeTpnqecKHe 

ypaBHCHIDI KOHC'IHhlX 3JICMCIITOB mrneHHH, TO HaiipiDKCHIDI MO)I{}IO Bhlp33HT1l qepe3 .UC4JOPMali.iDI H 

HCKJIIOqH'fh H3 ~cJia HCH3BCCTHHX. TaKoii c~it paccMaTpHBaCTCH B IIHTOM pa3.l{eJie craTDH. EcJIH xe 3TH 

ypaBHCHIDI HCJlliHCHHhl H HC06paTHM1ll, TO TaKaH B03M0)1{}10CT1l HC CYlllCCTBYCT. 0.l{HaKO H B 3TOM C~C 

MO)I{}IO yMCHhillHTh ~CJIO HCH3BCCTH1llX 3a.l{aqn IIyrCM HCKJIIOqeHIDI rrepeMCI.QCHHH. 

CHCTCMY orpa~eHHD: rroJIHoit .uorroJIHHTCJI1lHOH 3Hepnm B :m.uaqax (12) H (13) MO)I{}IO rrpe.ucraBHTD 

O.l{HHM MaTp~ ypaBHCHHCM 

r.ue 

[ 
(D]] 

[n] = [o] , 
[o] 

[-] [ - ]T- [-]T -D cr + Vf(cr,p) A. - A u = &Q, 

(Af 

[Ar = [Avf 
-[Auf 

A. ~ o, (14) 

Beicrop i = {A., Av, Auf. BH6HpaH 6a3HCHYJO M3TpHilY [Al r H pa3.l{CJIHH BCC M3TplflU>l H BCICI'Op &o 

ypaBHCHIDI (14) Ha .une qacrH, rro~aeM perneHHe 

(15) 

H ypaBHCHHC COBMCCTHOCTH .Ue4JopMa:r.ufi'I 

A.~ 0. (16) 

3.uecn 
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[n(J1=[nz]-[Azt([;t1rr
1
[n1], eo=~z- [Azt([A1rr

1

~b 

[n;.(cr,p)] = [v~(cr,p)r- [Azt([;t1rr
1

[v~(cr,p)r. 
(17) 

3aBBCIIMOCTb (15) II03BOJUieT JICXJIIOq]ffb rrepeMell(eP.IDI ll3 'IJICJia Heli3BeCT.HhiX. 

MOJUI<i>BIJ.liPOBaliiDUI MaTCMaTll'leClGUI Mo.neJTh CMemaHHO:if: IIOCTaHOBICH Ja_na'IJI: 

fiOJIY'DleTC.A: 

FT([A1 rr
1 

{[i31 ]cr + [vt(cr,p)r~- ~1}- ~crT(D]cr - }_T[vr(cr)]cr - A.~[vrp(P)]P­
- A.T{r0(c)- r(cr)}- A.~{rop(c)- rp(P)} ~max 

Ilpll YCJIOBIDIX (16). 

(18) 

Cmamu~tectcue nocmaHOBtcu 3aiJa11u. MeTo.noM MHOXHTene:it JlarpaiDICa cMemaHHHe rrocraHOBJCH ( 12) H 

(13) MOiyr 6:L1Th npeo6pa30BaHJ:l B _nBOHCTBCHHHe K HliM CTaTll'leCJCHe IIOCTaHOBICH Ja_na'IJI. 

MareMaTll'leclGUI Mo.neJTh CTaTll'lecxo:it rrocrarroBJCH npll IDlJill1llDI Ha1Ja.Jib.HhiX rrepeMem:e:mrlt HMeeT Bll,ll: 

1 T[ ] T T [ ]T . zcr D cr + cr ~>o - Pu Au Do ~ IDID 

Ilpll YCJIOBIDIX (19) 
r0 (c) - r (cr) ~ o, fop (c) - fP (p) ~ o, 

<Dymmml U:eJIH :no:if: Ja_na'IJI BHpaiaeT IIOJIHYIO .noiiOJIHJITC.JihliYIO 3Heprmo JUICICpeTHOI"O TCJia. 

Hepa:oeHCTBa npe.ncraBJUIIOT co6oit ycJIOBliH TCicy'IeCTH xorre'IIIHX 3JieMeHToB H MeliOJieMeHTIIIiX 

IIOBepXHOCTeit, a paBCHCTBa - ypaBHeHJIH paBHOBCCJIH KOHe'IH03JieMeHTHOit Mo.neJIH. llo3TOMY Ja_na'IB (19) 

OTBe'IBeT MliHIIMaJThHOMY npBHD;HJIY .norroJIHIITeJThHo:it 3Hepnm: H II03BOJUieT onpe.ne.JmTI. li1DICHHe 

3Ha'leHJIH Haiip.IDKe:mrlt B KOHe'I.HhiX 3JieMeHTaX, B TOM 'IJICJie ll Ha 1IX IIOBepXHOCT.JIX. 

MaTCMaTll'leClGUI Mo.neJTh CTaTll'leCKO:if: IIOCTaHOBICH Ja_na'IJI Ilpll OTCyrcTBJDI Ha'IBJTh.HhiX 

rrepeMem:eHJI:it: 

Ilpll ycJIOBIDIX (20) 

r0 (c) - r (cr) ~ o, 

MaTeMaTll'lecJCHe Mo.neJIH Ja.na'Ill npll OTCYTCTBBJI Ha'IBJTh.HhiX .ne<l>opMaiJ;Hit IIOJIY'DliOTC.A: 

HCXJIIO'IeHJieM :oeJITopa Ha'laJTh.HhiX .ne<l>opMaiJ;Hit. 

3.2. 3a,na'Ul auaJIIIJa OCTaTO'IIIhiX nepeMemellllii a uanpJDKellllii 

B Tex CJIY'IBHX, xor.na KOHCTpy:KU;WI rro.nBepraeTc.A: .ne:itCTBHIO pa3.HhiX BOJ.ne:itCTBJiit liJill ynpyme 

rrapaMelJlbi H)lC H3BCCTHI:l liJill HeTpy.nrro Mo:ryr 6HTb onpe.neneHI:l, Ja.naqy ynpyroiiJiaCTll'lecxoro aHaJIJIJa 

KOHCTpyKIUIJI y.no6HO <l>opM)'JillpOBaTb B TepMHHax OCTaTO'I.HhiX Hanp.IDKeHJI:it ll rrepeMem:e:mrlt. 

