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KOHEYHBIE YJIEMEHTBI NIPUMEHUTEJLHO K CTEPKHSIM O NEHCTBHEM

PACIIPEAEJIEHHBIX HATPY30K

C. Kaaaura

1. Beenenue

B MHOroumcieHHHX pa3paforTKax II0 MeTOomy
KOHEUHBIX 3JIEMEHTOB M HMCCJEHOBAHHUAX HAIIPSDKEH-
Ho-medopmupoBannoro cocrosuusa (HIAC) crepx-
HEBHIX KOHCTPYKIIMI JUIS OIMCAaHHUsS U3ruba cTepX-
Heil IpUMeHSeTcS KOHEUYHBI 3JIeMEHT ¢ KyOudye-
cKkuM pacipenenenueM mporubos [1-3]. Usru6 sie-
MEHTa B OJHOI IUIOCKOCTH OIMCHIBAECTCS YETHIPHMS
V3JIOBBIMM II€PEMEIICHUSAMHU: TIPOTM6aMyl M YIJIOBHI-
MK TIepeMeIleHUAME KOHIEBBIX CEUEHUH 3JIeMEHTa.
OnHAaKO W30THyTasd OCh CTEPXKHSA, HarPyXCHHOTO
TIOTIEPEUHOM PAaBHOMEPHO PpacCIpelciicHHO Harpys-
KO, ONMMCHBacTca (PyHKUMEH 4YeTBEpTON CTEIICHH.
TakuM 571eMEHTOM HeJb3d HEIIOCPEACTBEHHO OIIpe-
MeJWUTh Tporud cpefgHero cedyeHUs H3rmbaeMoro
CTEpXHSI, HallpuMep, pureisi paMbl, KOTODHIM Yaile
BCero MHTepecyeT IpoekTypoBmiuKa. IIporu6 cpen-
HEro, Kak M JIoGOro JApyroro HPOMEXYTOYHOTO
CEYCHMI, MOXHO OIIpe/le/UTh B BUIE CYMMBI IBYX
3Ha4yeHHU: 1) MepeMeliCHUSI OT Y3JIOBBIX BO3IEHCT-
BUIi; ompele-JigeTcs Mpy HOMOIIM (PYHKIIUU HHTEp-
MOJBIIMM Nepe-MellcHUl 3JIeMeHTa; 2) IiepeMelile-
HMSL XKECTKO3a-KpPEIUICHHOTO CTEPXHS OT MECTHBIX
Harpy30K; OIIpe-NeNAeTcsl aHAJMTHIECKUM pellleHH-
eM. OnHako pSNOBOHM HMIDKEHep-TIPOEKTHPOBILMK He
BjaleeT TakKMM CIOCOOOM pacyeTa IICpEMEINECHMIA.
PaspaboTaHHEli B [4] paBHOBECHBIH 3IIEMEHT
BTOPOTO TIOpAAKa II03BO-JISIET, KPOME KOHIIEBHIX
TIepeMeIneHIH, ONpeeNIATh M UHTeTPAIbHEI mporu6
M30THYTOTO CTEepXKHS, C IIOMOINBIO KOTOpOro B
JManbHeHIIeEM MOXHO OIpe-HeIUTh ¥ HeHCTBUTEILHOE
3HaucHUe Nporuda cpel-Hero ceyeHus. OpHako IIpH
9TOM TPeOYIOTCS NOMON-HUTEILHEIE BRIYHCACHUS.

s pacdera mpormba CpeHero CedeHms: crep-
XCEHb 324aCTyI0 MOIEIDIPYETCHS IBYMs SJeMeHTaMH,
COCTMHECHHBIMH B CpeJHEM CEYEHHH, UTO IPHBOIUT
K YBEIMIEHHUIO MHC/Ia HEU3BECTHHIX U o6beMa ofpa-
GatbiBaeMoi MHGopManuu. CTEpXHH C Harpyskoi,
paclipefie/IcHHOM IO JIMHEHHOMY 3aKOHY, HPHXO-

o1

JITCSI MOIETMPOBATE ¢iie GONbIIMM 9HCJIOM KOHEY-
HEIX BJIIEMEHTOB.

B 3ajagax onTMMM3aIlMU YIIPYroO-IIACTHISCKUX
KOHCTDYKITMII C OrpaHWYCHHUSAMM IIepeMelIeHUi
HeoOXOJuMO, YTOGH OrpaHWyMBaeMble IIepeMele-
HHS BBHICTYII&JM B KadecTBE HEM3BCCTHRIX SIBHOTO
Buga. IlosToMy, 9TOOB OrpaHMYMTL IepEMEICHHS
CpENHEI0 CeUeHMS CTepXHsS, HeoOXOOMMO IIpHMe-
HSTb KOHEYHBI DJNEMEHT C JOLOJHUTEILHOH
CTEIEHBIO CBOOOMEI — MPOrnOoM CPEAHETO CeUeHM.

