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,UBOMCTBEHHbiE MATEMATMqECKME MO,UE.JIM JA,UAq PACqETA 
IIPE,UE.JlbHOM HArPY3Kll KOHCTPYKUMM C IIPMMEHEHMEM 
CMEIIIAHHbiX KOHEqHbiX 3JIEMEHTOB 

C. KaJJama 

1. Bae,a:eHHe 

3a,a:a'lll 

KOHCTpy:raurit 

pacqeTa 

06bl'IHO 

npe)J.eJibHOH Harpy3KH 

tPOPMYJIHpy:IOTCH B 

CTaTJ{qCCKOH H KHHCMllTJ{qOCKOH TIOCTaHOBKaX. 

MHoroqacJieHHhle HCCJie,a:oBaHIDI no pacqeTy H 

OillHMH33UHH npe,a:e.JII>HOB HaJ'PY3KH KOHTHffYaJIIr 

HbiX CHCTCM (IIJiaCTU:H, u&moqeK H T .).(.) C 

TipHMcHCHHCM KOHCqffbiX 3JICMCHTOB MOJKHO 

pa3.UcJIHTb Ha .n:Be ocHOBHhle rpynnhl (Ta6JI. 1). K 

TICpBOH rpynne OTHCCCM pa60Thl [1)-[5) H )J.p., B 

KOTOphiX )J,HCKpCTHhiC M3TCM3Tl{qCCKHC MO.llCJIH 

CT3Tl{qCCKO:lt H KHHCM3Tl{qCCKO:li: TIOCT3HOBOK Ja)J,aq 

CTPOHTCH HC33BHCHMO ,a:pyr OT ,a:pyra C npHMeHe­

HHCM COOTBCTCTBCHHO paBHOBCCHhiX H COBMCCTHhiX 

KoHeqHbiX 3JicMeHToB. OHH II03BOJIHIOT onpe.n:eJIHTb 

HIDKHIOIO H BcpXHIOIO OIICHKH napaMerpa npe.n:eJib­

HO:lt HarpYJKH ( 3a).(aql{ OillHMH3311HH HarpYJKH HC 

paccMarpHBaiOTCH). BoJMOJKHhle pa3ph1Bhl <PYHK­

IIH:lt CKOpOCTCH nepeMCIIICHHH B TIOBCpXHOCTHX 

TIJI3CTJ{qCCKOI'O pa3pymeHHH KOHCrpyKIIHH yqHTbi­

BaiOTCH TOJibKO B KHHCM3Tl{qCCKOH TIOCT3HOBKC 

Ja)J,aq. llpH 3TOM KHHCM3Tl{qCCKaH <l;>opMyJIHpOBKa 

Ja).(aq pacqeTa TipC.UCJibHOH Harpy3KH TIJI3CTHHOK H 

o6oJioqeK npe.n:CTaBJIHeT co6o:H Ja.Uaqy HCBhlli)'K­

Jioro nporpaMMHpoBaHHH. B pa6oTax BTopo:lt 

rpyniihl ([6)-(9) H .Up.) TipHMCHHIOTCH paBHOBCCHhiC 

KOHCqHhiC 3JICMCHThl H CrpOHTCH MO).(CJIH CTaTaqec­

KHX nocTaHOBOK 3a,a:aq. PaccMarpHBaiOTcH He 

TOJibKO Ja,a:aqn onpe,a:eJieHHH napaMerpa npe.n:eJib­

rro:H Harpy3KH, HO n Ja.n:aqa omnMn3aiiHH. 

MeTo.n:oM MHO)KJITeJie:H Jlarpa'"'"'" •una TIOJiyqaiOTCH 

.UBOHCTBCHHbiC KHHCM3Tl{qCCKHC TIOCTaHOBKH. 

3.n:ecb o6e TIOCTaHOBKH HB.IUIIOTCH 3a).(aqaMH Bblli)'K­

JIOI'O nporpaMMIIpOB3HHH H TIOJBOJIHIOT onpe).(CJIHTb 

HUJKHIOIO OIICHKY npe,a:eJibHo:H HarppKH. O,a:HaKo B 

HHX 06bl'IHO He MO).(CJIHpy:IOTCH 

BO.:iMOJKHbiX pa3phiBOB CKOpOCTeif 

(TIOBepXHOCTH TIJiaCTuqecKOI'O 

TIOBepXHOCTII 

IIepeMCIIIeHH:li: 

pa3pymeHHH). 

llo:HOM)' T3KHC IIOCTaHOBKH 3a).(aq HC MOryi' C 

.IJ:OCT3TO'IHOH TOqHOCTbiO MO).(CJIHpOBaTb .IJ:CHCTBII­

TCJibHOC TIOBC).(CHIIC ynpyro-IIJiaCTifqCCKHX TIJiaCTH­

HOK II o60JIOqeK, TIJiaCTJ{qCCKOC pa3pymeHHC 

KOTOpbiX 06bl'IHO IIpOIICXO.IJ:HT II3·3a o6pa30BaHHH 

TIOBCpXHOCTCH COCpC.UOTOqCHHhiX TIJiaCTifqCCKHX 

.ae<l;>opMaiiUH, B KOTOpbiX IIMCIOT MCCTO pa3ph1Bhl 

<f;>YHKIIH:li: CKOpOCTeH rrepeMCIIICHuH II .llHCCIIIIaiiHH 

:meprnii. HaMII npecJie.ayeTCH IICJib, IICTIOJib3YH 

TCXffHKY paBHOBCCHbiX II COBMCCTHbiX KOHCqffbiX 

3JICMCHTOB, pa3pa60T3Tb )J,BOHCTBCHHbiC napbl 

MaTeMaTuqecKHX MO.llCJICH 33.l{aq aHaJIII33 H 

OilliiMII3311HII npe.l{CJibHOH Harpy3KH, B KOTOpbiX 

yqHTbiB3./IUCb 6bl pa3pb1Bbl <f;>YHKIIIIH CKOpOCTCH 

nepCMCIIICHHH II CKOpOCTb .llHCCHTiaiiHH 3HCprHH B 

TIJI3CTifqCCKHX IIOBCpXHOCTHX KOHC'IHbiX 3JICMCHTOB 

(Ta6JI. 1, rpynna III). L{BoifcTBCHHble napbi Mo.ae­

JieH: Ha OCHOBe paBHOBCCHhiX 3JICMCHTOB ~e 

TIOCTPOCHbl B [10). B HaCTOHIIICH CT3TbC C IICTIOJib-

30B3HHCM COBMCCTHhiX KOHeqHhiX 3.TICMCHTOB II 

IICCJIC)J,OBaHH:li: (10), (11) CrpOHTCH aJibTCpHaTUBHbiC 

.llBOHCTBCHHhiC M3TCM3TifqCCKHC MO)J,CJIU Ja,a:aq. 

Ta6mn~a 1. OcHoBHbie BH.IU>I 3a,n:aq rrpe.n:e.'lbHOH Harpy3Kll 
Table 1. Main types of limit load analysis problems 

D ocraHOBKH no 

• 43. 



2. 06UJ,He B3pH3UHOHHble DOCT3HOBKH 33,ll3'1 

PaccMaTpnBaeTcH xecTKOIL'Iacnr<IecKoe TeJio 

(o6o6IUCHHaH MO,llCJih KOHcTpyKIJJIII) Ja,llaHHoro 

06'hC~fa V IIpli II3BCCTHbiX ycJIOBIDIX OIIIIpaHIIH II 

<l>YHKUIIII C(x) rrapaMeTpa TCKyqecTn MaTepna;'la. 

