209

ISSN 1392-3730

% 4
A C’o«‘ JOURNAL OF CIVIL ENGINEERING AND MANAGEMENT
3 '_5)_ http:/www.vtu.lt/english/editions
T
> 5 2004, Vol X, No 3, 209-215
i

FLEXURAL CAPACITY OF CONCRETE BEAMS REINFORCED WITH STEEL AND
FIBRE-REINFORCED POLYMER (FRP) BARS

Hau Yan Leung

Dept of Civil Engineering, Chu Hai College, Yi Lok Street, Riviera Gardens, Tsuen Wan, N.T.,, Hong Kong.
E-mail: brianleung@chuhai.edu.hk

Received 4 March 2004; accepted 21 Apr 2004

Abstract. Although much research on concrete beams reinforced with fibre-reinforced polymer (FRP) rods has been
conducted in recent years, their use still does not receive the attention it deserves from practicising engineers. This is
attributed to the fact that FRP is brittle in nature and the collapse of FRP-reinforced concrete member may be cata-
strophic. A rational beam design can incorporate a hybrid use of FRP rods and steel rods. Current design codes only
deal with steel-reinforced or FRP-reinforced concrete members. Therefore in this study some design charts and equa-
tions for concrete beam sections reinforced with FRP rods and steel rebars were generated. Results from the theoretical

derivations agreed well with experimental data.
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1. Introduction

The ultimate capacity of the concrete beam has been
adopted as one of the design criteria in some design codes
[1-3] for many years. These codes provide design equa-
tions and charts for steel reinforced concrete members
only. Today, a novel material known as fibre-reinforced
polymer (FRP) composite has been developed. FRP is
manufactured through a pultrusion process and it usually
contains a bundle of artificial fibres embedded in a resin
matrix. Three common kinds of fibres are carbon, glass
and aramid. Being used together with different resins,
such as epoxy and vinyl ester, and different surface pro-
files, such as sand-coated and fibre wrapping, a variety
of FRP products is thus commercially available. The
excellent properties of FRP include high strength-to-
weight ratio, good fatigue resistance, non-corrosive, non-
electromagnetic and high resistance to chemical attack
and due to these superiorities over a conventional steel,
FRP has been widely suggested by researchers to be in-
corporated in concrete design. A lot of research results
pertaining to the investigation of concrete beams rein-
forced with FRP rods has emerged recently [4—11].

Nonetheless, it has been reckoned that the brittle-
ness of FRP hinders further developments in concrete
structures. A more rational use of FRP in concrete beams
is to adopt a mix of FRP rods and steel rebars, so that
the beam ductility at its ultimate can be provided by the
steel rebars. Since the characteristics of FRP are differ-
ent from those of steel, it can be conceived that current
design formulas for reinforced concrete (RC) with steel

bars may not be applicable to RC with FRP bars. In
order to work out the flexural strength of concrete beams
reinforced with FRP rods and steel rebars, some design
charts or equations are necessary. The present work
describes a prediction model of the flexural strength of
concrete beams embedded with FRP rods and steel rebars
and the results from the prediction model agreed with
the experimental data with reasonable accuracy.

2. Theoretical derivations

Four major assumptions in the ensuing derivations
are:
e Linear strain variation across the section;
e Tension concrete ignored,
* The non-linear stress profile of concrete is modelled
by an equivalent rectangular stress block;
The stresses of steel rebars and FRP rods can be
derived from their corresponding stress-strain curves.
By adopting two kinds of reinforcement inside a
beam section, it is more appropriate to place the FRP
rods closer to the bottom of the section. It is because
FRP has a higher resistance to external attack, such as
corrosion and chemical reaction; and more importantly,
a higher degree of protection to steel can be achieved
when the steel rebars are located further from the con-
crete surfaces. With this rationale in mind, the steel rebar
layer is likely to be at a smaller lever arm than that of
FRP rods.
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2.1. Balanced section
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Fig 1. Balanced ultimate condition

Fig 1 illustrates a concrete beam section internally
reinforced with steel rebars and FRP rods and their cross-
sectional areas are Aq and A; respectively. Since the
FRP rods are used as the primary reinforcement and steel
as secondary, the depth of the steel rebars (d ) is thus
proposed to be less than that of FRP rods (df , ie FRP
rods are placed closer to the bottom of the beam. When
the beam section in flexure reaches a balanced ultimate
condition, crushing of compression concrete and rupture
of FRP rods occur simultaneously (Fig 1). If a linear
strain distribution across the section is assumed, the neu-
tral axis position (C) at balanced ultimate condition can
be easily determined by (1).