)lllciCpeTHble MaTeMaTll'lecJCHe Mo.neJIJI Ja.na'Ill aHaJIJIJa oCTaTO'I.HhiX rrapaMeTpOB H)lC crpomc.A: 

aHaJIOrli'IHO- JIYTeM .nHciCpeTHJaiJ;Hll Ja.na'Ill (4). 

}lJIH Ka~Oro KOHe'IHOI"O 3JieMeHTa IIpliHJIMaiOTC.A: arrnpOKCIIMllp)'IOil(lle <l>yrrKIJ;Hll (6) II 
; 

cr r~c(x) = :L[Hki(x)]cr rid = [Hk(x)]cr rk• Prt(x) = [Ht(x)]Prt, ur~c(x) = [Huk(x)]urk. 
i=1 
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ITo.ncraBJIHJI 3TH cpymaum B cpymai.HOHa.JI 3a,na'IH (4) H HCIIOJTh3YH BmueoiiHcaHJIYIO MeTo,n:mcy, 

OKOII'JaTeJThHO IIOJIY'IaeM CJie,IzyiOIIzyiO rrapy KOHe'IH03JieMeHTHHX MaTeMaTH'!eCKHX MO,lleJie:ii 3TOH 3a,llalJH: 

a) B CMeiiiaHHOH IIOCTaHOBKe -

IIpH YCJIOBIDIX 

- ia;(D]cr,- ).T[vr(cre +cr,)]cr,- A.~[vrp(Pe +p,)]P,- i.T{r0(C)-f(cre +cr,)}-

- A.~{rop{C)- fp{pe +p,)} ~max 

[ D] cr, + [ Vf( cr e + cr,) r A. - [A r u, = 0, 

[vrp(Pe +p,)r Ap- [Apr u, = o, 

A. ~ 0; 

6) B CTaTH'IeCKOH IIOCTaHOBKe -

Ilpll ycJIOBHHX 

(21) 

(22) 

0Ha BHpiDICaeT rrapy ,nBOHCTBeHHHX 3KCTpeMam.HHX IIpHHIJ;IIIIOB 0 MJIHliMYMe IIOJIHOH 3Hepnm 

ocram'IHI:lX .necpopMawm H o MHHH:MYMe .norroJIHHTeJIDHo:ii 3Hep:mH ocraTo'IHI:lX HarrpmiCeHH:ii .nJIH 

KOHe'IH03JieMeHTHOH MO,lleJIH TeJia H 1103BOJIHeT onpe,neJIHTI> HIDICIIHe OI(eHKH OCTaTO'IHI:lX rrepeMemeHH:ii II 

HarrpiDKellllii. 

Mo.nn<l>HIUIPOBaHJiaH MaTeMaTH'!ecKaH Mo.nem. cMemannoii rrocraHoBKH :Ja,II;alJH: 

- -}a;[n]cr,- A.T[vr(cre +cr,)]cr,- A.~[vrp(Pe +p,)]P,- A.T{r0 (C)-f(cre +cr,)}-

- A.~{rop(c)- rp(Pe +p,)} ~max 
IIpH YCJIOBHHX (23) 

[Ba ]a r + [BA.(cr,p))i = 0, 
...... 
A.~ 0. 

ITocrpoeHHHe HaMil cpopMa.JihliHM rryTCM MaTeMaTH'ICCKHe Mo,neJIH (19) 11 (22) craTH'!ecKOit 

IIOCTaHOBKH 3a,na'l aHaJIH3a HJlC HH IIO BH,ny, HH IIO cymeCTBy He OTJIH'IaiOTCH OT rrpe,nCTaBJICHHHX B [3) 

CTaTH'ICCKHX IIOCTaHOBOK 3THX 3a,na'l, IIOCTpOCHHHX C IIpHMCHCHHCM paBHOBeCHHX KOHC'IHI:lX 3JICMCHTOB. 

PaJHHD:a coCToHT B rrpoHcxo:liQ];eHHH MaTPHD: K03cpcpHD:HeHToB ypaBHeHHii paBHOBeCIDI. B pa60Te [3] OHH 

IIOCTpOCHI>I Ha OCHOBe arrnpOKCHMawrH ypaBHeHHii paBHOBeCIDI CIVIOIIIHOIO TeJia H HBlliiiOTCH 

paBHOBeCHI>IMH, a B .nannoii pa6oTe OHH rrocrpoeHlil Ha ocHOBe arrnpoKcHMal(H:ii rroJieii rrepeMemeHHii H 

HaiipiDKeHH:ii. f1o3TOMY BCe B1lllliCIIpHBC,lleHHHe MaTeMaTH'ICCKHe MO,llCJIH, B TOM lJHCJie II MaTeMaTH'!eCKHe 

MO,llCJIH CTaTH'ICCKOH IIOCTaHOBKH 3a,lla'l, IIpHHa,nJie:lKaT KJiaccy CMCIIIaHHHX IIOCTaHOBOK. 

4. AuaJ1113 yCJIOBaH TeKyqeCTH B reOMe'Ipii'ICCKHX ypaBHCHBH 

BHpruKCHIDI <i>k =fok(Ck)- fk(ak) ~0, <i>t =fot(Ct)- ft{pt) ~0, BXOJ.VlmHC B MaTeMaTH'ICCKHC 

MO,lleJIH 3a,na'l, npe,nCTaBJUIIOT co6o:ii ,llHCKpeTHlile YCJIOBIDI TCKY1JCCTH k-ro 3JICMCHTa H t-il IIOBepXHOCTH 

paJ,neJia 3JieMeHToB. Bee cocraBJUIIOIIUie 3THX ycJioBHii onpe,neJieHlil 3aBHCHMOCTHMH (9). 1:-b HHX cJie.nyeT, 

'ITO BJii60p paJHHX annpOKCHMHpYJOIIUIX cp)'lii<UHii IVIaCTH'!eCKHX MHO)IQITeJieH IIpHBO,llHT K pa3HI>IM 

BHpruKeHHHM ,llHCKpeTHHX YCJIOBH:ii TeKY1JeCTH, COOTBeTCTBYJOIIUIX pa3HI>IM MeTO,naM KOJIJIOKawrH (3,12) . 
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feOMe'l]HI'IeCXHe ypaBHeHIDI (14) KOHe'll:I03JieMeiiTHO:it MO){eJIH KOHCTpYKJUIH IIOJIY'lelllil KaK ycJIOBIDI 