Ha rroBepxHocTn Sr TeJia pacrrpe,lleJieHa BHCUIHIDI 

Harpy1Ka F( X), a Ha .ll,pY'fOll qacTII ero IIOBCpXHOCTJI 

sll Ja}laHhl rrepeMCillCHIIH ia(x) = 0. Orrpe.ll,emiiOTCH 

HaiipHXCHHO-JJ:C$OpMIIpOB3HHOC COCTOHHUC (H)lC) 

n rrapa.weTp F0 nmi omnMaJihHOe pacrrpeneJieHIIe 

HarpyJKil, OTBC'IaiOIII,UC IIpCJJ:C;'lbHOMY COCTOHHIIIO 

TCJia, B03HIIKaiOIII,CMY 113-33 IIC'ICpiiaHIIH em 

npoqnocTu. TeJio paJ.ll,eJureTcH Ha s KOHC'IHhiX 

3JICMClfi'OB o6neMa vko k E0C. Hll.C k-ro 

3JICMCHTa OIIliChlBaCTCH BCKTOP-tPYHKUIIHMU HaiipH­

XCHIIH a k(X), CKOpOCTeif. rrepeMCIII,CHIIH iak(X) II 

.ll,e¢opMaunii E dx) . <DYHKI~IIII HarrpiDKeHnii II cKo-

pocTeii IICpCMCIII,CHIIH, OTHOCHIII,IICCH K CMCXHhlM 

KOHC'IHhlM 3JICMCHTaM, paJ)J,CJICHHhlM IIOBCpX­

HOCTbiO S1 , o6oJHa'IaiOTCH JHaKaMII " + " II " - ". 

flycTh HoMepa t = 1,2, ... ,z rroBepxHocTeii S1 

KOHC'IHbiX 3JICMCHTOB o6pa3YJOT MHOXCCTBO 

cff =&;U r:YJfU c&;;, I',llC rffy - MHOXCCTBO HOMepoB 

BJIYTpCHHIIX MCX3JICMCHTHbiX IIOBCpXHOCTCH; d3j -

~fHOXCCTBO HOMCpOB rpaHH'IHbiX, IIpiiHa)J,JICJKalli,HX 

Sf, 110BCpXHOCTeli 3JICMCHTOB; ~ - MHOXCCTBO 

HOMCpOB rpaHlf'IHbiX llOBCpXHOCTCll Sut . flycTb 

rJ/; =rJl;U rJ'Jf. 

MaTeMaTif'ICCKIIe MO.ll,eJm Ja)J,a'I aHa;'IIIJa II 

OillUMIIJal(llU npe.ll,CJlbHOH Harpy3KII CTpOHTC.SI Ha 

OCHOBC OIIpC.ll,CJICHIIH CTaUIIOHapHOH 

( CCJIJIOBOH) TO'IKII COOTBCTCTBYJOIII,HX CMCill3HHbiX 

tPYHKIUfOHaJIOB. 3TJI tPYHKUIIOHaJihl IIOJI)''IaiOTCH 

rrpeo6pa30B3HIIC2\I npeJJ:CTaBJICHI-IbiX B (lQj MaTCMa­

Tlf'ICCKIIX MO)J,CJICll CTaTH'ICCKOH IIOCT3HOBKII Ja)J,a'I 

C 1ICIIO.'Ib30B3HIICM MCTO)J,a MHOXIITCJICH JlarpaHJKa. 

l1TaK, JaJiaqa pacqeTa napaMeTPa rrpeJICJihHOH 

narpyJKII rrpn JaJiannoM JaKone pacrrpe.ll,eJiemrn 

F(x) =roll(x) rrpe.ll,cTaBJI.SieTcH Ja)J,a'Ieil cTarriionap-

1-IOCTII: 

~ =L f ar(x)[c4f iak(x)dVk + 
k v, 

+I f{p~(x)r{.:.r(x)-ia~(x)}ds1 + 
I EcJT, 51-

- I f{pj (x)} T ui (x) dSt + (2a) 
tec;T, s,+ 

+L fi~(x){ro(ck(x>)- r(ak(x))}dvk + 
kV; 

+ I f{i~(x)}T {ror(c;(x))-rt(P~(x))}dsr + 
teff. s; 

3necb F0 - napaMeTP rrpe.ll,eJibHOH narpyJKH; [ cr4f 

- onepaTop .ll,II¢¢epenuuaJibHhiX reoMC'fPH'ICCKIIX 

ypaBneniiii: p 1 ( x), ia 1 (x)- BCKTOphl narrpiDKeHIIH II 

CKOpOCTCH nepeMCIII,CHIIH 1-H IIOBCpXHOCTII pa3)J,CJia 

KOHC'IHbiX 3JICMCHTOB; f(adx)), ft(Pt(x)) - tPYJIK­

Uifii TCKyqCCTH B 06'hCMC Vk II Ha 110BCpXHOCTII Sf 

KOHC'IHOI'O 3JICMClfra; ik(x), i 1 (x)- MHOXHTCJill 

JaKOHa IIJiaCTJf'ICCKOI'O TC'ICHIIH. 

3a)J,a<Ja OillliMII33I(llH HarpyJKH IIpll 3a.ll,aHHOM 

Kpinepnu omiiMaJihHOCTH <p = I f TT (x)F1 (x)dS 1 
t<=iJf s,, 

TaKXe ~IOXCT 6hl'Ib IIpCJICTaBJICHa Ja)J,a'ICH CTUUIIO­

napHOCTU tPYHKUUOI-IaJia ( 10) 

~=~+ I fFnx){T1(x)-ia1(x)+v1(x)}dS1 ,(3) 
te:Jis1, 

I')J,C MHOXHTCJib V t (x) ~ 0. Y CJIOBHC CTUUIIOI-IapHOCTII 

3THX tPYHKI(IIOI-IaJIOB ITO CT3TH'ICCKIIM nepeMCHI-IhlM 

a k (x), p ~ (x), p f (x) U f(1 IIJUI F1 (X) IIpHBO)J,HT K 

CJIC.ll,YJOIII,CH ClfCTCMC ypaBHCHHH: 

-[vr(ak(x))r ik(x)+[cc:tY .:.k(x)=o EVkok EG'X; 

-[vr1 (p~(x))r i~(x)+ia 1 (x)-ia~(x)=o ES; ,t Ecffv; 

-[vrt(Pi<x>)r i~(x)+ut(x)-ui(x)=o Es: ,r E~; 

-[vrr(Pi(x))r i~(x) -uj(x)=O ES111 , r E~; 
ik(x);:::o EVko i~(x)~o ES;, ii(xho ESi. 

