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Abstract. This research is achieved in the general frame-work of the study of the concrete behaviour. It has for 
objective the development of a numerical tool able to predict the behaviour of reinforced concrete columns with 
circular and square cross-sections under an increasing compressive axial load. The concrete behaviour is assumed 
as elastic-plastic model with an associated flow rule in compression region and as elastic with tension stiffening 
behaviour in the tension region. Two yield surfaces have been taken into account according to the Drucker-Prager 
and Rankine failure criterions. However, the reinforcing steel is assumed as an elastic strain hardening model. A 
finite element method using solid cube elements for concrete, and bar elements for the reinforcement have been 
used. Correlation study between numerical and experimental results is conducted with the objective to establish 
the validity of the proposed model and identify the significance of the transverse reinforcement volumetric ratio 
effect on the response of reinforced concrete members. Good agreement has been observed in comparing these 
results. 

Keywords: reinforced concrete column, elastic-plastic modelling, numerical simulation, finite elements, 
transverse reinforcement. 

 
1. Introduction 

Reinforced concrete members are commonly 
designed to satisfy two criteria in terms of the 
serviceability and safety. In order to ensure the 
serviceability requirement, it is necessary to predict 
accurately the response of r/c structure to working 
loads. There are various approaches to modelling the 
global behaviour of r/c members in finite element 
applications (Oller et al [1], Lembit et al [2], Hauke et 
al [3], Kwon and Spacon [4]). The developed models 
range from very sophisticated laws based on plasticity 
theory that rely on the definition of a plastic flow rule 
and on the separation of the deformation increments 
into plastic and elastic components, to simpler models 
based on phenomenological rules. However, under 
tensile stresses and due to its brittleness, concrete 
cracks and eventually looses strength entirely. If this 
brittleness could be reduced or even overcome, many 
advantages would be gained. In recent years, both 
experimental and theoretical studies have done for 
evaluating the effect of passive confinement provided 
by lateral reinforcement for improving the mechanical 
properties of concrete columns under different loads. 
As a result, material models that take into account the 
effect of confinement have been proposed by Mander 
et al [5], Ahmad and Shah [6], Shamin and Toklucu 
[7], Sheikh and Uzumeri [8], Pallewatta et al [9]. It 
has been shown that a high ductility and strength of 
reinforced concrete can be achieved if the volume of 
stirrups  and  the  reinforcement  configurations  are  

 

provided sufficiently [5, 7, 9, 10] and the post-peak 
behaviour depends in general on the level of lateral 
confinement. Under low confinement, the post-peak 
response is a brittle softening. For increasing 
confinement stresses, the response of concrete 
changes to ductile hardening [11]. 

This study deals with the analysis of the 
monotonic behaviour of structural reinforced 
concrete. A finite elements program is developed to 
have a better understanding of the reinforced concrete 
columns response under an increasing compressive 
loading, while maintaining a certain computational 
simplicity to allow analyses of structural elements 
with reasonable computational efforts. This tool is 
developed in order to have a rapid stress-strain 
evaluation without using more sophisticated and 
expensive tools. It is based on the elastic-plastic-
fracture modelling. The compressive concrete is 
considered as elastic-plastic with the Drucker-Prager 
failure criterion [12]. However, the smeared crack 
hypothesis has been taken into account for tensile 
cracking with Rankine yield surface. Concrete and 
reinforcing steel are represented by separate material 
models which are combined together to describe the 
behaviour of the composite reinforced concrete 
material. The reinforcing steel is considered as elastic 
strain hardening model. Three dimensional solid 
elements and one dimensional element are adopted to 
represent the concrete and the steel reinforcement, 
respectively. The stiffness matrix of the composite 
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element is obtained by summation of material 
stiffness of the individual material components. 
Perfect bonding between concrete and reinforcement 
is assumed. A parametric study is carried out by 
analysing the effect of lateral reinforcement on the 
stress-strain curves.  

 
2. Material behaviour model 

2.1. Concrete behaviour model 

Concrete is a non-homogeneous, anisotropic 
material whose response is non-linear even under 
low-stress levels (~30 % of its maximum compressive 
strength [13]). Furthermore, it exhibits a different 
behaviour under tension and compression stresses: a 
non-linear stress-strain relationship, strain softening 
and anisotropic stiffness reduction, cracks due to 
tensile stresses and strains, slip between concrete and 
steel and time-dependent behaviour such as creep and 
shrinkage. 

