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Statybine mechanika 

OCOiiEHHOCTH TIPHMEHEHIDI MATEMATJiqECKOrO TIPOrPAMMHPOBAHIDI 
B 3A,l(A qAX IIPHCIIOCOiiJUIEMOCTH KOHCTPYKIJ.HH 

3. XpaiiToouq, 10. ATI~o:oqrouac 

BWlbHJOCCKUU mexHu•wcKuii yHu6epcumem UM. TedUMUHaca 

l. Bse)leuue 

MaTeMaTIIKa H MexaHHKa scer)la nuTaJIII .upyr 

.upyra II,lle}!MII. HarJI}!,llHhiM npiiMepoM TOMY }!BJI}!eTC}! 

npHBJieqeHHe TeOpHH MaTeMaTIIqecKOrO nporpaMMHpO

BaHH}! K pacqery ynpyrOI1JlaCTHqecKHX CIICTeM, IlO,llBep

)KeHHhlX ,lleHCTBIIIO llOBTOpHO-IlepeMeHHOrO Harpy)KeHH}! 

(IIIIH). IIp1IMeHeHue 3KCTpeMaJihHhiX 3HepreTIIqeCKIIX 

npHHUIIIlOB, TeOpHH ,llBOHCTBeHHOCTII MaTeMaTIIqeCKOrO 

nporpaMMHpOBaHH}! ,llJI}! <lJopMyJIIIpOBKII II perneHH}! 

3a,llaq 11pHCI10C06JI}!eMOCTH CTaHOBIITC}! ecTeCTBeHHhlM 

c n031IUHH KaK MexaHHKH, TaK II MaTeMaTIIKII. Teopfl}! 

MaTeMaTHqecKOrO nporpaMMIIpOBaHII}!, IIIIIpOKO 

pacnpOCTpaHIIBllia}!C}! KaK MeTO,ll peUieHII}! 3KCTpe

MaJihHhiX 3a,llaq, COilYTCTByeT IICCJie,llOBaHIIIO 3a,llaqii 

TeOpHH IlJiaCTIIqHOCTH OT ee IlOCTaHOBKII ,llO OKOHqa

TeJihHOrO peUieHII}!. O.uHaKo II 3.Uech, Ha Ham B3rJI}!.ll, 

HCI10Jlh30BaHhl ,llaJieKO He BCe B03MO)KHOCTII. 

IIp1I nepexo,ue oT 3a,uaq <lJyHKUHOHaJihHoro 

IlpOCTPaHCTBa K IIH)KeHepHhlM 3a,llaqaM pacqeTa (B TOM 

qfiCJie c<iJopMyJIHpOBaHHhlM B TepMHHaX TeOpiiii 

MaTeMaTIIqecKoro nporpaMMHpoBaHII}!) 3aqacTyiO 

aHaJIIITHqeCKIIe MeTO,llhl perneHII}! KJiaCCIIqeCKOH 

MaTeMaTHKH He,lleHCTBHTeJihHhl HJIII npOCTO 

OTCYTCTBYIOT. ITo3TOMY B HaCTO}!IIIee speM}! ocHOBHhiM 

opy.UIIeM peUieHH}! HH)KeHepHhiX 3a)laq }!8JI}!IOTC}! 

qfiCJieHHhie MeTO,llhl MaTeMaTHKH. C pacnpOCTpaHeHIIeM 

KOMilhiOTepHhiX TeXHOJIOrHH 3TO 3aMeTHO IIHTeHCII<lJH

UHpOBaJIOCh: nepenJieTeHHe MeTO,llOB <lJH31IqeCKOH 

,llHCKpeTH3aQIIII KOHTHHyaJihHhiX CIICTeM II MeTO,llOB 

BhJqfiCJIHTeJihHOH MaTeMaTHKII CJIY)KHT TOMY ,llOKa3a

TeJihCTBOM. TaK noJiyqaiOTC}! .uucKpeTHhie MO.UeJIH 3a,uaq 

MaTeMaTuqecKoro nporpaMMIIposaHII}!, perneHHeM 

KOTOphiX aJirOpiiTMHqeCKHMH MeTO,llaMH Onpe,lleJI}!eTC}! 

Hallp}!)KeHHO-.ue<iJopMHpOBaHHOe COCTO}!HHe 11piiCI10C0-

6HBIIIHXC}! KOHCTPYKUHH (3a.uaqa aHaJIII3a H)J:C) JIII6o 

OllTIIMaJihHhiH npoeKT caMoil KOHCTPYKUIIII. B o6o1Ix 

cJiyqa}!X npe.ueJihi II3MeHeHH}! IIIIH cqnTaiOTC}! 

3a,llaHHhiMII. )J:JI}! npaKTIIKII aKTyaJihHa II 3a)laqa 

011TIIMII3aQIIII npe,lleJIOB II3MeHeHH}! IlOBTOpHO

IlepeMeHHOrO Harpy)KeHII}!. 

IIp1Icnoco6HBIII~C}! II.UeaJihHO ynpyronJiacTnqecKa}! 

KOHCTPYKUII}! y.uoBJieTBOp}!eT ycJIOBH}!M npoqHocTII II 

}!BJI}!eTCH 6e30ilaCHOH OTHOCIITeJihHO UHKJIIIqecKH IlJiaC

TIIqeCKOrO pa3pyUieHIIH. O;maKo 3KCnJiyaTaUHOHHhie 

Tpe6osaHHH (HallpHMep, )KeCTKOCTHhie orpaHnqeHIIH) 

npii 3TOM MoryT 6hiTh HapyUieHhi. CJie.uosaTeJihHO, 

MaTeMaTIIqecKaH MO,lleJih 3a,llaqf1 011THMH3aUHH pacnpe

,lleJieHHH napaMeTpos KOHCTPYKUHH IIJIH npe.ueJIOB 

H3MeHeHHH Harpy)KeHHH ,llOJI)KHa BKJIIOqaTh B ce6H KaK 

npoqHOCTHhie, TaK H )KeCTKOCTHhie YCJIOBIIH-OrpaHH

qeHHH. Pacnpe.ueJieHne nepeMeiiieHHH ynpyronJiaCTH

qecKoH KOHCTpyKUHH 3aBIICHT OT HCTOpHII Harpy)KeHHH 

II rrpu HeH3BeCTHOH HCTopuu IIIIH HBJIHeTCH He 

e,lliiHCTBeHHhiM, qTO KOpeHHhiM o6pa30M OCJIO)KHHeT 

aHaJIH3 H)J:C cncTeMhi. Tio3ToMy 3a.uaqa onTHMH3auuu 

KOHCTPYKUHH s ycJIOBHHX npucrroco6AAeMocTH npe.u

CTaBAAeT C060H ,llBe KaK 6hi BJIO)KeHHhiX O,llHa B .UpyryiO 

3a,llaqf1 - OCHOBHaH 3a,llaqa 011THMH3aUHH BKJIIOqaeT B 

ce6H 3a.uaqy aHaJIH3a H)J:C KOHCTPYKUHH. IIoJiyqaeTcH 

CJIO)KH~ npo6JieMa MaTeMaTIIqecKoro nporpaMMHposa

Hfl}!: ,llJIH Ka)K,llOH HTepaUHH perneHH}! OCHOBHOH 3a,llaqu 

OIITIIMII3aUHH ,llOJI)KHa peUiaThCH ,llOBOJlhHO CJIO)KHaH 

3a,llaqa onpe,lleJieHIIH HJIH OUeHKII OCTaToqHhiX 

nepeMeiiieHHH KOHCTPYKUHH s cJiyqae IIIIH. PaccMaT

pusaeMhle 3a.uaqu 3HaqiiTeJihHO CJIO)KHee 3a.uaq 

onTIIMH3aUHH O.UHOKpaTHO Harpy)KaeMhiX KOHCTPYKUIIH 

H XapaKTepii3YIOTCH IlOBhiUieHHhiMH Tpe6osaHH}!Mfl K 

aJiropHTMaM HX perneHIIH. 