(4a) 
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t~Juf(x}!lt(x)dS=l I ut(xhTt(x)ESft. (5) 

3JJ.CCb (v~crk(x))], (vrt(Pt(x))] - MaTpHUhi I'pa,li.HCH­

TOB ycJIOBHH TeK)"'eCTH; Tr(x)- BeKTOP-<l>YHI<:UIDJ: 

BCCOBhlX K034>4>HUHCHTOB KpHTepiDJ: OllTHMaJibHOC­

TH Harpy3KH. CHcTeMa ypaBHeHHii ( 4a) rrpeJJ.CTaB­

JUieT co6oii JJ.H<l><PepeHUHaJibHhle reoMeTpWiecKHe 

ypaBHCHIDl KOHC'IHhlX 3JICMCHTOB, KHHCMaTWICCKHe 

YCJIOBIDJ: COIIpiDKeHIDJ: 3JICMCHTOB H KHHCMaTWICC­

KHC rpaHWIHhle ycJIOBIDl Ha IIOBepXHOCTH S11 • 0Ha 

OIIHChiBaeT 06JiaCTb KHHCMaTWICCKH B03MO)I{IIh!X 

pacrrpe.neJieHHii cKopocreii rrepeMemeHHii, a 

YCJIOBHe ( 5) rrpe,li.CTaBJUieT co6oif HOpMaJIH3aUHOH­

HOe orpaHWICHHC CKDpOCTCH rrepeMCIUCHHH H 

MOIUHOCTH Harpy3KH J1.JU1 O,li.HOIIapaMCTpWICCKOH H 

OllTHMH3aUHOHHOH 3a,ll.a'l COOTBCTCTBCHHO. 

PaBeHCTBO B orpaHWieHIDIX (5) OTHOCHTCH K OJJ.HO­

rrapaMeTpWiecKoii 3a)l.a'le, a HepaBeHCTBO - K 3a,ll.a'le 

OllTHMH3aUHH. 3aBHCHMOCTH (4a), (5) OIIpC,li.CJUIIOT 

o6JiaCTb KHHeMaTWICCKH JJ.OrryCTHMhlX <l>YHKUHif 

CKopocreii rrepeMeiUeHHH. 

B CJI)"'ae KHHeMaTWiecKH JJ.orrycTHMhlX cKopoc­

reii rrepeMemeHHii <PYHKUHOHaJihi ~ H ~ Bhlpa-

:lKaiOT CKOpOCTb ,I(HCCHIIaUHH 3Hepnm KOHC'IH0-

3JICMCHTHOH MO)I.CJIH. flo3TOMY 3a,ll.a'IH CTaUHOHap­

HOCTH (1) H (3) MOryr 6hiTb rrpeo6pa30BaHhi B 

Ja)l.aqy MHHHMHJaUJIH 

'~ = L f~~(x)[V'~crdx>)]crk(x)dVk + 
kE<2K vk 

+ L f {~~(x)f [vrt(P~(x>)]p~(x)dSt + 
t~S, 

+ L f {~i(x)} T (vrt(Pi(x>)]Pi(x)dSt + (6a) 
tafT s, 

+ L f ~~(x){ro(Ck(x))- r(cr dx>)}dvk + 
kE<2K vk 

+ L f {~~(x)}T {rot(C/(x))-rt(P~(x))}dst + 
teff., S, 

+ L f {~i(x)}T {ror(Ci(x))-rt(Pi(x))}dst =>min 
tafT s, 

rrpu ycJIOBIDIX (4a), (5). 

EcJiu Ha rroBepxHOCTH S t Harpy3Ka He 

pacrrpe,ll.eJieHa, ro Pi ( x) = -p~ ( x) = Pt (x). flo3TOMY 

B TCX CJI)"'a.SIX, KOf,ll.a Ha IIOBepXHOCTHX COIIpiDKCHIDl 

KOHC'IHhlX 3JICMCHTOB HarpyJKa He IIpiiJIO)I(CHa, 

BhlpaxeHne (2a) ueJiecoo6pa3HO JaMeHHTh CJJ.CJJ.YIO­

IUIIM 6oJiee rrpocThiM BhlpaxeHneM: 

~ = L fa I (x)[01f uk (x)dVk + 
k62X' vk 

+ L f{pt(x)V{u~(x)-uj(x)}dSt+ 
t~s, 

+ 2: f{p,<x>V {ut(x)-ui<x>}dsr-
tECffj s, 

- 2: f{Pr(x>V ui(x)ds, + 
t edT,. s, 

+L f~~(x){ro(Ck(x))- ~crk(x>)}dvk + 
k vk 

+ L s~r(x){fot(ct(x))-rr(Pt(x))}dst. 
t~s, 

(26) 

Tor..ua ceMOBaH TO'IKa <PYHKUIIOHaJIOB ~ u ~ 

orrpe,ll.eJUICTCH CIICTCMOH ypaBHCHIIH 

-[vr(crk(x))r ~k(x)+ [01f uk(x)=o EVk!k E<2X; 

-[vrt(Pr(x))r ~r(x)+u((x)-ui(x)=o ESt, tEo~; 

-[vrt(Pr(x))r j_r(x)+ ut(x)-u7(x)=O ESt, t Edlj; 

-[vrt(Pt(x))r ~r(x) -u7(x)=o ES11(! t E<ffu; 

~k(x)~o EVk, j_t(x)~o ESt, t E,ff; (46) 

L f uT (xhlt (x)dS = 1 HJIII Dr (xh Tt (x) ES ft' (5) 
tedJ{ s, 

3KBIIBaJieHTHoii cHcTeMe (4a), (5). B 3TOM cJI)"'ae 

3a,ll.a'IJI CTaUHOHapHOCTU (1), (3) U Ja,ll.a'la MIIHH­

MH3aUHH (6a) rrpeo6pa3YIOTCH B Ja,ll.aqy 

'~ = L f f}~(x)[vr(crk(x))]crk(x)dVk + 
k62X' vk 

+ 2: f j,r (x)[vr,(Pr<x>)]p1(x)dS1 + 
tafT s, 

+ L f j_t(x){ro(Ck(x))- r(crk(x>)}dvk + 
kE<2K vk 

(66) 

+ L f ~r (x){rot(ct(x))- rr(P1(x>)}dst =>min 
tafT s, 

rrpH ycJIOBIDIX (46), (5). TpH rrepBhlX '!JICHa 

<PYHKUHOHaJia ~ , a TaKXe JJ.Ba rrepBhlX 'IJieHa 

<l>YHKUHOHaJia '9iJ2 Bhlpa:lKaiOT CKOpOCTb ,li.HCCHIIa­

UHH 3HeprnH B 06beMe KOHC'IHhlX 3JICMCHTOB II B 

MC)I(3JICMCHTHhlX IIOBepXHOCTHX, a OCTaJibHhle 

'IJICHhl ,li.JUI OIITHMa)IbHOfO pemeHIDJ: Ja)l,a'l (6) 

paBHhi fiYJIIO. fl03TOMY Ja)l.a'III (6) OTBC'IaiOT 
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KHHeMaTnqecKoil TeopeMe rrpenenbHOH Harpy3KH o 

MIIHIIMYMe CKOpOCTII niiCCIIITaU:IIII :mepriiii [ 12 j, 

[13]. Korna BHemHIDI Harpy3Ka pacrrpeneneHa jUiillb 

Ha HeKOTOphlX IIOBepXHOCTHX COITpiDKeHIDI KOHeq­

HhlX clJ'leMeHTOB, MO)I{HO ITpiiMeiUfrb rn6pMHhle 

¢YHKUIIOHa.Jihl u YC-'IOBIDI corrpiDKeHIDI: nJUI 

3arp)')KeHHhlX IIOBepXHOCTell - 3aBIICIIMOCTII (2a), 

(4a), a nm1 ocTa-'IhHhlX- (26), (46). 