From a macroscopic point of view, the concrete 
behaviour is explained in the following stages: 
hardening behaviour, softening behaviour, plastic 
failure, and tensile cracking. 

Among various models proposed for predicting 
the behaviour of concrete, this paper uses an elastic-
plastic-fracture model where the element, initially, 
behaves in an isotropic linear elastic manner until 
reaching a yield value. Cracking or crushing of the 
element is initiated once the stress, at an element 
integration point, exceeds the yield surface defined by 
the appropriate failure criterions. Cracked or crushed 
regions, as opposed to discrete cracks, are then 
formed perpendicular to the relevant principal stress 
direction with stresses being redistributed locally. 

The governing relationships for different stages 
are given as: 

 
2.1.1. Linear elastic region 

The stress-strain increment relation is given as: 
 { } [ ]{ }εσ dDd = ,  (1) 

where  
{ }σd  and { }εd  are the stress and strain 

increment vectors; 
[ ]D  – elastic material stiffness  matrix  [13]. 
 

2.1.2. Plastic hardening and softening region 

The concrete yielding occurs, when the stress 
state reaches the yield surface defined by Drucker-
Prager failure criterion. After yielding, the 
incremental constitutive relationship will be expressed 
[14] as: 

 { } [ ] { }εσ dDd ep
= , (2) 

with 

 { } { } { }pe ddd εεε += ,  (3) 

where  

{ }edε  – elastic strain increment vector; 

{ }pdε  – plastic strain increment vector. It is 
given according to the concept of normality as 
follows: 
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λd : Plastic multiplier. It is given as in [14]. 

 

( )
[ ]

( )
[ ]

( )
{ }

T

T

f
D

d d
f f

A D

σ

σ
λ ε

σ σ

σ σ

∂⎧ ⎫
⎨ ⎬

∂⎩ ⎭=
∂ ∂⎧ ⎫ ⎧ ⎫

+ ⎨ ⎬ ⎨ ⎬
∂ ∂⎩ ⎭ ⎩ ⎭

,  (5) 

[ ]epD  – elasto-plastic stiffness matrix, for 
associated plasticity it is expressed as 
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where 
( )f σ  – yield function defined by Drucker-Prager 

failure criterion [12]. 
A  – hardening parameter. It is considered to be 

the slope of the uniaxial stress – plastic strain curve 
[14]. It is equal to zero if the behaviour is assumed as 
elastic-perfect plastic. 

 
Tc EE
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−

= ,  (7) 

cE  and TE  – elastic and plastic modulus of concrete. 

 
2.1.3. Tensile cracked concrete 

Prior to cracking, concrete is modelled 
sufficiently accurately as a linear elastic material. 
Once cracking has occurred, according to Rankine 
failure criterion, the tensile cracking is modelled via a 
smeared cracking model in which the tensile stress of 
crack surfaces is released gradually (Fig 1), and the 
element stiffness matrix changes from isotropic to 
lateral isotropic, which is identical to the complete 
crack development [15, 16]. The residual stiffness 
during cracking is expressed [17] as: 
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where 
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with µ  – cracking factor; E  – tangent softening 

modulus and has a negative value; ν  – Poisson’s 
ratio; fε  – strain at the end of crack formation; tε  – 

current tensile strain; tσ  – direct tensile strength. 

As 1=µ  corresponds to the beginning of the 

cracking. When ft εε → , 0→tσ  and 0→µ  

indicating that the state of complete cracking is 
reached. 

 

 
Fig 1. Assumed stress-strain curve for concrete in 
tension 

 

2.2. Steel behaviour model 

Longitudinal and transverse steel reinforcement 
are assumed as truss members carrying axial forces 
only. They are modelled as an additional stiffness in a 
specified orientation connected to the solid elements. 
They are assumed as elastic – strain hardening plastic 
model. One dimensional bar element with one degree 
of freedom per node is used for modelling them.  

 
3. Finite element formulation  

Based on the above relations, the finite element 
formulation is used to solve the governing differential 
equations for the required stress and strain 
distribution. Three dimensional cubic elements for 
concrete (20-node elements with three degrees of 
freedom per node) [18], and linear elements (3 node 
Lagrange elements with one degree of freedom per 
node) are adopted to represent, respectively, concrete 
and steel reinforcement. Due to the symmetry of the 
column geometry and reinforcement, only one fourth 
of the section is taken into account (Fig 2). The 
stiffness matrix of the composite element is obtained 
by summation of the individual material components, 
concrete and reinforcement. 