B Hacrosimieit pabore IpUMEHMTEIBHO K CTCpX-
HAM, HaTpyXCHHBEIM PaBHOMEPHO M JIMHEMHO pac-
[IpefeICHHONM Harpys3koil, pa3pabaTelBaloTCs BHICO-
KOTOYHEIe KOHEYHEIE 3IEMEHTH ¢ QYHKIIMEH IIPOTH-
0B YeTBEPTOt M IISITOH CTEIIEHH COOTBETCTBEHHO.
Hx mnockuii m3rmb ONMMCHIBaeTCA NATHIO ¥ IHECTHIO
V3NOBBIMHA TlepeMeilleHusMH. [lsarag ¥ 1mecrag cTe-
1eHX CcBOOOREL — mporu® M YI/IOBOE IepeMellieHue
cpemHero cedeHMs »5jeMeHTa. O BO3MOXHOCTH
MOCTPOEHHSI TAKUX DIEMEHTOB cka3aHo B [5]. [Tyrem
HUCKIIOUEHNS (KOHACHCAIMK) TIepeMEIeHUN CpejiHe-
ro y3jia dSIeMEHTH IIpeoOpa3yioTcsi B DJIEMEHTH C
OOBIYHHIM YHCJIOM CTelteHedt cobompl. Ilomygalorcs
pocTeie (POPMYJIEI pacyeTa MepeMelleHHH CpeIHeTo
ceueHUs, yIoOHEle Ui MpUMeHEeHUsI PSIOBEIM IIpO-
exTHpoBHIMKOM. IToaTOMy HpeanaraeMnie 3JIeMEHTH
JeTKO MOIYT OBITh BHEAPEHHI B HHXCEHCPHYIO
TpakTUKy. OHH IO3BOJIIIOT HEIIOCPEICTBEHHO OIlpe-
OensITh Iporuf cpelHero cedyeHWS M MOTYT IIpH-
MEHATbCA B 3ajladaX ONTHMHU3ALMY KOHCTPYKLIMI ¢
OTrpaHMYECHMAMH IIepeMeIlieHIIA.

2. OcHOBHbIE ONIpeNe/IEHHSI H MATPHLA KECTKOCTH
3JIeMEHTa

Ilpu paccMoTpeHuu H3rHOa cTepXHeil OyueM
TI0JIL30BATECS. TEXHUYECKOH Teopyeil M3rmdba Oaiok.
DT0 nO3BONAET B JAAIBHEHIIEM BMeECTO M3ruba
CTepXHs paccMarTpuBaTh M3TUO ero ocH. BHagaie
IIOCTPOMM MAaTpPUIly XEeCTKOCTH 5JIeMEHTa, HaxoJs-



IMerocs B COCTOSHMH IDIOCKOTO M3rMba M pacTs-
KCHUSA-CKATUA, TPUMEHUTEILHO K CICPXHIO IO
JiefiCTBHEM paBHOMEPHO DacIIpeleIeHHOM HarpysKH.
CTpoWTCcs KOHEUHEI OSJEMEHT, Y3/OBHIE IIEpeMe-
HIEHUS W CWIBI KOTOPOTO TIOKa3aHH Ha puc.l.
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Puc. 1. CxeMa HarpyXeHus U MOJOXUTENbHEIE HAIpaB-
JIEHMS Y3JIOBBIX HEPEMEIICHMI M CII KOHETHOTO 3JCeMEHTA

Fig 1. Loading scheme and positive directions of node
displacements and forces of a finite element

ITosioxeHue OSlEMEHTa OIpPENEIBIETCI CEMBIO

Y3JIOBBIMHU IIepeMCIICHISIMY, T.C. BEKTOPOM

T T
Uy ={“kl’ukt} ={uk1,uk2,...,uk7} . HpI/I OTOM
IICPBRIC  IIATDH HCpeMCHICHHﬁ U, = {ukl s UgDseees
Ups }T OIIMCHIBAIOT U3THO 3JIeMEHTa, @ OCTaJIFHEIE —

pacTsokeHue-cxatue. IlosToMy IPUHUMAIOTCS Clle-
IyIOIIMe 3aKOHBI paclpelieleHusl IIEpeMEIlCHUA B
DJIEMEHTE:

Uiy (x)=ay +ayx+azx? +aux® +asx* =hl(x)ay

Ui (%) = a6 +a7x =h g (X) agy, (1)
m
g (x) = [ (x)]a (2)
THC
uk(X)={uky(X), ukx(X)}T’ ag ={a1, (12,...,(17}T,
_ hzl(x) 0
[hk (x)]-— h%, Wl

Ipu nomormm ¢yHKUMiA (1) M IPaHUYHLIX YCIOBHIA
onpenesaercs CBI3b
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w, =[H;Ja, 3)

ap =[He ] up. @

Torma ¢yuxkuusa nepememienwit (2) ¢ ydeToM
3aBHCHMOCTH (4) IpUHNUMAET CIEAYIOAIA BUL

ug(x) = [He(x)]ue &)
5
WM uky (x) = ngk,-(x) Uiy (6)

U (x) = Hy5(x) upe +Hp7(x)ugq,
rie MaTputia GyHKImi GopMEL
[ @)= [ ][E] =

[H,d(x)sz(x)Hk3(x)Hk4(x)Hk5(x) 0 0
0 0 0 0 0 Hkﬁ(X)H]ﬂ(X)

11x* 18x3 8x*
Hkl(x)=1— ) + 3 - N
L 7 L
4x2 5% 2xt
sz(x)=x— ] + 2T T3
ko 2B
5x2 1453 8x*
Ik li I
Hou(x) x2 3x3 . 2x*
ka\x)= S+t T3
oo}
o) 16x2 324  16x*
X)= N
S T
P X
Hk6(x)=1—‘l"" Hk7(x)=l_'
k k

Kak M3BecTHO, MATPHIIA XECTKOCTH KOHETHOI'O
3JIEMEHTa MOXeT OHITh IOCTpOeHa C IIpUMEHEHUEM
BhIpAXeHUS [OTeHITMANEHO! SHEPriM 3JEMEHTa MM
Ha OCHOBe IIPHHIIMIIA BO3MOXHEIX IepeMelnenvii. C
IIpUMEHEHHEM IIPUHIMIIA BO3MOXHBLIX II€peMellle-
HUil cocTaBiIseTcs ypaBHCHME paBeHCTBa paboT:

1
sul P, =su] [[B, (0] [d¢][Be 0] uy,
0

[B, (0] = [V [H, ()],

jyi(+



0 *
(En), 0
T _ _ k
o= J | [d"]‘[ 0 (EA),

|

B crury IIpor3BOIBHOCTA BapHalyii du, HOJNYIaeTCs

0 %

YPpaBHEHHE XKCCTKOCTH KOHCYHOI'O 9JICMEHTA.:

P, =[kk]uk’ )
ric MaTPUIA XeCTKOCTH DJIEMeHTa
)
[y 1= { (B ()] [ay 1By (x)}e. (®

0

B HamleMm ciygae OHa COCTOMT M3 [BYX 4acTedl —
MaTpULBl XGCTKOCTH uarmba [k, | ¥ Marpuumst

KECTKOCTH PACTSIKeHHS-CXaTus [ky, |. Ee aneMentsl

BEITUCIISIIOTCA HO opMyJaM:

ky = B0, i) g 2) ©)
W i=12,...,5 j=12,...,5

k= (EA)k:J) HyWHy@dx  (0)
A i=6,7, j=6,7.

3pech Hy(x), Hy(x) — mepBas u Bropas mpowms-

BonHEIE GYHKIMY DOPMEL TIepeMelleHu i -To Y374,
B pasBepnyroii dopMe MaTpHIIa XKECTKOCTH 3JEMEH-
Ta (puc. 1) npeacrasresa B Tabi. 1.

Pr(X)
prEErr T L LT T Pe | X

 J R S——
uzr\’l - el i
7 y [1 Ue ~ 3 2 + ug

Puc. 2. CxeMa HarpyXeHHs H y3JIOBEIE TiepeMeIllcHUs
9JIEMEHTa

Fig 2. Loading scheme and node displacements
of a finite element

TNocTpouM MaTpuIly XecTKOCTH UISL 2JEMEHTa
(puc. 2), HaXOmALIEIOCS B COCTOSHHHU ILIOCKOTO
u3ruba M pacTSLKEHMS-CKATHSA, IpM JHMHEHHO
DPaclipeJeJICHHOM IollepeyHOM Harpyske. MuTeH-
CHBHOCTh HaIpy3KU OITUCHIBaeTCH PyHKIIMEH:
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X X
Pry(x) = I—E Pkl""l'k—PkZ’ (11)

TIE piy, Pip — MHICHCHBHOCTh HATpy3KM B yajax 1
u3.

H3ru6 smeMeHTa onMCHBaercs uMdQepeHIH-
ATLHBIM YPaBHEHHEM:

d4uky(x) _ pky(x)

P (12)

3

(EI),

M3 KOTOPOTO CJIEAyeT, 4YTO €ro M30THyTas oOCh
omvceiBaerca QyHKIHMeH ngroi cremeHu. IlostoMy
IMepeMellleHns 10 JUIMHE SJeMEHTa WHTEepPHOoINpY-
IOTCS TIOJIMHOMaMH

Upy () =y +ayx+asx? +agx> +asxt +agx’,

U (x) = a7 +agx,

IR
(x)= 3 Hyg(x)
u X)= A XY UL;
AT T (13)
Uper(x) = Hyg7(x) g7 + Hcg (%) g,
TIe
o (=1 2322 66x°  68x* 247
x)=1- + ,
“ N AT T
o () 6x2 +13x3 12x*  4x°
x =x- )
k2 oo
7x2  34x3  52xt 24%°
Hys(x)= - -
) PR A A
H () x2 N 5x3 8):4 +4x5
X)=—" T = e,
ke o2 BT
el 16x2  32x3  16x*
'x k]
£ I} 1 I
() 8x2 . 32x3  40x*  16x°
x =- 2
k6 o2 R
X
Hpp(x)=1-—, Hg(x)=—
I Ix

KoadppmieHTH MaTpHIIE XECTKOCTH OIpeIes-
1oTcst no popmynam (9) u (10). Marpria XecTKoCcTH
3JIeMEHTa ¢ JUHEWHO pacupeleiacHHON HarpysKoil
TIpuBeficHa B Tabn. 2.



Ta6auua 1. Martpuiia XecTKOCTH 3/IeMEHTa ¢ PABHOMEPHO pacIIpe/IeieHHOMN HarpysKoi

Table 1. Stiffness matrix of a finite element affected by an evenly distributed load

[k]=

316ENSP | 94ELSE | 196ENSE | -34ENSP | -S12ENSP
94ElSP | 3GEISI | 34ENSP | -6EISI | -128ElSP
196EI/SP | 34EN5P | 316El5P | -94ElSE | -512EU5P
= [k"’] fo] = | -34EISP | -6ElSI | -94ENSI® | 36EISI | 128EISP
o] [kk'] -S12ElSP |-128El5P |-512EI/5I° | 128El/5E | 1024E1/5P
EA/l | -EANl
-EAIl | EAN
Ta6nuua 2. Marpynia XecTKOCTH 3JeMEHTa ¢ JMHEHHO paclpele/IeHHON Harpyskoi
Table 2. Stiffness matrix of a finite element affected by a straight distributed load
S092EI351 | 1138EN3SP | -1508El/35F | 242EI35F | -S12El5P | 384E17P
1138EI35 | 332EI35L | -242EI35F | 38EI351 | -128EN5P 64EI/T1
-1508E1/351 | -242EI/35F | 5092EI/351 |-1138EI/35F | -512EI/5P° | -384EI/71
242E1/35P | 38EI35I | -1138EN350° | 332El350 | 128ENSP 64El/T1
-S12ENSE | -128ENSP | -S12El5P 128E/51F | 1024El/5P 0
384E1/71 64El/T! -384E1/71 64El/T 0 256E1/71
EAIl | -EAll
-EA/l | EAll

