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PABHOBECHbiE KOHEqH0-3JIEMEHTHbiE IIOCTAHOBKM 3A,UAq PACqETA M 
OIITMMM3AUMM IIPE,ll;EJibHOM HAfPY3KM 

C. Kualffa 

1. BBe.11,euae 

06IUHe MaTeMaTII'ICCKHC MO,UCJilf 

pacqera H OIITHMH3aUHH rrpe,UCJibHOH Harpy3KH ,UID1 

CIIJIOIJlHOfO TCJia IIOCTpOCHbl B (1,2). f1JiaCTffqCCKOC 

pa3pYIJlCHHC KOHCTpYKUHH 06bi'IHO IIpOHCXO.UHT H3-

3a o6pa30BaHIDI IIOBepXHOCTCH COCpC.UOTOqCHHbiX 

IIJiaCTffqCCKHX .ue<J:>opMaUHH, B KOTOpbiX HMCIOT 

MCCTO pa3pi>IBbl CKOpOCTCH rrepCMCIUCHHH H 

.unccnrraUIDI 3HeprnH. O.uHaKo B paBHOBCCHbiX n 

.li,BOHCTBCHHbiX MaTCMaTnqecKHX MO.li,CJUIX 3a,Uaq 

IIpC,UCJibHOfO paBHOBeCIDI TOHKOCTCHHbiX KOHCT

PYKUHH [ 3-5 H .up.) pa3pb1Bbl cKopocreii rrepeMe

rn:emtii 06bl'IHO HC IIpOrH03Hp)'IOTCH. f103TOMY 

TaKHC IIOCTaHOBKH 3a,Uaq HC MOryr C ,UOCTaToqHOH 

TOqHOCTbiO MO,UCJIHpOBaTb ,UCHCTBHTCJibHOC IIOBC.UC

HHC yrrpyroiiJiaCTffqCCKHX IL'IaCTHHOK H o6oJioqeK. 

Pa3pb1Bbl cKopocreii rrepeMern:eHHii o6bi'IHo 

yqHTbiBaiOTCH TOJibKO B KHHCMaTnqecKOH 

IIOCTaHOBKC 3a,UaqH pacqeTa rrpe,UCJibHOH Harpy3KH, 

IIOCTpOCHHOH HC3aBHCHMO OT CTaTnqecKOH 

IIOCTaHOBKH (6,7 H ,Up.) (.UBOHCTBCHHbiC CBH3H 

1a.n:aq He co6JIIO.UaiOTCH). I1po6JieMa yqera 

B03MO)l{HbiX pa3pb1BOB IICpCMCIUCHHH B paBHO

BCCHbiX MO,UCJUIX paCCMaTpHBaJiaCb HaMH B pa6oTaX 

[ 8-10), rrocBHIUCHHbiX 1a.n:aqaM omnMH3aUHH 

.>KCCTKOIL1aCTffqCCKOfO TCJia (8,9) H 3a,UaqaM aHaJIH

'Ja HaiipH.>KCHHO-,Ue<J>opMIIpOBaHHOfO COCTOHHIDI 

(H)lC) KOHCTpYKf(liH .UO IIJiaCTffqCCKOfO pa3py

IIICHJUI [10). KaK rrpo.uoJI.>KeHne nccJre.uoBaHuii no 

COBCpiiiCHCTBOBaUHIO MCTO,Ua KOHequbiX 3JICMCUTOB 

IIpliMCllliTCilbHO K yrrpyiOIIJiaCTffqCCKJIM KOUCT-

PYKUIDIM B uacTOHIUCH CTaTbC CTpOHTCH 

}lBOHCTBCIIHbiC paBHOBCCHbiC MaTCMaTII'ICCKHC 

MO.UCJIJI 3a,Uaq pacqera II OIITHMH3aUHH IIpC,UCJibUOH 

uarpy1KJI c yqeTOM pa1pb1BOB CKOpOCTCH 

rrepeMCIUCHHH H CKOpOCTH ,UUCCHIIaUHH 3HCprHH B 

MCCTaX 3THX pa1pb1BOB. 

2. 06mJte 88pH81(HOHHbiC UOCT8HOBKH 38.11,8'1 

PaccMarpnBaeTcH .>KCCTKOIIJiaCTII'IecKoe TCJIO, 

fCOMCTpnqecKHC rrapaMCTpbl, YCJIOBIDI OIIHpaHIDI H 

<PYHKUIDI C(x) rrapaMeTpa TCKY'iCCTH MaTcpnana 

KOTOporo 3a,UaHbl. Ha IIOBCpXHOCTH Sf TCJia 

pacnpe.ueJieHa BHCilllUIH Harpy3Ka F( x) , a Ha 

IIOBepXUOCTH Su 3a,UaHbl rrepeMCIUCHIDI u(x) = 0 . 

Orrpe.ueJIHeTcH H.llC n omnMaJibHoe pacrrpe.ueJie

Hne HJill rrapaMeTp Harpy3KH F0 , orBeqaiOIUHe 

rrpe,UCJibHOMY COCTOHHHIO TCJia, B03HIIKaiOIUCMy H3-

3a ncqeprraHIDI ero rrpoqHOCTH. L(HCKPCTHaH 

MO,UCJib TCJia CTpOHTCH pa3,UCJICHHCM ero Ua S 

KOHeqHbiX 3JICMCHTOB 06bCMa Vk, f,UC k = 1,2, ... ,s 

liJIH k E Q)(. H.UC k-ro 3JICMeHTa onncbiBaCTCH 

BCKTOp-<J>YfiKUIDIMH HaiipH.>KCHHH 0' k(X), 

CKOpOCTCH rrepCMCIUCHHH Dk(X) H .ue<J>opMaUHJi 

&k(X). <DyHKUHH HaiipH.>KCHHH H CKOpOCTCH 

rrepeMern:eHnii, OTHOCHIUHCCH K 

KOHCqHbiM 3JICMCUTaM, pa1,UCJICHHbiM IIOBCpX

UOCTbiO Sr , o6oJHaqaiOTCH 1HaKaMu " + " 11 " - ". 

ITycTb noM epa t = 1, 2, •.. , z noBepxHocTeii Sr 

KOHeqHbiX 3}1CMCHTOB o6pa3)'IOT MHO.>KCCTBO 

cff =~Urff;UG:Y~. f,UC cJ/~- MHOJKCCTBO HOMCpOB 

BHYTpCHHHX MC.>K3JICMCHTHbiX IIOBCpXHOCTCH; df/ -
MHO.>KCCTBO HOMCpOB rpaHII'IHbiX, rrpnua,UJIC.>KalUHX 

Sr. rroBepxHocTeil 3JieMeUToB; Q/--;- MHOJKecTBo 

HOMepoB rpaHII'IUbiX noBcpxuocreil Sur . ITycTh 

MHO.>KCCTBO cJJ'; =~ U d/(. MaTCMaTII'ICCKHC MOllCJIU 

3a,Uaq CTpOHTCH Ha OCHOBC CTaTII'ICCKOH TCOpCMbl 

IIpC,UCJibUOfO paBHOBCCIUI II MCTO,Ua 

rrpeo6pa3oBaHnii JlarpaU.>Ka. 
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2 .1. 3a.r.a '18 paC'IeTa napaMe'l'pa npe.r.eJibHOH uarpy3KH 

flpii Ja.UaHHOM JaKOHe pacnpe.ue.rieHIUI 

narpyJKII F(x) =FoTt(x) onpe.ueJUieTcH napaMeTp 

npe.ueJibHOif: narpyJKH F0 II H)J,C KOHCTPYKUIIII, 

OTBeqaiOIUIIe IIJI3CTnqecKOMY pa3pymeHIIIO TeJia. 

3.uecb Tt( x) - Ja,naHHaH <l>YHKUIDI pacnpe.ueJieHIDI 

HarpyJKH. 

MoiUHOCTb narpyJKH 

w = f u7 (x)F(x)dS = L Fo f uT{x)Ttt(x)dSI . (1) 

s1 t Erffj s" 
Ha ocnoBe cTaTnqecKoif: TeopeMbl npe.ueJibHOro 

paBHOBeCIUI ( 1) Tip II <l>1IKCIIpOB3HHbiX CKOpOCTHX 

nepeMeiUeHIIM 

(2) 

nonyqaeTCH CJIC.uyiOIU3H MaTeMaTnqecKaH MO.UCJib 

CTilTH'ICCKOH TIOCTaHOBKH 3a_uaqn onpe,neJieHIUI 

napaMeTpa rrpe.ueJibHOif: narpyJKH: 

F0 ~max 

npn ycJIOBHHX (3) 

[12S¥]crk(x) = 0, r(crk(x)) s fo(Ck(x)) EVko k EMj 

rt(P~(x))srot(C((x)) ES(, tEG!'T; 

rt(Pi<x>) s fot(ct<x>) ESt. t EG!'T; 

[At]cr~(x)+p~(x)=O ES1-, tEG!'T; 

- [At]cri(x)+pi(x) = 0 ESt, t EG!'T; 

-p~(x)-pi(x)+FoTt1 (x)=O ES1, tE~; 

- Pf(X)+FoTt1(x) =0 ES0 tEciJf. 