 
Fig 2. Discretisation of columns 

 

The formulation includes a smeared crack 
analogy for cracking in tension zones and a plasticity 
theory to account for the possibility of concrete 
crushing in compression zones. Each element has 8 
integration points at which cracking and crushing 
checks are performed. The material behaviour of 
concrete is described by two failure surfaces in stress 
space. Concrete is assumed as a linear elastic material 
for stress states which lie inside the initial yield 
surface. Crushing or cracking of concrete takes place 
when the stresses lie outside the ultimate surface in 
the stress space. 

 
4. Non-linear procedure 

A material behaves elastically as long as a 
limiting stress state described by the yield surface is 
not exceeded. The displacements increments { }d∆  

are obtained from the equation [ ]{ } { }RdKT =∆ , 

where [ ]TK is the tangent  stiffness matrix evaluated 

at the previous iteration and { }R  is the residual load 

vector. As long as this relation is linear and the 
stiffness corresponds to [ ]TK , the equilibrium will be 

gained by default. The method adopted to solve this 
system of equations is the Gaussian elimination and 
back substitution process [19]. Beyond the elastic 
limit, the problem will be thus non-linear and requires 
an iterative solver. The Newton Raphson non-linear 
method is adopted in which the tangent stiffness 
matrix is updated at the beginning of each iteration 
[14]. The iterative cycles are repeated until the 
convergence is reached. 

The algorithm used in the analysis is summarised 
for one load increment as follows: 
1 – Solve equilibrium equation [ ]{ } { }RdKT =∆ ; 

2 – Add displacement increment { }d∆ to the current 

displacement { }d ; 
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3 – For all elements and all integration points update 
the strains and stresses: 

{ } { } [ ]{ }ee dD εσσ += , (exponent ‘e‘ for elastic state); 

4 – evaluate the yield function f  using failure 

criterion: 
if 0<f  gauss point is elastic. Goto step 5 

if 0≥f  Gauss point is yielded. Compute the stresses 

using elasto-plastic return mapping algorithm [13]; 
5 – Compute the internal load vector { }extF ; 

6 – Check convergence. 
If convergence does not occur, update { }R  and 

[ ]TK Goto step 1 

7 – stop. 
 

5. Discussion of results 

In order to validate the developed program, 
numerical results for both circular and square section 
ordinarily reinforced short columns are compared to 
experimental models issued from the literature revue. 
The material characteristics considered are as follows: 
the compressive strength, tensile strength and 
Young’s modulus of concrete are, respectively, 
25 MPa, 4 MPa and 3.104 MPa. The yield strength, 
elastic and plastic modulus of reinforcement are, 
respectively, 240 MPa, 2.105 MPa and 2.104 MPa. 
The cross-sectional area is the same of both the 
circular and square section.  

Figs 3 and 4 present a comparison between 
stress-strain curves obtained by the present study and 
those predicted by Mander et al [5] and Mendis et al 
[10]. Legend of simbols used in Fig 3 and 4 is given 
in Table 1. In both cases of circular and square 
sections, a good agreement is observed between these 
different results. It is also confirmed that a greater 
volumetric ratio of transverse reinforcement (ρs) did 
provide an increase in strength and gives the columns 
a more ductile behaviour in the post-peak region. 
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Fig 3. Comparison between analysis and predicted 
results of Mander et al (circular section) 

 

0

10

20

30

40

0 0,005 0,01 0,015

Strains (%)

S
tr

es
se

s 
(M

P
a) A

MA

ME

 
Fig 4. Comparison between analysis and predicted 
results of Mander et al and Mendis et al (square 
section, ρs = 1,9 %) 
 

The variation of the maximum strength of 
confined concrete for different volumetric ratios of 
lateral reinforcements are shown in the Figs 5 and 6. 
The numerical results, in comparison with those 
predicted by Mander et al in both cases of circular and 
square sections, show an acceptable value. 
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Fig 5. Effect of volumetric ratio on strength of 
circular section 
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Fig 6. Effect of volumetric ratio on strength of square 
section 

Table 1. Legend of symbols used in Figs 3 and 4 

Letters A1 A2 M1 M2 A MA ME 

Significance Analysis Analysis Mander Mander Analysis Mander Mendis 

Volumetric ratio of lateral 
reinforcement (%) 

1,9 0,8 1,9 0,8 1,9 1,9 1,9 
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It is also seen from the Figs 7 and 8 that the 
ultimate strain of columns increased in proportion to 
the increased transverse reinforcement volumetric 
ratio. The circular section columns exhibit greater 
values of strains that those observed in the square 
section. 