K CO)KaJieHHIO, npiiMeHeHHe MaTeMaTnqecKoro 

nporpaMMHpoBaHH}! KaK cpe.uCTsa qiicJieHHoro perneHIIH 

3a.uaqu pacqeTa KOHCTPYKUHH 3aqacTyiO TeM II orpaHH-
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qlfsaeTc». He pacKpbiBaJOTC» B03MOJKHOCTH MexaHH

qecKoii llHTeprrpeTaiiHH KpHTepHeB OIITHMaJibHOCTll 

rrpHMemieMbiX anropHTMOB. B HacTo»meii pa6oTe ::na 

6peiiib 3aiiOJIH»eTC» - IIpHBO)lHTC» KOppeKTHa» MeXaHH

qecKa» HHTeprrpeTaiiH» KpHTepHH OIITHMaJibHOCTH 

anropHTMa P03eHa [ 1]. ITonyqaeMbie BbiBO.llbi pacrrpo

cTpaH»JOTCH Ha MHOJKeCTBO aJirOpHTMOB, TaK KaK 

yCJIOBHHMH CyiiieCTBOBaHHH OIITHMaJibHOfO peiiieHHH 

JIJ06oii 3a.naqH BbiiiyKJioro MaTeMaTHqecKoro rrporpaM

MHposaHHH BHe 3aBHCHMOCTH OT IIpHMeHHeMOfO 

KOHKpeTHOfO aJirOpHTMa perneHHH HBJIHIOTCH ycJIOBHH 

K yHa-TaKKepa [ 1]. Bee JKe s HacToHmeii CTaTbe ycno

BHH KyHa-TaKKepa HCCJie.nyJOTCH s KOHTeKcTe anropHT

Ma P03eHa. ,[(JIH 3a.naqH, ccpopMyJIHposaHHOii c rrpHBJie

qeHHeM rrpHHIIHIIa KacTHJibHHO, ycnoBHH KyHa-TaKKepa 

HBJIHJOTCH ypasHeHHHMH cosMeCTHOCTH .necpopMaiiHii. B 

CJiyqae yrrpyrO-IIJiaCTHqecKHX CHCTeM - 3TO ypaBHeHHH 

COBMeCTHOCTll OCTaToqHbiX .necpopMaiiHR. B pa6oTe 

BbiHCHHeTCH pOJib MaTpHIIbi rrpoeKTHpOBaHHH IIpH 

IIOCTpOeHHH yrrOMHHYTbiX ypasHeHHR COBMeCTHOCTH. 

.[(OKa3biBaeTC», qTO )lJIH 3a)laq rrpe.neJibHOfO paBHOBeCHH 

ycnoBHH KyHa-TaKKepa BKJIJOqaJOT s ce6H 3aBHCHMOCTH 

aCCOIIHHpOBaHHOrO 3aKOHa IIJiaCTifqeCKOfO TeqeHHH. 

I>onee Toro, ycnoBHH KyHa-TaKKepa cosMeCTHO c 

orpaHHqeHHHMll HCXO.UHOR 3a.naqlf pacqeTa IIpe.UCTaB

JIHJOT co6oii IIOJIHYIO CllCTeMy 3aBHCHMOCTeii TeOpHH 

IIpHCIIOC06JI»IOIIIHXCH CHCTeM. 

IJpHBO.llllMa» B HaCTOHIIIeii CTaTbe MaTeMaTHqeCKa» 

H MexaHHqecKa» HHTeprrpeTaiiHH ycnosHii KyHa-TaKKepa 

II03BOJIHeT OTKa3aTbCH OT rrp»MOrO peiiieHHH .llBORCTBeH

HOR 3a.naqH MaTeMaTHqecKoro rrporpaMMHposaHHH. 

Tor.na 11 s cnyqae BbmyKJioro HeJIHHeiiHoro rrporpaMMH

posaHHH cpa3y ( aHaJIOrlfqHo ll3BeCTHOMY CHMIIJieKC

MeTO.llY B JIHHeRHOM rrporpaMMHpOBaHHH) orrpe.neJIH

IOTCH 3HaqeHHH )lBORCTBeHHbiX rrepeMeHHbiX. 3TO 

o6nerqaeT perneHHe 3a.naq OIITHMH3aiiHH KOHCTPYKIIHii 

B YCJIOBHHX IIpHCIIOC06JIHeMOCTll. 

2. <JluJuqecKaB uuTepnpeTanuB KpnTepuB 

onTnMaJibHOCTn anropnTMa PoJeua 

3a.naqa pacqeTa yrrpyrorrnacTHqecKHX KOHcrpyKIIHii 

rrpH ITITH s TepMHHax BblllYKJioro HeJIHHeiiHoro 

MaTeMaTHqecKoro rrporpaMMHposaHHH 3aiiHCbisaeTCH 

TaK: 

HaRTH 

(1) 

r.ne )lOIIYCTHMaH 06JiaCTb ll3MeHeHHH rrepeMeHHbiX X : 

::l ={xI <pix? 0 MH scex i= 1,2, ... , m }. 

B qacTHOM cnyqae cpyHKIIHH uenH HJIH orpaHH

qeHHH 3)leCb MoryT 6biTb JIHHeRHbiMH. BeKTop x * , 
Y.llOBJieTBOpHIOIIIHR orpaHHqeHHHM 3a)laqH ll MllHHMH-

3Hpy10IIIllll <jlyHKIIHIO IIeJIH, Ha3b!BaeTCH OIITHMaJibHbiM 

peiiieHHeM 3a.naqH ( 1 ). B CBH3H c BbiiiYKJIOCTbJO cpyHK

IIHii <J>i (x) 2': 0 ll CTporo IIOJIOJKHTeJibHOR orrpe.neJieH

HOCTb!O MaTpHIIbi [D] ( 06b!qHO 3TO MaTpHIIa IIO)laT-

* JIHBOCTH KOHCTpyKIIHH) OIITHMaJibHOe peiiieHHe X 

o6ecrreqHsaeT mo6aJibHbiR MHHHMYM <jlyHKilllH IIeJIH B 

.llOIIyCTHMOR 06JiaCTH perneHHR 9';' . 

Cpe.nH MHOJKeCTBa anropHTMOB perneHHH Ja.naq 

BbiiiYKJIOfO MaTeMaTHqecKOfO rrporpaMMHpOBaHH» 

Bbi)leJIHeTCH aJirOpHTM IIpOeKTHpyeMbiX rpa.nHeHTOB 

P03eHa [ 1]. MeTO.ll Po3eHa cocTOHT s TOM, qTo 

rpa.nHeHT <jlyHKIIHH IIeJIH rrpoeKTHpyeTCH Ha rpaHHIIY 

)lOIIYCTHMOR 06JiaCTll Y , !1 .llBHJKeHHe OCy!IIeCTBJIHeTCH 

ITO HarrpaBJieHHIO He rpa.nHeHTa ( qTO XapaKTepHO )lJIH 

rpa.nHeHTHhiX MeTo.nos ), a rrpoeKIIHH rpa.nHeHTa. EcJIH 

B OCHOBY peiiieHHH 3a)laqlf ( l) IIOJIOJKeH aJirOpHTM 

rrpoeKTHpyeMbiX rpa.nHeHTOB P03eHa [1], TO seKTop x* 

y.nosnersopHeT cne.nyJOmeMY KpHTepH!O omHMaJibHOCTH: 

1~]-~~(x· lr(~~k lh(x' )]' r ~~(x' ll} 
·V'o~(x*)= 0, (2) 

3.necb V' r;Pfi (X* ), V' <p (X* ) - rpa.nHeHTbi cpyHKIIHR IIeJIH 

~(x) !1 aKTHBHb!X (y.UOBJieTBOpHeMb!X B KaqeCTBe pa

BeHCTB) orpaHHqeHHR <pi (x) = 0 (i ~ 1,2, ... , m, iEf) 

3a.naqH ( l ). <l>opMyna (2) H orrpe.nen»eT rrpoeKIIHJO 

rpa.nHeHTa <jlyHKIIHH IIeJIH V' ~(X*) Ha rpaHHIIY 

.llOIIyCTHMOR 06JiaCTll :f . 