CTaD;HoHapHOCTH .UHCKpeTHO OIIHCaHHoro <l>YHKD;HoHaJia ~. O.unaKo BOJMO)fQI]ll H .upyrne crroco6H yqeTa 

H ){HCKpeTHJaD;HH reoMeTPII'IecKlfX ypaBHemtit Ec;m ypaBHeHIDI (3) JIHHe:itlllil, TO narrpiDKeHIDI Mo:xrn:o 

BHpaJHT:& qepeJ .ue<PopMaD;HH H HCKJIIO'IHT:& HJ 'IHCJia HeHJBeCTH:&JX Ja){a'IH. B 3TOM CJiyriae 

reoMeTPII'IecXHe ypaBHeHIDI co6JIIO.UaK>TcH Bo Bcex TO'IKaX KOHe'll:Ioro 3JieMeiiTa. Ec;m xe reoMeTPII'IecXHe 

ypaBHeHIDI KOHe'll:IHX 3JieMeiiTOB HeJIHHe:itlllil H Heo6paTHM5l, TO OHH MO:ryi' 6HT:& Y.UOBJieTBOpelllil TOJI:&KO 

B cJia6o:it <PopMe: 

J[Gk(x)r {[dk]crk(x) + sok(x) + [vr(crk(x))r A.k(x)- [ca'fuk(x)}dvk = o, (24) 
vk 

r.ue [Gk(x)] - MaTPHll:a BeCOBHX <l>YHKD;H:it, JaBHCHIQaH OT HCIIOJI:&JyeMOI'O MeTO){a KOJIJIOKaiJ;H:it. JVIH 

MeTO){a KOJIJIOKaD;HH B TO'IKe H MeTO){a ny6Ho:oa-faJiepKHHa OHa COCTOHT HJ IIO){MaTPHll: [Gki(x)], 
COOTBeTCTBYJOIIUfX yJJiaM i = 1, 2, .•• , S . IlOCJie HHTerpHpOBaHIDI IIOJiyriaK>TCH aJire6pall'leCXHe ypaBHeHIDI 

COBMeCTHOCTH KOHe'll:IOI'O 3JieMeiiTa: 

(25) 

BH6op paJH:&JX BeCOBHX <l>YHKD;H:it, cooTBeTCTBYJOIIUfX paJHiilM MeTO.UaM KOJIJIOKaD;H:it, IIpHBe.UeT K paJHHM 

BHpaxeHHHM MaTPlfll: [Dk]• [Ak] H BeKTOpOB Ha'laJI:&HI>IX H IIJiaCTII'IeCKlfX .ue<t>opMaiJ;H:it 3JieMeiiTa. 

CorJiaCHO MeTO.uy KOJIJIOKaD;HH B TO'IKe [Gki(xi)]=[E] ){JIH YJJIOBO:it TO'IXH i H [Gki(xj)]=[O] ){JIH BCeX 

ocraJI:&HHX TO'IeK 3JieMeiiTa. Tor.ua [nk] =diag(dk], spk ={spkl• spkz, ••• ,sp~c;}T,r.uespki =[vrki(crki)r A.ki, 

&ok ={soki}· MaTPHll:a [Ak] COCTOHT HJ IIO){MaTPlfll: [Aki]T =[Ak(xi)r, r.ue [Ak(x)] =[Gdf[Huk(x)]. B 

3TOM c.rryqae TeOMeTPII'IeCXHe ypaBHeHIDI 3JieMeHTa (25) BHpruteaK>TC.H COBOKyiiHOCTI>IO ypaBHeHH:it 

i =1,2, ... ,1; 

H y.uoBJieTBOp.HK>TcH .1IHIITh B yJJiaX 3JieMeiiTa. lfcrroJI:&JyH MeTO.U KOJIJIOKaD;HH B rro.uo6JiaCTH, rroJia:raeM 

(Gk(x)]=[E]. Tor.ua 

[nk] = f[dk](Hk(x)]dVk> [.Ak]= f[Gdf(Huk(x)]dVk> 
vk vk 

&ok = f &ok(x)dVkt spk = f[vr(crk(x))r[Hu(x)]A.kdvk. 
vk vk 

HeTPy.uno JaMeTHT:&, 'ITO reoMeTPII'IecXHe ypaBHeHIDI (25), rro.rryqeHHiile c HCIIOJThJOBaHHeM ){Byx MeTO.UOB 

KOJIJIOKaiJ;H:it, OTJIH'IaK>TCH OT ypaBHeHH:it (14), IIOCTpOeHHHX COOTBeTCTBYJOlnHM MeTO){OM. JlHIIJ]) MeTO){ 

KOJIJIOKaD;HH ny6Ho:oa-faJiepXHHa C HCIIOJI:&JOBaHHeM BeCOBHX MaTPlfll: [Gk(x)]= [Hk(x)]= [Hu(x)] 
rrpHBO.uHT K reoMeTPII'IecKHM ypaBHeHIDIM, coBrra.uaiOinHM c (14). TaKHM o6paJoM on .uaeT HaHJIY'lliiYIO 

arrrrpoKD;HMaD;HIO reoMeTPII'IeCKlfX ypaBHeHH:it. 

B c.rryqae JIHHe:itlllilx ycJioBH:it TeKyrieCTH [<~>x]crk(x) ~ (p]Ck(x) eVkt [<~>a-]Pr(x) ~ [Pr]Cr(x) eSt 

reoMeTPII'IecXHe ypaBHeHIDI KOHe'll:IHX 3JieMeHToB JIHHe:itlllil, a [vr(crk(x))] = [<~>x]• [vrr(Pr(x))] =[<~>a-]· 

Ilo3TOM)' HJ MaTeMaTII'IeCKlfX MO){eJie:it (2) H (4) MOXHO HCKJIIO'IHT:& HarrpHXeHIDI H ){JIH ){HCKpeTHJaD;HH 

Ja.Ua'l rrpHMeHHT:& KOHe'llllile 3JieMeiiTH B rrepeMe:meHIDIX ( coBMeCTHiile). Ilo.ucraBJIHH BHpaxeHHe 
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(26) 

B <i>ymai.HOHa.JI Ja,Ua'IH (2) H npHHHMaH armpOKCHMHpYJOIUHe <i>ymai.HH nepeMem:ellJiil, IJJiaCTli'IeCKHX 

MHOJICHTeJieJt H IIapaMeTpOB IJJiaCTli'IHOCTH, IIOCJie HeKOTOphlX npeo6pa30BallJiil IIo.rryqaeM )UICKpeTHYJO 

KHHeMaTli'IeCKYJO noCTaHOBKY Ja,Ua'IH onpe,n:eJieHHH IIOJIHhlX nepeMem:ellJiil: 

uT(F+Fo)- ~uT[K]u- ~}.T[KA.]A.- J...T cr0 + J..T[KuA.]u- t.T[v]c- A.~[vP]cP ~max 

IIpH ycJIOBIDIX (27) 

[<~>vfA.v- [Avf u = 0, [<~>ufA.u- [Auf(uo- u} = 0, A.v~ O, Au~ 0. 

