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DUAL RELATIONS OF LINEAR THIN GENERAL SHELL THEORY

R. Karkauskas

1. Some fundamentals

We use the “classical” shell theory based upon
the Love and Kirchhoff approximate assumption,
that straight lines normal to the middle surface
before deformation remain straight, normal to the
middle surface and unchanged in length after
deformation.

The errors due to this approximation are
negligible for “thin shells” whose wall thickness is
small compared to the “radius of curvature” R,
(h/Ruin £1/20). On the other hand, we know, that for
thin shells the normal stress ¢ is small compared to
other normal stresses. Thus the shell wall is in a
condition of plane stress.

As coordinate lines we will use the “lines of
curvature” of a continuous curved surface such as the
undisplaced middle surface of the shell wall, together
with normals to this surface. These lines of curvature
are defined as lines along which the twist is zero. It is
shown in the theory of continuous surfaces that there
are always at least two such systems of lines, and that
these systems are orthogonal to each other, that is
tangents to two such lines at the point where they
intersect will be at right angles to each other. Fig. 1
shows a point o with the orthogonal lines of curvature
labelled & and @, passing through o. We take the
coordinates of point ¢ as a;, &, and of the points, a, b,
adjacent to o in the directions of increase of a;, a;, as
atda, op and a;, a+da; respectively, as indicated
(Fig. 1). We introduce variable scale factors A,, A,
defined so that 4, da and A.do, are the distances
measured along the curves between o and a and
between o and b; we assume A,, A, to be continuous
functions of @, @ These functions are called
“coefficients of the first quadratic form” of
continuous surfaces. Let the equations of middle

surface be completely described by the expressions:

x=x(a1,a2), y=y(a1,a2), z=z(a1,a2).

Thus for defining 4,, 4, we have:

ay = (81 600)* +(B 1 o) + (@1 B2, "

Ay = () Gen)? +( 1 dy)* +(@ 1 o)

We next erect rectangular coordinate axes x, y, z with

origin at o, taking the x and y axes tangent
respectively to the orthogonal a;, o lines at o, as
shown in Fig. 1. They are fixed axes, because the a;,
a, lines are fixed in the undisplaced middle surface.

0( a, ‘12)

(o, +day)

Fig. 1. Original positions

Similar triads of axes are erected at points a and
b; they are indicated in Fig. 1 by the full straight lines
through a and b. Due to the curvature of the surface
and of the o, o coordinate lines in the surface these
triads will, in general, be rotated relative to the xyz
directions, that is relative to the dotted lines shown in
the figure.

These angles of rotation about the xyz directions
are shown in Fig. 1. We take the rotations of the triad
at a about the xyz directions to be 0, kida, kda
respectively, as shown. Similarly, the triad at b is
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Fig. 2. Total forces and total moments on eclement sides

rotated through the angles da, 0, kud a, about the xyz
directions, as shown. k,, k», k; and &, are assumed to be
continuous functions of @, a having the physical
meanings of a curvature of the surface in the &, &
directions and of the a, a lines in the surface.
Altogether it can be shown ([1]) that:

ky =41 /Ry, ky =4y /Ry,
o Lt 1O
3—_A2 aaz’ ——Al aall

These relations will be found useful.

2. General shell equilibrium equations

The equilibrium equations are found by
considering the equilibrium of an infinitesimal
element of a continuous curved surface, of the
dimensions A.da; and A.da, as illustrated in Fig. 2.
For simplicity, we show only the undisplaced middle
surface of the shell, with all the forces acting on the

clement and the moments about the middle surface.

We define the N's and Ms shown as forces and
moments per unit length of section at the middle
surface. The forces and moments are designated by
two subscripts, the first of them indicates the
direction of the normal to the side on which the
stresses act, and the second the direction of the axis.

The components of the external distributed load
which act on the surface are shown in Fig. 2; F(a, @),
Jj=1, 2,3 is a distributed force per unit area acting in
the positive direction of the axis. To the approxi-
mation which we obtain by using the Love - Kirchhoff
assumption, we can not distinguish between such a
force acting on the upper or lower surface.