,[(JIH <jlH3IfqeCKOR HHTepnpeTaiiHH KpHTepHH OIITll

MaJibHOCTH (2)-(3) cne.nyeT o6paTHTbC» K ycnosHHM 

KyHa-TaKKepa [1]. 3m ycJIOBHH He 3aBHC»T OT rrpHMe

HHeMoro KOHKpeTHOfO aJirOpHTMa )lJIH perneHHH 3a)laqH 

(1 ). Il03TOMY BbiBO)lbi, KOTOpbie npHBO)lHTCH B HaCTOH

IIIeii pa6oTe, HMeJOT o6meMexaHJiqecKoe 3HaqeHHe .UJIH 
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yrrpyrorrrracrHqecKI:IX crrcreM (s Harrmx pa6orax [2], [3] 

3TI:I yCJIOBIDI paCCMOrpeHbl B HeCKOJibKO I:IHOM acrreKTe ). 

.LJ:mr BbiiiYKJibiX <PYHKUI:IH ycrrosmr KyHa-TaKKepa HBJIH

JOTCH ycrrOBI:IHMH rrro6aJibHOro perneHI:IH I:ICXO):IHOH 

3a):laqif (1) I:! rrraCHT [ 1]: X* HBJIHeTCH OIITI:!MaJibHblM 

peweHI:IeM I:ICXO):IHOH 3a):laqif, eCJII:I MO)l(HO HaRTH TaKI:Ie 

qrrcrra Ai ( i = 1, 2, ... , m), rrpi:I Koropbrx 

Vrffi(x* )- [v<p(x* )Y A= 0, 

AT <p( X* ) = 0 , 

A;:::O. 

(4) 

(5) 

(6) 

B ¢opMyrrax (4)-(6) I:Icrrorrb3YeTcH Marpi:Iua rpMI:IeHTOB 

scex orpaHI:IqeHI:Iil <pi(x*);:::o (i=l,2, ... ,m,iE!), 

II03TOMY HyrreBbie COCTaBJIHIOII!I:Ie BeKTOpa A;::: 0 

OIIpe):leJIHIOTCH C IIpi:!BJieqeHI:IeM ycJIOBI:IH 0 ):IOIIOJIHHIO

II!eH He)l(eCTKOCTI:I ( 5)-( 6). KaK H3BeCTHO, B ycrrOBI:IHX 

KyHa-TaKKepa (4)-(6) cocrasrrHJOII!I:IMI:I BeKropa A 

HBJIHJOTCH MHO)l(I:ITerri:I JiarpaH)l(a. CpasHeHI:IeM 

3asi:ICI:IMocreil (2) I:! (4) HaMI:I orrpet:~erreHo, qro rrpi:I 

OIITI:!MaJibHOM perneHI:II:I X* YCJIOBI:IH (3) I:!MeJOT <lJI:13I:I

qecKI:IH CMbiCJI MHO)l(I:!Terreif JiarpaH)l(a ):liTH 3a):laqif ( 1 ): 

A= ([ V'<p~ *)] [v<p(x*) ]r )_, [v<p (x *)] V' ~(x * ), 

A ;::: 0. (7) 

3ra oco6eHHOCTb arrropi:ITMa P03eHa II03Bomer B HeJII:I

Hei!HOM rrporpaMMI:!pOBaHI:II:I OTKa3aTbCH OT IIpHMOrO 

peweHI:IH 3a):laqif, ):IBOHCTBeHHOH 3a):laqe ( 1 ). C rrpi:!BJie

qeHJieM BeKTOpOB X* H MHO:>KHTeJieH J... IIOJiyqaiOTCjJ 

11 

(8) 

T I *) A <t>\X =0, (9) 

(10) 

B crryqae, KOr):la B orpaHrrqeHI:IHX 3a):laqif (1) B HBHOM 

BI:I):Ie orcyrcrsyJOr ycrrosi:IH-paseHcrsa, 3aBI:ICI:IMOCTb (8) 

rrpespaii!aercH B y = y 1 = y 2 . B o6II!eM crryqae y 2 

rrpe):ICTaBJIHeT C060H CYMMY HeCKOJibKI:IX rrepeMeHHbiX. 

B reopi:II:! MaTeMari:IqecKoro rrporpaMMI:IposaHI:IH 

ycrroBI:IH (2) c npi:IsrreqeHI:IeM MaTpi:!Ubi rrpoeKmposaHIDI 

3aiii:!CbiBaJOTCH TaK: 

(12) 

B pa6ore [2] noKa3aHo, qro ycrroBI:IH KyHa-TaKKepa 

( 4 )-( 6) rrpH pacqere ynpyrorrrracri:IqecKI:IX CI:ICTeM 

HBJIHIOTCH ypaBHeHI:IHMI:I COBMeCTHOCTI:I OCTaTOqHbiX 

t:~e¢opMaui:Iil. TaKOH )l(e CMbiCJI I:!Meer I:! Kprrrepi:Ii! 

OIITHMaJibHOCTH (2)-(3): ycJIOBI:IH (12) rrpet:~cTaBJIHIOT 

co6oif OCHOBHYIO rpyrrrry ypaBHeHI:IH COBMeCTHOCTI:I. 

Tort:~a <lJI:13HqecKaH I:IHTeprrperaui:IH Kpi:IrepiDI orrTHMarrb

HOCTH ):liTH 3at:~aq pacqera yrrpyrorrrracrHqecKI:IX rrpi:Icrro

co6AAJOII!HXCH KOHcrpyKUI:Iil raKosa: t:~eilcTBI:ITeJibHOMY 

pacnpet:~eJieHHJO ocraroqHbiX yci:IJIHH S; orseqaJOT 

Yt:~OBJiersopeHHbre ypasHeHI:IH cosMecTHOCTI:I t:~e¢opMa

UHH. .ll:JIH UI:IKJII:IqecKI:I rrJiaCTI:IqecKoro pa3pyweHI:IH 

ypaBHeHI:IH COBMeCTHOCTI:I (4)-(6) BKJIJOqaJOT B ce6H I:! 

3aBI:ICI:IMOCTI:I aCCOUI:!I:!pOBaHHOrO 3aKOHa IIJiaCTI:IqecKOrO 

reqeHI:IH. Eorree t:~eTaJibHO :ITO paccMaTpllsaercH B 

cJiet:~yiOII!eM pa3t:~eJie. 

3. 0 B3RUMOCBH3U 3RKOHa IIJIRCTU<feCKOI'O Te<feHUH 

u ycJiosuii Kyua-TaKKepa 

CrariiqeCKH ):IOIIYCTI:!Mble OCTaroqHbie YCI:!JlllH s r 

yt:~osJieTBOpH!OT ypasHeHI:IHM paBHOBeCIIH [A]Sr =0 11 

HeJII:!HeHHbiM ycJIOBIDIM reryqecm C - f (S e (t) + S ,. ) ;::: 0 ; 

3):1eCb C - BeKTOp xapaKTepi:ICTI:IK IIJiaCTIIqHQCTII. 