Matpuiia KeCTKOCTH 3JIEMEHTa MpH COBMECT-
HOM yyere Jedopmauuit wusruba, pacTLKeHHS-
cXaThsd M KpydyeHWsl COCTOMT U3 4YeThIpeX MaTpuil
XKECTKOCTH, PacIIONOXEHHBIX 110 JHaroHam:

[kklx]

(ki)

LA
{ks]

[kks]

3mech [k, [kl ~ MaTpHITBI XeCTKOCTH H3ruba B
ILIOCKOCTSIX xz ¥ yz ~ OIIPENeNIeHEl coracHO (9); [kl
MaTpUIla KeCTKOCTH  pacTSKCHHA-CXaTUs
onpejgeneHa corjacHO  (10); [kl MaTpHla
XKEeCTKOCTY KpPy4YeHMS — OIpelielieHa 1o gopmyie:

)
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rae GI,— XeCTKOCTb CTEPXKHS Ha Kpy4eHHe.

3. V3inossie CHJILI 2JIeMEHTA

BexTop y310BBIX CHJI, SKBHBaJICHTHHIX paciIpe-
JICICHHOM Harpy3ke 3JIEMEHTa, OIpelelsiercd H3
VCIIOBUS paBeHCTBa PabOT Y3JIOBEIX CHJI M paclipefie-
JICHHOJ Harpy3ku:

;
uiF, = [ul (x)p,(x)dx,
0

T
e p,(x)= {p iy () P (x)} — BEKTOp WHTEHCHB-

HOCTH paclpelie/lcHHEIX Ha OSleMEHTe Harpysok.
Orciofia BEKTOp Y3JIOBEIX CHI ¢ yaeToM (5)

!
F, = (];[Hk (x)]T p; (x)dx.

Pix(%)= pix =const,
Piy(X)=pr, Y3IOBBIC CHJIBI KOHEUHOTO 3ICMEHTa,

Ilpu YCIIOBUSX

ITOKA3aHHOTO Ha pHC. 1, ONpeRensIoTCcs BEKTOPOM



F, = l ! .1. 12 l ! ___1_ 12

16 1 1 T
30 Pl 3Pl TPl (-

Ha puc.3 mokasaHh y3JI0BBI€ CHJIBL 3TOrO 3JIEMEHTa,
a TaKkke 5SJeMeHTa ¢ JIMHEHHO pacIpelcICHHON
HOIepeIHON Harpyskoi. OUYeBHAHO, YTO HOCTeTHHIMA
9jIeMeHT (pUcC. 2) MOXHO IIPUMCHSTE U IS MOJE/IH-
pOBaHMS CTEpPXHEH ¢ PaBHOMEPHO paclIpelelIeHHOHR
Harpyskom.

4. Penyunponamlue 3JIEMEHTBI M HX TIPUMEHEHHE

IlpencraBieHHBIe KOHEYHBIE 3JEMEHTH HMEIOT
BHYIpeHHUE cTelleHM ¢BoOOABI. IX MOXHO BHPa3HThH
Yyepe3 BHEHUIHUE CTEIICHW — IIEPEMEIICHUS KOHCUHRIX
V3JIOB BJIEMEHTa U B JalbHeileM HCKIIOYMTH M3
ypcia HeM3BECTHHIX 3amaud. IIpm 3TOM COOTBETCT-

BE€HHO npe06pa3y10TCﬂ MaTpuna XCCTKOCTH H
BEKTOP Y3JIOBBIX CHJI 3JICMCHTA.

JIg 5To# melM y3JIOBHE MepeMelleHNs W CYUIR
DJleMeHTa pasfefidcM Ha BHYTpeHHUE uy,, Py, H

BHCUIHME Wy, Pks . COOTBETCTBEHHO MAaTpuIa XecT-

KOCTH pasfcisicTCs Ha 4 IOAMAaTpHIIbI:

] 1]

(ko] Tk

Torna ypabHeHHe XeCTKOCTU (7) MOXHO pasle/UTh
Ha CIIeAYIOIMe JBE I'PYIIIHL

Py =[kss]“ks + [ksv]“kv’

(14)

Py = [kys Jugs + [k 00

OTciofa BHYTpeHHYE CTeIleHH CBOOOIB!
PR N I S [ 9 PR ¢ '

a) pJ/60 \7pl/30 16p,l/30 P30 | /60
| 7
pd2 ~ 1 2 '/pxl/Z
y 4
8l(p,+p2)/30
6) p,Pr60 |H13pi+ p2)I60 Upi+13p2)I60 | p /60
! ! 8
pds2 \1 3 2 Ip,l/Z
4 p+p)l15
B pl2 Kll(79p,+19pz)/420 d I(19p,+79p2)1420 " 11/2
N\ \ W —p—
(5p1+2p2)IF/420 2(p2- p)I/105 (2p.+5p2)lP/420

