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Abstract. It is generally accepted that conventional steel reinforced concrete (RC) flexural members usually fails in a 
ductile mode with low load-carrying capacity. In contrast, recent introduction of fibre-reinforced-polymer (FRP) rods 
into RC beams gives rise to a higher ultimate load but it lacks ductility. It is anticipated that a hybrid combination of 
conventional steel rebars and novel FRP rods as reinforcing materials in concrete beam can provide a strong and ductile 
beam characteristics. Prior to the experimental verifications, a preliminary analytical study is carried out. The analyti­
cal model describes some features of the flexural behaviour of concrete members reinforced with hybrid reinforcing 
materials. The model implementation is based on the use of the true stress-strain relationships for plain concrete, steel 
rebar and FRP rod. The main variable considered in present study is the arrangement of steel rebars and FRP rods. 
This paper presents some particular findings from the model. Most results are also compared with that of concrete 
beam reinforced only with steel rebars. 
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1. Introduction 

The cost of fibre reinforced polymer (FRP) com­
posite remains several times higher than that of steel de­
spite the fact that the cost of FRP keeps on decreasing 
in recent years. Notwithstanding the cost issue, many 
researchers have endeavoured to investigate the struc­
tural performance of FRP reinforced concrete (RC) com­
ponents [ 1-8]. A lot of pilot structures have also been 
built in many countries [9-1 0]. Unfortunately, many in­
vestigations showed that the failure of FRP RC beams 
was usually sudden with a limited ductility. Under-rein­
forced FRP beams using a FRP cross-sectional area less 
than the balanced reinforcement area failed with a FRP 
rupture. In contrast, over-reinforced FRP RC beams with 
the FRP area larger than the balanced one indicated a 
concrete crushing failure mode. It is apparent that these 
two failure modes are brittle and no signs of warning 
will be provided prior to failure. In order to improve the 
member's ductility and to prevent the collapse of struc­
tures, confinement of compression concrete and hybrid 
use of FRP rods and steel rebars are two possible meth­
ods. Previous tests on concrete columns and concrete 
beams reinforced with confinement (in the form of steel 
stirrups and FRP spirals) have illustrated the effective­
ness in strain and strength enhancements of the RC mem­
ber [ 11 ]. Comparatively speaking, work related to a hy­
brid use of FRP rods and steel rebars is rare [12]. 

In the past, studies related to the strengthening of 
steel RC structural members have indicated that the ap­
plication of FRP rods near the surface of the member 
(commonly referred to as near-surface mounted FRP rods) 
was successful in promoting the flexural capacity of the 
member [13-14]. Instead of using FRP rods for strength­
ening purposes, FRP rods and steel rebars are adopted 
in initial beam design in the present study. Tentatively, 
concrete beams reinforced with both steel rebars and FRP 
rods exhibit one of the following flexural failure modes: 

• Concrete crushing occurs before steel yields and 
FRP breaks. 

• Steel yields followed by concrete crushing while 
FRP remains intact. 

• Steel yields followed by steel breaks while FRP 
remains intact. 

• Steel yields followed by FRP snaps. 
These failure modes depend largely on the material 

properties of the ingredients and the configuration of the 
beam section. It is apparent that the first failure mode 
occurs only in over-reinforced sections. Since the aim of 
this study is to investigate the effect of addition of FRP 
rods into the steel-reinforced section, the latter three fail­
ure modes are desired. In this paper, an analytical model 
is generated to compute the flexural behaviour of con­
crete section reinforced with conventional steel reinforc­
ing bars and novel FRP rods. Some results, including 
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the strains, neutral axis depth, moments and curvatures, 
are discussed. 