3. )J:HCKpeTHbiC MaTCMaTH'ICCKHC MOnCJIH 

KHHCMaTH'ICCKOH UOCTaHOBKH 3a.r.a'l 

Ll,Jrn. niicKpeTu3au:nu 1anaq (1), ( 3) unu ( 6) 

ITpiiMeiUIIOTCH CMelllaHHhle KOHeqHhle 3JieMeHThl. 

Bbl6upaiOTCH umeprroJUIU:IIOHHhle ¢YHKUHII 

cr k (x) = [ H k (x)] cr k, 

').._ k (x) = [ H IJc (x)] ').._ k, 

uk (x) = [H uk (x)) uk, 

C k (x) = [ H Ok (x)] C k ; 

Pt (x) = [Hr (x)]Pr; 
').._ 1 (x) = [ H 1.1 (x)] ').._ 1 ; 

tl 1 (x) =[Hut (x)] U1 ; 

F1 (x) = [H ft (x)] F1 • 

(7) 

3necb cr k, u k, A. k, C k - BeKTophl HarrpiDKeHnil, 

cKopocTeil rrepeMemeHnil, ITJiacTnqecKIIX MHO)IGITe­

.1eil u rrapaMeTpoB Te~ecTn y1J'IOBhlX ToqeK k-ro 
3J1eMema. <l>yHmnu cr k( x) u u k (x) noJI)I{Hhl 6b1Tb 

IIOCTpOeHhl TaK, ~06hl IIpli paBeHCTBe o6o6meH­

HhlX y3c10BhlX rrepeMemeHnil u k 1f HarrpiDKeHnil 

cr k CMe)I{HhlX KOHeqHhlX 3J'leMeHTOB C06J'IIOnfu'laCb 

Hepa3pbiBHOCTb ¢YHKUIIM (7) If npyrne Tpe6oBaHIDI 

cxonuMocni [14]. 

OocJie rroncTaHOBKH ¢YHKUIIH (7) 3anaqn (1), 

( 3) IIOJ~aiOT CJienYIOIUIIH nucKpeTHhlll BAA: 

a) onHorrapaMeTpnqecKaH 1anaqa -

~td = Iar[Ak r uk + L {PI} r[Ar r (or -til)+ 
kwr 1eff,; 

+ I{Pt}r[Arf(u~-ui)- I{Pt}r[Arfut+ 
I 8'3;" t edJ;; 

+ Ij_I{rok(ck)-rk(crk)}+ 
ke2X: 

+ I{j_~r{rot(cl)-rr(PI)}+ (&) 
teo.J. 

=a;,~ +F0 -F0 L u~'Tlt ~stac; 
te:JT, . 

6) 1anaqa omnMu3au:uu Harpy3KH-

~" = ~" + L FF {T1 -[V1 ]u1 +v1 } ~stac; 
tery; (9) 

A. k :2: 0, A.~ :2: o, ').._ ~ :2: 0. 

3necb BeKTOphl KpiiTepiDI OillHMaJ1bHOCTlf H 

pacrrpeneJieHIDI Harpy3KH 

T1 = f[Htt(x)r T1 (x)dS10 v1 = f[Htt(x)r v1 (x)dS10 
sr, s., 

'Tlt = f[Hu1(x))T 11 1(x)dS1 , 

sf! 
(10) 

a TaiOKe ¢YHKUIIH Te~eCTlf KOHeqHoro 3JieMema 

t'ok(ck) = f[HIJc(x)r fo(ck(x))dVko 
v, 

(11) 
rt(Pr)= f[H/.J(x)r rr(Pr(x))dso 

s, 

t'ot(cr)= f[H/.J(x)r t'ot(cr(x))dst. 
s, 

[Akr = f [Hk<x>r [d]f [Huk<x>)dvk, 
vk 

[A~r = f [H~(x)f [Hza<x))dsr, 02) 
s, 

[vt] = f [ H tt<x)r [H~~~<x>) dst. 
s, 

J1CIIOJib3YH 3aBIIClfMOCTb (26), MO)I{HO IIOCTpOlfTb 

BTOpoe - COKpameHHOe Bhlpa:lKeHUe QlYHKUIIOHaJia 

Q~d = Icrr[Akr uk + L pT(At r (til- ut) + 
k eX I e:J. 

, r[ )r(. . +) , r[ )r . + + .L..Pt At ut -ut - .L..Pr At Ur + 
t EdT, t a»;; 

(13) 

+I ')._I {rok(cd- rk(cr k)} +I').._~ {rot(ct )- rt(Pt )} 
k I 

II COOTBeTCTBeHHO rrpeo6pa30BaTb ¢YHKUIIOHaJihl 

d#u, ~<i. 3TII COKpameHHhle Bhlpa:lKeHIDI MO)I{HO 

liCIT0;1b30BaTb B TeX CJ~aHX, Korna Ha IIOBepXHOC­

THX COITpiDKeHIUI KOHeqHhlX 'UeMeiiTOB Harpy1Ka He 

npu-'Io:lKeHa. 

YcJioBne cTau:uoHapHOCTII ¢YHKUIIOHaJia d#u 

UJ1II cYPM no rrepeMeHHhlM cr k u PI, Pt, Fo unu 
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ITOJBOJUieT ,llMCKpeTHhle 

BnrpaJKemrn reoMeTpiPiecKMX ypaBHeHu:it KOHeqm,rx 

3JieMeHTOB 

YCIOBUH COBMeCTHOCTU CKOpOCTeH nepeMern:eHm':f 

Me)l{)ly 3,1eMeHTaMII 

-[vrt(P~W )..~ +[A~t(u~ -u;-)=o, 

-[vrt(Pi)t )..7 +[A~t(ur -ui)=o, 

JI.:1JI 

KUHeMaTIPICCKIIX rpaHJiqHhlX yc.10BMH 

-[vrt(Pi)r j_;- [Atr Uf =0, j_; 20, t E~ 
.11 YCJIOBMli HOpMlL'IJIJaiiMM 

I u~11 1 = 1 IL'In T1 +v1 -[v1]uft =0, v1 20. 
teff · 

06De,UMHIDI li ITpMHMMaH MX Ja npe,UBapMTCJibHhle 

yc.10BHH, Ja)laqu onpe,Ue~'IeHUH cTaiiUoHapHoit 

TOqKJI <l>YHKIIMOHfu'IOB #td li ~d npeo6pa3YJOTCH 

B C,'IC,llYJOIIIIIC Ja)laqn MJIHJIMUJaiiUJI: 

a) Ja,Uaqa onpe,Ue.'IeHUH napaMeTPa npe)le,'IbHOH 

HarpyJKU-

qj; = j_~ [ V'fcr (cr)] cr + j_~ [ V'fp (p)]p + 

+ j_~ { focr (C)- fcr (cr )} + j_~ {rop (C)- f P (p)} =>min 

npn yc.1oBIDLX (14) 

-[vrcr(cr)f j_cr +[Acrf'u=O, Acr 20, 

- [ V'f p (p) r j_ p + [A p r ii = 0, A P 2 0, ii T 11 = 1; 

6) Ja,Uaqa omnMHJaunn HarpyJKII-

Haihu ~=>min 

npu yc~'IOBiffiX (15) 

-[vrcr(cr)f' j_cr +[Acrf ii=O, Acr 20, 

- [ V'f p (p) r j_ p + [A P r u = 0, A P 2 0, [V)u 2 T. 