Puc. 3. V3710BbI€ CHIIBI KOHEUHEIX 3J€MEHTOB:

a) sneMeHTa ¢ (yHKIIHel IporuGoB UeTBepTOH CTEIICHH IIPH PABHOMEPHO paclipelieJIeHHO Harpyske;
6) asemeHTa ¢ QyHKIMEH IPOrHOOB YeTBEpTOl CTENEHN IIpM JMHEHHO paclpeiesicHHOH Harpyske;
B) sMeMeHTa ¢ QyHKIMel Iporn6oB NATOMN CTenieHy MPH JIMHEHHO pacIIpeiefieHHOM Harpyske

Fig 3. Node forces of finite elements:

a) of the element with fourth-order deflection approximation function and evenly distributed load;
6) of the element with fourth-order deflection approximation function and straight distributed load;
B) of the element with fifth-order deflection approximation function and straight distributed load

2 lul

A

Us N

lq.j >
Ug

Puc. 4. Y3510BBIe EPeMELICHHS] PEIYIPOBAHHOTO 3JeMEHTa

Fig 4. Node displacements of a reduced finite element
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a) p 60 |PW/2
p
) {, l

ni2 1 <<ay12/e50

~ - 4 X
Pz YI1 3 2 7 pi2
6 21p;+ 9p,)lI60
) pi2 {:1( pr+ 9p2) (9p1+21p2)lI60 1‘\ 2
N\ > > X
(3p1+2p2)l' /60 (2p1+3p2) P60

Puc. 5. Y3JI0BHE CUIBI peIyLIAPOBAHHOTO JIEMEHTA!
a) DX PaBHOMEPHO PaclpeeseHHOM Harpyske;
6) IIpH JIHEWHO pacIIpelie/IcHHON HArpy3Ke

Fig 5. Node forces of reduced finite element: a) for an
evenly distributed load; b) for a straight distributed load

HOHCT&BIUISI 3TO BBEIPAXCHHUC B IIEPBOE YpaBHCHIC
cucreMsl (13), monyuaeM NpeoOpa3oBaHHOE ypaBHe-
HME XECTKOCTH BJIEMEHTa!

f)k =[Ek]ﬁk’ (16)

e ii; =wu,,. [Ipeobpa3oBaHHasi MaTpHUla XeCTKOC-

[Ek ] = [kSS] - [kSV][kvv ]_l[kVS]

H BEKTOp 0GOOUIEHHBIX CHUT

TH

a7

iik =Py - [k.vv ][kvv ]_l | g (18)

IlocrpouM MaTpuIEl XKECTKOCTM M BEKTODHE
BHEITHUX V3JIOBRIX CHJI PEAyIIHPOBAHHBIX KOHEUHEBIX
sneMeHTOB. Ha pHc. 4 TIOKa3aHH Y3/I0BHE IepeMe-
HeHMs] 5THX 3JIEMCHTOB. BHEINHME Y3JOBHE CHJIH
PEHAYLIMPOBAHHOIO DJIeMEHTa OIpelelIioTCs  II0
dbopmye:

- -1
F =Fy — [k |[kn ] Fry -
Ouu mnokazaHel Ha puc. 5. ITlpy wuckmouyeHUU
BHYTPEHHMX cTereHeil CcBOOGOJBI IPENCTABIEHHBIX
3JIEMCHTOB HM3MEHSIOTCSI TONHKO MATpPHIBI  XeCT-
xoct M3rHba. IlosroMy HIDKe NPUBOIMTCH JIMIIG
pelylpoBaHHAas MaTpHila XeCTKOCTH M3ruba:

(19)

e el | 128 | 64
6/1° 47 -6/F 2/
[k] =EI
Y et | 128 | e
6/F 2/ -6/F Yl

OHa oMHaKOBa Kak ISl 3JeMEHTOB ¢ PaBHOMEPHO,
TaK ¥ C JMHEWHO paclipedelieHHBIMHA HATPY3KaMH.

3aBrcuMocTh (15) TO3BOJSIET ONPENEIIATEL Mepe-
MellleHNs] BHYTPEHHUX Y3JI0B 3JIEMEHTOB yX€ IOCIe
pellicHus CHCTEMBI paspelialolfUX  ypaBHEHMH
KOHEYHODJICMEHTHOH Mogemd. Hcnoinesyst 3aBucH-
MocTh (15), a Takke NpUBelcHHHE BHINIE MaTpPHIBL
XECTKOCTH M Y3JIOBEIE€ CHJIbI, IOJYJaeM CIeOyIoliie
MpUKJIagHeie GOpMYNBI I pacdeTa IlepeMelneHuiA
BHYTPEHHUX Y3JIOB:

a) MpH PaBHOMEPHO pacIipelle/ICHHOM Harpyske-

4
pyl
= +0.5u; +0125luy +05u3 ~0.125luy , 20
us = gaml T 0% 2 3 4, (20)
0) IIpH IDTHEHO pacIpe/leICHHOM Harpy3Ke -
4
pi+pa)l
ug = '(—]768T21)+05u1 +0.125lu, +05u3 —0125lu,,
3
(p2-p ) 15 15
s ="lonoEl 1 4 -025uy + U -025uy. (2D

Ucnome3zyss »™H  ¢GopMysbl, MOXHO UCKIIOYUTH
TIepeMEIeHUST CPEAHETO Y3/Ia DJieMEeHTa M Ipeobpa-
30BaTh QYHKIUK HepeMelteHuii (6), (13) B ciemylo-
mye QOpMEL:

4 2

23 X
+ 74 (EI) +—-—) (22)

B
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\ +p)lf (22 2x3 x*
uk),(xl=iiky(x)+(pl P2)k X 2x +—{— +
| e, (78
' (23)
(P2—P1)ll‘c1 x2 ax3 sxt 24’
YT T S AT It
240(E1)k I Iy Iy Iy
Tae
i (=11 3x2 2%3 N 2x2+x3 N
u xX)= - t+F" (u X=—" "+"57 |U
ky l,f l,‘? kl I, ll% k2
3x2  2x° . x2+x3 (24)
— -7 |u —— 4~ |tyy4,
2R )P e )

Hyy(x) - uHTepnOMMpYIOmas QyHKIMS IpPOrutos

OOBIYHOTO JIBYXY3J0BOTO 2JieMeHTa. Bropoit wien
3aBHCHMOCTH (22) BEIpaXaeT IIOTPelIHOCTh Mporuba
CeUYeHHI CTepXH:, KOrJa OH MOLCIHMPYETCS OXHHM
OOBIYHRIM KOHEUHEHIM 5JIEMEHTOM.

3asucumoctn (22) u (23) TakKe MOXYYaIOTCS
UHTETpUpoBaHNeM AuddhepeHITHAILHOTO YpaBHEHUSA
{12) ¢ ygeToM T'paHUYHBIX YCIIOBUI:

uky(x) =0 =Ups uky ()C)’le =Ups, uky(X)lx::O.Sl =Ugs,

du ky (x)
dx

du by (x)

=u
dx k4

=Upy s

x=0 x=!

dugy (x)

x=0.5!

=Uke -

IllecToe ycnoBHME YYUTHIBAETCA TOJNBKO JUIS
3JIEMEHTa C JMHEMHO paclpeleieHHON Harpy3xKo.
TaknM obpa3oM, 3aBucUMOCTH (22) u (23) SBIAIOTCS
aHAMTHYECKUM pelllecHUeM  AuGdepeHIINabHOTO
ypaBHeHus1 (12). DTo CBUIETENLCTBYET O TOM, 4TO
NpEACTABJICHHEIE KOHEYHBIE 3JIEMCHTHL  COBEp-
IICHHO TOYHO MOJEIMPYIOT HaIpsDKeHHO-Ie(opMu-
POBaHHOE COCTOSTHUE U3rMOAEMBIX CTEPXHEN.

Marpuna XecrKOCTH peRylHpOBaHHEIX 3JIeMeH-
TOB COBINaJiaeT C MaTpullell XECTKOCTH OOKIYHO
WCIIOJIb3YEMOTO 3JIeMEHTa ¢ KYOWYeCKMM pacripejie-
JIeHUeM IMIpOruGoB. VY3JOBHE CWIH peIylMpOBaH-
HOFO 3JIEMEHTa C paBHOMEPHO pacnpelecHHOM
Harpy3kodl TakXe paBHBl CHJIaM OOGBIYHOTO 3Jle-
McHTa. IlosroMy ISt pacuera CTepXHEBHIX KOHC-
TPYKUMH IIPA paBHOMEPHO pacIpefieicHHOM Harpys-
K€ MOXHO HCIIOJIb30BaTh UIMPOKO PpaclpoCTpaHeH-
HHC DOPOTpaMMBI, B KOTOPHIX IUIOCKMIl u3ru0
CTEPXHA  MOAENMpYeTCST  YETHIPEMS  Y3JIOBHIMU
nepememiensMi. s pacgera mpormba cpejgHero
CeYCHMSI CTEepXHs  1ieJecoo0pa3’HO  IIPUMEHSTH
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dbopmyny (20), XoTopass Moxer OHTh BK/HOYEHa B
NpOorpaMMBl. DTH NIporpaMMEl MOXHO HCIIONB30BaTh
U U aHaM3a CTepXHEH C JIMHEHHO pacipefe-
JICHHON Harpy3koif, ONHAKO IJI1 pacyeTa Y3JIOBBIX
CHJI KOHEUHHIX JJIEMEHTOB CJedyeT IIPUMCEHSTh
hOpMyNH, IIOKa3aHHEIE Ha pHC. 3B, a IS pacyeTa
MepeMeIeH CpeJHUX ceYeHui - dopMmymsr (21).
Ilpu 5TOM KaXpplit CcTepXeHbL HOCTATOYHO MOJE-
JMpOBaTh OJHHM KOHEYHBIM 3JIEMEHTOM, €CIH
XeCTKOCTh TIOCTOSTHHASL.

5. Pacyer ycuiamii cTepixkHei

Ycums B CTEPXHAX, NOJBEPXEHHEIX AeHCTBHIO
MECTHOM HarpysKu, COCTOSIT U3 JABYX dacTei:
VCUIHA OT IlepeMelicHMII €ro ysjios,
KOTOpHIe ollpefensiorcs o ¢opmyne (7);

YCHIIMS OT MECTHO# Harpys3Ku.

Q:T‘

Puc. 6. TIOJOXUTeNBHEE HAPaBIeHHS YCHIMI

Fig 6. Positive directions of stresses

IlycTth NONOXUTENHHBIC HAIPaBNCHHSA YCHIIMI
onipe-eJoTCs puc. 6. Torma
u3rubaloie MOMEHTHI W MOliepedHHe CWIHI B
KOHIIaX 3JIEMEHTa OIIpeleIIOTCH 3aBHCHMOCTAMU!

O =-P+Fy, Mpy=Pso-Fy,
Ov2 =Pz —Fp3,  Mpy=—Fpa+ Fy.

corjacHo

Iposonmybie cHE

Ny=-P+Frg, Nia=PFPy-Fir

u Ny =-Pyp+Fy, Npy=PFg-Fg.