Jllllli'OHa.JIIiliHMH 6JIOKaMH KBa3H,UHai'OHa.JThHhlX M3TpHD: [K], [KA.], [KuA.]• [V], [vp ], [<~>v] HBJUIIOTCH 

MaTpHI.I;bl 

(kk] = J {fa9t'{[Huk<x>]r[dkr1 [<~t{[Huk<x>]dvb 
vk 

(ku] = f[Hu<x>f[<~>x ][dkr1 [<~>x f[Hu(x)]dVko 
s, 

(kuk] = f[Hu(x>f[<~>x](dkr1 [cdf(Huk(x)]dVko [<~>vt] = f[HAt(x)f[<~>a](Ht(x)]dS1 • 
vk s, 

3.ueci> (kk] - o6m:eiDBeCTHaH MaTpHII,a xeCTKOCTH k-ro 3JieMeHTa. CoCTaBIDDOJ.IUIMH BeKTopoB BHelliHHX 

yJJioBHX ciDI F, F0 11 Hanp.H:xellJiil cr0 HBJUIIOTCH BeKTOpH 

{Fok} = J {fcdf( H uk(x)]r (dk rl Eok(x)dV b {Fk }= f[Huk(x)f Fk(x)dS, 
~ ~ 

{crok }= f[Hu(x) ]T[ <~>x ](dktEok(x)dVk. 
vk 

A11aJIOI'll'IHhiM o6pa30M, IIOCJie IICKJIIOqeHH.JI BeKTOpa OCT3TO~ Haiip.H:xellJiil 

(28) 

II ,lUICKpeTHJa:u;Hll CMeiiiaHHaH IIOCT3HOBKa (4) Ja,Ua'IH 3HaJill3a OCT3TO~ nepeMem:ellJiil H Haiip.H:xeHHJt 

npeo6pa3yeTCH B )UICKpeTHYJO KHHeMaTli'IeCKYJO IIOCT3HOBicy: 

IIpH YCJIOBIDIX (29) 

A. p ~ 0. 

~ ~ 

YCJIOBIIJt Te~eCTH KOHe~ 3JieMeHTOB H HX IIOBepXHOCTeJt. MaTpHD:a [<~>p] COCTOHT 113 [<Dv] H [<~>u]• 

MaTeMaTli'IecKHe MO.UeJIH (27) H (29) IIOJBOIDIIOT onpe,n:eJIHTI> BerropH nepeMem:ellJiil H 

IIJI3CTli'IeCKHX MHO:xGITeJieJt, Ha OCHOBe KOTOphlX B .Ua.m>HeHmeM MOiyr 6HTI> onpe,UeJieHH <i>ymai.HH 

HanpiDKellJiil C HCIIOJII>30BaHHeM <i>OPMYJI (26) H (28). llpeHMYJD:eCTBO MaTeMaTli'IeCKHX MO,UeJieJt (27) H 
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(29) no cpaBHeHHIO C (12) H (21) COCTOIIT He TOJThKO B TOM, 'ITO OHH CO,Uep:lKaT Mellhllie liCH3BCCTHhiX, JIO 

H B TOM, 'ITO I'eOMeTpli'IeCKHe ypaBHeHIDI co6mo,Uai<ITCH BO BCeX TO'!KaX KOJie'IHbiX 3JieMeHTOB. B Ja,Ua'laX 

(12), (13) H (21) OHH co6mo,Uai<ITCH JIHillh B CJia6oii: <PopMe (3a HCKJilOqeHHeM CTCpXHeBblX CHCTeM). 

B rrpe.ucraBJieHHhiX KHHeMaTII'IecKHX nocranoBKaX Ja.Uaq neH3BCCTHI:lMH HBJIHI<ITCH BCicrOphl 

nepeMe~eHHii H IIJiaCTII'IeCKHX MHo:lKHTeJieii. O.uHaKo, KaK noKaJaHo B pa6oTe [3] .LlJIH paBHOBCCHhiX 

MO,neJieH, B CJI)"'ae mrneiiHhlX ycJIOBHii Te~eCTH CMeiii3HHhiC nOCTaHOBKH (12) H (21) MOryi' 6HTb 

rrpeo6pa30BaHhl B KHHeMaTII'IeCKHe noCTaHOBKH Ja,LlaqJ{, B KOTOphiX JieH3BCCTHJ:lMH HBJIHI<ITCH JIHillh 

IIJiaCTII'IecKHe MHO:lKHTeJIH. HarrpHMep, .uo6aBHB ypaBHeHIDI paBnoBecHH K orpaHII'IeHHHM Ja,naqJf (21), 

nOJIYqJfM CHCTeMY ypaBHeHHH: 

[A]ar + [Ap]Pr= 0, (D]crr + [<I>f:t- [Af Dr= 0, 

[<~>pt }..p- [Apt Dr= o, }.. ~ o, }..p~ o. 

PemaJI ee OTHOCHTeJihliO BCicrOpOB IIJiaCTII'IeCKHX MHO:lKHTCJICH, nOJIY'IaeM 3aBHCHMOCTH: 

3.uech MaTpHI(hl 

r.ue 

(H] = {[l<t- [Kt[APj[KPr1[APt[Kt }(A](Dr1(<I>f, (Hv] =[Kt [AP j[Kpr
1
[<I>Pr; 

[o] = [nr1[Af(HJ- [vr1 [<~>f, [ov] =[nr1[Af[Hv] = [nr1[Af[K'r1[Ap][Kpt[<~>pti 

[op] =[Kpr1[Apt[Kt[A](Dt(<I>]T, [Gpv] =- [Kpt[<~>pt• 

(30) 

(31) 

IIo.ucraHOBKOH peiiieHHH (31) B <P~oHaJI Ja,naqJf (21) 3KCTpCMaJihllaH Ja,naqa c orpaHII'IeHHHMH 

CBO.LlJfTCH K Ja,naqe MaKCHMH3alUfH TOJihKO C ycJIOBHHMH HCOTpHIIaTCJihliOCTH IIJiaCTII'IeCKHX MHO:lKHTeJieii: 

IIpH YCJIOBHHX }.. ~ 0, }..p ~ 0. 