2. Analysis 

A simple analytical procedure is developed to cal­
culate the strains and stresses in concrete and reinforce­
ments, moment and curvature in a rectangular concrete 
cross-section reinforced with steel rebars and FRP rods. 
The procedure, which is derived from force equilibrium 
and strain compatibility, is applicable to conventional 
steel reinforced sections, FRP reinforced sections, as well 
as concrete sections reinforced with a combination of 
steel rebars and FRP rods. Fig I shows the rectangular 
concrete beam section used in this study. The basic as­
sumptions made include (I) linear strain distribution 
across the depth of section, (2) no bond slip of rein­
forcement, (3) reinforcement stress can be obtained from 
its stress-strain relationship, (4) tension concrete ignored, 
(5) shear deformation neglected and (6) failure of sec­
tion is defined by either concrete crushing or reinforce­
ment snapping. 

b ·I 

dr 
1 

ds 

r 
l 

Steel 

Fig I. Beam cross-section 

3. Stress-strain relations 

3.1. Concrete in compression 

The nonlinear stress-strain model of concrete in 
compression developed by Almusallam and Alsayed [I5] 
is used. This model was found to fit well the experimen­
tal results for normal strength and high strength concretes. 
In the model, the relationship between concrete stress 
( cr c ) and concrete strain ( Ec) is expressed by Eq I. 

(I) 

where K - initial slope of the curve; K P - final slope 
of the curve; cr0 - reference stress; and n - curve­
shape parameter. The equations of all these model pa­
rameters are given as follows. 

for 

for 

ln2 

cr0 = 5,6 + I,02cr c - K pEo, 

cr~ ~55 MPa 

K P = 5470-375cr~, 

cr~ >55 MPa 

K P = I6398,23- 676,82cr~ , 

K = 3320/Z + 6900, 

e0 = (o,2cr~ + 13,06 )x 1 o-4 , 

where the ultimate compressive strength of concrete ( cr~) 
is in MPa. 

Fig 2 shows a stress-strain curve of compression 

concrete where the ultimate concrete strength cr~ =50 
MPa. As can be seen in Fig 2, the stress-strain curve 
terminates at an assumed strain value of 0,0035. 

Fig 2. Stress-strain curve for concrete in compression 

3.2. Tensile steel embedded in concrete 

The stress-strain curve of steel reinforcing bars 
embedded in concrete is assumed to be bi-linear and was 
modelled by Wang and Hsu [I6]. The relationship be­
tween steel stress ( cr s ) and steel strain ( E s) can be ex­
pressed by the following two equations (Eqs 2, 3): 
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for (2) 

for 

as = cry[(0,91- 2B)+ (0,02+0,25B)_S_l, (3) 
Ey 

where E s - elastic modulus of steel; cr v - yield stress 
of steel; B - stress parameter; e r - strain of steel at 
yield; and En - strain of steel at" average stress when 
initial yielding occurs. All the model parameters are given 
as follows: 

A p = s ;;:;0,5% 
bds 

crcr = 0,31/d:' 

where cr c and the cracking strength ( cr cr ) are in MPa. 
This model, unlike others, accounts for the fact that 

the stresses in the steel bars between concrete cracks will 
be less than the yield stress at the cracks. An averaged 
value of steel stress across the cracks is thus adopted. 

To facilitate generating a curve, some parameters 
are assumed and they include the breadth of concrete 
section ( b = 200 mm); depth of steel rebars ( d s = 
300 mm); area of steel (As = 157 mm2); yield stress 
( crv = 420 MPa); and elastic modulus ( £ 5 = 200 GPa). 
The resulting curve is shown in Fig 3. 

3.3. Tensile FRP rod 

The relationship of FRP stress ( cr f ) and FRP strain 
( E f ) under tension is assumed to be linear and is de­
fined by Eqs 4, 5. 

Fig 3. Stress-strain curve for steel 

for (4) 

for (5) 

where E f denotes the elastic modulus of FRP. 
The three common FRPs used in construction in­

dustry are C(carbon)FRP, A(aramid)FRP and G(glass) 
FRP, and some of their properties (values obtained from 
Leung and Burgoyne [ 17]) are given in Table. Using 
these values, the stress-strain curves for the three FRPs 
can then be generated and they are illustrated in Fig 4. 