The descending or softening portion of the 
stress-strain relationship is important when investi-
gating the ductility of columns. Fig 9 shows the 
variation of the slope of this curve branch as obtained 
in the present work. The angle between the vertical 
axis and the tangent line of this branch increases with 
the volumetric ratio of transverse reinforcement (ρs). 
It is more significant in case of a circular section. The 
increasing angle (or decreasing slop) confirms that a 
greater volumetric ratio provides an increase in the 
columns ductility in the post-peak region. 
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Fig 7. Variation of the ultimate strain for different 
volumetric ratio (circular section) 
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Fig 8. Evolution of the ultimate strain for different 
volumetric ratio (square section) 
 
Fig 10 shows a comparison between the stress-

strain curves obtained by the developed program in 
the case of circular and square section for 0,8 % of 
transverse reinforcement volumetric ratio. 

It can be seen in Figs 3–8 that the lateral 
reinforcement is more effective in the case of the 
circular columns. This is because the reinforcement 

provides a continuous confining pressure around the 
circumference of the circular section and results in the 
increased concrete strength and ultimate strain. 
However, the confining pressure is more dominant at 
the corner of the square section, since the sides of the 
members tend to bend outward due to lower restraint 
against lateral displacement, which reduces the 
confinement efficiency. This obviousness is reported 
by several researchers: Irawan and Maekawa [20], 
Sargin [21], Ahmad and Shah [6], Sheikh and 
Uzumeri [8]. 
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Fig 9. Effect of volumetric ratio on the slope of 
descending portion of stress-strain curves 
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Fig 10. Analysis stress-strain curves for circular and 
square sections (ρs = 0,8 %) 

 

6. Conclusions 

The numerical program developed in this study, 
using the finite element method is proposed to the 
purpose of accurately predicting the behaviour of 
reinforcing concrete columns, and is also capable of 
simulating their behaviour under the increasing axial 
compressive load. It is developed in order to have a 
rapid stress-strain evaluation. 

Finite element method with elasto-plastic-
fracture modelling is used to describe the material 
behaviour. The smeared crack analogy for cracking in 
tension zones and a plasticity theory for crushing in 
compression zones are included. 
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Numerical results are presented and compared to 
those of Mander et al and Mendis et al. A good 
correlation between the computed and the experi-
mental results has been observed when comparing 
different curves. It has been also confirmed that the 
ductile behaviour of confined columns and gain 
strength can be achieved by increasing the volumetric 
ratio of lateral reinforcement. 
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TAMPRIAI PLASTINIŲ KOLONŲ ANALIZĖ, TAIKANT PAŽAIDŲ MECHANIKOS PRINCIPUS  

A. Zergua and M. Naimi 

S a n t r a u k a   

Tyrimuose nagrinėta betono elgsena. Pagrindinis darbo tikslas – sukurti skaitinį algoritmą augančia ašine 
gniuždymo jėga veikiamų apskrito bei kvadratinio skerspjūvio gelžbetoninių kolonų elgsenai analizuoti. Betono 
elgsenai modeliuoti taikytas tampriai plastinės medžiagos modelis. Gniuždomojo betono modelyje įvertintos 
plastinės deformacijos. Tempiamosios zonos betono modelyje įvertinta armatūros ir betono  sąveika ruožuose tarp 
plyšių. Betonui modeliuoti taikytas Drucker-Prager plastiškumo modelis ir Rankine irimo kriterijus. Armatūrai 
imtas stiprėjančios medžiagos idealizuotasis modelis. Skaičiavimai atlikti taikant baigtinių elementų metodą. 
Diskretizuojant betoną, taikyti kubiniai erdviniai baigtiniai elementai, o modeliuojant armatūrą, – strypiniai 
baigtiniai elementai. Pasiūlytojo modelio tikslumui bei skersinės armatūros kiekio įtakos kolonų laikomajai galiai 
įvertinti atlikta skaitinių skaičiavimų ir eksperimentinių tyrimų rezultatų koreliacinė analizė. Gautas geras teorinių 
ir eksperimentinių rezultatų sutapimas. 

Reikšminiai žodžiai: gelžbetoninė kolona, tampriai plastinis modeliavimas, skaitinis modeliavimas, baigtiniai 
elementai, skersinė armatūra. 
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