Uzrubatonniii MOMEHT B TPEThEM Y3IIe

Mys=(My+ M) /2 +py 7 /8.

(p1+p2)?
48 '

"

)+
C ucnonn3oBaHNEM 3aBUCHMOCTEl

d?uy(x)
P

k (uz — Uy

d’uy(x)

Mk(x)=_(EI)k 0

» Ok (x) = "(El)k

HIONyJaloTca cleayonme GopMyIH IS pacyera yCH-
JMit B HOG0M IPOMEXYTOYHOM CEYCHHM DIIEMEHTA:



a) IIpY paBHOMEPHO paciipeleNIeHHOM HATpy3Ke -

EI
Mk(x)=(—'—)£‘ i_~12_2x uk1+(4——]ukz+
I e 1
6 2x] [ ]
—— = upy | 2= |ugq |+
I 2
k
12 2
Pryty 1 @__6x
2 ’
12 lk Ik
(ED, ( 12 12
k(X)=— ~ 7 WL ~ Otk g3 —bug |+
Iy k k
l
L Pl 1__2_5_];
2 I

6) IIpy TMHEHHO pacipelie/ieHHOM HArpy3Ke —
6 12x 6x
'l"k"-—lz—' Upy + 4—'; Upo +

L k
12x +(2 6x} N
— lu ——lu
l,% k3 lk k4
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+(P1+P2)11% .
24
1 12_x+30x2
h 12 ’
12 12
— 7 Mk —6uy) M3 — 614
k k

J+ [_H

IocTpoeHHl HOBEIE KOHEYHEHIE 3JIEMEHTH C
GYHKUIMSMY TIPOruOoB YeTBEPTOR U IATOM CTEIEHH
NPUMEHHUTENBHO K U3rM0aeMBIM CTEPXHAM II0j AeH-
CTBHEM paclipefie]IeHHHX Harpy3ok. B paMKax Tex-
HUYeCKOM TeopuMM u3ruba O6ajlloOK OHU IO3BOITIOT
MOJICIMPOBaTh HalpssKeHHO-1e(hOPMUPOBaHHOE CO-
CTOSTHME CTepXHS IIpH IIOMOINY OJHOIO KOHEYHOTO
sxeMeHTa. KpoMe Toro, oHHM I103BOJISIIOT HEIOCPEHC-
TBEHHO ONPCHCIMUTh IEPEMEIUCHUSA CpPCIHETO cege-
HHUS 3JIEMEHTa. DTO II03BOJSIET YMEHBLIIATH OOBEM
3ajayd K BHBOAMMOII HMHGOpMalMU, XOTOpYIO
Heo0xoquMo 06paboTaTh Mocie pellicHUs 3ataum.

(ED),

I

Mk(x)=

20x3

(Pz - Pl )11% _
i
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(
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+

(EI),
2
I

J+

5x 5x”
1}

Ok (%)

(Pz —Pl)lk
10

. (P1+P2)k
4

2x
I

6. BuiBOabI

o8

IlyreM WCcKMOYeHHMS BHYTPEHHHX CTEIeHel
CBOGOJEI ITOCTPOEHH pPERYIIMPOBAHHLIE KOHETHHIE
DJIEMEHTHI, YMCIO CTeleHeH CBOOOOH KOTOPHIX
YMEHBIIEHO JO 4YHcia CTeleHel ¢BOOOIBI O6BEYHOrO
(mByxysnmoBoro) sneMeHTa. IIpd 3TOM IIpeIOXcH-
HBI€ pelylIMpOBaHHEIC JIEMEHTHl COXPAaHSAIOT BEHILIE-
yKasaHHEIE [peumymiectBa. [lojydeHE TIpocThHIe
¢dopmymat (20) m (21), IpM HOMOMIM KOTOPHIX
TepeMeHIeHHs CPEIHETO y3/1a 3JIeMEHTa BHIPaXaloTCs
yepe3 MEPeMELICHN KOHIIEBHX Y3J7io0B. OHM TO03BO-
JHIIOT OIPEeJeNiATh NepeMEIEHUsS CPEIHETO CeYyeHWMs
CTCPXHS YXC IIOCHe pellleHusi CHUCTEMH aimreGpau-
YeCKUX YpaBHEHWII M YIOOHH JUISI IIpYMEHCHHS
PSOBHIM  IIDOEKTHPOBIIMKOM.  PemynmpopaHHHe
3JIEMEHTHl JIETKO MOTYT OBITh BHEApPCHEI B HIDKE-
HEPHYIO MPaKTHKY, TaK KaK MX MaTpHUIH XCCTKOCTH
COBIIANAIOT € MAaTpHUIleif XeCTKOCTH OORIYHOTO
CTEPXHEBOTO BJICMEHTA.

KoHeuHbIe 3jIeMEHTH ¢ BHYTPeHHUMM CTelle-
HSAMH CBOOOJBl BaXHEI JUIS 3aJa¥ OITUMH3ALIMH
VIIPYTO-TUIACTUYECKHUX KOHCTPYKIIMH C OrpaHA9YeHHSsI-
MH IIepeMellleHmit, TaKk KakK i1 obeclieyeHHs
OTpaHUYCHHUS IepeMEIICHHSI CpelHero CeYeHMs
CTepXHS HeoOXoMuMo, 4YToORl 3TO MNepeMelleHue
MPUCYTCTBOBAJIO B KaYeCTBE HEM3BECTHOIO B SIBHOM
Busie. IIpH 5TOM KpaifHe BaXHO YMEHBIOWTH JHUCJIO
HEU3BECTHHIX 3a/ja4¥i ONITHMHU3aLlUH.
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BAIGTINIAI ELEMENTAI STRYPAMS SU
PASKIRSTYTOMIS APKROVOMIS MODELIUOTI

S. Kalanta

Santrauka

Lenkiamy strypy analizei paprastai naudojami baig-
tiniai elementai su kubiniu jlinkiy pasiskirstymu.