Properties of FRPs 

Materials CFRP AFRP GFRP 

Elastic modulus E f 168 GPa 67GPa 48GPa 

Ultimate strain t: j 0,017 0,021 0,023 

4. Derivations 

A strain incremental technique is used in the deri­
vation of different parameters. The strain in the extreme 

fibre of concrete ( er:P ) is increased in a fixed incre­
ment, from zero to the ultimate (failure) strain value, to 
generate the moment-curvature relationship. Fig 5 shows 
the distributions of strain and stress across the cross-sec­
tion. 

Once the value of er:P is determined, a value of 
c is assumed. The compression concrete is divided into 

layers. Strains in the 11h compression concrete layer ( e~ ), 

FRP rods ( E f) and steel rebars ( Es) are then calcu­

lated, in terms of er:P , by the following three equations 
(Eqs 6 to 8): 

Ei = Etop x( Y; ) 
c c c ' (6) 

Fig 4. Stress-strain curve for FRP 
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Fig 5. Strain and stress distributions 

(7) 

(8) 

where Y; is the distance of the z1h concrete layer mea­
sured from the neutral axis; c - the depth of neutral 
axis; d 1 and d s - the depth of FRP rods and steel 
rebars respectively. The stresses in the 1-th concrete layer 
( cr~ ), FRP rods ( cr 1 ) and steel rebars ( cr s ) are found 
from the corresponding stress-strain curves. 

The concrete compressive force (Fe ) is determined 
by summation of the product of elemental stress and the 
corresponding elemental area (bxAy) over the entire 
compression concrete portion. It is expressed by Eq 9. 

Fe =I.(cr~xbxt.y). (9) 

The tensile FRP force ( F1 ) and steel force ( Fs) 
are found by multiplying the FRP stress by the FRP area 
(A 1 ) and the steel stress by the steel area (As ) respec­
tively (Eqs I 0, II). 

(10) 

Fs = cr s X As . (II) 

Equilibrium of internal forces is imposed by using 
Eq 12: 

(12) 

If the above equation is not satisfied, the location of the 
neutral axis (c) is adjusted until force equilibrium is 
achieved. 

The internal resisting moment ( M ) is then calcu­
lated by summing the moments of all internal forces about 
the neutral axis, and it can be expressed, by Eq 13, as 
follows: 

M = I,(cr:. xbxAy ~i + F1 x(d 1 -c)+ Fs x(ds -c).(13) 
i 

As indicated by Eq 14, the curvature ( K) is also 
found by dividing the extreme concrete fibre strain by 
the neutral axis depth 

(14) 

A small increment on Er:P is applied and the pro­

cedure repeats. The analysis terminates when E~op goes 

beyond 0,0035. 

5. Results and discussion 

To generate analytical results from the above pro­
cedure, some material and geometric parameters are as­
sumed. To do this, the model parameters used in gener­
ating the curves in Figs 2, 3 are adopted, GFRP is cho­
sen as the internal reinforcement and its properties are 
obtained in Table I. It should be noted that a breaking 
strain of 10 % is imposed for tensile steel rebars embed­
ded in concrete. To determine the amount of FRP bars 
used in the section (A1 ), it is more rational to calculate 
the balanced reinforcement ratio on the basis of the force 
equilibrium across the section first and then select A 1 
according to the desired section behaviour. It is appar­
ent that the amount and position of FRP bars heavily 
affect the section behaviour and all of the section prop­
erties are driven by these two variables. In the absence 
of experimental data, A 1 = As is assumed. This assump­
tion clearly leads to a condition that only one single 
variable - depth of GFRP rods ( d 1 ) is left and in the 
ensuing investigation this value is altered so as to inves­
tigate its effect on the flexural behaviour of the beam 
section (as shown in Fig 1). Some analytical results are 
generated and are shown in Figs 6-10. 