CncTeMy orpannqermif: 3a_uaqn, onpe.ueJUIIOIUYIO 

MHO)I{CCTBO CTaTnqecKH .UOnyCTHMbiX BCKTOpOB 

HaiipH)I{CHHM, COCT3BJUIIOT ypaBHCHIUI paBHOBCCIUI 

II yCJIOBIUl Te~eCTH BHYTpH KOHeqHbiX 3JICMCHTOB 

(nepBaH CTpOKa) H Ha TIOBepXHOCTHX 3JICMCHTOB. 

MeTo.uoM npeo6paJoBaHHif: JiarpaH)I{a Ja,naqa 

(3) MO)I{eT 6b1Tb npeo6pa3oBaHa B Ja,naqy 

CT3UHOHapHOCTH: 

r$ = ~ +Fo{l- L f uT(x)Ttt(x)ds/)~ stac, (4) 
tEcff(S, 

r.ue 

~ = L f uT (x){p~ (x) - Pi (x)} dSI-
te;J, S, 

- L f uT (x)pi(x)dSI- L f of (x)[cr4)crk(x)dVk + 
te~7f s, k v" 

+ L fi~(x) {ro(Ck(x))- r(cr k(x))}dvk + 
k v;, 

+ ~~ J {i~ <x>r {rot (c~- <x>)- f1 (P~ <x>)}ds1 + (5) 

+ 1~1 {i~(x)}
7

{for(ct<x>)-rr(P7<x>)~s1 -

-~~ J {u~ <x>r {[ Ar)cr~ <x> + P~ <x>} dS1 _ 

-I f{ui(x)}
7

{-[A1]crj(x)+pf(x)}dS1 ; 

teff; 51 

(6) 

B cnyqae cTaTnqecKH .uonycTIIMhlX nanpH)I{eHnif: 

.UBa nepBbiX HHTerpaJia <i>YHKUHOHaJia~ Bblpa)I{3IOT 

MOIUHOCTb HarpyJKH, a BCC OCTaJibHble HHTerpaJibl 

paBHbl ffYJIIO. flpHMCHHB K TpCTbeMY HHTerpaJIY 

<!>opMyJIY faycca-0cTporpa.ucKoro, MO)I{HO TIOJIY

qHTb BTOpYJO <t>opMy CMCIIIaHHOfO <l>YHKUHOHaJia, 

KOTOpaH .UJUI CKOpOCTeif: nepeMeiUeHHM, y,noBJie

TBOpHIOIUHX reOMeTpnqecKHM ypaBHCHIUIM, HMCCT 

3HepreTnqecKHM CMbiCJI CKOpOCTH .UliCCHTiaUHH 

3Heprnn. flo3TOMY Ja.uaqy cTaunonapnocTu (4) 

MO)I{HO npeo6pa30BaTb B Ja_uaqy MHHHMH381J,HH 

CKOpocTH .r.HCCHD81J,HH ::meprHH, OTBeqaiOIUYIO KII

HeMaTnqecKOM TeopeMe npe,neJibHOfO paBHOBeCIUI. 

2.2. 3a.r.a'la ODTHMH38UHH uarpyJKH 

flpn Ja.UaHHbiX reoMeTpnqecKHX napaMeTpax, 

ycJIOBHHX onnpaHIUI n nanpaBIIennif: HarpyJKH 

onpe.ueJUieTCH 

HarpyJKH 

npoCTOMY 

II 

0 TITHMaJibHOe pacrrpe,neJieHne 

H)J,C KOHCTPYKUHII, OTBeqaiOIUHe 

IIJiacTnqecKOMY pa3pyiiieHHIO II 

Ja,UaHHOMY KpliTepUIO OTITHMaJibHOCTU 

max cp1 = L fT/(x)I<~(x)dS10 
lEO~ 5,, 

r.ue T1(x) BeKTopnaH <l>YHKUIDI BecoBbiX 

K03<l><l>HUHeHTOB, OJHaqaK)IUIL'X BJUUIHHe 

(CTOHMOCTb) Harpy-3KH e,UUHII'IHOM IIHTeHCIIBHOCTU, 
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pacnpe.ueJieHHoii Ha e.uHHwmoii ITJioma.un. llpn 

e.unHli'IHHX BecoBbiX <PYHKI.(JUIX cp1 npe.ucTaBJUieT 

co6oii <l>YHKIUIIO C)'MMapHOH Harpy3KH. 

3a YCJIOBHe OITTHMaJibHOCTH ITpHHHMaeTCH 

ycJIOBHe ITOCTOHHCTBa MOIUHOCTH Harpy3KH 

uT (x)Ft(x) = const HJIH T( ) ( ) T( ) ( ) Ut X Ft X = c Tt X Ft X 
Tt(x)F1(x) 

,llJIH BCeX t E cffj , f,lle C - llpOH3BOJibHaH KOHC

TaHTa. Tor.ua <l>YHKUHH cp1 no.rryqaeT CMDICJI 

MOIUHOCTH Harpy3KH H CT8TH'ICCK8H ITOCTaHOBKa 

3a,lla'IH OITTHMH3al(1IH Harpy3KH BhlpaJKaeTCH 

MaTeMaTJKqeCKOM MO,lleRbiO: 

L fTr{x)F1(x) dS1 ~max 
terff( sft 

Ilp:U YCJIOBHHX (7) 

[cU']cr k(x) = 0, f(crk(x)) ~ f0 (Ck(x)) eVk, k e:2/C; 

rt(P;<x>) ~ fo1(C((x>) eS(, tedT; 

rt(Pi<x>) ~ fot(ct<x>) est. t edT; 

[A1]cr;(x)+p;(x) =0 eS(, te@; 

- [At]cri(x)+pi(x) = 0 est, tedT; 

-p((x)-pi(x)+F1(x)=0 eS0 tecff.:; 

- Pi(x) +Fr(x) =0, F1 (x)~O eS1, t ecfJ!. 

MeTO.llOM MHOXGITeJieM JlarpaHJKa ona npeo6-

paJyeTCH B 3a,llaqy CTaU:JtOHapHOCTH <l>YHKUHOHaJia 

~=~+ I JFr(x){T1(x)-u1(x)+v1(x)}dsr (8) 
terff( S, 

npu ycJIOBHHX (6). llpnHHMaH ycJIOBHH cTau:noHap

HOCTH :noro <l>YHKUHOHaJia ITO nepeMeHHbiM 

crk(x), p;(x), Pi(x) n Fr(x) B KaqecTBe npe.uBapn-

TeJibHbiX, ITOJIY'IHM KHHCM8TH'ICCKYJO ITOCTaHOBKY 

Ja,llaqn OITTHMH3aU:HH Harpy3KH. 

06hl'IHO Harpy3Ka ,lleHCTByeT Jllflllb Ha 

HeKOTOpbie H3 IIOBepXHOCTeH 5, . )lJIH ITOBepXHOC

TeH, K KOTOphiM Harpy3Ka He rrpHJIO)KeHa, 

- p~ (x) = p; (x) = Pr (x). C u:eJII>IO )'MeHnllleHHH 

qncJia HeH3BeCTHhiX u:eJiecoo6pa3HO .llJIH HltX rrpn

MeHHTb TaKHe ycJIOBHH corrp.IDKeHHH n Te~ecTn: 

[Ar)cr;(x) -p1(x)=0 eS1-, t ecffv; 

-[ At)cri (x) +Pt (x) = 0 Est' t E rff;; 
f1(Pr(x)) ~ for(C1(x)) eStt t ecff. 

Tor.ua CTaTnqecKHe rpaHII'IHble ycJIOBHH 

CooTBeTCTBeHHO npeo6pa3yeTcH n <PYHKUnoHaJI~. 

llpn ITOCTPOeHHH .uncKpeTHhiX MaTeMaTnqec

KltX MO,llCJieH 3a,llaq BhllllenpHBe,lleHHble <l>YlfKUHO

HaJibHble 3aBHCHMOCTH Heo6XO,llHMO 3aMCHHTb 

,llHCKPCTHbiMH aHaJIOI'aMH. )lJIH 3T0f0 IIpHMCHH

IOTCH paBHOBeCHble KOHeqHble 3JICMeHTbi. 