MaTpHI(hl 

(T]=(Gf(D](G], 

IlpeliM)'IUCCTBO MaTeMaTII'IeCKOH MO,UeJIH (32) no cpaBHCHHIO C MO,UeJThiO (29) B TOM, 'ITO OHa CO,Uep:lKHT 

MeHbille HeH3BeCTHbiX. 0,UHaKO HMeeT H He,UoCTaTOK - I'eOMeTpli'ICCKHe ypaBHeHIDI KOHe'IHbiX 3JieMeHTOB, 

3a HCKJilOqeHHeM CTepXHeBblX CHCTeM, co6mo,nai<ITCH TOJihKO B CJia60M (HHTCI'paJThHOM) BJf.Lle. C 

IIpHMeHeHHeM paBHOBeCHhiX KOHe'IHbiX 3JieMeJITOB B pa6oTC (3) llOCTpOCHa paBJIOBecnaH KHHeMaTII'IeCKaH 

nocranoBKa Ja,naqJ{ aHaJIHJa ocraTo'IHhiX napaMeTpoB H.[{C. Mo,neJID (32) oTJIH'IaeTCH oT nee TOJThKO TeM, 

'ITO HBJIHeTCH He paBHOBeCHOH, a I'eOMeTpli'IeCKH COBMeCTHOH. 

A.HaJiol'li'IHhiM o6pa3oM MOXHO rrpeo6pa30BaTh H craTII'IecKHe noCTaHOBKH Ja.Uaq. HarrpHMep, 

.uo6aBHB reoMeTpli'ICCKHe ypaBHeHIDI K orpaHII'IeHHHM Ja,UaqJ{ (22), noJIYqJfM cucreMY orpaHII'IeHHii­

paBeHCTB (30). Tor.ua c yqeTOM ee peiiieHIDI (31) CTaTII'ICCKaH nocraHOBKa (22) Ja,UaqJ{ aHaJIHJa 

OCTaTO'IHhiX HarrpiDKCHHH Bhlpa:JKaeTCH qepe3 KHHeMaTII'IecKHe BeJIHqJ{Hhl; 
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i).T(T]A. + iA.~[rP]A.P + A.T(TA.)A.p ~min 
llpH YCJIOBIDIX (33) 

-[<I>]{[G]A. + (Gv]A.P} ~ (<I>]cre- (v]c, A.~ 0, 

-[<I>P]{[GP]A. + [Gpv]A.P} ~ [<I>p]Pe- [vP]cP, A.~ 0. 

qHcJio orpaHH'IeiiHlt H HeHJBeCTHhiX B 3Toil Ja.ll.aqe MeHbllle no cpaBHemno c Ja.ll.aqeiJ: (22). Bce--raKH 

peaJIHJan;IDl KHHeMaTuqecKOiJ: noCTaHOBKH (32) IIpOW:e. 

AHarroi'H'IHI>IM o6pa30M Moryr 6HTb npeo6pa30BaHH H MaTeMaTuqecKHe MO.ll.eJIH 33.11.aqu onpe.neJieHIDI 

noJIHhiX nepeMem:eHHil H HanpiDKeHHil. O.li.HaKO npH 3TOM nonyqaiOTcH 6oJiee CJIO)I{HHe Ja.ll.aqu, I1o3TOMY 

,llilll onpe.neJieHIDI IIJiaCTuqecKHX MHO:lKHTeJieil: ueJiecoo6paJHo pelllHT:& 33.11.aqy (32). )lml pacqera 

nepeMem:emdt H HanpiDKemdt .ll.aJiee HCnOJib3YJOTCH <!>OPMYJIH (31). 3To CBH.ll.eTeJibCTByeT 0 TOM, qro 

<!>OPMYJIHPOBKa 33.11.aq C co6JIIO.ll.eHHeM .li.BOiiCTBeHHhiX CBHJeil noJBOJIHeT JHaqureJibHO yiipOCTHTb aJII'OpHTM 

pemeHIDI 3a.11.3q ynpyroiiJiacruqecKoro aHaJIHJa. 

AHarrH3 H)lC ynpyroiiJiaCTuqecKHX KOHCTpYKUHiJ: C npHMeHeHHeM COBMeCTHhiX KOHe'IHbiX 3JieMeHIOB 

HJIJIIOCTpHpyeTCH Ha npHMepe pacqeTa llpOCTO:il.li.ByxrrpOJieTHO:it 6aJIKH IIOCTOHHHOIO ceqeHHSI (p11C. 1) 110.11. 
.ne:itCTBHeM paBHOMepHo pacnpe.neJieHHoil HarpyJKH HHTeHcHBHOCTbiO p =17 M0 I 54, r.ne M 0 -

npe.neJibHH:it MOMeHT ee 11onepe~oro ceqeHIDI. Tpe6yeTcH onpe.neJIHTb pacnpe.neJieHHe H3ru6aiO:m;HX 
MOMeHToB 11 nepeMem:eHHil (nporu6oB) 6aJIKH. 11HTeHCHBHOCTb HarpyJKH p =17 M0 I 54 npHHHTa c TaKHM 

pacqeTOM, qro6bl: BO-nepBbiX, HMeJIH MeCTO IIJiaCTuqecKHe .ne<t>opMaUHH H, BQ-BTOpbiX, BbliiOJIHHJIOCb 

ycJIOB11e p ~ p0 , r.ne Po- HHTeHCHBHOCT:& npe,neJibHo:it HarpyJKH. 