Fig 6 shows the variation of moment against curva­
ture for different values of d 1 , the curve for no GFRP 
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Fig 10. Neutral axis depth against moment Fig 11. ds versus ~· 
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is also plotted. Since under-reinforced section is adopted, 
all different sections show occurrence of steel yielding. 
From the figure, it is clear that the beam section, with 
no GFRP, becomes a conventional steel-reinforced sec­
tion and its moment-curvature relationship is bi-linear. 
Notice that when GFRP rods are added, the initial stiff­
ness and the yield moment seem to increase slightly. 
When larger value of d f is adopted, the resisting mo­
ment increases in a faster way and a higher peak value 
is resulted. When the two curves with d f = I 00 mm 
and d f = 200 mm are considered, they show an increase 
up to a peak and then stop. The two curves generally 
show a similar shape of the steel-reinforced section, ex­
cept the increase in moment capacity and reduction in 
ductility. From Figs 7 to 9, it can be seen that the strains 
of steel bars and GFRP rods for d f = 100 mm and 
d f = 200 mm are smaller than their corresponding ulti­
mate strain values, while the concrete strain increases 
rapidly to 0,0035. This demonstrates that concrete crush­
ing occurs before steel or FRP snaps. For the remaining 
three curves, a reverse situation is found; reinforcement 
breaks before concrete crushing occurs. As can be seen 
in Figs 8, 9 and I 0, the variation of steel strain remains 
in its plastic range while GFRP rods have reached its 
breaking point at failure. This explains the abrupt drop 
in moment-curvature relationship for d f = 300 mm , 
d f = 400 mm and d f = 500 mm , as indicated in Fig 6. 
It should also be noted that when larger value of d f is 
used, the decrease in moment is more rapid. After GFRP 
rods have broken, the beam section contains only steel 
rebars and the moment-curvature curve for steel-rein­
forced section is followed. 

It is interesting to study the neutral axis depth for 
section containing both kinds of reinforcements. As can 
be seen in Fig 10, when no GFRP is used, the neutral 
axis remains fairly constant. Upon loading, it shifts up­
ward when yielding of steel occurs. The neutral axis 
slightly goes downward when the section is about reach­
ing its failure stage, this is explained by the fact that a 
reduction in concrete stress after its peak value and an 
increase in stresses in tensile reinforcement give rise to 
an increase in neutral axis depth. A similar situation is 
found when the depth of GFRP rods is not large 
( d f = I 00 mm and d f = 200 mm ). When d f is fur­
ther increased, an abrupt upward shift in neutral axis is 
expected since the failure is governed by snapping of 
GFRP. Once the GFRP loses its action, the neutral axis 
depth must be reduced to balance the force between com­
pression concrete and remaining steel rebars. 

A similar analysis can be carried out for AFRP and 
CFRP using values in Table 1. Instead of plotting the 
strains, neutral axis depths, moments and curvatures, an 
interaction diagram for different failure modes is pro­
duced in Fig II. Three different curves are plotted for 
the three FRPs. Each curve represents the condition that 
concrete crushing and breaking of FRP rods break si­
multaneously. The area to the left of the curve indicates 

that concrete crushing occurs prior to snapping of FRP 
while the area to the right suggests FRP breaks followed 
by concrete crushing. 

The current investigation provides some results on 
concrete flexural members reinforced with a mix of ten­
sion reinforcements, but there are limitations from a prac­
tical point of view. Firstly, it is rare to have steel rebar 
snapped at ultimate state as the breaking strain of steel 
is very much in excess of that for FRP. Besides, d f 
greater than 300 mm is not common in daily practice. 
However, these two conditions are considered for the 
completeness of study. 

6. Conclusions 

From the analytical results, it is possible to con­
clude that: 

1. Failure of steel-reinforced section with adddition 
of FRP rods is usually governed by concrete crushing or 
FRP snapping. The steel breaking failure mode is rare. 

2. When steel rebars and FRP rods are employed, 
concrete crushing is usually accompanied by small value 
of FRP depth whereas breaking of FRP is normally the 
case for large value of FRP depth. 

3. When FRP snaps, the beam section returns to 
the conventional steel-reinforced section. 

4. Interaction diagram, which shows different fail­
ure modes, is produced. 
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