The information given in Figs. 1 and 2 can now
be used to write down the six equations of
equilibrium. We need equations of equilibrium of
forces in the o, @, z directions ZFal’ ZF%,

ZFZ =0 and of moments of the forces about axes in

the o, m, z directions, say, through the centre of the
element, ZMa,, ZMaz, ZMZ =0.
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From the above discussion, it is evident that total
forces equilibrium in the o directions requires that:

- Ny \Ayday + Ny yday - Ny Ada, + Ny Ada,
+ N'22Aidalk4da2 - NizAéda2k3dal
— Ny, Aydaykiday — FiAiday dpday = 0.
Using information given in Fig. 2 and Egs. (2) and
dividing by the factor daida, (terms containing more
increments of course being ignored as small

quantities of higher order), the first equation is
presented:

AN AN.
A4 ;a l11)+‘9( 5; 221)+k4A1N22-k3A2N12

- klAZNlZ + I:lAlAz = 0

The second equation is the same as this with
subscripts 1 and 2, 3 and 4 interchanged:

AN AN
4 1 22) + é( ;alu) +k3A2N11 "k4A1N21

- k2A1N22 + AZAIF‘Z =0.
The third equilibrium equation (the most
important of them all, since it represents equilibrium
of forces tending to deform the shell in its weakest
direction, the direction of the small thickness) for the
z direction is:
- Ny, dpday + Ny Ayday — Ny Aidey + Ny, Aday
+ Ny Aqdaykiday + Ny Adagkyday
+ F3A1da1A2da2 =0,
Cancelling da;da, and using information given in
Fig. 2, these can be written in the form:

A A Ny,) N A A4N,)
5&11 502
+ A1A2F3 = 0 .

kiAy Nyy +kg A\ Nyy +

The fourth equation of equilibrium, stating that
the moments of forces about the a, direction up to
zero, becomes:

5(A52aM11) cADM) gy - kdy g
1

—AIAZNIZ =0.

The fifth equation is the same as this with
subscripts 1 and 2, 3 and 4 interchanged:

0'(A1M22) N AAzMu)
1257} ey

+k3Ay My - kq Ay My,

- A2A1N22 = 0

The last equation of equilibrium, of moments
about the z axis, becomes:

ky ky
2 My — 22 My + Ny = Nyg =0,
a, M2~ Mo+ Mo =Ny

This equation is an identity. It will be seen that
as we have the integral expressions of the initial

forces:
0.5h 0.5h
LY Iau l—ﬁz zdz—ﬁ IO’ZI l—ﬁz zdz
A A A A
1 _o.sh 2 2 _0.5h 1

0.5h k 0.5h k
+ Iazl(l—A—lz)dz— J‘O'lz(l——LZsz
-0.5h 1 —0.5h 4,

0.5h
k k
= - 1--Lz|[1--2 )dz:O
I(Uzl 0’12)( AIZJ( y 4 s

~0.5h 2

because 0y; = 015 .

We can now solve for N;, and N,, from the
fourth and fifth equations, which represent
equilibrium of moments about the a; and a

directions. With these modifications and replacing &,
ky, ks ki, by Eqgs.(2), the general shell equilibrium
equations become:
AN AN
_A4aNn) o N,y -2 Nn_ﬁ( 1¥21)
5a1 é’al 602 5a2
L L A4My) 1 ay 1 &

My +———=My,;
Ry Ry dy R, o

L daMy)
Ry Om

=414, F;

AN a a A, N
_—0‘( ala222)+%]vll _%NZI - 4 ;QIIZ)

L AMn) a1
Rz &12 Rz ﬁaz u * R2 5&1 21

1 5(A2M12)
Ry

+ = A1A2F2; (3)
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Table 1. Differential operator of equilibrium equations

a 1 4,
Aa,.) | 22 da, 1 A45-) 14 Ry oo,
e ey _A4y-.) R & Ry ooy 1 A4-..
5(12 Rl 502
. 1 &,
641 o'(Al ) (9(11 _._l_ &11 —Lqu) R2 ﬁal
ﬁaz - 5(12 _dAz) R2 aa2 R2 &2 —l_dA2‘)
5(11 R2 aal
o (1 da)
by \ 4 Gy
o La(AT‘“)J o (1 da-) 5 (1 A
A4y A4, 0 5 (1 at day \ 4y day
R R + 1. (1 &
1 2 s \ 4 G + 1
2 2 2 c?al Al 5a1 —5 A——E.
1 \4
_L(Lé’:’;. ]
Gy \4; G,

