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Abstract. Up to now in many works a construction on elastic foundation was modelled by the Winkler’s hypothesis. In
this paper the flexible plate—foundation system is investigated as an interaction of separate elastic bodies, which lie on
the contact surface. Such a problem formulation allowed to make more exact the stress and strain distribution in the
construction and the contact surface, to estimate the dead weight of the foundation. The presented numerical examples
are realised using computer programme COSMOS/M. The obtained results show evidently the expediency of the new

method application in practice.
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1. Introeduction

The solution of construction on elastic foundation
can be formulated as a contact problem applying also
the Winkler’s hypothesis [1, 2, 3]. But solving the pro-
blem in this way will result in many shortages. It is ne-
cessary to point out some of them: it is imposible to
estimate an influence of foundation settlements on the
distribution of bending strains in case of a flexible plate
(with evenly distributed loading) on deformable founda-
tion analysis. Applying the Winkler’s hypothesis we can
get only a common settlement of flexible plate founda-
tion without any bending strains. It is also impossible to
estimate stress-strain distribution in the foundation depth,
since in such problems the stress-strain state can be de-
termined only in a contact surface between substracture
and foundation. These contact problem solution shorta-
ges can be partialy eliminated using the elastic theory
methods. However, only the elastic theory equations desc-
ribing three-dimensional body stress-strain state do not
fully reflect a real interaction between the construction
and deformable foundation. Not only the construction but
also the foundation are adopted as three-D bodies of fi-
nite dimensions. The settlements of the lower foundation
surface are strictly limited, therefore the foundation does
not correspond to the model of elastic halfspace.

The aim of this work is to define in a more exact
way the stress-strain state by estimating not only ben-
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ding strains of a continuous construction, but also defor-
mable foundation dead weight. The flexible plate—
foundation system is investigated in elastic state as an
interaction of separate bodies. Such a formulation allows
to go over from the contact problems solution to a synt-
hesis of the elastic theory and these problems. General
mathematical models are formulated here. They estimate
the distribution of stresses and strains not only in the
construction and contact surface, but also in the depth
and width of the foundation. Mathematical models in this
paper are realised using computer programme COSMOS/
M. Flexible plate stress-strain state is determined descri-
bing the flexible plate—foundation system by elements
with different physical mechanical indices.

2. Main equations

Let’s consider the stress-strain state of a system of
two bodies (a plate and a deformable foundation). The
system’s construction volume is ¥, and the foundation
volume is V), (Fig 1). The system surfaces are
S=8,US,US,, here S, is the contact surface bet-
ween the construction and foundation, S is border sur-
faces of the foundation. The system is affected by exter-
nal loads described by vector function g(x)eS,, and
vectors functions of the dead weight gk(xs ev,,
g,(x)ev,.

Intensities and directions of the loading and dead
weight are known. Stress-strain state of the construction
is described by vectors functions o,(x) eV, €,(x)eV,,
u,(x) eV, . Stress-strain state of the deformable foun-
dation is described by stress vector function o p(x) el,,
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Fig 1. Flexible plate—foundation system

strain vector function g,(x)€ ¥, and settlement vector
function s(x)eV,.

Statically admissible stress vectors functions @, (x),
c, (x) are described by static equations and static boun-
dary conditions:

-[A)o, (x) =g, (x) €Vis N\
~[Alo,(x)=g,(x) €V,
[Nloy(x)=qx) €5/,
[Nlo,(x)-px)=0 €S, > (1
[No,(x) - p(x)=0 €35,,
p(x)<0 €S,,

[No,(x)-p,(x)=0 €5,. J

Here p(x) is the function of stresses in the contact sur-
face S,; P,(X) is the function of reaction pressures in
the contact surface of the foundation §,,.

Kinematically admissible displacement and strain
vectors functions u,(x), s(x), & (x), €,(x) in the const-
ruction-foundation system are described by geometrical
equations:

UFu, () -5, (x)=0 €V,
[4] s(x) - £,(x) =0 €V, [ @
u, (x) = s(x) €S,.