Hanpi:!Mep, ):liTH I:l3ri:I6aeMbiX IIJiaCTIIHOK ci = (M Oi?' 

3):1ecb M Oi - rrpet:~eJibHOe yci:IJII:Ie, T. e. npet:~eJibHbiH 

MoMeHT s i -M pacqerHoM ceqeHIIII ( i E I ). BpeMH t 

B ycJIOBmiX TeryqeCTI:I I:ICKJIJOqaeTCH BBO):IOM 3KCrpeMaJib

HbiX YCI:!JlliH sej,max' sej,min: 

<p j,max =C-f (Sej,max +S,.);::: 0, 

<p j,min =C-f (Sej,min +Sr);::: 0 ):liTH scex jE I. 

3KcrpeMaJihHbie yrrpyriie yci:IJII:IH Sej,max, Sej,min 

HBJIHIOTCH JIIIHeHHhiMI:I tPYHKUIIHMI:I He 3aBI:ICHII!IIX OT 

speMeHH rrpet:~eJIOB H3MeHeHIIH IIIIH Finf , Fsup 

BeKTOphl Sej,max' sej,min onpet:~eJIHIOT see sepllii:!Hhl 

rot:~orpa¢a yrrpymx yciiJIIIH S e (t). CIIMMerprrqHbre 

rraphr seprni:IH rot:~orpa¢a I:! I:IH):IeKCI:IPYJOTCll qepe3 j , 

I:IX MHO)l(eCTBO - J . .LJ:m IIpOCTOTbl 3aiiiiCll BBO):IHTCH 
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0603Ha'leHH» CTaTH'leCKH LlOIIYCTHMhlX yCHJIHH 

S },max =Sej,max +S,., S },min =Sej,min +S,.. 

ITycTh Soi - seKTop ycmmH: Ha rrosepxHOCTH 

TeKy'leCTH Ci = fi(Soi ), COOTBeTCTBylOil(HH OTJIH'lHhlM 

OT HYJI» CKOpOCDIM IIJiaCTH'leCKHX necpopMaUHH 8 pi . 

C LIPYfOH CTOpOHhl, ( M Oi )2 = ji (Soi ). )lJI» KOHCTpyK

UHH B UeJIOM BeKTOp CKOpOCTeH IIJiaCTH'leCKHX 

necpopMaUHH o603Ha'laeTC» e p ' a BeKTOp YCHJIHH Ha 

IIOBepxHOCTH TeKy'leCTH - So ' T. e. r(so) =C. 

CornacHo rrocTynaTy )lpyKKepa [4] B i -M 

pac'leTHOM Ce'leHHH 
. T {;- ) e pi \SOi- SiJ,max ~ 0' 

. T ~ ) . e pi \s Oi - s ij ,min ~ 0' l E I ' j E J . PacrrpeneJieHHe 

ycHJIHH rrpH neil:CTBHH rrpeneJihHhiX Harpy3oK cymecT

seHHO eLIHHCTBeHHo B Tex o6nacn1x KOHCTPYKUHH, rne 

OTJIH'lHhl OT HYJI» CKOpOCTH ITJiaCTH'leCKHX necpopMaUHH. 

Torna neH:cTBHTeJihHO paseHCTBO eLIHHCTBeHHOCTH 

YCHJIHH B COCTO»HHH pa3pyrueHH» [4]: 

·rf.- ) ·rf-:- ) 8 p \So - S J,max = 0, 8 p \So- S J,min = 0 

HJIH 

. T [- l e P So - S J,max =0. 
mm 

0TCIO)la, CJieLiy» 3aBHCHMOCT»M BhiiiieyiiOM»HYTOfO 

IIOCTyJiaTa )lpyKKepa, B MOMeHT UHKJIH'leCKH

IIJiaCTH'leCKOfO pa3pyweHH» s: + s; = So' T. e. LIJI» 

)leHCTBHTeJibHhiX OCTaTO'lHhlX ycHJIHH s; H3 BCeX 

seprnHH ronorpacpa yrrpyrHx ycHJIHH LIM ce'leHH» JIHIIIh 

OLIHa yqacTByeT rrpH peaJIH3aUHH MeXaHH3Ma 

IIJiaCTH'leCKOfO pa3pyrueHH». flpH 3TOM LIJI» OT)leJibHhiX 

ceqeHHH HHLieKc J MO)KeT 6hiTh pa3HhiM. TaKHM 

o6pa30M, B KoHue rrpouecca Harpy)KeHH» H3 scex 

BeKTOpOB Sej,max, Sej,min cpopMHpyeTC» BeKTOp 

yrrpymx ycHJIHH s:. 
MaTeMaTH'leCKa» MO.lleJih 3a)la'lH OIITHMH3aUHH 

KOHCTPYKUHH B CTaTH'leCKOH cpopMyJIHpOBKe, HCXOM H3 

ycnoBHH ee UHKJIH'leCKH-rrJiaCTH'lecKoro pa3pyweHH», 

CTPOHTC» Ha OCHOBe npHHUHIIa MHHHMyMa CKOpOCTH 
·r-

n»cc»rrauH» 3HeprHH e pSo. B Bbipa)KeH!le CKOpOCTH 

LlHCCIIIIallllll 3Hepr1111 BXOLI»T B3a!lM03aBHCHMhie 

rrepeMeHHhie 0 p, s0 . OrpaHH'leHH» Ha 0 p B cTaTH

'leCKOH cpopMyJIHpOBKe 3a)la'lH peaJIII3YlOTC» qepe3 

* * ,.._, * ,__, 
paBeHCTBO se + s;. =So (IIJIII IIpOCTO s =So). Jllliiih 

B 3TOM CJiyqae KOCBeHHhiM 06pa30M C06JIIO)laeTC» 3aKOH 

aCCOU111IpOBaHHOfO IIJiaCTII'leCKOfO Te'leHH». 3To Bhi»B

JI»eTC» H3 aHaJI!l3a MaTeMaTII'leCKOH MO.LieJIH 3a)la'l!l 

OIITHMH3aUHH IIpll UHKJIH'leCKH-IIJiaCTH'leCKOM pa3py

IIIeHHII: 

HaHTH: 

(13) 

IIpll ycJIOBH»X 

(14) 

<pj,max =C-f(Sej,max +S,.)~ 0, 

<rJ,min=C-f(Sej,min+S,.)~o nn» scex jEJ, (15) 

3.Liech (16) 

B rrpencTaBJieHHOH Bhiiiie cpopMyn»pOBKe 3ana'lH (13)

( 16) Hell3BeCTHhlMH BblCTyrraiOT S () , S r . 