3)leCb [A cr ] , [ V'fcr ( cr)] , [ V'f P (p)] - lL'Ire6paiPieCKUe 

MaTpiiiihl, ,lliiaroHaJ1bHhlMI1 6,10KaMII KOTOphlX 

HBJUIIOTCH MaTpl:I.IIhl [Ad, [ V'f k ( cr k)], [ Y'f1 (p t)] · 

MaTpnua [ Acr r = [ [ Acr r' [o] J no.~aeTCH )lo6aB-

T 
neHMeM ffYJICBhlX CTOJI6IIOB K MaTPMIIC [ Acr] . 
BeKTopnr cr, A cocTOHT ID coBOKYITHOCTII BeKTopoB 

cr k, A k , k = 1, 2, ••• , s. CocTaBJUIJOIUJIMn BeKTopoB 

p, A p , U HR'IHIOTCH BCKTOphl p ~ , p f, j_ ~, j_ 7 .11 

Db Dt COOTBCTCTBCHHO. 

HeuJBecTHhlMJI B Ja,Uaqax (14) u (15) 

HBAAIOTCH BCKTOphl HanpHJKeHJIH, CKOpOCTCH 

nepeMCIUCHMI'i .11 ITJiaCTJiqCCKIIX MHOJKIITCJICH. 

O,UHaKo BeKTop u MOJKHO ncKJIJOqMTh nJ qncna 

OCHOBHhlX HCHJBCCTHhlX. BBO,lll:I.M BCKTOphl 

a= {cr, pr' j_ = {j_cr' j_ p r' f(cr)= {rcr (cr), fp (p)r' 
fo(C) = {rocr (C), fop (c)r. Tor,Ua reOMCTPJiqCCKUe 

ypaBHCHIUl MOJKHO npe,llCTaBMTb O,llHUM MaTPuqHhlM 

ypaBHCHJieM 

(16) 

n Ja,Uaqn (14), (15) JanncaTb B coKparn:eHHOM mme: 

HaHTH 

npu ycJ10BIUIX (17) 

- [ V'f(cr)f j_ + [A]T u = 0, A 2 0, 

ur 11 =1 j [v]u2T. 

3)lCCb .1CBOe yc,'IOBUe HOpMamnauun OTHOCIITCH K 

O,llHOITapaMCTPIPICCKOll Ja)laqe, a npaBOe - K Ja.ll.aqe 

omnMnJaunu. MaTpnunr 

Bnr6npaH 6aJHCHYJO MaTpncy [A l r' ypaBHe­

HIIe (16) JalliiChlBaeM B BII)le ,llByx ypaBHCHIIH: 

-[vrl(a)r j_ + [Alr u=o, 

-[vr2(a)f j_ + [A2fu=o. 

Perneune nepBoro ypaBHemrn 

(18) 
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IIO)J,CTaB.JUICTCH BO BTOpoe ypaBHCHHC. flo.rryqaeTCH 

ypaBHCIIHC COBMCCTHOCTH .ne<}>opMaU:HM 

[B(a)]j_ = o, (19) 

r.ne [B(cr)]= [A2f[Bu(cr)]-[vr2 (cr)f. 

C )"'CTOM JaBHCHMOCTCJI (18) II (19) MaTCMaTlf'!CC­

KaH MO)J,CJlb KllHCMaTifl!CCKOM IIOCTaHOBKll Ja)J,aq 

( 17) MOJUiqHIU:llpyeTCH K BII.ny: 

naihn 

rrpu ycJiomrn.-x (20) 

[ B(cr)] j_ = o, A. ~ o, 

j_T[Bu(a)f 11=1 [Vl[Bu(cr)]~~T. 

-· .. PellleHIICM 1a.naqu (20) HR.'UIIOTCH neKTopnr cr , A. .. 
n nemfl!nHa cKopocni .nuccnrrau:nu 3Heprnu ·Q; • 

3aBUCUMOCTb ( 18) II03BOJUICT UCKJIJOqJffb CKOpOCTU 

IICpCMCil~CHUM IIJ lfliCJia OCHOBHhlX HCIIJBCCTHhlX U 

OIIpe.ne;HITb BCKTOp U IIOCJIC pClliCHUH 3a,naqu (20). 

B qacTIIhlX c.rry<mHX ycJionui'I TCKyqCCTU 

rroHRJUIK1TCH u .npyrne B03MO)Kf[OCTII YMCHnllleHUH 

qnc,la ocnoBIIhlX HCII3BCCTIIhlX. HarrpnMep, B 

CJiyqae JIJUICMlihlX ycJIOBIIM TCKyqCCTII 

r(cr) = [ <t>] a~ C 0 = r0 ( c) 

MaTCMaTlf'!CCIGIC MO)J,C;lll (17) U (20) IIpllliUMaiOT 

C.1C.liYJOlUllH BILIT: 

a) nafrrn 
T. 

C 0 A.=> min 

rrpn yC;lOBII.SIX 

-[<Dfj_+[Afu=O, A.~O, 

itT 11 = 1 [vj it~ T; 

Ilpll YCJIOBIULX 

r.ue 

[Bh=O, 

"T[ ]T A. B 11 11 = 1 

A.~ 0, 

liCIIJBCCTHhlM HB;1HCTCH Jllllllb JlCKTOp 

HJiaCTlfl!CCIGIX MHOJKliTCJICM, a MaTplil{hl 

B c:ry<rae :mnennhlX ycJionn:H TCKyqCCTH 

,UOCTaToqno 3a)J,aTb IHITCpiiOJIHU:UOliHhlC <}>ynKUllll 

JIIflllb )(JIH CKOpOC"fCM rrepeMClliCiflfJI, IIJiaCTifl!CCKIIX 

MHO)KJITC;1CM ll pacrrpe,UCJICIIHOM Harpy3Kll, T.C. 

IIpliMCHHTb TeOMCTPII'ICCKlf COBMCCTHhlC KOHCqlihlC 

3JlCMCHThl. 

4 . .IJ:HCKpeTHbiC M8TeM8TH'ICCKHe MO.li;CJIH CT8TH'ICCKOH 

DOCT8HOBKH 38)1,8'1 

C liCil0;1b30BaHIICM MCTO,Ua MHO)KJITCJICM 

Jiarpanxa K1JliCMaTlf'!CCIGIC IIOCTaHOBKll Ja,naq 

MOryT 6!flb rrpeo6pa30BaHhl B .li;BOMCTBCHHhlC K 

HIIM CTaTlf'!CCKJIC IIOCTaHOBKll. 

3aoa'ta onpeiJeJleHufl napaMempa HaepYJKU Fo • . 

Opeo6pa3onanHeM (14) rro.rryqaeTCSI 

nafuu F0 =>max 

rrpu ycJiomrnx (21) 

fcr(crh foa(C), fp(P)~ fop(C), 

-[ A0 ] <r - [A P] p + o/o = 0. 