_hdy ok O (_1_¢3(A2M11)J

Ry R, 2 a4 o
K] [ 1 0'(A1M21)J Z ( 1 &, )
L\ ANy, 9 1 P,
da\ 4, Jm day \ 4, day
_i(LﬁM )_ g [L‘;(Alez)]
o \4y day ) Gay\d, day
é 1 5(A2M12) g (1 A, )
= - + ———— My
V74 1 A4
- 5 ) - e
2 \4, day

The differences between Ny, and N;, or between
M, and M,, are minor quantities for thin shells and
can be ignored for most purposes. In this case we
would have Ny,= N, and My,= M,,. Then the strained
state of the shell are defined by the six-dimensional
vector-function of forces

- T
S = (N1, Nag, Nig = Ngy, My, My, Myy = M),

These forces are of course in general functions
of both @, and ;.

The load is characterized by the three-
dimensional vector-function of distributed load

F=(F, K, A).

If the vectors S and F are chosen as indicated
above, then the Egs. (3) of a general shell have the
form

[Als=F. )

where [A] is the differential operator of the
equilibrium equations. It is shown in Table 1.

3. General shell geometric equations

The geometric equations, which define the
connection between displacements and deformations,
can be obtained purely formally since the operators of

the equilibrium equations and kinematic
compatibility are adjoints. Thus we have
T
[A] u=q. Q)]
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Table 2. Differential operator of geometric equations

o... M, A4,
Ay — —L... i Gy B
aal aa2 Rl
ﬂ y o.. AyA,
56!1 16612 R2
N o, Gy * G, "Gy
2 2 1 1
1 e _Lah ) _z?_(_l_&} 1 4.
A4, Ry & Ry day T2 Gay\ A, Fay) Ay Bay day
_ Ly Ao W2 (L a...) 1y o
Rl &zl R2 aa2 - lﬁaz A2 ﬁaz _Al 5(11 ﬁal
) a(l a..) ) 5(1 a...j
— 4 - — 4, -
Ao 1 a 4o 1 o\ day) T Gy Ay By
"Rl da, R da, | Rydey Ry oa 14 6. 13
4y day by Ay ey Omy

Here the vector-function u is the dual variable
for the load F, and denotes the displacements. We
designate the components in the a, @, z directions
of the displacements of points in the middle surface
of the shell by u; u; us;, as indicated in the
parentheses after the axis designations in Fig. 2.
These displacements u,, u,, u; are of course in

general functions of both @; and ;. Then the vector
T
u= (ul, Uy, u3) .

The vector-function q is the dual of the vector of
forces S, and denotes the strains. We designate the
components of the strains by Ay, Az, 4z, 111, 122, 212-

The first three terms are the “membrane” strains;
411, Ay are the changes in length of the middle
surface of an infinitesimal element in the a;, o
directions, 4, is the change in the angle between the
sides of element, whose normals were originally in
the a; and a; directions. The last three terms are the
“flexural” strains; }u, Y are the curvatures of the
middle surface in the a;, a, directions, Yy, is the
twist of the surface.

The operator [A]" is the transpose of the
operator of the equation of equilibrium. Altogether
it can be shown ([2]) that:
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5'"+"(f(¢11, az)“i)
saléed

" (f (a1, @)
oay" bory '

if aj; =f(a1, aq)
(6)

then a}; =(-1)"" oo, @)

Using Egs. ( 6 ), we find the operator [A]", given
in Table 2. This information can now be used to write
down the six equations of kinematic compatibility:
LAy wm A
- Al 5&1 AIAZ 5@2 Rl ’

Ay

Ao G 1 3n u3
2= AIAZ ﬁal A2 ﬁaz R2 ’