)lanee Bhi»BJI»eTc» B3aHMOCB»3h Me)KLIY accourrrr

posaHHhiM 3aKOHOM IIJiaCTH'leCKOfO Te'leHH» H Kp11Te

p1IeM oiiTHMaJihHOCTII (2)-(3). Ycnosrr» KyHa-TaKKepa 

( 4 )-( 6) LIJI» OIITIIMaJibHOfO peiiieHH» S ~ , S; 3a)la'lH 

(13)-(16) IIpHHHMalOT BH.LI: 

~ _ ~ [a<p(s},max )lr . 
ep £... - A.Jmax 

1 as 0 • 

(17) 

_ ~ [a<p(S},max )] T A. . _ 
£... as,. ],max 
J 

_ L [a<p(s},min )] r, . . [ ]r 
,..J m1n + A U1• =0, (18) 

. as,. · 
J 

A. ~.max <p(S J,max ) = 0 , A. ~.min <p(S ~·.min ) = 0, ( 19) 

A. },max~ 0, A. },min~ 0 · (20) 

rpyiiiihl 3aBHCHMOCTeH ( 1 7) H ( 18) rrpenCTaBJI»lOT 

co6oH: paseHCTBa (8): y
1 
-y

2 
=0. YcnoBH» o 

.llOIIOJIH»IOil(eH He)KeCTKOCTH ( 19)-(20) rrpeLIOCTaBJIHlOT 

B03M0)KHOCTh OIIpe)leJIIITh cpOpMy pa3pyiiieHH» rrpH 

ITIIH - rrporpecc»pytomee Jill 3TO pa3pyrneHHe IIJIII 

pa3pyrueHHe H3-3a rrepeMeHHOH IIJiaCTH'lHOCTH. 3TOMY 

II CJIY)KHT Bhi.lleJieH!le CHMMeTpH'IHhiX nap BepiiiiiH 
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ro,Uorpacpa yrrpyrnx ycHJIHH j , j E J . B CJiyqae 

rrporpeccnpyiDmero pa3pyiiieHHH ycJIOBHH o ilOIIOJI

HHIOIIIeli He)KeCTKOCTH YilOBJieTsopHIOTCH JIHIIIh ilJIH 

OilHOH sepiiiHHhi ro,Uorpacpa yrrpymx ycHJIHH i -ro 

ceqeHHH ( COOTBeTCTBYIOIUHH MHO)KHTeJib JlarpaH)Ka B 

noM cJiyqae 'Ai > 0 ). B ilaJihHelirneM n paccMaTpnsa

eTCH rrporpeccnpyiDmee pa3pyiiieHne KOHCTPYKIIHH. IIpn 

O)lHOpOilHOll cpyHKIIHH TeKyqeCTH 

<p ~ = C t - fi ( S ~ )= 0 , i E I , (21) 

)lO IIOCTOHHHOro MHO)KHTeiDI ,UeHCTBHTeJibHbl paBeHCTBa: 

~r a<p· a<p 
Soz·~=C~·, Sq __ i =C· 

._, l as . l. 
aS0i n 

Tor,Ua c yqeTOM TOro, qTo rrpn IIHKJIHqecKOM rrJiacTH

qecKOM pa3pyiiieHHH 

(22) 

IIOJiyqaeTCH 

(23) 

KaK cJie,UCTBHe noro cpopMyJia ,UJIH orrpe,UeJieHHH 

CKOpOCTeH IIJlaCTHqecKHX ,UecpopMaQHH ( 17) IIpHHHMaeT 

BH)l: 

i E I. (24) 

3aBHCHMOCTH (24) COBMeCTHO C YCJIOBHHMH 0 )lOIIOJI

HHIOll(eH He)KeCTKOCTH (19)-(20) Bbipa)KaiOT 3aKOH 

accoQHHposaHHoro IIJiacTnqecKoro TeqeHHH [4]. Terreph, 

IlpH IIOMOll(H cpopMyJihl (24) BbiHCHHB CMbiCJI IIpOH3-

BO)lHbiX 

[
a<p(S },max ) l T [a<p(S },min ) l T 

as,. Aj,max, as,. J..j,min,}EJ, 

MO)KHO YTBep)K,IlaTh, qTo CKOpOCTH IIJiaCTHqecKHX 

,UecpopMaQHH Bbipa)KaiOTCH TaK: 

~ [ar(seJ,min +s;)lr 
+ ~ aS,. ). },min, }E J. (25) 

J 

CJie,UoBaTeJihHO, 3aBHCHMOCTH (18)-(20) s QeJIOM 

Bbipa)KaiOT reoMeTPHqecKyiO COBMeCTHOCTb CKOpOCTeH 

IIJiaCTHqeCKHX ,UecpOpMaQHH li OCTaTOqHbiX rrepeMe

ll(eHHll U,-: 

. [ ]T . <">p = A u,.. (26) 

I. j,max <p(S J ,max ) = 0 , I. ~.min <p(S J ,min ) = 0 , 

). },max :2: 0, ). },min :2: 0. 

BeKTOp CKOpOCTeH OCTaTOqHhiX rrepeMell(eHHll U r 

orrpe,UeJIHeTCH rro cpopMyJie 

u,. = ([A')T t 8~) . 
3!leCh [A'Y - rrO)lMaTpHlla MaTpHllhi [A)T, 8' p 

COOTBeTCTBY!OIUHll :noli IIO)lMaTpHlle IIO,UBeKTOp OT 

0 P. B MaTeMaTuqecKoli MO)leJIH 3a,Uaqn (13)-(16) 

MO)KHO 3apaHee HCKJIIDquTh ycJioBHH pasHosecnH 

[A]S,. =0. Tor,Ua 3aBHCHMOCTH (18), (26) rrpHMhiM 

o6pa30M rrpespaTHJIHCb 6bi B YCJIOBHH COBMeCTHOCTH 

)lJIH CKOpOCTeH IIJiaCTHqecKHX ,UecpOpMaQHH 

(27) 

). },max :2: 0' ). },min :2: 0 · 

3,Uecb 

Eme o cpyHKIIHH QeJiu (13) 3a,Uaqn orrTHMH3aQHH 

(13)--{16). I1CIIOJib3YH 3aBHCHMOCTb (24), cpyHKIIHH QeJIH 

(13) )lO IIOCTOHHHOrO MHO)KHTeJIH CBO)lliTCH K BH,Uy: 

TaK KaK MHO)KHTeJIH A He BXO)lHT B ycJIOBHH

orpaHuqeHHH 3a,Uaqu (13 )-(16), TO rrpnHHMaeTcH A= I. . 

3a,Uaqa OIITHMH3al1Hli rrapaMeTpOB KOHCTPYKlllili rrpH 

IIJiaCTHqecKOM pa3pyiiieHHli CBO)lHTCH K BH,Uy: 

HaRTH 

min Arc (28) 

IIpH YCJIOBHHX (14)-(15) 

[A]S,. =0, 
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<p j,max =C-f (Sej,max +Sr) :2 0, 

<p },min = C- f (S ej,min + S r ) :2 0 AJUI scex j E J . 

JlHlllh IIpH Haii.H'lHH <}lyHKL(HH L(eJili B rrpe)..lCTaBJieHHOM 

BH)..le (28) rrpH perneHHH 3a)..la'IH co6mD)..laiOTC.H Tpe6osa-

HH.H aCCOL(HHpOBaHHOrO 3aKOHa IIJiaCTU'leCKOrO Te'leHH.H. 

EcrrH s Ka'lecTse ycrrosHil TeKy'leCTli rrpuH.HTh 

JIHHeapH30BaHHoe ycrrosue TeKy'leCTli TpecKa, 3a)..la'la 

(28) rrpespaTHTC.H s 3a)..la'ly rruHeilHoro rrporpaMMHpo

saHH.H, pellleHUeM KOTOpOH cpa3y orrpe)..leJI.HIOTC.H H 

ABOHCTseHHhre rrepeMeHHhre 0 P , ti. r . B 3TOM crryqae 

He Tpe6yeTC.H perneHH.H )..lBOHCTBeHHOH 3a)..la'lli MaTeMa

TH'-IeCKOrO rrporpaMMuposaHH.H. 0AHaKo rruHeapu3aUH.H 

YCJIOBHH TeKy'leCTli IIpHBO)..lHT K He06XO)..lliMOCTli 3aiili

ChiBaTh )..(Jl.H paC'leTHblX Ce'!eHliH )..lHCKpeTHOH MO)..leJIU 

KOHCTpyKUHli MHO)KeCTBO JIHHeHHhiX orpaHU'leHliH. 