P TR (1)
df Eautepy

where €, — ultimate strain of compression concrete and
€y — ultimate strain of FRP rods. The linear strain pro-
file also leads to (2).

dy _ Eoutey )
Cc €cu

where €4 is the strain of steel rebars. By combining (1)
and (2), it gives

ds _ Ecutes 3)
df €utény

Equation (3) indicates that the depth of steel rebars
is governed by the strain values of concrete, FRP rods
and steel rebars. It is apparent that when dg is smaller
than ¢, the steel rebars will be subject to compression.
Therefore in order to avoid compressive steel rebars,
dg = c must be satisfied and the limiting value of dg
is c. If the limiting case is considered, the steel rebars
are in fact located at the neutral axis and €4 =0 re-
sults. Equation (3) then reduces to (1). On the other
hand, when dg is increased, €4 increases as well. At
the onset of steel yielding, €4 reaches the yield strain
of steel (sy) and the value of dg to cause steel yield-
ing can be obtained by (4)

dg _ B TEy (4)
di  &quteqy

By changing the value of € fy, the limiting ratios of
dg and d; for both zero steel strain and onset of steel
yielding can be easily calculated by (1) and (4). In the
ensuing derivations, £, =0,0035 is assumed.

As shown in Fig 2, (1) and (4) divide the dst/df -
€4y space into three different regions. In region 1, the
ratio of dg/dy is larger than its value at the onset of
steel yielding for a particular value of €y, the steel
rebars thus yield at the balanced ultimate condition of
the beam section. However, in region 2, the dg /d¢ ratio
is less than the yielding value of dg / d¢, the steel rebars
remain elastic at ultimate. In region 3, dg <c and com-
pression steel rebars are obtained. In the present study,
the beam section in the first two regions will be exam-
ined.

2.2. Classification of section
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Fig 2. g—g against €y, at balanced ultimate condition
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Having established the value of €y, the value of
dg / ds ratio in the region 1 can then be easily chosen
from Fig 2. It should be noted that €4 >€y and the
steel stress (fg) equals its yield stress (fy) at the ulti-
mate stage of the balanced beam section (Fig 3). Inter-
nal force equilibrium of the section leads to

(0,85 fc' )x (Bic)xb= A4 fy+As fry, )

I
where f;. — concrete cylinder compressive strength (in

MPa), B; — ratio of the equivalent rectangular stress
block depth to the neutral axis depth, b — beam breadth
and f;, — ultimate tensile strength of FRP rods.
Rearrangement of (5) gives

r c Af ASt o
0,85f, BlEaH: %H{m +%E%%Hry. (6)
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Fig 4. Balanced beam section design (region 2)
It should be noted that (6) describes the relation- / H O
i f
ship between (Af /bdf) and (Ay/bdg) for a balanced fg = O 1D< Eoy. (1n

beam section in region 1.

In contrast, the steel rebars inside the beam section
in region 2 of Fig 2 remain in its elastic range and steel
yielding does not occur. By considering the internal force
equilibrium again (Fig 4), it gives

este kb =Acte s At @

It is noteworthy that fg in (7) is smaller than f e-
arrangement of (7) gives rise to

‘a0 ¢ As As st
085f¢ BlEaH: %H’fu + %%H’g - (8

The elastic behaviour of steel rebars can be de-
scribed by

fq = Eq X&gq, ©)]

where Eg denotes the elastic modulus of steel rebars.

From the strain diagram in Fig 4, the steel strain can be

calculated by
dg —C
€ = ﬁ%@cu .

Substitute (10) into (9), it gives

(10)

I]Aflil H

Then, by putting (11) into (8), the variation of

(Af /bd ) against (Ay/bdg) for a balanced beam sec-
tion in region 2 is obtained:

085, B At -
d¢ de 4

profil]

By using (7) and (12), the variation of (Af / bd ¢ )
against (Aq/bdg) for any balanced beam sections in
regions 1 and 2 of Fig 2 can be calculated. To initiate
the generation of such a plot, €4, =15% is selected.
From Fig 2, the limiting value for compression steel,
C/df =019 and the value for steel yielding,
dg/df =031 are obtained. Generation of the
(Af /bd )*(Ast /bdg) plot requires other jnput param-
eters and they include fc =40 MPa,
B, =0,85-0,05%(f., —27,6)/6,7, fs, =600 MPa,
fy =460 MPa and Eg =200 GPa. Using this data, a

typical (Af /bd )_(Ast /bdg) plot can then be devel-
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oped and it is given in Fig 5. In Fig 5, the values of
(Af /bdf) and (A4/bdg) for different ratios of
dg/ds are shown. The solid lines (ds /df >0,31) in-
dicate that the steel rebars yield at the ultimate state of
the balanced beam section whereas the dotted lines

(dst / ds < 0,31) show that the steel rebars are in its elas-
tic range. It is clear from Fig 5 that there is an inverse
relationship between (Af / bdf) and (Ay/bdg) for ev-
ery value of dg/d¢. To maintain a balanced beam sec-
tion, an increase in (Ag/bdg) always leads to a reduc-
tion in (Af /bdf) and vice versa. By using this plot,
one may manipulate the combinations of (Af /bds ) and

(Ast / bdst) so as to achieve a balanced section in region
1 or region 2.