The connection between stress vectors functions
0,(x), 0,(x) and strain vectors functions &, (x), £,(x)
of the construction-foundation system we describe by phy-
sical equations. These equations will be formulated for
construction and elastic foundation:

[DJo,(x) =€, (x) € Vk’}

[b,Jo,(x)=2,(x) €7,. 3

Here [D,], [Dp] are flexibility matrices of physical equa-
tions for the construction and foundation respectively,
which depend on modulus of elasticity E, E, and Pois-
son’s ratios v, v,

Boundary conditions (3) must be satisfied at the
foundation border surface §,:

[Dlp,(x) +s(x)=0 € S, “)

Here [D] is the foundation flexibility matrix, the diago-
nal elements of which are inversely proportional to stiff-
ness ratio C.

3. Full equation system te define the actual stress-
strain state

Static equilibrium, geomeitrical and physical equa-
tions and boundary conditions (1)—(4) form a full sys-
tem of equations for flexible plate and foundation. This
system describes elastic stress-strain state of the const-
ruction and foundation. We can eliminate strains €, (x),
£,(x) and stresses p(x) from (1)—(4) equations:

-[Alo, (x) =g, (x) €Ve, ()
-[A]o,(x)=g,(x) €V,, (6)
Do, (x) - (4T u, (0)=0 € Vi, ()
[D,Jo,x) - 4T sm)=0 €V, (®
[Dlp,(x) + s(x)=0 €5, 9
[N]o, (x)=q(x) €S, (10)
[No,(x) - [Nlo,(x)=0 es,, (11)
u, (x)-s(x)=0 €s,, (12)
p(x)<0 €S,. (13)

The stress-strain state of flexible plate and elastic
foundation in this mathematical model is described by:

o static equilibrium equations for the construction (5)
and foundation (6);

o geometrical equations for the construction (7) and
foundation (8);

* boundary conditions (9) of the foundation surface
Sp;

e static boundary conditions (10) of the construction
surface S I

e static and kinematic compatibility conditions (11),
(12) of the construction and foundation contact sur-
face S, ;

¢ condition (13) limiting the sign of the reaction pres-
sures of the foundation.

4. Variational formulations of the problem

Usually one or another kind of variational formula-
tions is used to solve the elastic theory problems by fi-
nite element method. Direct solution of the system of
equations (5)—(13) is too complicated. Some variational
formulations of such a problem can be produced using
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total complementary energy (Castigliano’s) principle [4,

5):
Of all statically possible stresses fields, the one that
total complementary energy of system is minimal is
the true one.

Total complementary energy of the system is:

U= JoF @Dy Jox x)av; +
Vi

+2 (oL@, Jo, @av, +3 [ph@IDIp ,@)ds,.
VP SP

and statically possible fields of stresses are described by
the system of equations (1). Therefore, by Castigliano’s
principle we can get such a static variational formula-
tion of the problem:

L ol @Dy Jox )2V ++ [eL 0D, Jo, (x)av, +

2y, 2y,

+% jpz; (x)[Dlp  (x)dS , = min (14)

Sp
when
-[Aloy (x) =g, (x) €Vis )
-[Alo,(x)=g,(x) €V,
Noy=ax) €5,

> (15)

[Nloy(x)-p(x)=0 €5,
[Nlo,(x)-p(x)=0 €5,
p(x)<0 €s,,
Nlo, (@)~ p, (=0 €S5,.7

This formulation allows to determine the distribution of
stresses in the volume of the construction, foundation
and reaction pressures p,(x) in the foundation surface
S,.