3. Pasnosecoble .~n~CKpeTIIble 3aBHCHMOCTH 

3.1. 3aBHCHMOCTH p88HOBCCHOfO 3JICMCBT8 

)lJIH ITOCTPOCHHH ,llHCKPCTHHX 3aBHCHMOCTeH 

KOHeqfiOfO 3JieMeHTa H ,llHCKPCTHOH MO,lleJIH TeJia 

Hallp.IDKCHHH B Ka)IQ(OM 3JICMeHTe annpOKCHMnpy

IOTCH <l>YHKUHHMH 

!; 
crk(x)= I[H/d(x)]cr/d =[Hk(x)]crk; 

j;l (9) 

Pt(x) = (Ht(x)]Pt• 

llpH ITOMOIUH KOTOpbiX Hanp.IDKCHHH B JIJ06oH TOqKe 

3JieMeHTa Bbipa:x<aiOTCH qepe3 BCKTOpbi 

Hanp.IDKeHHii cr kt Pt yJJioB 3JieMeHTa. KaK n B 

pa6oTax [8,9), He TPe6yeTcH, qro6DI <PYHKUHlf (9) 

anpnopHo y.uoBJieTBOpHJIH .un<P<Pepenu:na.'II>HDIM 

ycJIOBHHM paBHoBecHH B o6neMe 3JieMeHTa. 

BBo.llHTCH BeKTop o6o6meHHHX cHJI Pk n 

COOTBeTCTBYJOIUHH CMY BCKTOp o6o6IUeHHhiX rrepe

MeiUeHHH ilk. CHJibi Pk n YJ.'IOBble HarrpiDKCHHH 

cr k CBH3aHbi ypaBHCHHCM p8BHOBCCHH 3JICMCHTa 

B Tex c.rryqaHX, Kor.ua <PYHKUHU (9) To)IQ(ecTBCHHO 

He y.uoBJieTBOpHIOT .un<P<PepeHU:liaJibHDIM ycJIOBIUIM 

paBHOBeCHH, BBO,llHTC.H ,llOIIO.'IHHTCJibHhiC CTCIICHU 

CB060,llbl U ,llOIIOJIHHTCJibHhiC ypaBHCHJUI 

paBHOBeCHH 'JJieMeHTa. Bo3MO)KHDI .UBa crroco6a 

IIOCTPOCHHH ypaBHCHUH ( 10) - IIp.HMOH U Bapua

U:HOHHhiH. llp.HMOH CIIOC06 1aK.HK)qaeTC.H B Ilp.HMOM 
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COCTaBITCHllll ypaBHCHllH paBHOBCCMH ITO 

HarrpaBJICHlliO Bbl6paHHhlX o6o6IIICHHhlX CJL'I ll 

nepeMemeulln. Dpll 3TOM o6o6meuuble CIDihl ll 

nepeMCIIICHMH Bhl6llpaiOTCH C TaKJIM pacqeTOM, 

q-ro6bl nOJIY'ICHHhle TaKJIM o6pa30M ypaBHCHMH 

paBHOBCCMH ~llCKpCTHOH MO~CRll KOHCTpYKUllll 

rapaHTllpOBaRll C06RIO~CHllC ycnOBllH paBHOBCCMH 

BO BCCX TO~X BHYTpll ll Ha rpaHlliiaX 3RCMCHTOB. 

no BTOPOMY cnoco6y nocrpoeHMH ypaBHCHMH (10) 

no,~aiOTCH KaK YCROBMH CTaiillOHapHOCTll 

~llCKpCTHO onllCaHHOI'O ¢YHKIIllOHana (4) IVIH (8) 
no nepeMCHHhlM uk ll Dt. 3~ecb ueo6xo~llMO 

~OnORHHTCRbHO 3a~aTb ¢YHKIIHH nepeMCIIICHllH ll 

nnacTuqecKHX MHO)I{JffCRCH H noCTpOHTb 

~llCKpeTHOC Bhlpa)f{CHHC ¢YHKIIllOHana. 

JlllCKpCTHhiC yCJJOBHJI TeK)"'ecTH 

3RCMCHTa TaK)f{C MOJYf 6b1Tb nOJIY'ICHhl npHMhlM 

cnoco6oM C npHMCHCHllCM KnaccuqecKHX MCTO~OB 

KOMOKaiiHH (10,11) Will BapllaiillOHHhiM MCTO~OM 

KaK YCROBMH CTaiiHOHapHOCTH ~llCKpCTHO OnllCaH

HOI'O ¢YHKIIllOHMa efT no nepeMeHHhiM j_ko j,_t ll 

i 7 . Oull npe~cTaBITHIOTCH uepaBeHCTBaMll 

fk(a k) ~ fok(c k); 

rr(P!) ~ fot(c! ). rt(Pi) ~ fot(ct ). 
(11) 

3~ecb 

fk(a k) = f[ck(x)f r(a k(x))dvko 
vk 

fok(Ck) = f[ck(x)f f0(ck(x))dvko 
vk 

rt(Pr) = f[c,(x)f r,(p1(x))ds,, 
sk 

f1(C1 ) = f[G1(x)f fo1(C1(x))ds,. 
sk 

MaTpllllhl [Gk(x)], [G1(x)] HBITHIOTCH MaTplliiaMll 

¢YHKIIUH cpopMhl nnacTuqecKHX MHO)I{Jffenen Will 

MaTpUIIaMll BCCOBhlX ¢YHKIIllH COOTBCTCTBYJOIIIIIX 

~eTO~oB KOMOKallllH. B pa6oTe [10) noKaJauo, 'ITO 

Ha~IIIaH annpOKCHMaiiMH YCROBUH TC~CCTU, 

IUiaCTII'ICCKHX ~ecpopMaiillH ll CKOpOCTU 

~HCCllnaiillll 3HeprllU nOJIY'IaCTCH C npllMCHCHllCM 

:o.teTo~a KOJVIOKallllH Ey6uoBa-fanepK1IHa. 3a~aBaH 

¢YHKII1Ill 

c, 
f(ak(x))= 2:[Ht7a(x)]rki(a~a) =[Htk(x)]rk(ak), 

1=1 

MO)f{HO fiOCTpOHTb ynpOIIICHHhlC Blupa)f{CHMH 

nHTerpa.rri>HhlX yc.lOBllH Te~ecTll [ 11). 

feOMeTpH'ICCKHC ypaBHCHHJI 3.1CMeHTa CTpOHTCH 

Ha OCHOBC npllHIIlllla BHpTya,'IbHhlX CIDI H..lfH 

BapHaiiHOHHhlM MCTO~OM 111 yc.'IOBMH CTaiiHOHap

HOCTH ~HCKpeTHO OfiHCaHHOI'O ¢YHKIIHOHana cf7 

no nepeMeHHhlM a k II Pt . Ouii Bhlpa)f{aiOT 

COBMCCTHOCTb CKOpOCTCH rrepeMCIIICHIIH II 

nnacTuqecKHX ~ecpopMaiiiiH BHY'fPII 3.rreMeHTa II ua 

ero noBepxuocnrx II HMCIOT cne~YJ01111IH BM: 

[ V'f K( a k) r '),_ k - [ Aak f iJ k = 0, 

[vr,(p,)f il- [Apkr Dr= o, 
(12) 

me [ V'fk(a K)], [ V'f1(p1 )] - MaTpHIIhl rpa~HCHTOB 

YCROBIIH TC~eCTII KOHequoro 3RCMCHTa. OnaCTII-. . 
qecKJie MHO)I{JffCRll A. k ~ 0, A. 1 ~ 0 II y~oBITeTBOpH-

IOT yc.TIOBMHM 

3.2. 3aBHCHMOCTH JliiCKpeTIIOH MO.Z.eJDI KOHCTpYJ<IliiH 

OycTI> BHCIIIHHH uarpyJKa ~IICKpeTHOH Mo~e.lii 

KOHCTpYKUHH OITUChiBaeTCH BCKTOpOM f, a 

nepeMemeuMH - BeKTopoM il . YpaBueuMH ( 10) -( 12) 

k-1'0 3RCMCHTa He CBH3aHhl C ypaBHCHMHMII 

OCTaRbHhlX 3RCMCHTOB. 06De~IIHCHIIC CB060~HhlX 

KOHeqHhlX 3RCMCHTOB B ~HCKpCTHYJO MO~C.'Ib 

KOHCTpYKUHll ocyrneCTBITHCTCH npn nOMOIII1f 

ypaBHCHHH COBMCCTHOCTH nepeMCIUCHIIH 

(13) 

KOTOphle onpe~e.TIHIOT CBH1b o6o6meuuhlX 

nepeMCIIICHIIH KOHequhlX 3.1CMCHTOB II ~liCKpCTHOH 

MO~e,1II KOHCTpYKUHU. 