3Toro He)..lOCTaTKa JIHllleHO, HaiipHMep, HeJIUHeHHOe 

ycrrosHe TeKy'leCTH MH3eca, qacTo rrpuMeH.HeMoe rrpu 

pacqeTe yrrpyrorrrracTu'leCKHX rrrracTUH. 0AHaKo rrpaMoe 

pellleHHe 3a)..la'lli OIITHMH3ai.(Uli KOHCTPYKUHli B 

KHHeMaTH'leCKOH <}lopMyrrHpOBKe IIpH HaJili'lliH 

HeJIHHeHHhiX YCJIOBHH TeKy'leCTH )..lOBOJihHO rpOM03)..lKO. 

Ilo:noMy rrpeAnaraeMaH 3)..leCh MeTOAUKa rrpaMoro 

OIIpe)..lerreHli.H KHHeMaTH'leCKHX rrepeMeHHhi.X 3a)..la'!H 

pacqeTa yrrpyrorrrraCTH'leCKHX KOHCTPYKUHH 0 p ' ti. r 

rrpH HaJIH'lHH HeJIUHeHHh!X ycrrOBHH TeKy'leCTH 

rrpHo6peTaeT seCbMa sa)KHOe 3Ha'leHue. 0Ha rrorre3Ha 

H IIpH pellleHlili 3a)..la'l KBa)..lpaTU'lHOrO MaTeMaTU'leCKOrO 

rrporpaMMHposaHH.H. 

BeKTOp S; rrpeACTaBJIHeT co6oil Jiliiiih OAHO li3 

B03MO)KHbi.X pacrrpe)..lerreHHH OCTaTO'lHhiX ycliJiliH B TOH 

qacTH KOHCTPYKUHH, rAe cKopocTu rrrracTuqecKux 

Ae<}lopMauuH: pasHhi HyrriO. I1Ha'le rosopH, MO)KeT 

Cyi.L(eCTBOBaTh CTaTH'leCKH Heorrpe)..leJIHMM 'laCTh CHC

TeMhl. )l,JIH orrpe)..lerreHli.H e)..lHHCTBeHHOrO S; B 3TOM 

crryqae Tpe6yeTC.H pellleHUe )..lOIIOJIHHTeJihHOH 3a)..la'IH 

aHarrH3a H)l,C. )],rr.H CTaTH'leCKliX rrepeMeHHhiX OHa <}lop

MyrrHpyeTca Ha OCHOBe IIpHHL(HIIa MHHliMyMa )..lOIIOJI

HHTeJibHOH 3Hepruu U . 06b!'IHO OHa peiiiaeTC.H )..lJI.H 

COCTOHHH.H IIpHCIIOC06JIHeMOCTli KOHCTpyKUlili: IIJiaCTli

qecKOe )..le<}lopMHpOBaHHe, B03HHKIIIee Ha rrepBbi.X CTa

)..lHHX Harpy)KeHU.H KOHCTpyKUHli, B IIOCJie)..lyiOIUHX 

L(HKJiaX Harpy)KeHH.H He B0306HOBJI.HeTC.H. 3a)..la'la aHaiili-

3a )..lJIH MOMeHTa, rrpe)..lllleCTBYIOIUero UliKJlli'leCKOMY 

IIJiaCTH'leCKOMY pa3pyiiieHHIO, H COCTO.HHH.H IIpHCIIO-
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C06JIHeMOCTli CTpOHTCH Ha OCHOBe TOrO )Ke IIpHHUHIIa 

MHHHMyMa )..lOIIOJIHHTeJibHOH 3HeprliH U. 

4. Oco6euuocTu «t»opMyJinpooKn 3a}la'IH auaJiu3a 

KOHCTpytm;HH B COCTOHHHH IIpHCUOC06JIHeMOCTH 

CTaTu'!ecKaH <}lopMyrrHposKa 3a)..la'IH aHa.rrH3a Hlle

aJihHO yrrpyrorrrraCTH'leCKOH KOHCTpyKUHH B COCTO.HHHli 

rrpHCIIOC06JI.HeMOCTH CTpOHTCH Ha OCHOBe IIpHHUHIIa 

MHHHMyMa )..lOIIOJIHHTeJihHOH 3HeprliH )..lJI.H CTaTH'leCKH 

AOIIYCTliMbiX OCTaTO'lHh!X YCHJIHH S r : 

HaHTH 

1 T [ ]s * min - S r D • r = U 
2 

(29) 

npu ycnosuax 

[A]Sr =0, (30) 

<p j,max =C-f (Sej,max + Sr) ~ 0, (31) 

Y cnosua KyHa-TaKKepa AJI.H OIITliMaJihHoro peiiieHua 

S; 3a)..la'lli (29)-(32) rrpHHHMaiOT Bli)..l: 

[D]s;- :L[vr<seJ,max +S;)r AJ,max-

j 

-L [ Vf(SeJ,rnin +S; )r A J,max + [A]T ur = 0 ,(33) 

j 

T [ * ] A ·m· C-f(Se min +Sr) J, In , =0, (34) 

A },max :2 0, A },min~ 0 AJI.H scex j E 1. (35) 

IlorrHa.H cucTeMa ypasHeHuH: 3anaqu rrpucrroco6nH

eMocTH, KOr)..la B Ka'leCTBe HeH3BeCTHhi.X Bh!CTyrraiOT 

sr, Up Aj,max~O, Aj,min~O, jEJ' rronyqaeTCH 

H3 CHCTeMhl 3aBHCHMOCTeH (33)-(35) H (30)-(32): 

[D] S,.-L [ Vf(SeJ,max +Sr )r A J,max

j 

- ~[Vf(Seirnin +Sr)]T A .. + [Afur =0,(36) .£..... "' J,mm 
j 



1J . [c-f(Se min +S,.)] =0. J,mm , 
(37) 

"-J,max~O, "-J,min~O. (38) 

(A]S,. =0, (39) 

<p },max =C-f(Se},max +S,. )~ 0, (40) 

<p },min =C-f (sej,min +S,.) ~ 0 .um1 acex jE J. (41) 

l.faCTO liCCJJ.C.UOBaTeJUI IIOJJ.HYJ.O CliCTeMy ypaBHCHliH 

(36)-( 41) noJJ.yl.J.aiOT 113 orpaHlil.J.CHliH Ja.uaq aHamna B 

CTaTlil.J.CCKOH li KliHCMaTHl.J.CCKOH cpopMyJJ.lipOBKaX C 

".uo6aBJJ.eHlieM" K HliM yCJJ.OBliH 0 .llOIIOJIHJ'IJ.Olll,eH 

HeJKeCTKOCTli. PerneHlieM CliCTeMhi (36)-( 41) onpe.ue

JJ.J'IJ.OTCJ'I s;~, u;, AJ,max~O, A.'J,min~O, }EJ. 

YcJJ.oBliH KyHa-TaKKepa (33)-(35) MoryT 6bJ.Th 

cae.ueHhi K Bli.Uy: 

[B] 0 p = [B,. ] S; . 