In Fig 5, each line represents a balanced beam sec-
tion in which the steel yields or does not yield at the
ultimate state. For example, when the solid line for

dg / ds =04 is considered, this line gives the balanced
ratio of (Af /bdf) once (Ay/bdg) has been deter-
mined. When a higher ratio of (Af / bdf) is used, the

section becomes over-reinforced whereas an under-rein-
forced section will be obtained when a reduced value of

(Af / bdf) is adopted. It is interesting to observe that
when Ag/bdg >2,6%, the section will become over-
reinforced irrespective of the (Af /bdf) ratio. When
dg/ds =03 is chosen, the limiting value of Ay /bdg
becomes 4,0 % approximately. One may therefore con-

clude that the (Af /bd )f(Ast /bdg) plot is useful in
that the classification of designed beam sections can be
readily obtained.

2.3. Flexural Capacity

To determine the nominal flexural capacity of the
beam section at ultimate state, one may need to consider
over-reinforced and under-reinforced sections in regions
1 and 2 separately.

In region 1, when an over-reinforced beam section
is adopted, ie concrete crushes and steel yields at ulti-
mate. Internal force equilibrium and linear strain distri-
bution across the section lead to

(o,ssfc')x (Bie)xb= Agf, + A¢ fy,

f—C
f¢ =E¢ xe¢ = Eg "E%%cu-

Substitute (14) into (13) and then solve a quadratic
equation for ¢. The nominal value of the flexural capac-
ity (M,,) can be calculated by

M, = (0,85fc')x([31c)xbx§:—5;°ﬁ+
Ag fyx(dg —c)+ As f; x(d -c).

In contrast when an under-reinforced section is
designed, the FRP rods are expected to break and yield-
ing of steel occurs at ultimate state. Internal force equi-
librium gives rise to

(o,ssfc')x (Boc)xb=Ag f, + A .
And thus

(13)

(14)

(15)

(16)

Astfy+Af ffu

; , (17)
085f, Bb

c=

where [3, is the ratio of the depth of the equivalent stress
block to the neutral axis depth when the maximum con-
crete strain is less than its ultimate value. When a linear
stress profile of concrete is used, (3, can be calculated
by equating the force of concrete stress profile and that
of equivalent stress block. Having determined the value
for ¢, M, can be determined by

M, = (0,85fc')x (BzC)Xbef-%cﬁ*
Ag fyx(dg —C)+ Af ffu"(df ‘C)-

However, when over-reinforced beam section in re-
gion 2 is used (ie concrete crushes, steel remains in elastic
range at ultimate state), internal force equilibrium results
in

(18)

(0,85fc' )x (Bic)xb= Ay Ty + A f5 . (19)

Linear strain distribution is assumed and thus gives rise
to (20) and (21).

-c
fg =Eg xeg = EstxﬁdStTﬁcu»

(20)
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2n

df -C
ft =Ef xgp = Eg XHTECU'

Substitution of (20) and (21) into (19) leads to a
quadratic equation of c¢. By solving the value of ¢, M,
can be calculated by

My = (O,85fc')x(Blc)xbe:—Bgﬂ+
Ag fs x(dg =€)+ Af f; "(df ‘C)-

If the beam section is under-reinforced (ie FRP
breaks and steel in elastic range), (19) becomes (23):

(0!85 fc’ )x (Bac)xb= Ag fg + A fry.

(22)

(23)
The steel stress can be calculated by Eq (24):
- - s~C
fq = Egq Xegq =Eg % fu- (24)
d §f —C
Finally the equation for M, is formed:
M, = (0,85fcl)x(Bzc)xbe:—Bzzcﬁ+
(25)

Ag T x(dg =)+ A¢ ffu"(df ‘C)-

Non-dimensional plots of (M n / fC’bdfz) against

(Af / bdf) for a beam section in regions 1 and 2 are
given in Figs 6 and 7 respectively. To generate these
plots, the values used in addition to the previously as-
sumed data are dst/df =04 for Fig 6 and dst/df =03
for Fig 7.