YpaBueuMH paBHOBecusr ~ncKpeTuoil Mo~emt 

CTpOHTCH Ha OCHOBC npiiHIIIIIIa B01MO)f{HhlX 

nepeMemeunn n no.zyqaroT mw: 
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r.n:e (15) 

3,lleCb [Acr ], [Ap] - KBa3H,llHai'OHa.JibHhlC MaTpHUhl, 

,llHai'OHa.JibHhlMH 6JIOKaMH KOTOphiX HBJUIIOTCH 

MaTpHUhl [ Aak), [A pk] . CocTaBJUIIOII.UfMH BeKTopoB 

P, a, p HBJIHIOTCH COOTBCTCTBCHHO BCKTOphl 

Pko ako Pk. C IIpHMeHeHHCM JaBHCHMOCTeif. (13), 

(15) feOMCTplfliCCKHC ypaBHCHHH CB060,llHhiX 

3JICMCHTOB rrpeo6pa3YJOTCH B rJI06aJibHhiC 

feOMCTpH'ICCKHC ypaBHCHHH ,llHCKpCTHOH MO,llCJIH. 

1-'ITaK, HL{C .n:ucKpeTHOH Mo.n:enu KOHCTpYJ'UHH 

OIIHCbiBaiOTCH CJIC,llYJOII.UfMH JaBHCHMOCTHMH: 

(Acr )a+ [Ar ]P =F, 
r(a) ~ f0 (C), rr(P) ~for( c); 

A.~ 0, [ Vf( a) r i - ( Acr f ia = 0, 

[vrr(P)rir-[Arru=o, Ap~o; 

(16) 

(17) 

)..T {r0(c)- r(a)} = o, i~{rop(c)- rp(P)} = o. (18) 

L{Be rpyrrnhl ycJIOBHH TCK)"'CCTH H feOMCTpH'ICCKHX 

ypaBHCHHH MO)I{HO o6bC,llHHHTb: 

r(Q) ~~(c), [vr(Q)rr- [Af u = o, 

r.n:e [A)=[[Acr),[Ar]], Q={a,pf, I={i,ir}T, 

r(Q) = {r(a), r(p)f. Tor.n:a, Bbi6HpaH 6a3HCHYJO 

Marpnuy [ A 1 f H HCIIOJib3YH peiiiCHHC 

(19) 

feOMCTpH'ICCKHC ypaBHCHHH MO)IQJO IIpeo6pa30BaTb 

B ypaBHCHHH COBMCCTHOCTH CKOpOCTCH IIJiaCTH'ICC

KHX .n:e<t>opMauuif. 

[B(Q) ]i = 0, (20) 

r.n:e [B(Q)] = [v~(Q)r- (Azf((Atfr
1

[V~ (Q)r. 

3.n:ecb [ v ~ ( Q) r- Marpuua rpa,llHCHTOB YCJlOBHH 

TCK)"'CCTH, COOTBCTCTBYJOIUaH MaTpHUC [A If. 
3aBHCHMOCTb ( 19) II03B0,1HCT HCKJIIQqHTb CKOpOCTH 

rrepeMCIUCHHH HJ quc}Ia HCUJBCCTHhiX Ja,llaq. 

ITpuBe,lleM .IlBOHCTBCHHhle rraphl .n:ucKpeTHhiX 

MaTeMaTH'ICCKHX MO,llCJICH Ja,llaq B CTaTH'ICCKOH U 

KHHeMaTH'ICCKoii rrocTaHOBKaX. ITpeJK,lle Bcero c 

IIpHMCHCHHCM ,llHCKpCTHhiX Bhlpa)l{CHHH ypaBHCHHH 

paBHOBCCHH H ycJIOBHH TCK)"'CCTH (16) Ha OCHOBC 

06IUHX MaTeMaTH'ICCKHX MO,llCJICH (3) H (7) 

rronyqaeM ,llHCKpCTHhiC CTaTH'ICCKHC IIOCTaHOBKH 

Ja,llaq, )laJiee MCTO,llOM MHO)l{HTCJICH JlarpaH)l{a OHH 

rrpeo6pa3YJOTCH B KHHCMaTH'ICCKHC IIOCTaHOBKH. 

3aoar.ta pacr.temn napaMempa na~p)l31cu: 

a) B CTBTH"'CCKOH IIOCTaHOBKC -

Fo ..... max 

IIpH ycJIOBHHX 

r(a) ~ r0 (C), rr(P) ~for( c), 

-[Acr)a- [Ar)p+Foll=O; 

6) B KBBCMBTH"'CCKOH IIOCTaHOBKe -

(21) 

iT[vr(a)]a + i~[ vrr(P)]P + )..T {r0(c)- r(a)} + 

+ i~{ror(c)- rp(p)} ..... min 

rrpu ycnoBHHX 

T. 1 
Tl u = ' 

(22) 

ITepBblif. u BTopoif. qneHhi <l>YHKUHOHaJia Ja.n:a•m 

(22) Bhlpa)l{aiOT CKOpOCTb ,llHCCHIIaUUH 3HeprnH B 

06bCMC U Ha IIOBCpXHOCTHX KOHCqHhiX 3JICMCHTOB, 

a OCTa.JibHhiC qJICHhi ,llJIH OIITUMaJibHOI'O peiiiCHHH 

paBHhi HYJIIO. 

3aoar.ta onmuMu3a~uu Hai'PY3KU. LlncKpeTHhle 

MaTeMaTH'ICCKHC MO,llC.'IH 3TOH Ja,llaqu CTpOHTCH C 

IIpUMCHCHUCM ,llUCKpcTHhiX JaBHCHMOCTCH (16)-(18) 

H 

w = L fTr (x)[H r(x)]Fr(x)dsr = LTrF1 = TrF. 
r sr, r 

B o6meM cnyqae cocTaBJUIIOIUUe BeKTopa F MOryT 

6biTb JIUHCHHO JaBHCUMhl, 

BCKTOp OIITUMU3HpyeMhiX 

ycTaHaBJIIIBacTCH CBHJb 

II03TOMY BBO,llliTCH 

rrapaMerpoB Fo H 
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F=[TJ)F0 . 

T or.ua MOIUHOCTb HarpyJKH 

. T[ ] T W =T TJ F0 =To Fo, 

00JIY'IaCTCH CJIC.llYJOilJ,aH .llBOHCTBCHHaH napa 

MaTCMaTWICCKliX MO.llCJICH Ja.UaqH OITTHMH3aUHH 

Harpy3KH: 

a) B CTaTH'ICCKOH ITOCTaHOBKC -

ITpH YCJIOBIDIX (23) 

r(cr):::; r0 (c), rp(P):::; fop( c), 

-[Aa)cr-[Ap]P+[ll)Fo=O, -F0 :::;0; 

6) B KBBCMaDI'ICCKOH ITOCTaHOBKe -

!:T[vr(cr)]cr + i~[ vrp(P)]P +iT {r0(c)- r(cr)} + 

+ i~{rop(c)- rp(P)} ~min 

ITpH YCJIOBIDIX 

[vr(cr)r i - [Aa f u = o, 

[vrp{p)r ip- [APr ia = 0, 

[TJ( ia ~T0 , i ~ 0, i P ~ 0. 

(24) 

LJ:BOHCTBCHHhiC rraphl Ja.llaq MaTeMaTWICCKOfO 

rrporpaMMHpOBaHHH (21), (22) H (23), (24) OTBeqa

IOT CTaTWICCKOH H KJIHCMaTWICCKOll TeopeMaM 

rrpe.UCJibHOfO paBHOBCCHH. 0HH ITOCTpOCHhl C 

llpHMCHCHIICM paBHOBCCHhiX KOHeqHhiX 3JICMCHTOB 

II ITOJBOJUilOT OITpC.llCJIIITb HIDKHIIC OUCHKJI 

ITPC.llCJThHOH HarpYJKH II rrapaMCTpOB HarrpiDKCHHO

.Ue<f>opMHpOBaHHOro COCTOHHHH. B TCX CJIY'IaHX, 
KOI'.lla BCKTOp Fo CO.llCp)I{Jfl' JIHIIIb O.lliiH rrapaMCTp 

( Fo = Fo ), Ja.uaqH (23) 11 (24) rrpeBpamaiOTCH B 

rrapy Ja.uaq pacqeTa rrapaMerpa rrpe.ue.ribHOH 

Harpy3KH, T.e. 3KBHBaJICHTHhl Ja.UaqaM (21), (22). 