1 all U d‘ll

AIZ =Zé’az _A1A2 0‘,a2
1 & u, A
— r 2 2 . (78)
Al o"al A1A2 é‘al
- 1 all _ Uy &11 +Ld41 o‘i13
A1 AlRl o”a1 A1A2R2 5&2 A? 501 a"al
-L 52u3 - 1 d41 0’143
A} daf A4} Pay day’
_ u d‘lz 1 &42
A2 =Y AR, Gay, AR, 4
14244 o0y 288y 0@y
1 @y Ay 1 Fuy 1 Ay d,
A3 By day A} sa? A} A, Oay Fey’
1 0111 uy d‘ll 1 alz
A2 = R Gy | AR, day
2Ry Ga; A1 ARy Sa; ARy Jey
+ ll2 dqz + 1 d‘ll 0113
A1A2R2 a"al A12A2 é’al 5(12
1 6%12 313 _ 2 0"2143
A1A22 é‘a2 é’al AIAZ o"alé’az
A,
L o A 1 By A o

+ .
AlA, Gay Bay 4,4} Fay Sy

These are the most general thin shell geometric
equations.

The equations (4) and (5) can be converted to
shells of specific geometric shapes by substituting in
them the corresponding values of the geometrical
functions.

4. Geometric functions

For clarity, we write out the most common way
of defining the parametres a;, o, and the resulting
values of the functions (scale factors) A, A; for the
types of shells of usual practical interest.

Fig. 3 shows the simplest case of a flat plate
using rectangular coordinates a;=x, a,=y, for which
the scale factors 4;=1 and A,=1.

Fig. 3. Flat plate

In Fig 4, using polar coordinates ay=r, a,=0,
the same is true in the radial direction, A;=1. In the
angular direction, a small change dé in the
parameter a;=0 produces an arc length of rd@ =4,

da, giving A>=r.

a (6)

Fig. 4. Axi-rotational plate

Fig. 5 for the right cylindrical shell, using an
angular coordinate, seems equally clear. In this case
a=x, a;=06, A;=1 and A,=R,,

Fig. 6 shows the case of a conical shell, using
distances along the axis x=a,, and rotations about
the axis =, . In the x direction the actual distances
along the middle surface are x/cosy where y is the
cone angle; hence the scale factor A1=1/cosy In the
a,= 0 direction the length of the arc ab is A, day=rdé
=x 1gydf and the scale factor A,=x 1gy.
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Fig. 5. Cylindrical shell

In the case of the axi-rotational shell, shown in
Fig 7, we take the coordinates as two angles, one
angle of latitude ay=¢ , and the second angle of
longitude a,=6. Then the scale factors A;=R; and
A,=r=Rysing. Here R,, R, are the radii of curvatures
in the a;, a» directions.

4 , apexof cone

Fig. 6. Circular cone

Fig. 8 shows a double-curved shell, using
rectangular coordinates, for which the scale factor
A;=1 and A,=1.

a(ptdg 6)

a(p)

/
[ . .
(0, , rotational axis

Fig. 7. Axi-rotational shell

In all these cases, the same resulting values of
scale factors may be given, using the Eqgs. (1). The
equations of middle surface is then found as a
continuous functions of @y, a; For example, in the
case of sphere (see Fig. 7 with R;=R,=R) equations
of middle surface are:

x =Rsinpcos®, y=Rsinpsin®, z=-Rcosp.

Then

A4 = ‘/(Rcoswcos@)2 +(Rcos:psin@)2 +(Rsin;v)2 =R,

Ay = \/(R siansin@)2 +(Rsing cos@)2 = Rsing.
These values are defined in Fig. 7.

Al-da1=dx
a(x+dx, y)

a (x)

Fig. 8. Double-curved (general) shell
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5. Conclusions

Equations (4) and (5) together with Egs. (2)
form the dual relations for general thin shell linear
theory. They, and modifications of them, can be
converted to theories for shells of specific geometric
merely by them the
corresponding values of the geometric functions, such

shapes substituting in

as those discussed previously.
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DUALIOS PRIKLAUSOMYBES TIESINEJE PLONU
APIBENDRINTOS FORMOS KEVALY TEORIJOJE

R. Karkauskas

Santrauka

Straipsnyje naudojant Kirchofo-Liavo hipotezg
ivestos plono apibendrintos formos kevalo elemento
dualios priklausomybés. Jas sudaro diferencialinés
pusiausvyros ir geometrinés lygtys kreivalinijingje
koordinadiy  sistemoje.  Pateiktos  priklausomybiy
kvadratinés formos koeficienty reik§més jvairiose
koordinadiy sistemose, kurios gali biti taikomos
konkrecios formos kevalams skaifiuoti.
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