Using Lagrangian multiplier method we can make a
dual formulation of the problem:

-L (6l I Jor @)V ~= [oT,x)ID, o, (x)av, -
2, 2y,

—%Sfpf, (®)[Dlp, (x)ds , + Juz(x) g, (x)av, +

+ [sT(x)g,(x)aV, + [uf(x)q,(x)dS; =max (16)
Vo Sr

when

Dy o, (x) - (AT, (x)=0 €7,
D,lo,(x) - [AT's(x)=0 eV,
[Dlp,(x)+s(x)=0 )
u,(x)-s(x)<0

[ an

€S,

The conditions of this problem describe a lot of ki-
nematically admissible displacement fields of the cons-
truction and settlement fields of the foundation. The ob-
jective function multiplied by —1 expresses the total po-
tential energy of the deformable system. Therefore the
extreme problem (16)-(17) expresses Langrangian prin-
ciple:

Of all kinematically possible displacement fields, the

one that total potential energy of deformable sys-

tem is minimal is the true one.

This mathematical model allows to determine stres-
ses and displacements of the system directly, but it is
not convenient, because it includes many unknowns. We
can simplify it by eliminating stress functions. From the
equation system {17) we derive:

o, (x)=[D T 4] ue(x) €%,
o, (x)=[D, ][4 s(x)
p,(x)=-[D]"s(x)

Putting these expressions of stress functions into objec-
tive function (16) such a kinematic formulation of the
problem is derived:

eVp9 (18)

eSp_

-5 JaF w0 24T 14T w0, -

-2 H{ar s D, I 14T sx)av, -

-2 [ @D s@ds, + [w e @V + (9
S, Vi
+ IsT(x) g,(x)dv, + J’u{(x) q; (x)dS ; = max
Ve Sy
when
u,(x)-s(x)<0 €S,. (20)

The unknowns of this problem are only kinematic
values: displacements of the construction u,(x) and set-
tlements of the foundation s(x).

The second mathematical model (19)—(20) is easier
than the first one to realise by the finite element met-
hod. Moreover, we can use many widespread computer
programs for such problems. Using them, the problem
(19)—(20) can be solved by iterative method, ie by chan-
ging the equation (20) into the equation

u,(x)-s(x)=0 €5,. @2

If after one iteration in some construction and founda-
tion contact zones tension stresses are derived, then in
the next iteration the problem is formulated without con-
tact conditions (21) in these zones.

We solve the flexible plate-foundation system by
finite element method using geometrically compatible fi-
nite elements and taking principal unknowns in the finite
elements nodes.
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Displacement approximative functions are set for
Jj-th finite element of plate and foundation:

u, () =11,y s, x)=#, 0k,

here u,;, s ; are displacements vectors of j-th finite ele-
ment nodes of plate and foundation.

Estimating these functions for finite element model,
(19) a functional can be expressed:

=32 A, wlu, Y10 1417l 0w, 4, -

Ialal /¥

— z_p"lil J{IAI T[HI)I(X)]S/ }T[Dp]»l IAIT[HI)j(x)]SI dvl’l -

- zgj s'H ol (D [, )]s, dS,, + 22)

+"2k jll{; [Hk,(")]T gk;(x)dvk, + f‘yjsf[ﬁw (x)]TgI’l (x)dV,,] *

=Wy 1=y

+ 3 ful[H, 07 q, (x)ds ;= F
j=ls,

here n,n, are the number of tinite elements of the pla-
te and the foundation respectively; n, is boundary ele-
ments number of the foundation in the surface S,. Ex-
pressing this functional by global discrete model displa-
cements u,, s, estimating the connections of them with
finite element displacements, expressing stationary con-
ditions of the functional and displacements compatibility
equations (21) in the plate—foundation contact surface we
derive such a system of equations:

2002, Vol VI, No I. 49-33
[Kk ]uk = Fk .
[k, =F,.

(23)
[4; (u, -s)=0.