3.uech nJJ.aCTHl.J.CCKHe .uecpopMamm 

j j 

A. },max ~0 , A },min ~0, }E f · 

MaTpliiJ.a [B,. ] HMeeT cJJ.e.UyJ.OmyJ.O CTPYKTypy: 

(42) 

YpaBHCHHJ'I COBMeCTHOCTH .uecpopMaiJ.liH C HCIIOJJ.b30Ba

HHeM IIOHJ'ITHJ'I cpHKTHBHOH CHCTCMbl [2] BXO,!lJ'IT B MaTe

MaTHl.J.CCKYJ.O MO,!leJJ.b 3a,!la1.J.H onpe.UeJJ.CHHJ'I npe.ueJJ.OB 

H3MCHCHHJ'I OCTaTOl.J.HbiX nepeMelll,CHHH: 

HaHTH 

max * _ [u *,.i,sup l 
. HiA.- * 

mm u ri,inf ' 
i = 1,2, ... , r (44) 

npH YCJJ.OBHJ'IX 

~~] A.=(B,.]s;, A.~O, 
(45) 

T- -
A C::; Dmax · 

3.uecb w *] - MaTpHIJ.a BJJ.HJ'IHHJ'I ,!lJIJ'I OCTaTOl.J.HblX 

nepeMelll,eHHH. <l>HKTHBHaJ'I CHCTeMa IIOJJ.yqaeTCJ'I BBO,!lOM 

HOBOro BCKTOpa IIJJ.aCTHl.J.CCKHX KOHCTaHT C , npH 

KOTOpOM .llJJ.J'I Ka/K,!lOrO pacl.J.eTHOrO CCl.J.eHHJ'I i O,!lHO 

ycJJ.oaue TeKyl.J.eCTH l'IBJJ.HeTCH aKTHBHhiM, T. e. 

<p; = Ci- fi (S;i +S;i)=O. B ::noii cpopMyJJ.e BCKTOp 

S ;~ HBJJ.J'ICTCJ'I OllTHMaJJ.bHbJ.M pelliCHHCM 3a,!la1.J.H (29)

(32) . .I1,JJ.J'I :noH cpHKTHBHOH CHCTCMbl H onpe.UCJJ.J'ICTCJ'I 

MaKCHMaJJ.hHOe 3Hal.J.eHHC ,!lHCCHIIaiJ.HH 3HeprHli COCTO

J'IHHJ'I npucnoco6JJ.J'IeMocTli Dmax . B TaKOM cJJ.yqae HCHO, 

l.J.TO MaTpuua [B d= [B ][v<p * Y. MaTeMaTHl.J.ecKaH 

MO.UCJJ.b Ja.Ual.J.H ( 44)-( 45) orrpe.ueJJ.HeT TaKue npe.ueJJ.hi 

H3MCHeHHJ'I OCTaTOl.J.HbJ.X nepeMelll,CHHH u;,i,?f', u;,sup, 

Kor.ua u *,. ,inf ::; u,. (t )::; u *,.,sup . ITepeMelll,eHHHMH cpuK-

THBHOH CHCTeMhi u;,inf', u;,sup "orn6aJ.OTCH" nepeMe

lll,CHHH u,. (t) .ueiicTBHTCJJ.hHOJ.i: (ucxo.uHoJ.i:) KOHcrpyKIJ.Hli 

IIpH ,!leHCTBHH llOBTOpHO-rrepeMeHHOrO HarpyJKCHHJ'I. 

MaTeMaTHl.J.ecKaJI MO.llCJJ.h Ja.uaqu ( 44 )-( 45) yquTbJ.BaeT 

H B03MOIKHYJ.O pmrpy3KY cel.J.eHHH ynpyrorrJJ.aCTHl.J.CCKOH 

KOHCrpyKIJ.HH. 

5. HoBaH MaTeMaTH'IecKaH Mo.ueJib Ja)la'IH 

ODTHMH33UHH KOHCTpyKUHH B YCJIOBHHX 

npucnocooJIHeMocTu 

B cJJ.yqae HeJJ.HHeHHhiX ycJJ.oBHJ.i: TeKyl.J.eCTH MaTe

MaTHl.J.ecKaH MO,!lCJJ.b 3a,!lal.J. OIITHMH3aiJ.HH rrapaMeTpOB 

KOHcrpyKIJ.HH B ycJJ.OBHHX nplicrroco6JJ.HeMoCTH rrpHHH

MaeT BH,!l: 

HaHTli 

min{e C+ ~:<).m~ic-r(s,,_ +S, )]+ 

+" A.T · [c-r(semin +SJ) £..... J,mm , 
j 

rrpu ycJJ.OBHJ'IX 

[D]S,.- I[Vf(SeJ,max +S,.)r "-J,max
j 

-" [vrcse'j·min +S,.)r A. .. + [Af u,. =O, £..... , j,mm 

A.}, max ~ 0, A. j, min ~ 0 , 

(A]Sr =0, 

<p j,max =C-f (Sej,max + S,. )~ 0, 

(46) 

(47) 

(48) 

(49) 

(50) 
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<l'j,min=C-f(Sej,min+S,.);:::o ):(JUI scex jEJ,(51) 

Ur,min:::;u,.:::;u,.,max · (52) 

flpll IIOCTpOeHIIII MaTeMaTII'IeCKOH MO):(eJIII (46)-(52) 

IICIIOJih30BaHa II):(eH ((5]), COfJiaCHO KOTOpOH ycJIOBIIH 

0 ):(OIIOJIHHIOIIJ;eH HelKeCTKOCTII MOfYT 6hiTh IIO,[(KJIIO

qeHhl rrMeHHO K cpyHKUIIII uerrii (46). He1I3BeCTHhiMII s 

3a):(aqe (46)-(52) BhiCTyrraiOT C, S,., u,., Aj,min, 

A j,max, jE 1. 

YcrroBH» (52) B MaTeMaTHqecKoil MO,[(eJIII (46}-(52) 

Bh!HBJIHIOT O):(HY ll3 B03MO:lKHhiX IICTOpiiH Harpy:lKeHII» 

F(t) ( Finf ::; F(t) ::; Fsup ), rrpii KOTOphiX ycrrOBH» :lKeCT

KOCTII He HapyrneHhl. 0):(HaKO :no He 03HaqaeT, qTO He 

cymecTBYIOT IICTOpllii Harpy:lKeHII», ):(Jl» KOTOph!X 

ycnosH» (52) HapyrnaiOTC». Tor,[(a ):(JI» Ka:lK,[(OH IITepa

Uilll perneHH» OCHOBHOH 3a,[(aqii OIITIIMII3ai.{IIII ( 46H 51) 

):(OJIJKHa pernaThC» 3a,[(aqa oueHKII rrpe):(enos II3MeHeHH» 

OCTaToqHhiX rrepeMell.{eHIIH ( 44 )-( 45): 

< * * < Ur,min -"r,inf' "r,sup- Ur,max · 

3Ta 3a,[(aqa KaK 6hi BJIO:lKeHa B OCHOBHyiO 3a):(aqy 

OIITIIMII3ai.{IIII rrapaMeTpOB KOHCTpyKUIIII B YCJIOBIIHX 

rrprrcrroco6rrneMOCTII. 

6. 8hlBO)lbl 

3a):(aqrr pacqeTa II OIITIIMII3aUIIII yrrpyrorrrrac

TIIqecKIIX KOHCTPYKUIIH rrpii rrosTopHo-rrepeMeHHOM 

Harpy:lKeHIIII MOryT 6b!Th CcpOpMyrriipOBaHhi B TepMII

HaX Teop1I1I MaTeMaTrrqecKoro rrporpaMMIIposaHII». 

3a)laqrr MoryT 6hiTh ccpopMyrriiposaHhi JIII6o B CTaTII

qeCKIIX, JIII60 B KIIHeMaTIIqeCKIIX rrepeMeHHhiX. Y CJIO

Bil»MII rrro6arrhHOf0 perneHII» JII060H IICXO,[(HOH 3a,[(aqll 

»BJI»IOTC» ycrroBII» KyHa-TaKKepa. 

Kp1ITep1I1I OIITIIMaJihHOCTII arrropiiTMOB, rrpiiMeH»

eMhiX )lM perneHH» HeJIIIHeHHhiX 3a,[(aq pacqeTa II OIITII

Mil3ai.{IIII, ccpopMyJIIIpOBaHHhiX B TepMIIHaX TeOpllll 

MaTeMaTIIqeCKOrD rrporpaMMIIpOBaHIIH, ITO CBOeH CYTII 

»BJI»IOTC» yrroM»HYThiMII ycrrOBII»Mil KyHa-TaKKepa. 