l)A@ I I 

p=l1Mo/54 

I I I I I I kfil lbJi 
1-

6,0 
-I· 

6,0 
-I 

2~1 
2 3 4 5 6 

• s7; • cl 

3MV28 

4)r--~® 
3M,.t14 

llhl,.t12 ~ 

5)~~~® 
llMo/12 

PHc. 1. Pac<JernaH cxeMa u pe3yJibTaThl pac<JeTa 5aJIKH 

l103TOMY BHaqaJie KHHeMaruqeclCIIM MeTO.li.OM 

npe.ll.eJibHOIO paBHOBeCHH HCCJie.nyeTCH npe.neJibHOe 

COCTOHHHe 6aJIKH 11 OIIpe.ll.eJIHeTCH BeJiuqHHa 
npe.neJibHo:it HarpyJKH Po =0,3238M0 • Ee 

llpC.ll.eJibHOe COCTOHHHe .li.OCTHrlleTCH IIpH 

o6pa30BaHHH .li.Byx IIJiaCTuqecKHX lllapHHpoB: H3.11. 

cpe.li.Heil OIIOpO:it H BO BTOpOM IIpOJieTe Ha 
paCCTOHHHH X= 3,515m OT cpe.li.He:it OIIOpbl. )lml 

pellleHHSI 33.11.aqu MO:XCU:O 11CIIOJib30BaTb IIIHpOKO 

H3BeCTHHii: CTep:xrn:eBO:it 3JieMeHT C JIHHeii:HHM 

pacnpe.ll.eJieHHeM H3ru6aiOIIJ,UX MOMCHTOB H 

KY6uqecKUM pacnpe.neJieHHeM nporu6oB, 

co.nep:liCam:HM qeTblpe CTeneHH cBo6o.nbl. 0.li.H3KO 

llpH 3TOM He06XO.li.HMO .ll.eJIHTb Ka~ IIpOJICT 

6aJIKH Ha HeCKOJibKo KoHe'IHbiX 3JieMeHToB. TaK KaK 

HJru6aiOm:ue MOMeHTbl B 6aJIKe pacnpe.neJIHIOTcH no 

JaKOHY KBa.li.PaT~oil rrapa6oJIH, ueJiecoo6pa3Hee 

nOCTpOHTb 3JICMCHT 6oJiee BblCOKOIO nopH.li.Ka. 

CTPOHM HoBblil: KoHe"'IIhlii 3JieMeHT c 

napa6oJIHqeCKHM pacnpe.neJieHHeM HJru6aiOIIJ,UX 

MOMCHTOB H <l>YliKUHCiJ: nepeMem:eHHil qeTBepTOH 
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2 3llk5 

~ X 

CTerreHH. 3JieMem HMeeT TpH y3.11a H miT& CTerreneit 

CB060,ZJ,J:il (pHC. 2). IlpHIDIM310TCH ¢YJIKI(HH 

PHc. 2. KoHe'IHhlil: 3JieMeHT 

C HCIIOJTh30BaJDieM rpaliH'DII:ilX YCJIOBH:it 

Mk(x) = a1 + a2x+ a3x2 = {hk(x)f ab 

A.k(x) = bt + bzx + ~x2 = {hk(x)}T bk, 

Mki={hk(x;)}Tah i=1,2,3; Alci={hk(x;)}Tbh i=1,2,3; 

Uki = {huk(x;)}T Cb i =1,3,4; Uki = [- aax ]{huk(x;)}T Ch i =2,5 

HeH3BeCTHJ:ile K03¢¢HIJ;HeJITJ:il aj, bj, C; COOTBeTCTB)'IOII(HX IIOJIHHOMOB Blilp3:l1Ca10TCH qepe3 Y3JIOBJ:ile 

H3m6ai<niUie MoMeJITJ:il {Mk} ={MkhMk2,Mk3f, o6o6meHHJ:ile rrepeMemeHHH {uk} = {ukh uk2, ••• ,u1c5f 

H ITJiaCTH'IeCKHe MHOXHTeJIH {A.k} = {A.kh A.k2, A.k3f, a arrrrpoKCHMHpyx>IUHe ¢YJIKI(HH KOHe'!Horo 

3JieMeHTa rrpeo6pa3YJOTCH K CJie.nyiOIUHM BlilprutreHHHM: 

i=3 

Mk(x)= LHki(x)Mki ={Hk(x)f Mh 
i=l 

3.n.eci> ¢ymcnu:u ¢opMI:il 

3x 2x2 
Hkl(x) = 1-- + -2-, 

lk lk 

i=5 

uk(x) = LHuki(x)uki ={Buk(x)f uk, (34) 
i=l 

4x2 5x3 2x4 

H k 2(x) = x --+---
u I 12 13 ' k k k 

}lHcKpeTHaH MO,ZJ,eJII> 6aJIKH CTpOHTCH pa3,ZJ,eJieHHeM ee na ,ZJ,Ba KOHe'IHI:ilX 3JieMema, coe,ZJ,HHeHHI:ilX B 

Y3Jie B (puc 1.2). Comacno rpalDI'IHI:ilM ycJioBHHM BepTliKll.JihliJ:ile rrepeMemeHHH y3JioB i = 1,3, 4, 6 paBHI:il 

nymo H H3m6aiOmuit MOMem Me =0. IlonoMY HeH3BeCTHI:ilMH 3a,ll,a'IH HBJIHIOTCH BeKTOplil rrepeMemeHH:it 

u ={u12,u13 ,u15,u22 ,u23 ,Uzs }T, H3m6aiOII(HX MOMeJIToB {cr} ={M} ={M1,M2, ... ,M6f H p ={Ma, Mb}T H 

ITJiaCTH'IeCKHX MHO:lKHTeJie:H A. ={A.bA.2,···,A.6f, A.P ={A.a, A.b}T. PerneHHe 3a,ll,a'IH MO:lKHO orrpe.n.eJIHT:& 

COrJiaCHO JII06o:H BJ:illlie rrpe,li,CTaBJieHHOH MaTeMaTH'IeCKOH MO,ZJ,eJIH. 