EcJIH, KpoMe BapnHpyeMoH:, .ueH:CTByeT II 

ITOCTOHHHaH Harpy3Ka II (11.'111) .upyrlle B03.llCHCTBHH 

( oca.uKa orrop, Haqa.ribHhle .ue<f>opMaumr), TO 

MaTeMaTWICCKJIC MO.llC.1ll Ja.uaqll OITTHMH3aUIIll 

Harpy3KH rrpeo6pa3YJOTCH B cJie.uyrom11e: 

a) CT3THqeCK3.H ITOCTaHOBKa -

rrpii yc,10BIIHX (25) 

f(cr):::; f 0 (C), rp(P):::; fop( c), 

-[ Aa )cr- [ AP ]P +[ TJ)Fo = -Fu - F0 ::;O; 

6) KHHCMaTHIJCCKaS ITOCTaHOBKa -

iT[vr(cr)]cr + i~[vrp(P))P - F[ ia + 

+iT {r0 (C)- r(cr)} + i~ {rop(c)- rp(P)} ~min 

llpii YCJIOBIDIX (17) II (26) 

BeKTop rrocTOHHHOH HarpyJKH. OpH 

HaJIWIIIII HaqaJibHhiX .ue<f>opMaUIIH ~Io11I oca.uKH 
orrop F1 rrpe.ucTaBJIHeT co6oH: BeKTop HarpyJKH, 

3KBHBaJieHTHhlfl 3TIIM nm.ueH:cTBHHM. OH orrpe.ue

AACTCH yrrpyrHM pacqeTOM KOHCTpYKUIIII [ 12). 

0oCTOHHHhiC B03.llCHCTBHH TaiOKe 6y.uyr yqTCHhl, 

CCJIII <f>YHKUUII Te~eCTII B MaTCMaTWICCKliX 

MO.llCJIHX (23), (24) JaMCHIIM Ha <f>yHKUIIII 

f(cr+cre)II f(p+pe), r.ue cre,Pe· BCKTOphl 

HarrpiDKCHIIH yrrpyroro pacqeTa OT TIOCTOHHHhiX 

Bm.uencTBIIil. Tor.ua .ueil:cTBHTeJinHhle HarrpiDKeHHH 

cr·=cr+cre II p·=P+Pr· 

MoiJurjJu!{upoeaHHbte JWameMamu<tecKue MoOe.du. 

Ope.ucTaBJieHHhle KHHeManf'!ecKJie nocTaHOBKH 

Ja.uaq co.uep:>KaT MHOI"O HeiiJBCCTHhiX. O.uHaKo liX 

qiicJio Moxrno YMCHbiiiHTb. HcnoJinJYH peiiieHIIC 

(19), MOJKHO 11] qiiCJia HCII3BCCTHhiX liCK.i1IOqUTb 

cKopocTn nepeMemeHIIH. Tor.ua, HanpiiMep, 

MaTeMaTWICCKaH MO.llCJib (24) rrpeo6pa3yeTCH K 

CJIC.llYJOili.CMY BU.lly: 

rrpii yc.rrommx (27) 

[B(Q)]I = o, A.~ 0, 

[TJ(([ AI(r
1
[ V~(Q)ri ~To· 

3aMemm orpamrqeHIIe MOilJ,HOCTII Harpy3KII 

ypaBHCIHICM 
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nOJIY'IllM 3Ha.JIOfllliHYJO MO,llC)lb Ja.aaqu pacqeTa 

napaMeTpa rrpe.ue)lbHOH HarpyJKH. 

ECTb u .upyroif cnoco6 HCKJIIoqemrn cKopocTeif 

nepeMCIUCHHH If COKpaiUCHIUI o6mero qucHa 

HCH3BCCTHbiX. 11cnOHb3YH pCIIICHHC 

ypaBHCHHH paBHOBCCHH, MO)KHO ll3 CTaTuqecKOH 

noCT3HOBKll 3a,llaq llCKJIIOqlfTb 6a3HCHhiC HanpiDKe

HHH If ypaBHCHIUI paBHOBCCHH. flOJIY'I3CTCH 3a_naqa 

T T0 F0 ~max 

IIpll YCHOBJUIX (28) 

-F0 ~0. 

3.uecb [Bt), [B2 ) - MaTplflU>I qacTHoro u o6mero 

peiiieHHif ypaBHCHHH paBHoBCcHH [12]. Tor.ua 

CKOpOCTll nepeMCIUCHJtit B .llBOHCTBCHHOH 

KllHCM3TifqCCKOHnOCT3HOBKC 

Ir[ ai(Q;:•·FI) ]•o +IT ft- i(Q,, Fo,FI)}-+ min 
npll YCHOBJUIX (29) 

OTCYTCTBYJOT. HeH3BCCTHhiMH B 3THX Ja.n:aqax 

$1B)J$1JOTCH 

HanpiDKCHHH 

}llflllb 

Qz, 
)llfHCHHO HC3aBHCHMhiC 

neKTop Harpy3KH F0 u 

MacTuqecKHe MHOXGITC.'IH A. . CorroCTaB)l$1$1 orpa

HifqCHHH 3a,llaq (27) If (29), npllXO.llllM K BhiBO.lly, 

~o orpaHifqCHHH 3a.llaqu (29) rrpe.ucTaB)l$1IOT co6oif 

ypaBHCHHH COBMCCTHOCTH CKOpOCTCH MaCTifqCCKHX 

.ue<f>opMaUHH If orpaHuqeHJUI MOIUHOCTH Harpy3KH. 

TaKIIM o6pa30M, ypaBHCHHH COBMCCTHOCTH 

.ue<f>opMaUHH MOfYT 6hiTb nocTpOCHhl B KaqecTBC 

ycHOBHH cTauuoHapHocTH <f>YHKUHOHaHa JlarpaiDKa 

no nepeMeHHhiM Q2 . YcHonue cTauuoHapHocTH 

3Toro <f>YHKUHOHa.'la no F0 .uaeT orpaHuqeHue 

MOIUHOCTH Harpy3Kll. 

B CJIY'I3C }llfHCHHbiX YC)IOBHii TC~CCTH 

[<t>)cr~Co, [<~>p]P~Cop 

3a,Uaqa (26) npHHHMaeT Bll.ll: 

npu ycHOBJUIX (30) 

(<t>(i -(AG(u=O, [<~>ptj_P_[Apru=O, 

[11(u2T0 , A.2o, A.P20, 

a 33,Uaqu (28) If (29) rrpeo6pa3YJOTCH K .UBOHCT

BCHHOH nape Ja.uaq: 

a) CT8THIJCCK8JI IIOCTaHOBKa-

T[F0 ~max 
IIpll ycHOBJUIX ( 31) 

6) KHHeM&111'1CCK8JI noCTaHOBKa -

rrpu ycHoBJUIX (32) 

A. 2 0. 

HeuJBCCTHhiMH B Ja.UalJe (32) HB)l$110TCH )llflllb 

MaCTifqCCKHC MHOXGITC)llf - CKOpOCTll ll)l3CTUIJCC

KHX .ue<f>opMaUHH. 

l..JUC)ICHHhiMU UCC)IC,llOBaHHHMll lf)l)IIOCTpUpy-

CTCH HC TO)lbKO IIpllMCHCHUC paBHOBCCHbiX 

KOHeqHbJX 3HCMCHTOB B 3a,UalJaX npe,llC)lbHOI'O 

paBHOBCCHH, HO II TOqHOCTb pe3yHbTUTOB pacqeTa B 

33BUCHMOCTU OT cnoco6a .llllCKpeTU3aUUU ycHOBUH 

TC~CCTII. l..JT06hl onpC.UC.'IIITb aHamiTiflCCKOC 

peiiiCHHC, HC06XO.UHMOC ,ll)l$1 OUCHKH ToqHOCTU 

qucHCHHbiX pC3YHbT3TOB, B KaqecTBC lf)l)IIOCTpa

TUBHOI'O npnMepa BhJ6UpaeTCH O.llH03T3)KH3H 

.llByxnpOHCTHaH paMa, H3XO.UHIU3HCH no.u .llCHCTBIICM 

paBHOMCpHO pacnpe,llCHCHHOH Harpy3KII 

HHTCHCHBHOCTbiO p = Fo If COCpe,llOTOqeHIIOH CMhl 

F = 3F0 (puc. 1 ). HecymaH cnoco6HOCTb ceqeHnif 
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CTCp:>KHeil: Ja,llaHa IlpC,liCo'lblfhiM MOMCIITOM M a. 