C yqeToM rrpHHHThlX nnrme o6o1naqemm ona 

Tpanc<}>opMnpyeTCH B 1a,naqy: 

F0 =>max 

Ilpll yc.'IOBII.SIX (22) 

r(crhr0 (c), -[A]a +11ro =O, 

KOTopaH .nno:HcTBCHHa 1a,naqe (17). Orpanlf'!emrn­

nepaneHCTBa B yc;lOBirnx ·m.uaq (21) u (22) 

IIpC.li;CTaBJIHIOT C060M ycJIOBUH TCKyqCCTll, a 

paBCHCTBa - ypaBHCHilli paBHOBCCilli )J,IICKpCTHOM 

MO,UCJIII KOHCTpyKI.(llli. BMCCTC OHII OIIpC.liCJIHIOT 

MHOJKCCTBO CTaTlfl!CCKll ,UOITyCTIIMhlX BCKTOpOB 

narrpSIJKemm cr. TaKJIM o6pa30M, Ja,naqn (21), (22) 

oTncqaiOT InnecTno:H TeopcMe A fno3.nena o 

MHO)KJITC:re IIpC)J,CJibHOM Harpy1Kll. 

J1CIIOJib3YSI pelliCHIIC ypaBHCHIIM pamiOBCCUH 

MO)Kf£0 UCKJIJOqlf'Ib 6a1UCHhlC JiaiipSIJKCHUH <r !· 

3.uecn [ B t], [ B2 ] - MaTpHU:hl 'IaCTnoro 11 o6mcro 

pememr:H ypannemr:H pannonecUH [15]. Tor.~~;a 

IIOJry<IaCTCH Ja,naqa: 
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naifru 

Fo=>max IIPHYCJIOBII.IIX r(crz,Fo):::;ro(C). (23) 

:~Ta MO,L(C.'Ib ,L(BOJICTBCHHa '3aJJ;aqe (20) II TaiOKC 

MO)KCT 6biTb IIOJJY"ICJia rrpeo6pa30BaHHCM IIOCJIC,L(­

HCH rrpn IIOMOIUII MCTO)la MHO)KIITCJICH JlarpaJI)Ka. 

3aaa'ta onmw~tuJat(Ull Ha?pJ'3Kll. Pe3yJioTaToM 

rrpnMeneumi rrpeo6pa3oBaHHH JlarpaJI)Ka K Ja.n:aqaM 

(15), (17) II (20) HB.JUIIOTCH CJIC,UYJOIUIIC MaTCM3Tll­

qecKHC MO.IJ:CJUI CTaTifl.ICCKOii IIOCTaHOBKll 3a,Uaqn 

0 IITllMII3a UHll Harpy3KII: 

a) uaihn TTF=>max 

rrpn ycJIOBmiX (24) 

fcr(crhfocr(C), fP(p)sfop(C), 

-[Acr]cr- [AP ]p+[VfF=O, 1<';:::0; 

6) naihn TTF=>max 

rrpu yc.riOBmiX (25) 

f(cr):::; f0 (C), -[A]a +[Vf F = 0, F;::: 0; 

B) naifru TTF=>max (26) 

r(crz,F):::;ro(C), F;:::O. 

flpn <}>HKCIIpOBaiHHbiX CKOpOCTHX IICpCMCIUC­

JIIIH U = T <l>YHKUlnl UCJIII 3TIIX 3a,naq IIMCCT 

<}>IniJqCCKIIH CMbiCJI MOIUHOCTII BHCIIIHCii Harpy1Kll. 

Il03TOMY 3a)J,aqn (24 )-(26) OTBeqaiOT CTaTuqCCKOH 

TCOpCMC IIpC.IJ:CJibHOH uarpy1Kll (o MOIUHOCTH 

narpy3KII [12], {16]). 

5. 3aKJIIO'Ienae 

Pa3pa6oTaHHbiC MaTeManrqecKire MO.IJ:CJIH 

IIpC.IJ:CTaBJIHIOT co6oil: )lBOHCTBCJIHbiC rrapbi 3a.IJ:aq 

MaTCM3TIJqCCKOrO IIporpaMMHpOBaHmi B KllHCMaTH­

'ICCKOH 11 cTaTuqccKoil: <}>opMyJIHpOBKax. Onn 

II03BOJIHIOT OIIpC.Il,CJUITb BCpXHIIC OUCHKll HaiipH)KC­

HIIH, CKOpOCTCH IICpCMCIIICHiill H IIJiaCTfiqCCKIIX 

MJIO)KIITCJICH, CKOpOCTII .IJ:IiCCHIIaUIIII 3HCpi'llll, 

MOIIIHOCTII Harpy3Kll II rrapaMCTpa F0 HJIH OIITII­

MaJibHOro pacrrpe.n:cJiemrn narpy3Kll. KHneMaTII­

qecKIIe IIOCTaJIOBKll HBJUIIOTCH rrpHMbiMH 3a.n:a~IaMH. 

Oun rroJBOJUIIOT orrpe.n:eJIHTb pacnpe.n:eJICHHe cKo­

pocTeil: IICpCMCIIICHIIH, IL'IaCTnqeciGL'\ l\IHO)KIITCJICH 

II HaiTpH)KCHHii (TO.!bKO B cnyqac HCJIUHCHHbiX 

ycJIOBIIH TCKY<JCCTI1) II BCJlfiqiiJIY CKOpOCTII 

.IJ:IICCHIIaUHH 3HepriiH. CKopocTn rrepeMCIUCHIIH H 

Il.!JaCTfiqCCKIIX MHO)KIITCJICH (KIIHCMaTuqCCKllC 

BCJIIJqliHbi) xapaKTCpii1YJOT MCX3HH3M IIJiaCTfiqCC­

KOro pa3pymenmi KOHCTPYKUIIII. O.n:naKo .IJ:JIH 

HH)KCHCpHOH rrpaKTHKII HaH60JICC Ba)KHbi CTaTuqec­

KIIC BCJifiqJUibi, T.C. pacrrpC.IJ:CJICHIIC HaiipH)KCJIHH H 

rrpe.n:eJibHOH narpy1K11. Onrr orrpe.neJIHIOTCH 

pClliCHIICM .Il,BOHCTBCHHbiX 3a)J,aq - CT3TJJqCCKIIX 

MaTCMaTuqCCKIIX MO.Il,CJieit (21) - (26). 

Comacno nepBoil: TeopeMe .IJ:BOHCTBCHHOCTII 

.IJ:JIH omnMaJibHhlX pernennil: Ja.n:aq (14) II (21) 

}~ = ·q/)*. Il03TOMY pelliCHIICM KliHCMaTuqecKIIX 

IIOCTaHOBOK (14), (20) OIIpC.IJ:CJUICTCH H 3HaqcJIUC 

napaMeTpa pa3pymaiOUICH uarpy3KH. O.n:naKo 

pClliCHHC KliHCManrqecKOH IIOCTaHOBKll 3a.Il,aqH 

OIITllMI11aUHH HC )],aCT IIpHMOro OTBCTa 06 

oiiTHMaJibHOM pacrrpe.n:e.!enuu narpy3Kll. B cnyqae 

HCJillHCHHbiX ycTJOllllH TCKY'JCCTll pclliCHHCM '3a.Il,a'IU 

(15) HJm (20) orrpe.ncJUIIOTCH n narrpH)KcHHH. Tor.na 

neKTop uarpy3KII F, xapaKTcpH3YJOIIIHH oiiTHMaJib­

noe pacrrpe.n:eJienue narpy3KII, MO)KIIO orrpe.neJIHTb 

n3 ypaBnennil: paBnonecmi. O.n:naKo peiiiHTb m.naqy 

(15) rrpn HCJIIIHCHHbiX YCJ!Olllf.IIX TCKY<JCCTH ropaJ.Il,O 

CJIO)KIICC, HC)KCJIII )J,BOJICTBCHHYJO CH CTaTifl.ICCKYJO 

Ja.n:aqy (24). B C.TJY'Iac .TJnneiinhlX ycJionnil: TCKY'JCC­

Tll OIITUMaJibHOC pacrrpC.IJ:CJICHIIC Harpy3Kll MO)KIIO 

OIIpC.Il,CJ!liTb TO.!JbKO pClUCHIICM M3TCMaTJPICCKIIX 

Mo.n:eJieil: (24)-(26) CTanrqecKofr rrocTaHOBKll. B 

CIIJIY YKa3aHHbiX o6CTOHTCJibCTll IIpC.IJ:IIO'ITHTCJiblfbi 

CTaTJJqCCKIIC IIOCTaHOBKII 3a.IJ:aq, II C npaKTJJqCCKOlf 

TOqKJl 1pCHIUI OHU BbiXO.IJ:HT Ha IICpllbiH IIJiaH. 