PaccMOTpHM ycJIOBHH TeKY'IeCTH, reoMerpH'IecKHe ypaBHeHHH k-ro 3JieMema H ,ZJ,HCKpeTnoit Mo.n.eJIH 

6aJIKH. 11HrerpaJII>HOe YCJIOBHe TeKY'!eCTH KOHe'IHOIO 3JieMeJITa Blilpa:liCaeTCH HepaBeHCTBOM 

1 -0,5] Mkl 
8 1 x Mk2 

1 2 Mk3 

,UJm Y3JIOB A H B .ll.OJI:lKHI:il co6JIIO,ZJ,aTI>CH ycJIOBHH TeKY'IeCTH -Ma ~ M0 H -Mb ~ M0. feoMeTpH'IeCKaH 

COBMeCTHOCTI> k-ro 3JieMeJITa OIIHCJ:ilBaeTCH ypaBHeHHeM 
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3,U 14 _3~ 
y;k 

1 
ukl 

2 1 -0,5] Mkl 2 I -0,5] A.kl lk lk ukz 0 

lk [ 1 8 1 X Mkz +~[ I 8 1 X A.kz 
1 _3~ 2 6)i _3~ -2 0. X uk3 

15Elk -0,5 15 5 15 lk lk lk 
1 2 Mk3 -0, 1 2 A.k3 

_3~ 3x -14 
uk4 0 X -1 k lk lk uks 

MaTJlHI~ [Dk] H [Akf orrpe.n;ellillOTCH no <t>opM)'JiaM (10) H (11). feoMcTpH'IccKHe ypaBHCHIDI y3JioB 

TaKOBH: 

r.ue 

3a.n;aHHaH <i>YJIKIUUI HJm6aiOIIJ.HX MOMCHTOB y.n;oBJieTBOpHeT ypaBHemno 

(35) 

I103TOM)' llOCTpOCHHHii KOHe'llllliH ::meMCHf HBJIHCTCH COBMCCTHHM H perneHHe Ja.n;a'IH MOXHO orrpe.n;eJIHTI> 

COrJiaCHO COBMeCTHOit MaTeMaTH'IeCX:Oit MO.UeJIH (29) 6e3 rrpe.n;BapHTeJII>HOit anrrpOKCHMal(IDI H3m6aiO~ 

MOMeHTOB, x:oTOpHe nocJie perneHIDI Ja.n;a'IH (29) Moryr 6HTI> orrpe.n;eJieHH no <t>opM)'Jie (35). Bce-rnKH 

.llJIH perneHHH Ja.n;a'IH n:eJiecoo6pa3Hee KCllOJ11>30BaTI> MareMaTH'IeCKYJO Mo.n;eJII> (32). 
IloJI)"IeHH cJie.n;yiOIIJ;He peJyJII>TaTH pacqeTa: a) MHoXH.TeJIH A. a = O, A.b = 0.75Mo I El; A.;= 0, r.ue 

i = 1, 2, ••• ,6; 6) BeKTOpH nepeMeiD:eHHit u r = { O, 0.2411, - 0.3214, 0.4286, 0.4821, - 0.2143 f M o I El H 

u = {0, 1, 0.0833, 3.0625, 1.8333f M 0 I El; B) BeKTOpH HJm6aiOIIJ.HX MOMeHTOB Mr = {-0.1071, 0.0536, 

0.2143, 0.2143, 0.1071, 0} T Mo H M = {-0.9166, 0.4583, -1, -1, 0.9166, of Mo. Ha pnc. 1.3-1.5 ll0Kil38HH 

:nnopH yrrpyrHX, OCTaTO'IJIHX H llOJIHHX 113m6aiO~ MOMCHTOB. ~CJieHHHe pe3yJII>TaTH COBna,naiOT C 

peJyJII>TaTaMH aHaJIHTH'Iecx:oro perneHHH 6aJIKH. 

6. 3UJDO'IeiiRe 

Ha OCHOBe 3X:CTpeMaJihliHX 3HepreTH'IeCXJIX IIplfiiiUIIIOB H CMeiiiaHHiiiX KOHe'IJIHX 3JieMeHTOB 

llOCTpOeHH .n;HCKpeTHHe CMeiiiaHHHe H CTaTH'IeCKHe llOCTaHOBKH Ja.n;a'l aHaJIHJa llOJIHHX H OCTaTO'IJIHX 

nepeMeiD:eHHit H narrpiDKeHHit yrrpyrollJiaCTH'IeCICHX KOHCTpyx:n:Hit rrpn paJHHX BH.n;ax HarpyxeHIDI. OHH 

rrpe.n;CTaBJIHIOT co6oit .n;ooitCTBeHHYJO napy Ja.n;a'l MaTeMaTH'Iecx:oro rrporpaMMHpOBaHIDI. B HHX 

Y'IHTHBaiOTCH BOJMOXHHe pa3pHBH nepeMeiD:eHHit H .UHCCHnan:HH 3HCprHH Ha llOBepXHOCTHX paJ.n;eJia 

KOHe'IJIHX 3JieMeHTOB. IJpe.n;CTaBJieHH .UHCKpCTHHC BHpa}KeHIDI YCJIOBHit Tex:yqeCTH H reoMeTpH'IeCXJIX 

ypaBHeHHit. IIox:aJaHo, 'ITO, Bo-nepBI>IX, MeTo.n; Ey6HoBa-faJiep:KHHa .n;aeT HaHJI)"IIIIYIO anrrpox:cHMan:HIO 

reOMCTpH'IeCXJIX ypaBHeHHit, llJiaCTH'IcCXJIX .n;e<i>opMall)dt, a JaO.n;HO H 3HcprHH .n;e<t>opMall)dt, B TOM 'IHCJIC 

.UHCCHnaTHBHOH 3HeprHH. Bo-BTopi>IX, rrpHMeHeHHe To'le'IJIHX ycJioBHit Tex:yqeCTH B .n;BoitCTBeHHiiiX 

llOCTaHOBKaX Ja.n;a'l OJHaqaeT rrpHMeHeHHe pa3JIH'IJIHX CllOC060B KOJIJIOKall)dt .LLJIH anrrpOKCHMal(IDI 

ynpyrHX H llJiaCTH'IcCXJIX .ue<t>opMall)dt. Yrrpyrne .ue<t>opMal(IDI H yrrpyraH 3HcpiiDl amipox:cHMKpYIOTCH 

MCTO.UOM Ey6HoBa-faJiepKKHa, a llJiaCTH'IccKHe .ue<t>opMaUHH - MeTO.UOM TO'le'!Ho:H x:oJIJiox:al(IDI. 1ITo6H 

H36e:xatTI> Tax:oe HCCOOTBeTCTBHC H llOBHCHTI> TO'lHOCTI> peJyJII>TaTOB pacqeTa .llJIH .UHCx:peTHJaUHH 

<i>ymcuu:OHaJII>HHX H .UH<i><i>epcHIJ)faJII>HHX JaBHCHMOCTeit, CJie.n;yeT llpHMcHHTI> MeTO.U KOJIJIOKaJ.O{H 

Ey6HoBa-faJiep:KHHa. 