Tpe6yeTcH orrpe)lemrfb rrapaMeTp rrpe.n:cJibnoii 

113fii6aiOIIIIIX narpyJIGI Fa n pacrrpeneJienne 

MOMCIITOB, COOTBCTCTBYJOlQIIC IIJiaCTII'ICCKOMY 

pa3pymemno paMhi 11 paJHhiM crroco6aM 

.UIICKpeTHJaUIIII YCJIOBIIH TCKY'JCCTII. 

~ 
6,0 ... ,. 6,0 

~ 

Pnc. 1. PactieTHaR cxeMa paMbi 

Fig. 1. Computing scheme of frame 

a) 

1 1 1 
F0=0,5 M0 

b) 

1 6-x 

1 1 

X X 

3 

~~· 
X 

~· 
6-x 

... ~ 6,0 
~ 

F0 =0,4662 M0 

Puc. 2. MexaHH3Mhi pa3pyrneHHH: a) 6oKoBoro CMeiUeHHH; 
b) KOM6HHHpOBaHHblH 

CH 

Fig. 2. Mechanisms of failure: a) side's overhanging, 
b) combinative 

AmtJIIITII'IecKoe perneniie Janaqii orrpene.TIIeT-

KlfiiCMaTINCCIGIM MCTO,liOM 

paBIIOBCCIIH, OCIIOBaiiJihiM na 

rrpe,lleJibnoro 

IICCJ'JC,liOBaJIIIII 

KIIIICMaTII'ICCIGI B03:\IO:>KHhiX MCXaJIIIJMOB pa3py

lliCIIIill (IIpliMCHCIIIIC CTaTII'ICCKOro MCTO,lla CBHJaHO 

C IICO.LJ:IIOKpaTIIbiM pclliCIIUCM CIICTCMhi ypaBHCIIIIH 

paBIIOBCCIIH). ll:m Ka)K.lloro ucc:IenyeMoro 

MCXamrnta COCTaBJ'JHCTCH ypaBJICHUC paBCHCTBa 

pa60T BHClliiiUX II BnyTpCHHIIX CIL'l II OIIpC,liC.'IHCTCH 

¢YHKUIIH rrapaMeTpa npe,liC,'JbHOH narpy3KII 

F0 = F0 (x. Af 0 ) II Jnaqeniie ::noro napaMeTpa. EcJIH 

O.LJ:HH IIJiaCTifliCCIGIH lliapHHp HaXO.LJ:UTCH B piireJie 

paM hi, TO rrpenBapUTcJibHO U3 YCJIOBIIH 

3KCTpCMa,'JbHOCTII 

dF0 (x, M 0 ) I dx =0 

OIIpC,liCJUICTCH MCCTOHaXO)K,liCHlfC 3TOfO rnapHllpa, 

T.e. Koop.unnaTa x. 

BoJMO:>KHhle MexaniiJMhi paJpymeHIIH pac

cMaTpHBaeMoif paMbi MO:>KHO pa3,liCJIUTb Ha 

OCHOBHhiC II KOM6UHUpOBaHHhiC. K OCHOBHhiM 

rrpnHa,liJIC>KaT MCXaHUJM 60KOBOfO CMCIIICHIIH (puc. 

2, a) n .llBa 6aJioqnhiX MexaHIIJMa paJpymeHIIH 

pnreJieif. KoM6nnnpoBaHHhle MexannJMhi cTpOHTCH 

"cJio:lKenneM" ocnoBHhiX MexaninMoB. TaKUM 

o6pa3oM neo6xo.unMo IIHTb 

MCX3Hif3MOB pa3pYJ.IlCHIIH. IlpoUJIJIIOCTpUpyeM 

orrpe.ueJienne JnaqenlfH rrapaMeTpa Fa JIUillb .umi 

o.unoro KOM6nnnpoBaHHoro MexaniiJMa (pnc.2,6). 

YpaBnenne paBeHCTBa pa6oT BHCWHIIX II 

BnyTpCHHIIX CIIJI 

9F0 I2M0 2M0 3M0 -- + 3F.o = + -- + --. 
x x(6-x) 6-x x 

0TCIO.IJ,a 

Fa= Ma(30-x) . 

3(18+3x-x2
) 

YcJioBne 3KCTpcMaJihHOCTII rrapaMeTpa Fa 

dFa I dx = x2 - 60x + 108 = 0 , 

OTKY.Ua Koop.unnaTa IIJiacnfllccKoro mapHllpa 

X= J,8575m. C yqeTOM 3TOH KOOp.UUHaTbi IIO.'lyqa-

CTCH Jnaqenne F0 =0.4662.\!0 . IlapaMcTphi Fa, 

COOTBCTCTBYIOIIIIIC OCT3,'lbHhiM MexaniiJMaM, 

rrpcBhllliaiOT 3TO Jlfaqenne. Ilo3TOMY .IJ,cHCTBUTc;lb

HhiMII HB.'IHIOTCH rrapaMeTp rrpcJlC.lbHOH narpy3KII 

Fo = 0,4662,\f O II COOTBCTCTBYJOllliiii: cMy KOM6li-

HIIpOBaHHhiH McXaiiiiJM pa3pymemrn, IIOKaJaHHhiH 

na pnc.2, 6. 

lfnc.lcHHhiH ana.lU3 paMhi IIpOBO.LJ:ILlCH C 

IIpUMCHCHIICM paBHOBCCHhiX KOIIC'IHbLX 3JlCMCIITOB 

IICpBOfO II BTOporo IIOpH,liKa II pa3HhiX yc.TJ:OBHII 

TCKY'JCCTII. )}.lH JliiCKpeTHOI'O OIIUCaiilill KOJIOHH 
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Ta6,1. I. 3Ha'!eHiur rrapaMe-rpa rrpe.ueJThHol1 Harpy3Kll F0 n nx rrorpeiiiHocni ~~~ 

Table 1. Values of limit load parameter F(, and computation errors :-.F;J 

OopMOK YcJIOBirn lJ:HCJIO KOHC'!HhiX 3JICMCIITOB B pHreJie 

KOHC'!HOfO TCKy'ICCTlf 1 

3JICMCIITa Fo!Mo M'o 

TiepBhifl To'!e'!Hhre H ,np. 0.5 7.25 

To'!e'!Hhie 0.5 7.25 

BTopoil .11IITerp. TO'!C'!HbiC 0.4630 -0.69 

3JICMCHTHbie 0.5 7.25 

JICUOJibJOBaHhl 3JICMCIIThl UCpBOfO UOpMKa, a 

pHreJICH - 3JICMCIIThl nepsoro If BTOporo UOpMKa C 

COOTBCTCTBCHHO JllfHCHHhiM If napa60JIH'!CCKHM 

pacnpe,neJICHHCM H3rlf6aiOIIUIX MOMCIITOB. B Ta6JI.1 

npHBC):(CHhl 3Ha'ICHIUI napaMerpa npe,neJibHOH 

HarpyJKH F0 (,no MHO)KJITCJUJ. M 0 ) H npoueiiTHaH 

norpCIIIHOCTb 3THX JHa'!CHHH Mio (OTKJIOHCHHC OT 

aHaJIHTlf'!ecKoro pemeHHH F0 =0,4662M0 ), 

UOJIY'ICHHhiC C UpHMCHCHHCM TO'!C'!HhiX If 

niiTerpaJihHhiX ycJIOBHH TCK)"'CCTH. MaKCHMaJibHOe 

UpOUCIITHOC HapymeHHC YCJIOBHH UpO'IHOCTlf B 

OUaCHOM CC'!CHlflf HaXO,[(HTCH B npHMOH 

nponopiUiOHaJihHOCTlf OT norpelllHOCTlf Mio If 

onpe,neJUJ.CTCH Bhlpa)I{CHHCM !!.f = 2,346 Mio . 