Straipsnyje strypams, veikiamiems paskirstytujy apkro-
vy, modeliuoti sudaryti baigtiniai elementai (1, 2 pav.) su



ketvirtojo ir penktojo laipsnio jlinkiy interpoliavimo
funkcijomis (1), (6) ir (13). Penktojo laipsnio jlinkiy funkci-
jos naudojamos strypams su tiesiSkai paskirstyta apkrova
(11) modeliuoti. Elemento plokS¢iasis lenkimas modeliuo-
jamas 5 ir 6 laisvumo laipsniais. Papildomieji 5 ir 6 laisvumo
laipsniai — elemento viduriniojo mazgo 3 jlinkis ir kampinis
poslinkis (2 pav.). Sudarytos elementy standumo matricos
(1, 2 lent.) ir iSoriniy jégy vektoriai. Sudaryti baigtiniai
elementai tiksliai modeliuoja paskirstytosiomis apkrovomis
veikiamy strypy jtempimy ir deformacijy biivj, be to, leidzZia
tiesiogiai skaiiuoti strypy viduriniojo pjiivio poslinkius. Visa
tai sudaro galimybe sumaZinti uZdaviniy ir gaunamos
informacijos, kuria véliau reikia analizuoti, apimtj.

Eliminuojant vidinius laisvumo laipsnius, sudaryti
redukuotieji baigtiniai elementai (4 pav.), kuriy laisvumo
laipsniy skaiius sumaZintas iki paprastai naudojamo
elemento laisvumo laipsniy skaiciaus. Taciau redukuotieji
elementai furi visus nurodytuosius privalumus. Gautos
formulés (20) ir (21), kuriomis elemento viduriniojo mazgo
poslinkiai iSreiSkiami per jo galiniy mazgy poslinkius. Jos
leidZia apskaiiuoti strypo viduriniojo pjiivio poslinkius jau
po baigtiniy elementy lygciy sistemos sprendimo.

Pasitlyti redukuotieji elementai gali biiti labai lengvai
idiegti ir naudojami inZinerinéje praktikoje, kadangi jy
standumo matrica sutampa su jprastinio strypinio elemento
standumo matrica.

Sudaryti elementai su vidiniais laisvumo laipsniais ypa¢
svarbiis konstrukcijy optimizacijos su poslinkiy ribojimais
uZdaviniams, nes, norint apriboti strypo viduriniojo pjiivio
poslinkj, reikia, kad $is poslinkis blity uZdavinio neZinoma-
sis. Be to, labai svarbu kiek imanoma sumaZinti optimi-
zacijos uZdavinio neZinomujy skaiéiy.

FINITE ELEMENTS FOR MODELLING BEAMS
AFFECTED BY A DISTRIBUTED LOAD

S. Kalanta

Summary

Usually a finite element with cubic deflection appro-
ximation function is applied when evaluating the stress and
strain field of bar structures. But such an element only
approximately evaluates the actual strain field of the bar
affected by a distributed load. The improved finite elements
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(Fig 1, 2) with fourth and fifth-order deflection approxi-
mation functions (1), (6) and (13) are presented in the
actual manuscript. The fifth-order deflection approximation
function is used for modelling the beams affected by a
linearly distributed load (11). The plain bending of the finite
element is modelled by 5 and 6 freedom degrees. The
additional 5* and 6" freedom degrees are the deflection and
deviation of the middle node of element (Fig 2). The
element stiffness matrices (Table 1, 2) and node force
vectors are presented. The created finite elements exactly
modells the stress and strain field of bars, which are affected
by distributed load, and also allow to compute directly the
middle section displacements of bars. It creates conditions
for diminishing the volume of problems and obtaining infor-
mation, which is necessary to be analysed later.

The reduced finite elements (Fig 4) are created by the
elimination of the internal freedom degrees. Their number
of freedom degrees is decreased up to the number of
freedom degrees of a usually applied finite element. But the
reduced finite elements have all afore-mentioned qualities.
Formulas (20) and (21) are derived expressing the middle
node displacements by the final node displacements. These
formulas allow to compute the middle section displacements
of the bar already after the solution of equation system.

The proposed reduced elements can be introduced and
applied in engineering practice very easily, because their
stiffness matrix coincide with the stiffness matrix of a usual
bar finite element.

The created elements with internal freedom degrees
are very important for the problems of structures
optimization with displacement constraints, because the
constraint of bar middle section displacement can form just
in case, when this displacement is one of the problem’s
unknown. Also it is very important to decrease the number
of unknowns of optimization problem.

Stanislovas KALANTA. Doctor, Associate Professor. Dept
of Structural Mechanics. Vilnius Gediminas Technical
University, Saulétekio al. 11, 2040 Vilnius, Lithuania.
Doctor (structural mechanics), 1974. Research visits to:
Leningrad Polytechnic Institute, Moscow Civil Engineering
Institute, Kiev Civil Engineering Institute. Research
interests: computational mechanics, finite element method,
analysis and optimization of elastic-plastic structures.