B npencTaBJICHHbLX .n:ncKpeTHhiX MaTcMaTwiec­

KIIX MO.IJ:C.TJHX y.n:oBJICTBopHIOTCH .nu<}><}>epenunaJib­

HbiC ypaBHCUIIH KIIHCMaTIPICCKOH COBMCCTHOCTII B 

o6bCMC KOHCqJibJX '},1CMCIITOB (B OC.TJa6JICHHOH -

UHTcrpaJibliOJI <}>opMC) II KllHCM3TJJqCCKllC YCJIOBIUI 

COIIpH)KCIUIH MCJK,LJ,Y 3JICMCHT3Mll, a TaiOKC 

KliHCMaTuqecKIIC rpamrqHbJC YCJIOBIIH. J1o3TOMY 

DCC )J,llCKpCTHbiC MaTCM3TfiqCCKllC MO.Il,CJIII (II 

KllHCMaTuqecKIIC, II CT3TJJqCCKllC) 6y.IJ:CM Ha3blll3Tb 

IIOCTaHOBKal\III ITO COBMCCTHOCTII. BMCCTC C 

Mo.n:e.mMn rro pannonccniO (TaiOKc n cTanrqccKoii n 

.IJ:BOHCTBCHHOH KIIHCM3TifliCCKOH <}>opMy.TJHpOBKaX), 

pa3pa60T3HHbiMH B [ 10] C IIpHMCHCHllCM paBHOBCC­

HbiX KOHC'IllbiX ')JICMCHTOB, OHH U0'3BOJUIIOT 
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OIIpe}J;e.lHTh HIDKJBIC II BepXHUe OUeHKII pacnpe­

}J:C.1CHH51 IIpC}J:CJihHOH Harpy3KII, B TOM qJ1CJIC 

OillUM3.1bHOfO, II BCCX napaMCTpOB HaiipiDKCliHO­

).\C<lJOp)f11pOBaHHOI'O COCT051HJUI TC.'la, OTBeqaJOIUIIX 

COCT051HIIlO ITpOCTOI'O IIJI3CTJJqCCKOfO pa3pylliCHIUI. 

llc151 CTep)!(HCBhL'\: KOIICTPYKIIUH ':HII oueHKII conrra­

l13IOT n rrpeJrcTaB.151K1T co6orr Toqnoe pemenne. 

TaKIIM o6pa1oM, coJnaJOTCSI xoponme BO'lMO)I{­

nocTn .!l:ISI IIpOBCpKII "10CTOBCpHOCT1l II TO'IHOCTII 

pnyJihTaToB qnc.1ennhrx pemennrr u nocTaToqnocTn 

rycTOThl KOHeqHO')JieMCHTHOH CCTKII. 

Ec;m 6hl o6JiaCTh, "JaHnMaCMYJO BTopol'I n 

rperneit rpa¢a MH ra6JI. 1, rrpencraBIITh, rrpeJ.IIIOJio­

)I{IIM, B BIIJ(C lii'pOBOfO Ill1J151, TO pa3pa60T3HHhlC 

'JJlCCb H B (10] M3TCM3TJJqCCKIIC MOJ(eollf (Ill rpyrrrra 

pa6oT) Il03B0.151lOT BCCTII Hrpy qJIC.1CHHOfO aHaJIHJa 

ITO BCCMY III'pOllOMY ITO.llO, B TO BpCMSI KaK B 

pa6max rrepnol'I II BTopoi1 rpyrrrr IIrpa neJ(eTCH 

TOJihKO na rroJIOBIIHe JIO)UI. OpeJ(.1araeMhlH IIOJLXOJI 

II03BWUICT B3I'HHHYfb na O).llfY II TY )I{C rrpo6JICMY C 

'ICThlpCX CTOpOH. 

JbnepaTYPa 

1. P.G.Hodge, T.Belytschko. Numerical methods for the 
limit analysis of plates// Trans. ASME, E35, N2 4, 1968, 
p. 796-802. 

2. A.Biron, G.Charleux. Limit analysis of axisymmetric 
pressure vessel intrsections of arbitrary shape //Int. J. 
Mech. Sci., 14, N2 1, 1972, p. 25-41. 

3. E.Anderhegeen, H.Knopfel. Finite element analysis 
using linear programming// Int. J. Solids and Struct., 8, 
N2 12, 1972, p. 1413-1431. 

4. S.Turgeman, J.Pastor. Limit analysis: a linear formula­
tion of the kinematic approach for axisymmetric 
mechanics problems // J. Int. Numer. and Anal. Meth. 
Geomech., 6, N2 1, 1982, p. 109-128. 

5. T.Kowai, Y.Toi. A discrete method of limit analysis and 
its application to plastic stability problems of structural 
members// Eng. Strud., 5, N2 1, 1983, p. 38-44. 

6. A.A. Cyras. Analysis and optimization of elastoplastic 
systems. New York - Chichester- Brisbane - Toronto: 
Ellis Horwood Limited, 1983. 115 p. 

7. A.Cyras and S.Kalanta. Optimal design of cylindrical 
schels hy the finite element technique // Mech. Res. 
Comm., vol. 1, 1974, p. 125-130. 

8. T.Belytschko, M.Velebit. Finite element method for 
elastic plastic plates II J. Eng. Mech. Div. Proc. Amer. 
Soc. Civ. Eng., 98, N2 1, 1972, p. 227-242. 

9. G.Maier, R.A.Zavelani, D.Bennedetti. A finite element 
approach to optimal design of plastic structures in 
plane stress II Int. Numer. Meth. Eng., 1972, 4, N2 4, p. 
455-473. 

I 0. C.Ka.ililHTa. PaBHOBeC!Ih!e KOHe'IHO-::>,le:.teHTHbiC nocTa­
HOBKll 3aJ1a'I pac'!eTa 11 onniwnauiiH npene.lJhHOH 

Harpy3KJI I I Statyba ( CrpoiiTeJ!bcTBO), N(}3( 7), BnJ!b­
moc: TexHnKa, 1996, c. D-23. 

II. C.Ka.laHTa. ,I(BOIICTBCHIIhie 3a.[(a'IH rrpe):ICJ!bHoro paBHO­
necnSI c pa3phiBaMH cKopocTeH rrepeMCJllCHIJi! I I 
Statyba ( CTpoJITCJihCTBO), N(} 2( 2), BmThHKJc: TeXJmKa, 
1995, C. 20-25. 