Oo3TOMY cTaTlf'!ecKH nonycTHMhle B mo6aJihHOM 

CMhiC~le peJyJihTaThl pac'!eTa (HJrnfiaiOlUJIC 

MOMCIIThl y,nOBJICTBOpHIOT YCJIOBHHM paBHOBCCHH If 

TCKy'ICCTlf BO BCCX CC'!CHHHX) UOJIY'ICHhl Jllfillh C 

UpHMCHCHliCM liHTCrpaJihHhiX TO'!C'!HhiX ycJIOBHH 

TCK)"'CCTll. Ha puc. 3 lfJIJIIOCTpHpyeTcH KOHBepreH-

-2+---~~~~--~~--~ 

4...._ ___ .....J... ___ --'-------J 

Puc. 3. l1ol:lli)CTpaunJJ cxo;mMocm napaMeTpa F,_1 1lJU! 

pa3Hbix ycJiomu1 TCKY'Iecrn 
Fig. 3. Illustration of convergence of parameter f~1 for 

different yield conditions 

2 3 4 

Fo!Mo M'o Fo!Mo M'o Fo!Mo M'o 

0.5 7.25 0.4667 0.10 0.4691 0.63 

0.4691 0.63 0.4667 0.10 0.4691 0.63 

0.4550 -2.40 0.4575 -1.86 0.4640 -0.47 

0.4872 4.50 0.4667 0.10 0.4691 0.63 

UHH pC3YJihTaTOB paC'!CTa C npHMCHCHHCM paJHhiX 

YCJIOBHH TCKy'ICCTII: 1 - TO'!C'!HhiX, 2 - lfHTCf

paJihHhiX TO'!C'IHhiX, 3 - KOHC'!H03JlCMCHTHhiX, 4 -

)lJUI. 3JICMCIITOB nepooro UOpMKa. 

6. JaKJIIO'ICHBC 

Ha ocHoBe H3BeCTHhiX TeopeM npeneJihHoro 

paBHOBCCHH (1,2) UOCrpOCHhl OfilUJIC MaTCMaTJf

'!CCKHC MO)lCJilf Ja)la'! paC'ICTa If OUTlfMlf3aUlflf 

npe)lCJihHOH HarppKH, YlJHThiBaiOlUJIC B03MO)I{HhiC 

pa3phiBhl CKOpOCTCH nepCMCIIJ,CHHH H CKOpOCTh 

nnccnnaunn 3HepmH He TOJibKO B o6neMe, HO n Ha 

UOBCpXHOCTHX UJiaCTH'!CCKOfO paJpymeHHH 

KOHCTPYKUlfH. C npnMeHeHneM paBHOBCCHhiX 

KOHC'!HhiX 3JICMCHTOB If MCTO)la MHO)KJITCJICH 

Jlarpalf)l{a UOCrpOCHhl )llfCKpCTHhiC Bhlpa)I{CHHH 

OCHOBHhiX 3aBJfCJfMOCTCH If )llfCKpCTHhiC )lBOHCT

BeHHhiC MaTCMaTlf'!CCKHC MO)lCJ'Ilf CTaTlf'!CCKOif If 

KHIIeMaTlf'!ecKoif nocTaHoBoK Jana'l. OoKaJaHo, 

'ITO UpliMCHCHlfC ypaBHCiflfH COBMCCTHOCTU 

CKOpOCTCH UJiaCTJfliCCKHX ne$opMaUUH TIOJBOJUI.CT 

$opMy.rmpoBaTh Ja)la'!U C MCHbilllfM 'llfCJIOM 

ueHJBCCTHhiX. Ha npnMepc npocToif nsyxnpoJieT

HOH paMbl nposeneH Ka'!cCTBCHHhli'f aHaJIUJ pa3HhiX 

cTep)I{HCBhiX 3JICMCHTOB n ycJioBnif TCK)"'CCTU. OH 

UO)lTBCp)KJlaCT CJIC)lYJOill,HC TCOpCTlfliCCKH npOfH0-

3HpyeMblC BblBO)lbl: 

l. Han6o.rrce TO'!HhiC n cTa6ILlhHble pc ly.rrhTa

Thl paC'ICTa, B H31IMCHbillCll CTCUCHII JaBHCHIIUIC OT 

fYCTOTbl paC'!CTHOH CCTKJI, TIOJiyqaiOTCH c 

HpUMCHCHliCM UHTCrpaJibHhiX TO'lC'IHblX yc.TJ:OBUH 

TCKYlJCCTlf. 
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2. ToqHoCTb peJyJibTaTOB pacqeTa rrpn Toqeq

HhiX H KOHeqH03JieMeHTHhiX YC}IOBIDIX Te~eCTH 

JaBHCHT He TOJibKO OT fYCTOThl, HO HOT ycrreUJHOI'O 

Bbl6opa pacqeTHo:lt ceTKH H He Bcer.n:a ynyqrnaeTcH 

npn ee cryrneHHH. O.n:HaKo BepOHTHOCTb y.n:aqHoro 

Bbl6opa npH cryrneHHH pacqeTHOH ceTKH 

YBeJinqHBaeTCR 

3. HaH6onee y.n:aqno:lt HBJijJeTCH TaKaH KOHeq

H03JieMeHTHaH ceTKa, YJJihl KOTOpo:lt MaKCHMaJibHO 

rrpH6JIIDKeHbl K MeCTaM IIJiaCTnqecKOI'O pa3pyrne

Hllil KOHCTpyx:I.J:HH. 

4. B cnyqae y.n:aqHo Bbl6panno:lt pacqeTHo:lt 

CeTKH TOqHOCTb peJyJibTaTOB pacqeTa rrpH 

Toqe~ yCJIOBIDIX Te~eCTH MOXeT .n:axe 

npeBhiiiiaTb ToqnocTb pe3yJibTaToB, nonyqeHHhiX c 

rrpHMeHeHHeM HHTerpaJibHhiX ToqeqHhiX ycJIOBHit 

Te~eCTH. 

JIHTepa'fYPa 

1. A.A. qnpac. TeopHH OIITHMHJailHH B npe.n:eJibHOM 
aHaJIH3e TBep.noro .ne<PopMHpyeMoro TeJia. 
BHJibHJOC: MHHTHC, 1971. 123 c. 

2. A.A. qHpac. MaTeMaTnqecKHe Mo,neJIH aHaJIHJa H 
OIITHMH3aUHH yrrpyroruiaCTnqecKHX CHCTeM. 
BHJihHJOC: MoKcnac, 1982. 112 c. 

3. T. Belytschko, M. Velebit. Finite element method 
for elastic plastic plates/ /J. Eng. Mech. Div. Proc. 
Arner. Soc. Civ. Eng., 1972, 98, NQ 1, p. 227-242. 

4. G. Maier, R.A. Zavelani, D. Bennedetti. A finite 
element approach to optimal design of plastic 
structures in plane stress/ /Int. Numer. Meth. Eng., 
1972, 4, NQ 4, p. 455-473. 

5. 10.10. ATKO'IIOHac. PactieT ynpyronnacTH'IeCKHX 
CHCTeM rrpH IIOBTOpHbiX HarpyxeHHHX. BHJibHIOC: 
J1J,n-Bo HayKH H 3HUHKJIOIIe,nHH, 1994. 150 C. 

6. A. Biron, G. Charleux. Limit analysis of 
axisymmetric pressure vessel intrsections of arbitrary 
shapejjlnt. J. Mech. Sci., 1972, 14, NQ 1, p. 25-41. 

7. S. Turgeman, J. Pastor. Limit analysis: a linear for
mulation of the kinematic approach for axisym
metric mechanics problernsjjJ. Int. Numer. and 
Anal. Meth. Geomech., 1982, 6, NQ 1, p. 109-128. 

8. C.A. KanaHTa. MeTo.n KoHe'IHhiX 3JieMeHTOB B 
Ja.IJ:a'lax pacqeTa n OIITHMHJaunn xecTKonnacTu
qecKHX CHCTeM rrpH rrpOCTOM HarpyxeHHH: 0TtieT 0 
HaytiHO-HCCJie,UOBaTeJibCKOH pa6oTe "Pa3pa60TaTb 
MeTO):( KOHe'IHbiX 3JieMeHTOB IIpHMeHHTeJib!-10 K 
Ja.n:aqaM npe,neJibHoro paBHOBecmi". fP NQ 
0181100871, HHB. NQ 0206.0028660, BHJibHIOC, 
1983. 71 c. 

9. C.A. KanaHTa. L(Bm1cTBeHI-Ibie MaTe~taTI1tiecKne 
MO.IJ:e}IU Ja.n:aq OIITHM113aUIU1 u.n:ea,lbHO 

WiaCTI1'1HhiX CI1CTeM KOHe'IHhiX 3,1eMeHTOB/ 1 
TipHKJia.IJ:HaH MeXai-111Ka It OIITI1MH3al(ml (Jl!ITOB
CKitn Mexai-IuqecKIIII c6opHHK, NQ 27), BuJihHIOc, 
1985, c. 40-48. 