The vector s of foundation settlements can be divided

into two parts § = {sk,s,,}r, here s, is the displacements

of finite elements nodes in the surface S,; s, is the

P
displacements of foundation elements nodes that do not

belong to the contact surface. Then, using contact condi-
tions, we can eliminate displacements s, from (23) equ-
ation system and get traditional finite elements equation:

[Klu=F,
here u= {uk,s[, " is the vector of plate foundation fini-
te elements nodes displacements; F is the vector of disc-
rete model nodal forces, derived combining the vectors
of nodal forces vectors F; and F,. Then nodal displa-
cements
u= [K rl F.

and finite elements stresses of the system

0y ()= [0 T '[AY [Hy (0)luy,
cpj (x): [Dp ]>I [A]T [Hp/ (X)]S/-.

5. Numerical example

The efticiency of the presented method will be il-
lustrated by two solutions of analysis problem ot defor-
mable foundation. The foundation of discrete model in
the first numerical case (Fig 2) is estimated as a volu-

Fig 2. Finitc clements and loading of plate--foundation system
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metric body of parallelepiped rectangle shape that is
bounded from below and sides by finite thickness layers
modelled by the Winkler’s hypothesis with stiffness ra-
tio C,. The foundation is continuous, ie has the same
physical mechanical indices. In the discrete model of the
second problem the entire foundation is estimated as a
finite thickness layer deformed according to the Win-
kler’s hypothesis with stiffness ratio C,. The rest data
are the same for both cases.

Flexible plate: length 8 m, width 4.5 m, thickness
0.4 m, density 2100 kg/m3, modulus of elasticity
7000000 kPa, Poisson’s ratio 0.2, discretization 4-node
tetrahedron solid finite element type, loading constant uni-
formly distributed load 90 kN/m? acts on the top surface
of the plate.

Foundation: length 17 m, width 13.5 m, height
4.5 m, density of the soil 1600 kg/m*, modulus of elas-
ticity 40000 kPa, Poisson’s ratio 0.3, discretization —
4-node tetrahedron solid finite element type, foundation
stiffness ratio:

for the first discrete model

E, 40000

(I—UO) Hlal (1_0.3) '675
for the second discrete model
c, £y 40000 = 1256kPaim;

C(-v Y H,, (@1-03)-(4.5+6.5)

here E; is the modulus of elasticity of the soil; v 1s
Poisson’s ratio of the soil; H,,, H, , are deformable la-
yer thickness of the foundation for the first and second
discrete model respectively.

Deformable layer thickness of the foundation for the
first problem is equal to the half width of the foundation
as a volumetric body H,,,=13.5/2=6.75 m. In the second
problem, the lower bound of deformable layer is at the
same level as in the first problem, therefore

0 — —

Eo Y 2 4 6 &
£ -2
g4
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§-61
= SeCONd CASE mm mm wa ==

g -8 -\—_/
o
o
=10 ¢
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-14
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Fig 3. Distribution of foundation settlements

H,,=4.5+6.75=11.25 m. COSMOS/M computer program-
me [6] 1s used to solve these problems.

The obtained results (Fig 3) show that the founda-
tion settlement in the first case corresponds to the real
surface of the construction deflection. Meanwhile, in the
second case all the settlements of the foundation are the
same, ie a plane corresponds to the deformable surface
of the flexible plate. The maximum settlement of the
foundation in the first case is by 29% less than in the
second discrete model.

6. Conclusions

1. The presented problem of construction on elastic
foundation, or the problem of an interaction between fle-
xible plate and foundation evidently shows that it is re-
asonable to go over from a contact solving such a type
problem to estimating the stress-strain state by the elas-
tic theory method.

2. Formulated mathematical models estimate not
only a common stress-strain state of the construction—
foundation system, but also reflect the actual distribu-
tion of bending strains in the flexible plate.

3. The obtained results (the first case) reveal possi-
bilities to estimate not only the distribution of stresses
and displacements in the construction, but also the dis-
tribution of settlements and reaction pressures in the
width, length and depth of the foundation.

4. The presented method allows to estimate more
exactly the influence of dead weight on stress and strain
distribution not only in the construction but also in the
soil foundation.
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