As in the two design charts (Figs 6 and 7), the non-
dimensional flexural capacity increases with the non-di-
mensional FRP area for any beam section in region 1 or

dg/d{ =0,40

1 i i L i 1
0 [l [ [T]

A /bd (%)

Fig 6. (M n/ fc’bdfz) against (Af /bdf) for a beam

section in region 1

dg/d¢ =030

T [T]
As Ibd; (%)

Fig 7. (M n/ fC'bde) against (Af /bdf) for a beam

section in region 2

2. The dotted lines show under-reinforced beam sections,
whereas solid lines indicate over-reinforced sections.

3. Comparisons with experiments

The theoretical flexural strengths are compared with
the results of an experimental study. A total of eight
concrete beams internally reinforced with steel rebars and
GFRP rods were tested in which four beams were cast
with low-strength concrete (~35 MPa) and the rest were
made of medium-strength concrete (~ 60 MPa). Ordi-
nary Portland cement was used to make the concrete.
The detailed mix proportions are given in Table 1. All
beams were cast horizontally.

Table 1. Concrete mix proportions

Materials quantity (kg/m’) Mix 1 Mix 2
Ordinary Portland cement 340 530
20 mm aggregates 720 850
10 mm aggregates 370 365
Sand 720 450
Water 210 185
Superplasticiser (litre/m’) -- 1.62
Actual concrete cube strength (MPa) 35,6 61,0

Two different kinds of reinforcement were adopted
at two different levels in the tension zone of all beam
specimens. High-yield steel deformed bars and glass fi-
bre-reinforced polymer (GFRP) composite rods were
used. The high-yield steel reinforcing rebars were of di-
ameter 10 mm and they had a yield strength and elastic
modulus of 460 MPa and 200 GPa respectively. The two
kinds of GFRP rods adopted were manufactured by
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Hughes Brothers Inc. USA and Pultrall, ADS Compos-
ites Group, Canada. These GFRP composite rods were
made from high-strength E-glass fibres and a durable
resin matrix through a pultrusion process. A wide range
of bar diameter is available in the market and a diameter
of 3/8 inch was selected because its nominal size
(9,53 mm) was comparable to that of the steel rebar
adopted. Tensile tests were performed and results indi-
cated that the tensile strength and elastic modulus of the
two GFRP rod types were 760 MPa and 40,8 GPa and
703 MPa and 41,7 GPa respectively.

The total depth of the beam section was 200 mm
and the distances between the bottom surface of the beam
and the centreline of the steel rebars and GFRP rods
were 70 and 40 mm respectively. In addition to the hy-
brid flexural reinforcements, minimum shear reinforcing
stirrups was also designed at two shear spans.

Testing of specimens was conducted using a four-
point bending setup. Each of the 2,5 m long specimens
were tested over a total span of 2,2 m with a shear span
of 0,7 m at both ends, leaving a constant bending region
of 0,8 m.

Some input data is listed below and more details
can be found in Table 2.

b =150 mm dg =130 mm

Ay =157,1 mm? Ay /(bdg)=081%
fy =460 Mpa Eg =200 GPa

d¢ =160 mm dg/df =081

According to the beam details, the theoretical mo-
ment capacity for each beam was calculated (Table 2).
It is clear that the theoretical ultimate moments match
with the experimental ultimate moments with reasonable
accuracy. Without taking into account the effects from
tension stiffening and compression steel, an underesti-
mated ultimate moment is found.

Additionally, it was observed that the strain of steel
for all beams exceeded its yielding value and the beam
failure modes were largely governed by crushing of com-
pression concrete except for the last two specimens in

Table 2. Comparisons of ultimate moments

which rupture of GFRP rod occurred. This confirms that
the all beams are categorised in region 1 and increase in
concrete compression capacity in the last two beam-sec-
tions lead to brittle GFRP-rupture.

4. Conclusions

From the present study, the following conclusions
can be drawn.

Since a balanced beam section is governed only by
the ultimate strains of compression concrete and outer
FRP rods, the depth of the internal steel rebars plays an
important role in its ultimate behaviour. Three distinct

regions in a (dst /ds )—afu plot can be developed and

the steel rebars may (1) yield; (2) remain in its elastic
state; or (3) be subject to compression at the ultimate
stage of the section.

A simple chart which allows a quick check of the
reinforcement areas for a balanced beam section has been
developed. It is found that when the FRP rods are lo-
cated closer to the bottom of the beam, the steel ratio
Ay /(bdg) is inversely proportional to the FRP ratio
As /(bds ).

There exists a limiting value of Ay /(bdg) for a

particular ratio of (dst / d¢ ) When the designed value

of A4 /(bdg) is greater than this limiting value, the beam
section must be over-reinforced irrespective of the

As/ (bd¢) values.
Design charts of M, / (fclbdfz) for any combina-

tions of As / (bdf) and Ay /(bdg) have been developed.
It allows a quick estimate of the flexural capacity of the
designed beam section.
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