10. C. KanaHTa. L(BoitcTBeHI-Ibie MaTeMan1tiecK!1e 
MO,Ue.IIH Ja.n:aq ai-IaJIHJa yrrpyrorrJiaCTI1'1eCKI1X 
KOHCTPYKL(HH C pa3pb!BHb!MI1 IIOJIHMI1 
nepeMemei-Iuif// Statyba (CTPmiTeJibCTBo), NQ 3(3), 
Bl1o1h!-IIOC: TexHHKa, 1995, c. 5-29. 

11. S. Kalanta. Takumo S!}lygos baigtinill elementll 
modeliams // Proceedings of 4th Int. Conf. "Modern 
building materials, structures and techniques", vol. III. 
Vilnius: Technika, 1995, p. 260-265. 

12. C. KaJiaHTa. PaBHOBeCHble KOI-Ie'II-Ibie 3JieMeHThi B 
pactieTax ynpymx KOHCTPYKL(HH/ /Statyba ( CTPQu
TeJibCTBO), NQ 1(1), BuJihHIOc: TexHI1Ka, 1995, c. 
25-47. 

Jteikta 1996 09 03 

RmiNES APKROVOS ANALIZES m OPTIMIZACUOS 
UZnAVINil) FORMULUOTES, PANAUDOJANT 
PUSIAUSYmUOSRJS BAIGTINRJS ELEMENTUS 

S. Kalanta 

Santrauka 

Sudarorni konstrukcijll ribines apkrovos ir 
optimizacijos uzdavinill dua!Us diskretiniai matematiniai 
modeliai statine ir kinematine formuluote, panaudojant 
pusiausviruosius baigtinius elementus. Juose jvertinami 
galimi poslinkill greicill trukiai ir energijos disipacijos 
greitis ne tik kuno ruryje, bet ir plastiniuose pavirsiuose 
tarp baigtinill elementll. 

Remiantis statine teorema apie ribincr apkrovll (1, 2], 
pirmiausia sudaryti uzdavinill bendri matematiniai modeliai 
(3) ir (7). Sill modelill diskretizacijai naudojami pusiausvi
rieji baigtiniai elementai ir jtempimll aproksimavimo 
funkcijos (9). Optimalumo kriterijumi pasirinkta isorines 
apkrovos galingumo pastovumo S!}lyga. Sudarytos 
pusiausvyros lygcill, takumo sqlygll ir geometrinill lygcill 
diskretines iSraiSkos baigtiniam elementui ( 10)-( 12) ir 
konstrukcijos diskretiniam modeliui ( 14 )-( 17). Takumo 
sqlygos diskretizuojamos panaudojant klasikinius 
kolokacijll metodus: kolokacijll taske, kolokacijll srityje 
(elemente) ir Bubnovo-Galiorkino [11,12]. Diskretinio 
modelio pusiausvyros lygtys ( 14) sudaromos naudojant 
virtualill poslinkill principq, o geometrines lygtys - virtualit) 
jegll principq. 

Skirtingai nei kitll autorill darbuose, takumo sqlygos ir 
geometrines lygtys sudaromos ne tik baigtinit) elementll 
vidui, bet ir .ill iSoriniams pavirsiams. Tai ir leidZia sudaryti 
nagrinejamll uzdavinill diskretinius matematinius modelius 
(21)-(26), kuriuose jvertinami poslinkill greicill trukiai ir 
energijos disipacijos greitis plastiniuose pavirsiuse tarp 
baigtinill elementll. Uzdavinill kinematines formuluotes 
matematiniai modeliai (22), (24), (26), (29) ir (32) suda
romi is atitinkam4 statini4 formuluoci4 Lagranzo daugiklit) 
metodu. Taip pat pateikiami modifikuoti uzdavini4 
matematiniai modeliai (27)-(29), kuriuose iseliminuotos 
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pusiausvyros lygtys arba geometrines lygtys pakeistos 
plastiniq deformacijq greiciq darnos lygtimis (27), taip 
sumafinant lygciq ir nefinomqjq skaiciq. 

Remo pavyzdziu iliustruojama skaitmeniniq 
skaiciavimo rezultatq (ribines apkrovos parametro) 
priklausomybe nuo lenkimo momentq aproksimavimo 
laipsnio ir nuo takumo Sl\lygq diskretizacijos bUdo. 1 
lenteleje pateiktos remo ribines apkrovos parametro F0 

reik~mes ir jq procentines paklaidos W 0 (palyginant su 

analitiniu sprendiniu F0 = 0,4662M 0 ), gautos pirmos ir 

antros eiles baigtiniams elementams (su atitinkamai 
tiesiniu ir paraboliniu lenkimo momentq pasiskirstymu), 
diskretizuojant rygelius i 1, 2, 3 ir 4 baigtinius elementus. 
Skaiciavimo rezultatq analize rodo, kad tiksliausi ir 
stabiliausi sprendiniai gaunami diskretizuojant takumo 
Sl\lygas Bubnovo-Galiorkino metodu. Diskretizuojant 
takumo slllygas Wkines kolokacijos bei kolokacijos srityje 
bUdu skaiciavimo rezultatq tikslumas priklauso ne tik nuo 
skaiciuojamojo tinklo tankio, bet ir nuo jo konfigiiracijos 
daugiau ar mafiau sekmingo pasirinkimo. 

THE PROBLEMS OF LIMIT LOAD ANALYSIS AND 
OPTIMIZATION USING EQUILIBRIUM FINITE 
ELEMENTS 

S. Kalanta 

Summary 

The equilibrium dual discrete mathematical models of 
the problems of limit load analysis and optimization are 
investigated in the article. These models are presented in 
terms of static and kinematic formulation using equilibrium 
finite elements. In these mathematical models the possible 
discontinuities of displacement velocities are evaluated and 
the velocity of energy dissipation is estimated not only 
within the volume of finite elements, but at the plastic 
surfaces between elements. 

At flrst, on the basis of the energy principle of the 
maximum external power [1,2] the general mathematical 
models (3) and (7) of static formulation of limit load 
analysis and optimization problems are created. In these 
models the yield conditions are controlled not only within 
the volume, but also at the surfaces of finite elements. The 
equilibrium finite elements and interpolation functions of 
strains (9) are used for discretization of these models. The 
constancy of external power is taken as the optimum 
criterion. The discrete expressions of fundamental 
relationships - equilibrium and geometric equations, yield 
conditions (10)-(12) for finite element and (14)-(17) for 
the discrete model of a body are developed. The discrete 

expressions of yield conditions are given using the classic 
collocation methods: collocation at the point, collocation at 
the sphere (element) and Bubnov-Galiorkin's collocation 
method [11,12]. The equilibrium equations of discrete 
structure are developed on the basis of virtual 
displacement principle while geometrical equations are 
derived using virtual force principle. 

In contrast to the approach of other authors, yield 
conditions and geometrical equations are descnbed not 
only within finite elements, but also at the surfaces between 
elements. That helps to design the dual discrete 
mathematical models of the problems (21)-(26), in which 
the discontinuities of displacement velocities and the 
velocity of energy dissipation in the place of those 
discontinuities are estimated. The mathematical models 
(22), (24), (26), (29) and (32) of kinematic problem 
formulation are developed from sensible static formula
tions by Lagrange's multiplier method. The modified 
mathematical models (27)-(29) are presented. In these 
models the equilibrium equations are eliminated or the 
geometrical equations are transformed into compatJ.ble 
equations of plastic stress velocities, in this way decreasing 
the number of equations and unknown values. 

The dependence of the numerical results (limit load) 
of the frame on the approximation degree of bending 
moments, as well as on the discretization method of yield 
conditions are illustrated. In table 1 the values of limit 
loading parameter F0 and their error of calculation W 0 

(per cent, in comparison with the analytic solution 
F0 = 0,4662M 0 ) are presented. They are given for the flrst 

and second order flnite elements with linear and parabolic 
distnbution of bending moments using different discrete 
yield conditions and a different number of finite elements. 
The numerical result shows, that the discretization of yield 
conditions by Bubnov-Galiorkin's method gives the best 
accuracy and stable solutions. By discretizing yield 
conditions using the point's collocation and collocation at 
the element, the accurancy of numerical results depends 
not only on the number of elements, but also on a more or 
less successful choice of flnite elements net 
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