,llmi: CJIY'laH JIHHeif:HHx ycJIOBHit Tex:yqeCTH IIOCTpOeHH Ta:K}Ke KHHCMaTH'IeCKHe llOCTaHOBKH Ja.Ua'IH 

aHaJIHJa oCTaTO'IJIHX nepeMeiD:eHHit H HanpiDKeHHit. HeHJBcCTHHMH B HHX HBJIHIOTCH JIHIIII> llJiaCTH'IecKHe 

MHOXH.TeJIH. liOJIY'lCHH 3aBHCHMOCTH OCTaTO'IJIHX nepeMciD:CHHH H HanpiDKeHHit OT llJiaCTH'ICCXJIX 

MHO}KHTCJICH. CMeiiiaHHHe H KHHCMaTII'ICCKHe IIOCTaHOBKH Ja.n;aq COOTBCTCTBYIQT 3KCTpCMaJII>HOM)' 
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rrplllfnHilY o MHJIHMYMe rrommif :mepi'HH .ue¢opMal(lfii H II03BO.JUIIOT orrpe.uemrri> HIDKHIOIO o:u;emcy 

rrapaMeTpoB H,[{C. BMeCTe c paBHOBeCHHMH MaTeMaTWiecKHMH Mo)leJUIMH, rrpe.ucraBJieHHHMH B [3], OHH 

II03BO.JUIIOT orrpe.uemrri> .UByxcropoHHIOIO o:u;emcy H.[{C yrrpyrmmaCTWiecKHX KOHCTpynudi H, Ta:KHM 

o6pa30M, II03BO.JUIIOT o:o;eHHT:b TO'IHOCT:b 'IHCJieJIHHX pe3yJII>TaTOB pacqeTa. IJOCTpOeHHe H IIpHMeHeHHe 

CMeliiaJIHHX H COBMeCTHblX KOHe'IH:biX 3JieMeHTOB HJIJIIOCTpHpyeTCH IIpHMepOM aHaJIHJa H,[{C 6aJIKH. 

Pa3pa6oTaHHaH MeTO.llHKa yqeTa pa3pUBoB <P~ nepeMei.QeHHif rrpHMeHHTeJII>HO K rrpoCTOMY 

Harp)')KeHHIO MOXeT 6HT:b HCIIOJI:b30BaHa H B .llPyrHX Ja)la'laX yrrpyroiiJiaCTWieCKOI'O aHaJIHJa, a Ta:KXe .llJIH 

6oJiee CJIOXHOI'O llOBTOpHo-rrepeMeHHOI'O HJIH IIO)lBHXHOI'O HarpyxeHHH. 
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MISRIF.JI 1R DARNIFJI BAIGTINIAI ELEMENTAl TAMPRit)-PLASTINil) KONSTRUKCUV ANALIZEs 
UZDA VINIUOSE 

S. Kalanta 

Santrauka 

Nagrinejami idealiai tampriq-plastiniq konstrukcijq, veikiamq ivairiq iSoriniq poveikiq ( apkrovos, iSankstinio 
deformavimo, atramq sedimo), itempimq-deformacijq buvio analizes uzdaviniai. Juose nustatomi konstrukcijos poslinkiai 
ir itempimai bei jq liekamosios dalys. Remiantis ekstreminiais energetiniais principais, dualumo teorija ir baigtiniq 
elementq metodu sudaryti dualUs bendri ir diskretiniai siq uzdaviniq matematiniai modeliai. J11 naujumas - ivertinami 
galimi poslinkiq funkcijq trukiai ir energijos disipacija plastiniuose pavirsiuose tarp baigtini11 elementq. 

Panaudojant miSfllji energetini funkcionalq ir miSriuosius baigtinius elementus, pirmiausia sudarytos pagrindinill 
prik]ausomybi\l (geometrinil! lygciq, takumo Sqlyg\l) diskretines iSraiSkos ir miSrus diskretiniai uzdavinil! matematiniai 
modeliai. Jie atitinka pilnutines deformacijq energijos minimumo principui. Duali statine uzdaviniq formuluote sudaroma 
Lagranfo daugikli11 metodu ir atitinka papildomosios energijos minimumo principui. Tiesinill takumo sqlygll atveju, 
panaudojant miSrius ir geometriSkai darnius baigtinius elementus, sudarytos uzdavinill kinematines formuluotes, kuriose 
nefinomieji yra tik kinematiniai dydziai. Sudaryti matematiniai modeliai leidzia nustatyti itempimll ir poslinkill apatines 
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reikSmes. Parodyta, kad iS vis4 klasikini4 kolokacijos metod4, kurie gali biiti naudojami geometrini4 lygci4 ir takumo 
Sl}lygl! diskretizacijai, tiksliausiai geometrines lygtys, plastines deformacijos ir energijos disipacija aproksimuojamos 
Bubnovo-Galiorkino metodu. Sijos skaiciavimo pavyzdziu iliustruojamas mi.Sraus ir darnaus baigtinio elemento sudarymas 
ir panaudojimas tampril!-plastinil! konstrukcij4 analizei. 

MIXED AND COMPATmLE FINifE ELEMENTS IN THE ANALYSIS PROBLEM OF ELASTOPLASTIC 
STRUCTURES 

S. Kalanta 

Summary 

A problem of ideal elastoplastic structures stress-strain field determination is considered The dual general and 
discrete mathematical models of analysis problem are made on the basis of the extremal energy principles and finite 
element method. In these models the possible discontinuity of displacements and the dissipation of energy in the place of 
those discontinuities, also the different external effects (load, initial strains and support settlements) are estimated. 

At first, on the basis of the mixed functional and mixed finite elements the discrete expressions of fundamental 
relationships (geometric equations, yield conditions) and the discrete mathematical model of mixed formulation of the 
problem are made. This mathematical model corresponds to the minimum total energy principle for a kinematically 
admissible displacements. The dual static formulation of the problem is obtained by Lagrange's multipliers method; this 
corresponds to the minimum complementary energy principle. The kinematic formulation of the problem is obtained in 
the case of linear yield conditions. These mathematical models permit to determine the lower values of the stress and 
displacements of structures. It has shown that the approximation of geometric equations and yield conditions by Bubnov­
Galiorkin's collocation method gives the more accurate results. 
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