IToKa3aHo, qTo ycrroBII» Kp1ITep1I» OIITIIMaJihHOCTII 

anropiiTMa Po3eHa »BJI»IOTC» JaBIICHMOCT»MII accourrrr

posaHHoro 3aKoHa rrrracTrrqecKoro TeqeHH» rr ypasHeHH» 

COBMeCTHOCTII ,[(JIH CKOpOCTeH IIJiaCTIIqeCKIIX ):(ecpopMa

I.{IIH (s crryqae UIIKJirrqecKrr-rrrracTHqecKoro pa3pywe

HII»). )J,JIH 3a,[(aq pacqeTa II OTIIMII3ai.{IIII B ycrrOBIIHX 

rrprrcrroco6rrneMOCTII KpiiTepiiH: Po3eHa Bhrpa:lKaeT 

ypaBHeHllH MeTO)la CIIJI IIJIII MeTO)la rrepeMell.{eHIIH B 

CTpOIITeJihHOH MeXaHIIKe. 3TO 3aBIICIIT OT TOrO, Ha 

OCHOBe KaKIIX 3KCTpeMaJihHhiX IIpiiHI.{IIIIOB - IIpllHI.{lliia 

KacTIIJlhHHO llJIII rrpiiHI.{IIIIa narpaH:lKa - IIOCTpoeHa 

MaTeMaTrrqecKa» MO):(errh rrccrre.llyeMoil 3a,[(aqii. YrroM»

HYThre ycrrOBIIH COBMeCTHO C orpaHIIqeHH»MII IICXO,[(HOH 

3a,[(aqii rrpe):(CTaBJIHIOT C060H IIOJIHYIO CIICTeMy 3aBllCII

MOCTeH TeOpiiii IIJiaCTIIqHOCTII. 

~exaHrrqecKa» IIHTeprrpeTaUII» ycrrOBIIH KprrTepii» 

OIITIIMaJihHOCTII P03eHa CJIY:lKIIT 6orree rii6KOMY yqery 

YCJIOBIIH :lKeCTKOCTII B rrpouecce perneHII» 3a,[(aq OIITII

MII3ai.{IIII rrprrcrroco6rr»IOIUIIXC» KOHCTPYKUIIH. Bbi»BJieHa 

B3aiiMOCBH3h Me:lK):(Y BhiKJia,[(KaMII TeOpiiii MaTe

MaTIIqecKOfO IIporpaMMIIpOBaHH» II IIOCTaHOBKaMII 

3a,[(aq rrp1Icrroco6rr»IOIIJ;IIXC» KOHCTPYKUIIH. 
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MATEMATINIO PROGRAMAVIMO TAIKYMO 
KONSTRUKCIJTJ PRISITAIKYMO UZDAVINIUOSE 
YPATUMAI 

E. Chraptovic, J. Atkociiinas 

Santrauka 

Matematinio programavimo teorija, plaCiai paplitusi kaip 
ekstreminiq uzdavinil!. sprendimo metodas, padeda formuluoti 
plastiskumo teorijos uzdavinius ir juos issprl(sti. Taciau dar 
m!ra atskleistos visos jos galimybes. Daznai apsiribojama ma
tematiniu programavimu, kaip priemone gauti uzdavinio spren
dimo rezultat~t. Neatskleidziamos mechanines taikomq algorit
ml!. optimalumo kriterijl!. interpretacijos galimybes. 

Matematinio programavimo uzdavinio globalinis spren
dinys egzistuoja, jeigu tenkinamos nuo konkretaus uzdavinio 
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sprendimo nepriklausancios algoritmo Kuno ir Takerio S<lly

gos. Siame straipsnyje parodomas sill S<llYgl.l ir Rozeno algo
ritmo optimalumo kriterijaus identiskumas. ISryskintas taikant 
gradientinius metodus naudojamos projekcines matricos vaid
muo formuojant deformacijl.l damos lygtis (Kuno ir Takerio 
S<l.lygos yra plastiskumo teorijos liekaml.lil.l deformacijl.l damos 
lygtys). Straipsnyje parodyta, kad ribines pusiausvyros uzda
viniuose Rozeno algoritmo optimalumo kriterijus apima ir aso
ciatyvaus tekejimo desnio priklausomybes. Kuno ir Takerio 
S<l.lygos kartu SU pradinio matematinio programavimo uzdavi
nio S<l.lygomis-apribojimais sudaro piln<l prisitaikiusil.l konstruk
cijl.l skaiciavimo uZdavinio lygci1.1 sistem<l. 

Korektiska matematine ir mechanine optimalumo kriteri
jaus interpretacija leidzia atsisakyti dualaus matematinio pro
gramavimo uzdavinio sprendimo. Atskleistieji matematinio pro
gramavimo taikymo ypatumai palengvina prisitaikanci1.1 kon
strukcijl.l optimizacijos uzdavini1.1 sprendim<l. 

MATHEMATICAL PROGRAMMING APPLICATIONS 
PECULIARITIES IN SHAKEDOWN PROBLEM 

E. Chraptovic, J. Atkociiinas 

Summary 

The theory of mathematical programming widely spread 
as a method of a solution of extreme problems. It accompa
nies the study of plastic theory problem from its posing up 
to final solution. However, here again from our point of view 
not all possibilities are realized. 

Unfortunately, the use of mathematical programming as 
an instrument of a numerical solution for structural analysis 
frequently is also restricted by that. The possibilities of me
chanical interpretation of optimality criteria of applied algo
rithms are not uncovered. 

The global solution of the problem of mathematical 

programming exists, if Kuhn-Tucker conditions are satisfied. 
These conditions do not depend on the applied algorithm of 
a problem solution. The identity of Kuhn-Tucker conditions 
with a optimality criteria of Rosen algorithm is finding out in 
this research. The role of a design matrix for the creating of 
strain compatibility equations is clarified. The Kuhn-Tucker 
conditions mean the residual strain compatibility equations in 
analysis of elastic-plastic systems. It is proved in the article 
that for problems of limiting equilibrium the Kuhn-Tucker 
conditions include the dependences of the associated law of 
plastic flow. The Kuhn-Tucker conditions together with limi
tations of a source problem of account represent a complete 
set of dependences of the theory of shakedown. The correct 
mathematical and mechanical interpretation of the Kuhn-Tucker 
conditions allows to refuse a direct solution of a dual prob
lem of mathematical programming. It makes easier the solu
tion of optimization problems of structures at shakedown. 

Ela CHRAPTOVIC. Doctoral student. Dept of Structural 
Mechanics, Vilnius Gediminas Technical University (VGTU). 
Sauletekio a!. II, LT -2040 Vilnius, Lithuania. E-mail: 
Ela.Chraptovic@st. vtu.lt 

Civil engineer ( 1995). MSc of Civil Engineering ( 1997). 
Research interests: structural mechanics, optimization of elas
tic-plastic structures. 

Juozas ATKOCIUNAS. Doctor Habil, Professor. Head of 
the Dept of Structural Mechanics, Vilnius Gediminas Techni
cal University (VGTU). Sauletekio a!. 11, LT-2040 Vilnius, 
Lithuania. E-mail: Juozas.Atkociunas@st.vtu.lt 

Civil engineer (1967). Dr Eng (structural mechanics, 
1973 ). Dr Habil (mechanics, 1996). Research interests: struc
tural and computational mechanics, applied mathematical pro
gramming, analysis and optimization of dissipative structures 
under repeated-variable loading. 

114 