12. AA 'l11pac. Teopn>! OIITHMH3amm B npem:.ThHOM 
aHaJIH3e TBcp,1oro ,Jc(!)opMnpycMoro TeJia. BHHhHIOc: 
MnHTHC, 1971. 123c. 

13. AA lfnpac, A~-).I:iopKaycKac, P.IT.KapKaycKac. TeopnH 
II MeTO,Jhl OITTII~IIIlil!lllll )Tip)TO-ITJI3CTI-I'IeCKJfX CHCTeM. 
Jl.: CTpofnn.rraT, 197 4. 280 c. 

14. P.ra.lJJlarep. MeTOJl KO!Ie'!Hh!X ::>.leMeHTon. OcHoBhi. M.: 
Map , 1984. 428 c. (!Icp. c aHni.). 

15. C.Ka.TiaHTa. PanuonecHhiC KOHC'IHhie ::>JieMCHThi B 

pac'Iemx yrrpynrx KmicTpy'KllHH I I Statyba (CTpon­
TCJ!bCTBo), N(}l( 1), Bmlh!IIOC: TcXHHKa, 1995, c. 25-47. 

16. S.Kalanta. Relations and transformations of extremum 
energy principles for deformable body II Statyba (Civil 
Engineering), Nr.1(9), Vilnius:Technika, 1997, p.49-56. 

Jteikta 1997 04 07 

KONSTRUKCUl) RffiJNES APKROVOS SKAICIAVIMO 
UZDAVINil) DUAUEJI MATEMATJNIAI MODELIAI 
NAUDOJANT MISRIUOSIUS BAIGTINllJS 
ELEMENTUS 

S.Kalanta 

Santrauka 

Sudaromi standziojo-plastiskojo kuno ribines 
apkrovos analizes ir optimizavimo u.Zdavini4 hendrieji ir 
diskretieji dualieji matematiniai modeliai kinematine ir 
statine formuluote, naudojant rmsnuosius baigtinius 
elcmentus. Juose atsiivelgiama i energijos disipacijos greiti 
ne tik baigtinit} elemcntt} turyje, bet ir plastinio tekejimo 
pavirsiuose tarp elementl.J, kur atsiranda poslinki4 greici4 
funkcijl) trukiai. Taikoma plastinio tekejimo teorija, 
dualumo teorija bei matematinis programavimas. 

Naudojant straipsnyje [10] pateiktas si4 uzdavinil) 
bendrq.sias statines formuluotes ir Lagranzo daugiklil) 
metodq. sudaromi abiejt} uzdavinit} misrieji energiniai 
funkcionalai ( 1) ir (3) . .Ttl diskretizacijai panaudoti misrieji 
baigtiniai elementai. Pasirenkant itempiml], poslinkil) 
gretCil), plastinit} daugiklil] hei isorines apkrovos 
interpoliavimo funkcijas (7) sudaromos misril]jl) 
funkcional4 diskrcciosios israiskos (8), (9), ( 13) ir si4 
funkcionah! stacionarumo pagal statinius kintamuosius 
(itempiml) ir apkrovos vektorius) sq.lygos. IS jt} gaunamos 
gcometrines darnos lygcit! bei apkrovos galingumo 
normalizavimo diskreciosios israiskos. Jas naudojant kaip 
isankstines funkcional4 (8) ir (9) sq.lygas sudaromi ribines 
apkrovos analizes ir optimizacijos uZdavini4 kinematines 
formuluotes matematiniai modeliai (14), ( 15), ( 17). 
ISeliminavus poslinkit) grcicius, sudarytas modclis (20) su 
mazesniu nezinom4.i4 skaiciumi. Naudojant Lagranzo 
daugiklit) metodq. sudaryti statines formuluotes 
matematiniai modeliai (21)-(23) ribines apkrovos 
parametro nustatymo uzdaviniui ir modeliai (24)-(26) 
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apkrovos optimizavimo uzdaviniui. Visi jie yra matematinio 
programavimo uzdaviniai. 

Inzineriniams tikslams svarbesni ir tinkamesni statines 
formuluo!Cs matematiniai modeliai. Jie lengviau 
issprendziami (maziau nezinoml!.il!), be to, tik jie leidzia 
nustatyti optimalt! apkrovos pasiskirstymq.. Sudaryti 
matematiniai modeliai leidzia rasti ribines apkrovos, 
jtempimt), poslinkit) ir plastinit) daugiklil! greicit) virsutines 
reiksmes. Kartu su sill uzdavinit! pusiausvyriniais modeliais 
[10], sudarytais naudojant pusiausviruosius baigtinius 
elementus, jie leidzia suzinoti nurodytl! parametrl! apatines 
ir virsutines reiksmes. Strypinit} konstrukcij1.) atveju jos 
sutampa, t.y. isreiskia tiksll!.ii sprendinj. Taigi atsiranda 
gera galimybe patikrinti skaitinit) skaiCiavimo rezultatl! 
patikimumq. bei tikslumq. ir suzinoti, ar pakankamas 
baigtinit) elementq skaiciuojamojo tinklo tankis. 

DUAL MATHEMATICAL MODELS OF LIMIT LOAD 
ANALYSIS PROBLEMS OF STRUCTURES BY MIXED 
FINITE ELEMENTS 

S. Kalanta 

Summary 

The general and discrete dual mathematical models 
of the limit load analysis and optimization problems of 
rigid-plastic body are created in the article. The discrete 
models are formulated by mixed finite elements and 
presented in terms of kinematic and statiQ, formulation. In 
these models the velocity of the energy dissipation is 
estimated not only within the volume of finite elements, but 
also at the plastic surfaces between elements, where the 
discontinuities of displacement velocities functions appear. 
The theory of plastic flow, the theory of duality and 
mathematical programming are applied. 

The mi.xed energy functionals (1) and (3) of both 
problems are formulated using the general static 
formulations of these problems, presented in the article 
[10], and Lagrangian multipliers method. The mi.xed finite 
elements are used for their discretization. The discrete 
ex-pressions (8), (9) and ( 13) of mixed functionals are given 

choosing the interpolation functions (7) for the stress, 
displacement velocities, plastic multipliers and external 
load. Stationary conditions are created by static variables 
(stress and load vectors) of these~ functionals. The discrete 
expressions of the geometric compatibility equations and 
constraint of load power are received from them. Using 
them as preliminary conditions for the functionals (8) and 
(9), the mathematical models (14 ), ( 15) and (17) of 
kinematic formulation of limit load analysis and 
optimization problems are formulated. The model (20) 
with a smaller number of unknowns is formed by 
elimination the displacement velocities. Using Lagrangian 
multipliers method, the mathematical models (21)-(23) of 
static formulation for the limit load parameter analysis 
problem and the models (24)-(26) for the load 
optimization problem are derived. All of them are the 
problems of mathematical programming. 

The mathematical models of static formulation for 
engineering purposes are more important and fit better. 
They are easier solved (a smaller quantity of unknowns), 
besides, they allow to determine the optimum distribution 
of the load. The formulated mathematical modeL'> allow to 
determine upper values of limit load, stresses, 
displacement and plastic multipliers velocities. Together 
with equilibrium models of these problems, presented in 
the article [10], they allow to determine the lower and 
upper values of aforementioned parameters. So, a good 
possibility is created to check reliability and exactness of 
numerical calculation results and to establish, if the 
computing net density of finite elements is sufficient. 
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